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1 Introduction and preliminaries
Let U(r) := {z € C: |z| < r} be the disk in the complex plane C centered at the origin, with
radius r > 0, and denote by U := U(1) the unit disk. We denote by A the class of analytic
functions in the unit disk U normalized by f(0) =f'(0) — 1 = 0, and let S be the subclass of
A consisting of univalent functions.

We denote by S*(«) the subclass of A consisting of functions which are starlike of order
a in U, that is,

zf'(z)
f(2)

S*(a)::{fe.A:Re >a,zeU}, 0<ac<l.

Also, let us denote by S*(a) the subclass of A consisting of functions which are strongly
starlike of order o in U, that is,

(0%1

7@ <—,Z€U}, 0<ac<l.

f(2)

arg

S*(a) := {feA: 5

Thus, in particular, $* := §*(0) = 5*(1) represents the class of starlike functions in the
open unit disk U.
The real numbers

zf'(2)
f(2)
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and

zf'(2)
f(@)

arg

f:*;(f) = sup{r>0: <ﬂ,zeU(r)}

2
are called the radius of starlikeness of order o and the radius of strong starlikeness of order
a of the function f, respectively. In particular, 7*(f) := r§(f) = i(f) is called the radius of
starlikeness of the function f.

Recently, Darus et al. [8] considered the general class k —UCST («) defined as follows.

Definition 1 Letf € A. Thenf € k—UCST (@) if

@D |10 @ T

R @ e

where k> 0and 0 <o <1.

Remark 1
(i) For k =0 we get the class 0 —UCST («) =: K, which includes the well-known class

of convex functions, that is,

Re(l + fo:;g)) >0, zel.

(ii) For o =1 we obtain the class k —UCST (1) =: k —UCV (see [11]), which includes
the class of k-uniformly convex functions, that is,
Zf// (Z)

Zf”(Z) )
Re( 1+ >k
( /') S
(ili) For k=1 and o = 1 we get the class 1 —-UCST (1) =:UCV (see [13]), which includes
the class of uniformly convex functions, that is,

Zf//(Z)
Re(1+ @ ) >

, zel.

Zf//(Z)
f(2)

, zel.

(iv) For a = 0 we have the class k —UCST (0) =: k — MN (see [14]), which represents
the functions f € A satisfying
zf'(2)

Zf//(Z) )
Re( 1+ >k -
( f'(2) f(2)
(v) For k=1 and o = 0 we get the class 1 —U/CST(0) =: MN (see [15]), which
represents the functions f € A satisfying

1|, zeU.

zf"(2) zf'(2)
Re<1+f’(z))> e -1|, zeUl.
The real number
UCST (o . o (F'@) (@) ')\
r{; (f).—sup{r>0.Re @ >k‘(1 a)f(z) +oz< 10 > l,zeU(r)}
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is called the k —UCST («) radius of the function f. We note that

rg—MCST(f) = rC(}('), rll(—MCST(f) = va(f), r%—UCST(}c) = ruC(f),
rg—Z/{CST(f) — r,k—MN(}(), l”é_UCST(f) — rMJ\/(f)
We recall that the Legendre polynomials are solutions of the Legendre differential equa-
tion

d » d ~ B
d—z|:(1 -z )d—ZP,,(z):| +n(n+1)P,(2) =0, meN:={1,2,...},

while the Rodrigues formula for the Legendre polynomials is

1
T ol dzn

P,(2) [(z2 - 1)"], neN.
The Legendre polynomials are symmetric or antisymmetric, that is,
P,(-z)=(-1)"P,(z), meN.
Since we will study different radius properties for the Legendre polynomials of odd de-

gree, let us consider the following normalized form of the Legendre P, ; polynomials,

that is, Py,_1 given by

=z+as2> + - +do 12"

It is well known that the Rodrigues formula implies that the Legendre polynomials of
odd degree have only real roots, and the roots of P,,_1(z) are 0 =z9 < z; < -+ < z,-1 and

-2Z1,-22,...,—2y-1, while the product representation of the polynomial P,,_; is
Pon-1(2) = aryr2(2 - 23) (% = 23) -+ (22 = z2_y)- (1)

Bulut and Engel [7] have obtained the radius of starlikeness, convexity, and uniform con-
vexity (see [10, 12, 13]) of the normalized form of the Legendre polynomial of odd degree.
In the recent years, several authors determined the radius of starlikeness, convexity, and
uniform convexity for some special functions, that is a relative new direction in the geo-
metric function theory (see, for example, [1-6]).

In the present paper we obtain the radius of strong starlikeness and other related radius
of the normalized form of Legendre polynomials of odd degree, and the technique of the
proofs used in our paper is similar to that of several papers [1, 3-6]. Further, our results
are well supported by some examples.

In order to prove our main results, we require the following lemmas.

Lemma 1 ([7, Lemma 1.1]) If |z| <r <y, where y >0, then we have

r

Re <

y-z y-r
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z r
’ < , 3
Y-z y-r
r
< . (4)
l (v-2?21" (y-r)?

Lemma 2 ([9, Lemma 3.1]) If
R, < (Rea)sin(ry/2) — Ima)cos(ry/2), with Ima >0,
then the disk |w — a| < R, is contained in the sector |argw| <y /2, where 0 <y < 1.

Lemma 3 ([9, Lemma 3.2]) For |z| <r<1and |zx| =R >r, we have

2

z r Rr

< .
T R2-12

+
z—zx R:2-r?

2 Main results
Using the first of the above lemmas, we obtain the k —~UCST («) radius of P,,,_; as follows.

Theorem 1 The radius of k —UCST (&) of Pou-1 is rk UCST (P, 1) = 1, where ry denotes

the smallest positive root of the equation

rPy,_1(r) rPy,_1(r) B
k(1 - a)(ipznl(r) - 1) +(1+ ka)ipén_l(r) +1=0.

Proof Differentiating logarithmically the product representation (1) of the P,,_; polyno-
mial, we have

2Py, 1(2) 22

Pan-1(2) P Z/2( -z

ZE(C\{:i:Zl,:l:Zg,...,:l:Zn_l}, (5)

where zx, with k € {1,2,...,n — 1}, is the kth positive zero of the normalized Legendre
polynomial of odd degree. The logarithmical differentiation of the above equality leads to

Zn 1 422 z
Pa1(2) Zpﬁn—l(z) k=1 (22—22)2

1+ , ze€C\{xz,x2z,..., 12,1},
Pz Popalz) 1- Z:i % !
Zk*Z
that is,
n-1 4z22,2<
k=1 (z]%_zz)z
zeC \ {:l:Zl, :bZz, ceey :I:Zn—l}- (6)

P, 1 (2) 2 -2 I Yl 2

k=1 22

1
1+z73§/n 1@ 1l "Z 272
=1

If |z| < r < z;, then it follows that |z| <r <z forall k € {1,2,...,n — 1}. Hence, replacing
zbyz*and y by z; forall k € {1,2,...,7n - 1} in inequalities (2) and (4) of Lemma 1, we get

22 - 72
2,2 — 2 _ 2
2y —z Zp—r

Re

Page 4 of 12
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and

2

7 2

< r
=@y

(22 - 2%)?

respectively. Now, for |z| <r < z; from (6) and two above inequalities, we deduce the fol-

lowing inequalities:

il ) Z | 472 Zk
szn 1( ) 2z k=1 z —72)2
Re<1+ P @ >1- ReZZ_Z2 s} 2Z
2n-1 k=1 k |1 Zk 1 Z 22
n—1 4r272
n-1 2;«2 Zk 1 (Z r2k
z I_Z 22 1-
ko1 K Zk 1 |Z Z2|
n—1 4r272
nlog2 py @ ,zk
ZI_Z 22 1_y1 2?2
k=1 Zi Zk 1 2 2
1 Pha) ern NG
e 1(’")

(7)

On the other hand, replacing z by z? and y by z; for all k € {1,2,...,n — 1} in inequality

(3) of Lemma 1 and using relations (5) and (6), we obtain

’(l—a)izpé”'l(z)+a(1+ - l(z)) 1‘

Pon-1(2) 7)2,1,1( )
_|#Paua@) Zi(:z—;kﬂ ~ ‘
2T VaE
1o zz%g‘i;ﬁz 1) g i )
=|- - Z
d-2 1oy 2| o
n-1 272 Z 11 ‘ir sz)z n-1 272 Z i (4r Zk)z
< =D 5
T ATy TN D AT 5
=(a-1 )rp2" 1) a(1+ Lﬁ;‘l(r)) +1
Pap-1(r) Pﬁn,l('”)

for |z]| <r<z.
Therefore, from (7) and (8), for any k > 0 we have

Re(l + szn 1( )) —k'(l a)ZP2n 1(Z) +(X(1 + szn 1(Z)> _ 1‘

Piua(2) Pan-1(2) P, 1(2)
2n 1() |: P31 (r) ( i 1(’")) i|
il (= 1y 2
>1 + P () (x—1) Pyt () ol 1+ P () +1
k(- o) P ke PO 1y

Pon-1(r) Pﬁn_l (r)

8)
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1 4t
ne1 n-1 %z
2r? k=1 (2-r2)2
:1_(/<+1)ZZ—2_r2—(1+/<o¢)1 ——
k=1 “k T Lek=1 27

for |z] <r<z.
Let w : I — R, where [ is the open interval (0,z;) which is subset of R be the function

defined by
Py, 1 (1) 7Py (1)
olr) =k(1 -a)—2"2" 4 (1 +hko) ==~ +k(a-1)+1
Pou-a(r) P34 (r)
n—1 4r2z,%
n-1 [ S
272 k=1 (;2_,2)2
1=k )Y o = (o)
Zp—r _yrt 2
k=1 "k k=1 22

Since lim,\ o w(r) = 1, lim, »,; w(r) = —00, and the function w is continuous, it follows that
the equation w(r) = 0 has at least a root in (0, z;). Thus, if r; is the smallest positive root of
the equation w(r) = 0, then we have

7Py, 1(2) B 2Py, 1(2) ZPy,1(2) B
Re(l + 77)5”_1(2) ) > k‘(l a)—PZn—l(z) + a(l + 7,%”_1(2) ) 1'

for |z| < ry, and

. ZPY (z)) ‘ ZP, . (2) ( ZPY (z)> ‘}
fiRe( 1+ 222120 ) _k|(1 — )22 1+ 22212 11t =0,
|z”<‘r1{ e( @) N0 N R L

It follows that rﬁ‘uCST(sz,,l) = ry is the radius of k — UCST () of the normalized Leg-
endre polynomial P,,_1, and hence this completes our proof. O

Choosing k = 0 in Theorem 1, we obtain the next result which was given by Bulut and
Engel for 8 =0 in [7, Theorem 2.2].

Corollary 1 The radius of convexity of Py,,_1 is r(Pay_1) = o, where ry denotes the smallest
positive root of the equation

rPy, 1 (r) + Py, 1(r) = 0.
Example 1 For n =2 we have

Ps(z) (52 - 32) 1,
P’g(O) = _% = —§(5z —3z).

Ps(z) :=

Like we see from Fig. 1(a) the domain P3(U) is not convex; moreover, the function P;
is not univalent in U. From Corollary 1 it follows that the radius of convexity of Ps is
r(P3) = 1/4/15 ~ 0.2581988897 ..., where 1/+/15 denotes the smallest positive root of
the equation

rPy(r) + Py(r) = =157* + 1 = 0.

According to the above result, the domain P3(U(r°(Ps))) shown in Fig. 1(b) is convex.

Page 6 of 12
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(a) The image of U under P3(z) = (b) The image of U (r¢(P3)) under
-3 (523 - 32) Ps(z) = —1 (52° — 32)

Figure 1 The image P3(2)

Letting o = 1 in Theorem 1, we obtain the next special case.

Corollary 2 The radius of k-uniformly convexity of Pay,_1 is r*®(Pau_1) = r3, where r3 de-
notes the smallest positive root of the equation

Py, _1(r)

1+k
=)

+1=0.

Setting k = 1 in Corollary 2, we obtain the following result which was given by Bulut and
Engel in [7, Theorem 2.3].

Example 2 The radius of uniform convexity of Py,_; is r““(Pa,-1) = ra, where r, denotes
the smallest positive root of the equation

Py . (r)
142—2=1V7 _
Piua(r)

Example 3 For n =3 we have

Ps(z) 3(632°-702% +152) 1

T Py0) I 15

Ps(2): (632° - 702% + 15z2).

Like we see from Fig. 2(a) the function Ps is not univalent in U. From Example 2 it
follows that the radius of uniform convexity of Ps is r*(Ps) = /735 —424/259/63 ~
0.1219993521..., where v/735 —42+/259/63 denotes the smallest positive root of the
equation

1
PL(r) + 2rPL(r) = R (2835z* - 10502” + 15) = 0.

According to the above result, the domain P5(U(r*¢(P5))) is uniformly convex, and it is
plotted in Fig. 2(b).

Letting o = 0 in Theorem 1, we deduce the next result.
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N
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N

(a) The image of U under Ps(z) = (b) The image of U (r“¢(Ps)) under
- (6325 — 702 + 152) Ps(z) = 1= (6325 — 7025 + 152)

Figure 2 The image P5(2)

Corollary 3 The radius of k — MN of Pa,_1 is MNP, ) = rs, where rs denotes the
smallest positive root of the equation

k<r’P§n_1(r) 1) . rPy,_1(r)

S B — 2l 4 1=0.
Pou-a(r)

Pan-1(r) -
Letting k = 1 in Corollary 3, we obtain the following special case.

Example 4 The radius of MN of P,_; is rMN(P,, 1) = rs, where rg denotes the smallest
positive root of the equation

rPs, (1) . rPy. 1 (r) _
Pon-1(r) Pén_l (r)

0.

In the following theorem we obtain the radius of strong starlikeness of order « of Py,,_;.

Theorem 2 The radius of strong starlikeness of order a of Pay,_1 is V'E(Pgn,l) =ry, where r}
is the smallest positive root of the equation

1 .

o 2r%(z; + r*sin &  ma
24—r4—sm7=0, O<a<l.
k=1 Zk

Proof If |z| < r < z1, then it follows that |z| < r <z for all k € {1,2,...,n — 1}, where z,
with k € {1,2,...,n—1}, is the kth positive zero of the normalized Legendre polynomial of
odd degree. Hence, replacing z by z2 and R by z; forall k € {1,2,...,n -1} in the inequality
of Lemma 3, we get

2.2

‘ zr
2 2 4 — 4 4
22—z Zi-rt| T -t

lz| <r<z,ke{l,2,...,n-1}.

Using the above inequalities, from relation (5) we get

Poa@ (| ”2‘1: >\ |, 22 o o4
P2n—1(z) k=1 Z% -rt k=1 Z/2< -z k=1 22 -t
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-1 -1 -1
— 272 — 2/ < 272 2rt
= + =
2_ 2 i_ 4 2_ 2 A_ 4
o T nT 2 -z -
n-1 2.2
- 2zir
< E Y
o1 ST
for |z] <r<z.
Denoting
’ n-1 4 n-1 2.2
ZP;,_1(2) 2r 2zir
= ) a=1- T and Ra::X:—4 e
2n-1(2) = T — Z -

we see that Ima = 0, and from Lemma 2 and the above inequality it follows that the disc

|w —a| <R, is contained in the sector |argw| < wa/2, that is,

z772n 1 (Z)
Pan-1(2)

7TO[

if we assume that the inequality

-1 -1
— 22312 (1 HX: 27t . To
<|1- sin —
Z—r 2 2

holds.
Let ¢ : I — R, where [ is the open interval (0,z;) which is subset of R be defined by

n-16.202 .2 oan
2r*(z; + r*sin ¢ . A
w(r):= E =k 27 —sm—2 .
k=1 z

The above inequality implies that ¥/(r) < 0 for r € (0,z;). Also, we have lim ¥ (r) =
—sin ¥ < 0andlim, », ¥ (r) = +00. On the other the hand, we have //(r) > 0 for z € (0, ;).
It follows that the equation ¥(r) = 0 has a unique root r} in (0,z;). Therefore, the radius

of strong starlikeness of order « of P;,_; is %(772,,,1) =r]. O
Example 5 For n =2 we have

1 pa—
P 28 1073 Loy,

where the roots of P3 are zo = 0 and z; = 4/15/5. From Theorem 2 it follows that the
radii of strong starlikeness of order 1/3, 1/2, and 2/3 of P; are r”f/;(Pg) =+/-10 + 54/7/5 >~
0.3593748213..., 77,(P3) = V-5v2+55/5 =~ 0.4054267912..., and 73,(Ps) =

VIVEE ~ 04305729813..., where YT /5 /54555  and

5
v/154/39 — 304/3/15 denote the smallest positive roots of the equations

2732 +7r%3) 1 3 25r% 42012 -3

=Y

5 _I__2.
WP_pa 22 2549

Page 9 of 12
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2242 2) /2 3 25244207 -3V2 o
(15?2 _ 4 2 2 25/ -9 -

54

)

and

25¢/3r* +20r* -3/3

0,
25r+ -9

respectively. According to the above result, the domains Pg(U(fo;?)(Pg))), Pg(U(fo;z(Pg))),
and 'P3(U(F’§;3(P3))) are strongly starlike of order 1/3, 1/2, and 2/3, respectively.

Example 6 For n =3 we have

P 1(632° -7028 +152) 1
5@ _ 5 - )~ L (6325 - 702 +152),
P;(0) 15 15

8

Ps(z) :=

where the roots of Ps5 are zy = 0, z; = £=+/245 — 144/70/21, and zp = /245 + 14+/70/21.

From Theorem 2 it follows that the radii of strong starlikeness of order 1/3, 1/2, and
2/3 of Ps are 7} 5(Ps) = 0.2212264225..., r},(Ps) ~ 0.2537535993..., and 7} 5(Ps) =~
0.2724589258..., where 1%3(735), r%z(Ps), and r;’73(P5) denote the smallest positive roots

of the equations

1,607,445r8 + 1,428,840r° — 731,4307* — 340,2007% + 18,225
(11347% + 40+/70 — 430)(-567r* + 204/70 + 215) B
1,607,445v/2r° + 1,428,840r° - 731,430/2r" - 340,001 + 182252 _
(11347* + 40~/70 — 430)(-567r* + 204/70 + 215)

’

)

and

1,607,445+/3r° + 1,428,840r° — 731,430v/31* — 340,200 + 18,225V/3 _
(11347* + 40+/70 - 430)(-567r* + 201/70 + 215)

)

respectively. According to the above result, the domains PS(U(rfl’;,lg(Ps))), Ps(U(rfl’;,lz(Ps))),
and Pg(U(rgs(Ps))) are strongly starlike of order 1/3, 1/2, and 2/3, respectively.

Letting o = 1 in the above theorem, we get the following corollary.

Corollary 4 The radius of starlikeness of Poy_1 is r*(Pay,-1) = 1y, where r; denotes the

smallest positive root of the equation

Example7 For n =2 we have

15,3 _
Pye)= 2D 30278 Lo sy,

PO 2

Page 10 of 12
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Figure 3 The image oflU(%) under P3(z) =-1(52° - 32)

where the roots of P; are zy = 0 and z; = £4/15/5. From Corollary 4 it follows that the
radius of starlikeness of P is r*(P3) = 1/+/5 >~ 04472135954 ... ., where 1/+/5 denotes the
smallest positive root of the equation

2r? _ 3(5r7-1)
Z2-r2  5r2-3

According to the above result, as Fig. 3, the domain P5(U(1/ V/5)) is starlike.

Remark 2 All the figures inserted in this article have been obtained using MAPLE™ soft-

ware.
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