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1 Introduction
Suppose A, is an n x n Hermitian matrix and A, Ag,..., A, denote the real eigenvalues of
A,. The empirical spectral distribution function (ESD) of A, can be defined as

1 n
FAn(x) = ; XI:I{MSx};
i=

where I, represents the indicator function on the set A. The limit distribution of F4"(x)
as n — 00, if it exists, will be called the limiting spectral distribution (LSD) of A,. Since
most of the global spectral limiting properties of A, can be determined by its LSD, the LSD
of large dimensional random matrices has attracted considerable interest among mathe-
maticians, probabilists, and statisticians, one can refer to Wigner [15, 16], Grenander and
Silverstein [7], Jonsson [8], Yin and Krishnaiah [18], Bai and Yin [4] and so on.

The Wigner matrix is one of the most basic and popular objects in the random matrix
theory. A Wigner matrix is a symmetric (or Hermitian in the complex case) random matrix
whose entries on or above the diagonal are independent random variables. When a Wigner
matrix X,, whose entries are i.i.d. real (or complex) random variables with mean zero and

variance 1, Wigner [16] proved that the expected ESD of W, = ﬁX,,, tends to the limiting
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distribution Fy;, whose density is given by

A= Py <yy if 6] <2,

0 otherwise.

Sie(®) =

The LSD F;, is usually called the semicircular law in the literature. Grenander [6] proved
that [|F%” — F.|| — 0 in probability. Arnold [1, 2] obtained the result that F converges to
F;. almost surely. Pastur [12] removed the identically distributed assumption, and consid-
ered that when the entries above or on the diagonal of X,, are independent real or complex
random variables with mean zero and variance 1, may not necessarily be identically dis-

tributed, but satisfy the following Lindeberg type assumption, for any constant > 0:
li lnEX21X>f—0 1.1
Jim - > EXGPI(1XG] = nv/n) =0. (1.1)
ij

Then the ESD of W, converges almost surely to the semicircular law.

Among the results above, the assumption that the entries of the Wigner matrix have a
common variance is necessary. However, in a practical application, the uniform variance
assumption is a strong condition. In the paper, we will remove the uniform variance as-
sumption and establish the same semicircular law result under a milder assumption on
the variances of the entries, in particular, we assume that the covariances of the entries
may not be equal to a constant, but only the average of the normalized sums of in each
row of the data matrix converges to a positive constant. The result reads as follows.

Theorem 1.1 Let W, = ﬁX,, be a Wigner matrix, and the entries above or on the diagonal
of Xy, be independent real or complex random variables, but they may not be necessarily
identically distributed. Assume that all the entries of X, are of mean zero, and the variance
E|X;1* = o7, where oy satisfies . >y | >, 0 = 1| = 0 as n — 00, and the assumption
(1.1) holds. Then, almost surely, the ESD of W,, converges weakly to the semicircular law.

Remark 1.1 The result of Theorem 1.1 can be extended to a general one: when the aver-
age of the normalized sums in each row converges weakly to a positive constant o2, then
almost surely the LSD of W, is the general semicircular law with density

ooy = 37V Pl (18l <20,
sc,0 =
0

otherwise.

Now, we will consider the LSD of a sample covariance matrix, which is also an impor-
tant object in random matrix theory and multivariate statistics. Suppose Y, = (Yj})uxn is
a real or complex random matrix, whose entries Yj; (i=1,...,n,j=1,...,N) are ii.d. real
or complex random variables with mean zero and variance 1. Write ¥; = (Y1,..., Y,;) and
Y, =(Yy,...,Yy). Define Y = % Zi\[zl Y. Since S, = ﬁ fozl(Yk — Y)(Yi - Y)* shares the
same the LSD with S, = ﬁ Zszl Y Y§ = %Y,,Y’;, where * represents the conjugate trans-
pose symbol, we usually consider the sample covariance matrix defined by S, = %Y,,Yz,
The limiting spectral properties of large sample covariance matrices have generated a
considerable amount of interest in statistics, signal processing and other disciplines. The
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first result on the LSD of S, is due to Marcenko and Pastur [10], who proved that when
lim,, 0 5 =y € (0,00), the LSD of S, is M-P law F}*"(x) with density

L /b—x)x—a), ifa<x<b,

fyMP ( x) _ ) 2mxy
0, otherwise,

and has a point mass 1 — 1/y at the origin if y > 1, where a = (1 - ﬂ)z andb=(1+ ﬂ)z.
There is also some work on the discussion of the M-P law of sample covariance matrices,
such as Bai and Yin [4], Grenander and Silverstein [7], Jonsson [8], Yin [17], Silverstein
[13] and Silverstein and Bai [14]. A typical result (see Theorem 3.9 of Bai and Silverstein
[3]) states that when the entries of Y,, are independent random variables with mean zero

and variance 1, n/N — y € (0, 00), and for any 1 > 0,

1
N D E(1Y1°1(1Yy = nv/N)) — 0, (1.2)
ij

then the ESD of S,, tends to the M-P law F;VIP almost surely. Note that the entries of Y,
having a uniform variance 1 is also a necessary condition in the proof. By the same mo-
tivation as Theorem 1.1, we will also consider removing the equal covariance condition.

Similarly, we can get the following result.

Theorem 1.2 Assume that the entries of the random matrix Y, defined above are

independent variables with mean zero and variance E|Y,»,r|2 = 0;., where oy satisfies

Iy lx Zﬁl 0 — 1| — 0. Assume that n/N — y € (0,00) as n — 0o and the assump-
tion (1.2) holds. Then, almost surely, the ESD of the sample covariance matrix S, = ]%]Y,, Yy

converges weakly to the M-P law.

Remark 1.2 Likewise, if there exists a positive constant o2 > 0 satisfying 1 3%, x
| % Z,A:[ 1 crl.lz. —0%| — 0, the other assumptions remain unchanged, we also get, almost surely,
for the LSD of S, = %Yn Y;: the general M-P law with density

1
-MP _ 2 2
fo (x) — TTXYO

(b-x)x-a), ifa<x<b,

0 otherwise,

and it has a point mass 1 — 1/y at the origin if y > 1, where @ = 6%(1 — /) and b = 0*(1 +

e

The rest of the paper is organized as follows. The proofs of the main results are presented
in Sect. 2. In the Appendix, some useful lemmas are listed. In the sequel, when there is
no confusion, we may get rid of the subscript # in the notation of matrices for brevity.
A* denotes the conjugate transpose of matrix A, and tr(4) denotes the trace of A, and C

denotes positive constant, which may be different in different cases.
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2 Proofs
The Stieltjes transform method is mainly adopted to complete the proofs. For a distribu-
tion function F(x), its Stieltjes transform can be defined as

1
sF(z):/—dF(x), zeC ' ={z=u+ivlueR,v>0}
x—z

Obviously, we can write the Stieltjes transform of ESD FA#(x) as

n

1 1 1
Sran(z) = — = tr(4, —zI,)7},
Fan (2) n;ki_z — (A, ~zl,)

where I, is the identity matrix with order n. The continuity theorem of Stieltjes trans-
form states that, for a sequence of functions of bounded variation {G,} with the Stieltjes
transform sg, (2), G,(—00) = 0 for all #, and a function of bounded variation G, G(-o0) = 0,
with the Stieltjes transform sg(z), G, converges vaguely to G if and only if s, (z) converges
to sg(z) for z € C*. In view of the fact that the sequence of the ESD of Wigner matrix is
tight (see Lytova and Pastur [9]), the weak convergence of the ESD can be obtained by the
convergence of their corresponding Stieltjes transform. Furthermore, if the LSD is a deter-
ministic probability density function, then the almost surely convergence of the ESD can
be achieved by the almost surely convergence of the Stieltjes transform, which is a basic
idea in the following proofs.

2.1 Proof of Theorem 1.1

Define F" to be the ESD of W,, and s,(z) the Stieltjes transforms of F¥». Then by the
continuity theorem of the Stieltjes transform, we complete the proof of Theorem 1.1 by
showing

$.(2) > s(z), zeC"as, (2.1)

where s(z) is the Stieltjes transform of the semicircular law Fi..

The proofs of the real-valued Wigner matrix are almost the same as those of the
complex-valued Wigner matrix, that is, all the results as well as the main ingredients of the
proofs in the real symmetric matrices case remain valid in the Hermitian case with natu-
ral modifications. For the sake of simplicity, we will confine ourselves to a real symmetric
Wigner matrix. To this end, we will write W, = %)A(,, to be a Wigner matrix independent
of W, and the entries of )A(,, = ()A(lj)nxn are independent N(0, 1) random variables. Define
F%n to be the ESD of W, and 3, (z) the Stieltjes transforms of F Wi, By Theorem 2.9 of Bai
and Silverstein [3], we know that, almost surely, the LSD of W, is a semicircular law F;.(x),
which means

$:(z2) > s(z), zeC", as.
Thus, (2.1) can be achieved by
5,(2) —s,(z) = 0, zeC as. (2.2)

In the sequel, we will complete the proof of (2.2) by the following two steps.
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(i) For any fixed z € C*, §,(z) — ES,(z) — 0,a.s. and s,,(z) — Es,(z) — 0, a.s.

(ii) For any fixed z € C*, Es,(z) — ES,(z) — 0.

We begin with step (i). Define Wy to be a major submatrix of order (# — 1), obtained
from W, with the kth row and column removed, and a; to be the vector from the kth
column of W, by deleting the kth entry. Denote by Ei(-) conditional expectation with
respect to the o -field generated by the random variables {Xj, i,j > k}, with the convention
that E,s,(z) = Es,(z) and Eys,,(z) = s,(z). Then

n n

51(2) = Esy(@) = Y _[Ex1(54(2)) — Ex(54(2))] = Y v

k=1 k=1

By Theorem A.5 of Bai and Silverstein [3], we know

1
vi= - (Exor te(W, — 2D) ™' = Ex (W, — 2)7)

1

- (Exoa (r(Wyy — 2D) 7! = te(Wy — 2I,-1) ™)
- Ex(te(W), —2zD) ™" = (Wi — zL,-1) 1))

(g e (We—zla) ey 1+ af (Wi = zl1) o
n\ T e f (Wi —zh) e~z — af (Wi —2lu) ey )

Note that

|1 + o (W - zl,,_l)_Zak|
<1+ o (Wi — 2lyey) ™ (Wi = 21,1) g
=v ' Im(z + of (Wi — 20,21) ),

which implies |yx| < 2/nv. Since {yx, k > 1} forms a martingale difference sequence, then
it follows by Lemma A.1 with p = 4 that

i ’ "4\ 16K
E|sn(z)—Esn(z)|4sl@E(Zw) f“(Zm) < =0(r?),

k=1 k=1

which, together with the Borel-Cantelli lemma, yields
$,(z) —Es,(z) —> 0, a.s.

for every fixed z € C*.
Similarly, we also get

$.(2) —ES,(z) = 0, aus.

for every fixed z € C*. Therefore, step (i) is completed.
Now we come to step (ii). We firstly introduce some notation:

N 1 -1
X(S):51/2X+(1—s)1/2X, 0<s<1, G(z) = (Tx_zj) ,
n
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-1 -1
G(z) = (%f(—z[) , G(s,z) = <%X(s) —zl) .

By the facts that X(1) = X, X(0) = X, we can write

Esn (Z) - Egn (Z)

= %E(trG(z) -trG(z))

1y (1
:/ —E(—trG(s,z))ds
o 0s \n

1 ! 9 -12% 172
= W/o Etra—ZG(s,z)((l —s) X -5 X) ds. (2.3)

Denote G’ = %G(s, z). Write the (i,j)-entry of G’ by ng and the (i,j)-entry of X(s) by
X;j(s). Since the random variables )A(,-j are independent N (0, 1) random variables, applying
the Stein equation in Lemma A.2 with @ = ng, we have

Etri G(s,2)(1 - s)12X
0z
= (1-9)7" Y E(X;G))
ij
= (1-9)7") (EIX;PE(Dy(9)Gj) (1 - )2 7172
ij

= }/1’1/2 ZE(DU(S)G;)’
bj

where Dj(s) = 9/0.Xj(s).

On the other hand, as the random variables X;; are independent, we will adopt the gen-
eralized Stein equation in Lemma A.3 to rewrite the second term in the parentheses of
the r.h.s. of (2.3). To this end, we will take p =1 and @ = G;j in Lemma A.3. Note that
k1 =EX;=0andk; = E|Xi,f|2. Then we have

EtriG(s, 2)sV2X
0z
=572 " E(X;G))
ij

_gln Z(Emj|25(Dij(s)G;,~)Sl/2n—1/2 + &)
bj
=2 Y EIXGPE(DY9)G)) + 5%

i

and

lel:={Y ey

ij

S
<C=Y EIXy® sup |D}(s)Gj],
n i X(s)€pom

where g, is the set of n x n real symmetric matrices.

Page 6 of 13
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Thus
|ES,, (2) — E5,(2) |

1 1/
< R
= o3 J, \ n2

1 1
e

2N -EXP)E(D;()G))}

ij

Z{(l — E1X;1*)E(Dy(9)G;) }

1
+S1T|8|>ds
1 1
ds+2 3/2/ 1/zlazlafs

=I+11 (2.4)

By (3.25) in Lytova and Pastur [9],
|D(l)G/ | < C[/V(l+2), (2.5)
where ¢; is an absolute constant for every /. Let [ = 1, then IDi,fGQjI <¢1/v3, and

E(D,j(s)G;) < sup|Dl,(s)G | <an’.

Since E|X;|* = crU ,

Theorem 1.1, we easily get

and oj; satisfies £ 7 | |1 37

i1 t/ — 1| — 0 based on the condition in

1
2

> (1-EXP)

bj

n _ZGU Zl"zf’u

and then
I=0(1). (2.6)

We have
1172
< g |, S S s 23006 s

By the assumption (1.1), we select a sequence 1, | 0 as n — 00, such that

Tim S EDGPI(] 2 nav/) =0,

}’l l]

And the convergence rate of 1,, can be as slow as desired. For definiteness, we may assume
that n,, > 1/logn and 5,, — 0. Then we have

n<<n / ”ZZEIXI sup |D}(5)G;ds.

- 2
2n X(s)epn

Since

i i~ n

Page 7 of 13
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1 n
SZZ — 0,

i

1
13
n =

ij

1 n

1- ; 20'112
j

we obtain niz ZMEIX,',»I2 =1+o0(1). And by (2.5), let [ = 2, then

sup |Dl-21.(s)G§j| <c /vt
X(s)epn

So we have

1 ! 1/2 1 2
1< 5/0 s'n,, ;;El)ﬁjl

sup |ij(s)G;i| ds < Cn, + o(1).
X(s)epn

By 1, — 0 as n — 0o, we have II = o(1). This, together with (2.4) and (2.6), means that
Es,(z) —Es,(z) > 0

for any fixed z € C*. Step (ii) is completed.
Combining steps (i) and (ii), we see that (2.2) is proved. Therefore, we have

FWn —W) Fsc’ a.s.,
By (2.1)—(2.2), we complete the proof of Theorem 1.1.

2.2 Proof of Theorem 1.2

We will also consider the real-valued sample covariance matrix case and take a similar
procedure to Theorem 1.1 to complete the proof. To this end, we also firstly define Y, =
(lA/i/)an to be a n x N random matrix independent of Y,,, and the entries }A’l/s to be i.i.d.
N(0,1) random variables. Write S, = % Y, f’;‘ We will use FS" and F5 to denote the ESD
of S, and S,,, respectively. Let m1,(z) and 71,(z) be the Stieltjes transforms of F5* and Fg’“,
respectively.

By Theorem 3.10 of Bai and Silverstein [3], we have obtained

m,(z) - m(z), as.

where m(z) is the Stieltjes transform of standard M-P law F;,VIP . Thus, by the continuity
theorem of the Stieltjes transform again, we complete the proof by showing that, for any
fixed z € C*,

(i) my,(z) — Em,(z) — 0, a.s. and m1,,(z) — Em,,(z) — 0, a.s.

(ii) Em,(z) — Em,(z) — 0.

For (i), we prove it by a similar argument to Bai and Silverstein [3]. For the sake of com-
pleteness, we will also give the proof. Let Ex(+) denote the conditional expectation given
by {¥is1,- .., ¥}, with the convention that ENm,,(z) = Em,(z) and E)mn(z) = my(z). Then

N N

m(2) - Emy(2) = Y (Exmy(2) - Eeama(2) =Y i

k=1 k=1
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where
~ 1~
:;(Ektr(Sy,—zI,,) —Ex1te(S, — 2l,)” Y

= %((Ek _Ek—l)(tr(sn —zl,) " — (S —2L) 7))

YZ(Snk —zl,) vk
1+ Yi(Suk — 20,) Vi

1/ ~ ~
=-= ((Ek ~Ex1)
n
Here S,x = S, — vxY; and vy is the kth column of Y, with the kth element removed, and

Yi((Suk — ul,)* + Vv21,) i 1

T Im(1 +Y,’§(Snk—zln)_1Yk) v

‘ Y]t(Snk - Z[,,)_ZY](
1+ Y5 (S — 21,) " vk

Note that {9, k > 1} forms a sequence of bounded martingale differences.

By Lemma A.1 with p = 4, we have

2
K N2
E|my(2) Em,,(z] <K4E(Z|yk|2> an4 =O(N7?).

k=1

By the Borel-Cantelli lemma again, we see that almost surely m1,(z) — Em,,(z) — 0. By the
same argument, we get #1,(z) — Ef,(z) — 0, a.s., which means (i) is completed.
Then we come to the proof of (ii). We firstly introduce some notation. For 0 <s <1,

H(s) = s'?Y + (1 - s)'2Y, V(s) = %H(s),

J) = VEVHs),  Uzs)= () -20) ",

1 d
My(z,s) = —trlU(z,s), U =—1Ul(zs).
n 0z

By the same procedure in (2.3), we have
Em,(2) — Efn,(2)
1y
= —E(My(z,s)) d
/O o (Mo(z,5)) ds

1 ! A
= —2 e / Etr(((l _ S)_1/2Y _ S—1/2 Y) V* (S) U/) ds. (27)
n 0

It follows by Lemma A.2 with @ = (V*(s)U’),; that

Etr((1- s)-“z?v*(s)u’)
-(1- )WZE Vieu'),)

Y EIPEDy (VU ),

ij

N1/2

where Dj;(s) = 3/ Vj(s).

Page9of 13
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By Lemma A.3 with p = 1 and @ = (V*(s)U’); again, we can see by «x; = EYj; = 0 and
iy = E|Yy|* that
Etr(sPY (V¥(s)U'))

-2 (v (vou),)

ij

ZSI,ZZ<N1U2 EGPED(VOU),) o)

ij

N1/2 ZE| |2E ,, V*(s) )U)+s_1/280

and

E 8,‘]‘

ij

|60l 1= il

S
gcﬁ;fsmﬂ sup |D2(V* )

where M, y is the set of n x N real matrices.
By (2.7), we have

|Emn (z) — Emny(2) |

1 /‘1< 1
[ [
=212 fy \ N2

{(1-E1YP)EDy (Vvu),)}

2O -EyP)E(Dy(viu),)]

i

1
+Sﬁ|8o|)ds
1 11
ds + N1/2/ 1/2|£0|0,’s

=T1+11. (2.8)

The bound of |ij(V*LI’)ﬁ|,r = 1,2, is critical for the proof. Since (V*U’); is analytic
in z € C*, by the Cauchy inequality for the bound of derivatives of analytic functions in
Lemma A 4, to get the bound of D,(V*U');, r = 1,2, on any compact set of C*, it suffices
to find the bound of D;(V* U); on the compact set. By elementary calculations, we can get
the derivatives of V*UI with respect to the entries V;;,i=1,2,...,n,j=1,2,...N,

* * 2
Dy(V U)ij =Dy(UV);=U;— (V L[V)I.}.LI,»,» = UV
D (V* u) = —6U(UV); + 6U,,(LIV)“(V*UV) +2(UV);.
As U = (VV* = zl,x,) ", this induces [|U]| < 1,|U;| < 1. Define U =(V*V —zlyen)L. We
also have ||Z1|| < % By the facts that VU =UV and V*VU = V*UV, we get

VAV = Iy + 20

and

|z]

v
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By the Schwartz inequality, we have

1/2
vy, < (Vv < ((1 . ﬂ)l) _

vV

It follows by the Cauchy inequality in Lemma A 4 that

sup | Dy(V*U'),;[ = 0(1)
VeMun
and
sup |ij(v*u/)ij| =0(1) (2.9)
VeMun

hold uniformly on any compact set of C*.

Since 1 Y7 & Zﬁl oijz. — 1| = 0 by the assumption in Theorem 1.2,

1
N[BT

ij

1
= nN—ZUjf;Z

ij

1
_ — 0,
nN

n
i

1 N

2

L=y 2
J

which, together with (2.8) and (2.9), yields7: o(1).
By the assumption (1.2), without loss of generality, we select a sequence 7, | 0 and 7, >
1/logN as n — oo. Then

~ Cny [y 2 2
g /0 s %:EIIG/I VesmN!DU(V*U’)l,!d&

We also easily get ﬁ Zi,jE| Y,-jl2 =1+ 0(1). Using (2.9) again, we can see
|Em,,(2) — Efiny(2)| < Cny + 0(1).

As 1, — 0, we have
Em,(z) — Em,(z) - 0

for any z € C*, which completes the proof of (ii).
Based on steps (i) and (ii), we conclude that

w
J A F;VIP, a.s.

The proof of Theorem 1.2 is complete.

Appendix: Some lemmas
We will list several important lemmas in our proofs. The first one is the Burkholder in-

equality for a complex martingale difference sequence, which can be found in Burkholder

[5].
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Lemma A.1 Let {Xy} be a complex martingale difference sequence with respect to the in-
creasing o -field {Fi}. Then, for p > 1,

B> x < E(Y 1)

where K, is a constant related to p.

4
2
’

The second one is the well-known Stein equation for independent Gaussian random
variables. It should be noted that a similar result holds for independent complex-valued

Gaussian random variables.

Lemma A.2 Let & be a Gaussian random variable of zero mean, and @ : R — C be a
differentiable function with bounded derivative ®'. Then we have

E(§@(5)) = E(§°)E(®'(8)).

The third one is the generalized Stein equation for independent random variables, which

can be found in Lytova and Pastur [9, Proposition 3.1].

Lemma A.3 Let £ be a random variable such that E(|£|P*2) < 0o for a certain nonnegative
integer p. Then, for any function @ : R — C of the class CP*' with bounded derivatives ®,
[=1,2,...,p+ 1, we have

p
EE0E) =Y LE@9©)) +ep,

1
—~ !
where k; is the lth cumulant of &, and the remainder term &, admits the bound

1+(3+2p)y+?
lepl < QE{IEP P sup|@ PV (8)], ¢, < o

At last, a useful result on the bound of analytic function will be introduced, which is

quoted from Markushevich and Silverstein [11, Theorem 14.7].

Lemma A.4 (Cauchy inequality) Let f(z) be analytic in the simply connected domain D
that contains the circle Cr(zo) = {z : |z— 20| = R}. If | (2)| < M holds for all points z € Cr(zo),
then
n'M
|f(n)(zo)| = N n=1,2,...).
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