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1 Introduction

Fractional calculus has been appealing to many researchers over the last decades [1-5].
Some researchers have found that different fractional derivatives with different singular
or nonsingular kernels need to be identified by real-world problems in different fields of
engineering and science [6—12]. These different fractional operators are also used in inte-
gral inequalities [13—21]. Thus, fractional calculus plays an important role in the develop-
ment of inequality theory. One of the best-known inequalities, the Hermite—Hadamard
inequality, which is generalized by means of several fractional integral operators, is given

now.

Theorem 1 (See [22]) Letf :I— R be a convex function defined on the interval I of real
numbers and a,b € I with a < b. Then the following inequality holds:

f(a;b)_b a/f a);f(b)

In the field of fractional analysis, many researchers have focused on defining new op-

erators and modeling and implementing of the problems based on their features. The
features that make the operators different from each other include singularity and lo-
cality, while kernel expression of the operator is presented with functions such as the

power law, the exponential function or a Mittag-Leffler function. The distinctive feature
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of the Caputo—Fabrizio operator is that it has a non-singular kernel. With the help of the
Caputo—Fabrizio operator, new studies have been made on many modeling problems and
real-world problems. This is so because the definition of Caputo—Fabrizio is very effec-
tive in better describing heterogeneousness and systems with different scales with mem-
ory effects. The main basic feature of the Caputo—Fabrizio definition can be explained
as a real power turned into the integer by the Laplace transformation, thus the exact so-
lution can be easily found for various problems. Now, we will proceed by some neces-
sary definitions and preliminary results which are used and referred throughout this pa-

per.

Definition 1 (See [1, 23, 24]) Let f € H'(a,b), a < b, a € [0,1], then the definition of the

left fractional derivative in the sense of Caputo and Fabrizio becomes

(SFDef) (r) = / Pl

and the associated fractional integral is

Ol

dt
(a) * Bla) /f’“)"

where B() > 0 is a normalization function satisfying B(0) = B(1) = 1. For the right frac-

1)@ =

tional derivative we have

b
(D)0 -1 [ e " s

and the associated fractional integral is

1-
)0 = 520+ s [ 160

Fractional derivative and integral operators have recently been used to generalize ex-
isting kernels. The kernel which we will generalize with the help of a Caputo—Fabrizio

fractional integral operator is proven by Dragomir and Agarwal.

Lemma 1 (See [25]) Let f :I° € R — R be a differentiable mapping on I°, a,b € I with
a<b. Iff’ € L|a, b] then the following equality holds:

f@+f®)
2

b b-a (' ,
_a/af(x)dx:T“/o (1-26)f (ta + (1 - t)b) dt

In the following section, we will prove a theorem which is a variant of the Hermite—

Hadamard inequality.
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2 A generalization of Hermite—-Hadamard inequality via the Caputo-Fabrizio
fractional operator

Theorem 2 Let a function f : [a,b] € R — R be convex on [a,b) and f € Li[a,b]. Ifa €

[0,1], then the following double inequality holds:

21-a) fla) +£(b)

B@) f(k)] S 1)

b B( ., )
f(a; ) = ab ‘j)a) [(SFI F)) + (CIf) (k) -

where k € [a, b] and B(«) > 0 is a normalization function.

Proof Since f is a convex function on [a, b] we can write

a+b 2 b
2f( ) )Smﬁf(x)dx

k b
. é( / F(x)dx + /k f(x)dx). )

By multiplying both sides of (2) with O‘Z(g(;‘;) and adding 221(:;) f (k) we have

21 -«) ab-a) (a+b
B@ * O By S ( 2 )

2(1 -a) o k b
o f(k)+%( / Fldxs /k f(x)dx)

1-«a a (K l-«a a [*
= (m (k) + @/; f(x)dx) + <%f(k) + %/k f(x) dx)
= CFIF) (k) + (FIZF) (). 3)

So, the proof of the first inequality in (1) is completed by reorganizing the last inequality.
For the proof of the second inequality in (1), if we use the right hand side of Hadamard

inequality, we can write

2 b
5 [ fwds<f@ s @
By making the same operations with (2) in (4), we have
o o 2(1 -a) (b-a)
(S 1f) )+ (FLf) 0 = =5 (a;" £+ (a‘; (@) +£(B)). (5)
By reorganizing (5), the proof of the second inequality in (1) is completed. d

Theorem 3 Let f,g:1 C R — R be a convex function. If fg € L([a, b]), then we have the

following inequality:
2B@) [ cpa CF o 2(1 - a) 2 1
a(b_a)[(a Ife)®) + (T L fe) k) — =5 o8 f(k)g(k)] < 3M(@b) + SN(a,b),
where

M(a,b) = fla)g(a) + f(b)g(b),
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N(a,b) = f(a)g(b) +f(b)g(a)

and k € [a,b], B(a) > 0 is a normalization function.

Proof Since f and g are convex functions on [, b], we have
fta+ 1 -t)b) <tf(a)+ (A -1)f(b), Vee[0,1],a,b€l,
and
g(ta+(1-t)b) <tgla)+ (1 -t)gb), Vtel0,1],abel
Multiplying above inequalities both sides, we have

Sf(ta+ (1 -0)b)g(ta+(1-1)b)
< f(a)g(a) + (1 - )’ (b)g(b) + t(1 - t)[f (@)g(b) +f (b)g(a)]. (6)

Integrating (6) with respect to ¢ over [0, 1], and making the change of variable, we obtain

b
P f [0 dx = = [fla)g(@) + BB + 5 [f(@®) + Blgla],

which implies

¢ b
%[/ﬂ f(x)g(x)dx+/t f(x)g(x)dx] < %M(a,b)+ %N(a,b).

and adding 22 7S (k)g(k) we have

By multiplying both sides with 5

4
s [ sosgaans [ g x)dx] 2 g
< o | 5M@n N0 |+ 2 et
Thus
()0 + (R0 = 5 =2 M)+ N0 |+ 2= g,
and with suitable rearrangements, the proof is completed. 0

Theorem 4 Letf,g:1 C R — R be a convex function. If fg € L([a, b)), the set of integrable
functions, then

(%57 )e (“;b)—bf ()0 + (Crife) s = R

[\7

< —-M(a,b) + N(a, b), (7)

w
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where M(a, b) and N (a, b) are given in Theorem 3 and k € [a, b], B(«) > 0 is a normalization
function.

Proof Since f and g are convex functions on [4, b], for ¢ = 5 we have

f(a+b> Sf((l—t)a+t19) +f(ta+(1—t)b)’ Vabelte[01l,

2 2

and

<a5b>Sg«l—na+d»;ﬂm+(l—”“, Va,bel,te(0,1].

Multiplying the above inequalities at both sides, we have
A5 (5)
ﬂﬂuta+@ﬂﬂ4ﬂ+@+ﬂm+04Wﬂm+U4w)
- t)b) +f(ta +(1- t)b)g((l —ta+ tb)]

+f((1 —t)a + th)g(ta + (
< -[f(A-t)a+tb)g((1 - )a+tb) +f(ta+(1-t)b)g(ta+ (1 -1t)b)

_1>|>~

+2{t(1 - )[f(a)g(a) + f(b)g(®)] + (1 - 1)’f (@)g(b) + £f (b)g(a)}].

Integrating the above inequality with respect to ¢ over [0,1] and making the change of

variable, one obtains

a+b a+b
f( 2 )g( 2 >

< fbf(x) (x) dx + 1[f(ﬂ) (@) +f(b)g(b)] + %[f(ﬂ) (b) +f(b)g(a)]

20— ), 7% P SR IET A Sl

Thus

a+b a+b 2 b 4 3
4f( 2 ) ( B )5(b_a)/af(x)g(x)dx+§M(a,b)+gN(g,b),

and subtracting % B f(k)g(k) we have

By multiplying both sides with 5

b- b b k b
(%50 ) )— sl [ e [ s as]

B(x) 2 2
2(1 - )
B B(x)

a(b—a)
= 2B(oz)|: M(a,b) + N(a,b)]—

f (k)g (k)

(1-a)
B ek,
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and one arrives at

2a(b—a) .(a+Db a+b o ) CE g
B(a) f( 2 >g< 2 ) Bla )[(CFlfg) + (T I3 fe) ] (k)

(b a)
~ 2B(a)

[ “M(a,b) + N(a, b)] ;" )¢ 0g 0.

Multiplying both sides of the above inequality by 0(25)(7;), we get the required inequality

(7). O

3 Some new results related with Caputo-Fabrizio fractional operator
In this section, firstly, we will generalize a lemma, then we will put forward a theorem with

the help of the lemma.

Lemma 2 Let f:1 € R — R be a differentiable mapping on I°, a,b € I with a < b. Iff' €
Ly[a,b] and o € [0, 1], the following equality holds:

b-a (! , 201 —a)
5 fo (1—2t)f(m+(1—t)b)dt—a(b_a)f(k)
ST 2GS0+ (Cr) 0],

where k € [a, b] and B(«) > 0 is a normalization function.
Proof 1t is easy to see that

1
/ (1-20)f"(ta+ (1-t)b)dt
0

fl@)+f) 2
s G-ap < f(x) dx+/f(x)dx)

By multiplying both sides with £

2 and subtracting 21-% v (k) we have

B(a

a)f(k)

ZB( ) /(1 20)f"(ta + (1 - 0)b )dt—

_“b—ﬂ(f(ﬂ+fb) 2(1-a) k b )
2B(a) B(a) S (k) — B« )</ f(x)dx+/kf(x)dx

a(b—a)(f(a) +f (b)) (1-a)
= 2B() _< B(a) F " B )/ f(x)dx)

(e i [ 1005

_a(b-a)(f(@ +f(b) e CEpa
- 28(0[) _[(a If)(k) ( If)(k]

Thus, the proof is completed. g
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Theorem 5 Letf :I C R — R be a differentiable positive mapping on I° and |f'| be convex
on [a,b] where a,b € I with a <b. If f' € L1[a,b] and « € [0,1], the following inequality

holds:
f(a) +f(b) 2(1 - ) B@) cp o
2 a(b- ﬂ)f(k) a(b-a) [(a If)(k)+( If)(k)]
< - @l +If'®))

’

- 8
where k € [a, D) and B(a) > 0 is a normalization function.

Proof By using Lemma 2, the properties of the absolute value and the convexity of |f’| we

have

fla)+f®) | B(a)
’ f(k) aG-a)

2 (b a)
b- /
ST“/O |1 -2t||f(ta+ (1 - t)b)|dt

b— 1
< Tﬂ/ 11 - 26| (¢]f (@)] + (1 - B)|f (b)) it
0

_b—a

. (A (1= 20(elf (@] + (L= D|f' )] dt

/(% 1( Vaﬂ+0—ﬂvdeO

_b-a)(f' @)+ "B
s .

[G1F) R+ (FL) )]

So the proof is completed. d

Theorem6 Letf :1 C R — R beadifferentiable positive mapping on I° and |f'|? be convex
on [a,bl wherep>1,pt+ql=1,abelwitha<b.Iff €Liab] and o € [0,1], the
following inequality holds:

‘ﬂ@+ﬂw 20w BE)
a(b—a)

a(b—a)
<b—¢z< 1 )%([f/(a)|q+1f/(b)|q)%
- 2 \p+1 2 ’

where k € [a, b] and B(«) > 0 is a normalization function.

[EF) G0 + ((CI) ()]

Proof By asimilar argument to the proof of the previous theorem, but now using Lemma 2,

the Holder inequality and convexity of |f'], we get

[GT1F) R+ (L) K]

fl@)+fb) 201-a) B(a)
‘ tao-a© sv-a
b-a

1
== /0|1—2t|[f/(m+(1—t)b)|dt
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b-a
2

</01 |1—2t|"dt)}7</01[f/(ta+(1—t)b)|th)%

Cb-a 1\ (@ +|fB)1\7
2 Gn) ()

So the proof is completed. d

4 Application to special means
It is very important to give an application in terms of efficiency and usefulness of the
results obtained. At the same time, the accuracy of the findings will be confirmed by the
application to special means for real numbers a1, a, such that a; # a,:
(1) The arithmetic mean
a) +ay

A= Alay,a,) = 5 a,a; € R.

(2) The generalized logarithmic mean

rt+l t+1
a4y 4

‘c = ‘C:(alrﬂZ) = ) te IR\ {-1,0\},611,&2 [S R,ﬂl 7/“2'

(r+ 1)(az — a1)

Now, using the results in Sect. 3, we have some applications to the special means of real

numbers.
Proposition 1 Let aj,a; € R*, a; < ay, then

(611 - 612) [

|A(af, a3) - L3(a1,a2)| < |ay| + |az]].

Proof In Theorem 5, if we set f(z) = z> with & = 1 and B(«) = B(1) = 1, then we obtain the
result immediately. O

Proposition 2 Let ay,a; € R*, a; < ay, then

< (a2 —a1)

’A(e‘”,e‘”) —L(e“l,e“2)| < g

(e"1 + e“z).

Proof In Theorem 5, if we set f(z) = ¢* with @ = 1 and B(«x) = B(1) = 1, then we obtain the

result immediately. O
Proposition 3 Let ay,a; € R, a; < ay, then
Al a3) - Cytanan)] < " (g ),

Proof In Theorem 5, if we set f(z) = z” where # is an even number with « = 1 and B(«) =
B(1) = 1, then we obtain the result immediately. a
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