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1 Introduction
We first say that there exists a continuous function K(x, y) defined on £2 = {(x,y) e R x R :
x #y}and C > 0 if K admits the following representation:

|K(%,9)] < , Y(xy) e 2, (1)

C
e =y

and for all %, xp, y € R with |x — y| > 2|x — x|

|K(x,) = K(x0,p)| + [K (%) = K(3,%0)|
C _ B
< (M) , @)
e =5\ %=yl
where 1 > 8 > 0. Then K is said to be a Calder6n—Zygmund standard kernel.

Suppose that K satisfies (1) and (2). Then Zhang and Wu [12] considered the family of

operators T := {T.}.o and a related the family of commutator operators T} := {T¢ p}es0

generated by T, and b which are given by

Tf) = / K(x9)f0) dy 3)

lw—yl>e
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and

Toof (@) = / (b(x) = b)) K (7)) dy. @)

Iyl

In this sense, following [12], the definition of the oscillation operator of T is given by

oo

O(If)(x) := (Z sup | Te, f(x) - Tﬂf(x)’z>

=1 lit1=€is1<€i=t

1
2
)

where {¢;} is a decreasing fixed sequence of positive numbers converging to 0 and a related

p-variation operator is defined by

Vp(Tf)(x) = Sup <Z|T€i+1f(x) - Te,f(x)|p> , P>2,

N0\ i

where the supremum is taken over all sequences of real number {¢;} decreasing to 0. We

also take into account the operator

O'(Tf)(x) := (Z sup |Tti+1f(x)—Tnf(x)|2) .
=1 Li+1<mi<ti

On the other hand, it is obvious that
O'(1f) ~ O(Tf).

That is,
O'(1f) < O(If) < 20'(Tf).

Recently, Campbell et al. in [1] proved the oscillation and variation inequalities for the
Hilbert transform in L? (1 < p < co) and then following [1], we denote by E the mixed

norm Banach space of the two-variable function % defined on R x N such that

N 112
lhllg = (Z(sup‘h(s,i)’) ) < 00.

i

Given T := {T¢}eso is a family operators such that lim¢_.¢ T.f(x) = Tf (x) exists almost ev-
erywhere for certain class of functions f, where T, defined as (3). For a fixed decreasing se-
quence {t;} with t; \( 0, let J; = (11, t;] and define the E-valued operator U(T) : f — U(T)f
given by

U(T)f (x) = {Tfi+1f(x) - Tif(x)}se[i,ieN = {/{

tip1<lv—yl<s}

K, 9)f () dy}

s€jjieN
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Then

0T = [UT @) = {Tonf @) - TF @) e

= IH f K(x,y)f (y) dy}
{tiv1<lx—yl<s) s€j,ieN

Let @ = {B: B ={e;},&; € R,¢; \{ 0}). We denote by F, the mixed norm space of two-
variable functions g(i, 8) such that

E

1/p
gl = Sl;p<2|g(i,ﬁ)|"> )

We also take into account the F,-valued operator V(T): f — V(T)f such that

VITY () = { T f @)~ Tof @)} ,_ o

Thus,

Vo(T)f () = | V(T )| .

Given m is a positive integer, and b is a function on R. Let R,,,1(b;x,) be the m + 1th
order Taylor series remainder of b at x about y, that is,

R (biy) = b(x) = 3~ 57 0)(x =)'

y=m

In this paper, we consider the family of operators 7% := {Tf }eso given by [6], where Tf are
the multilinear singular integral operators of T, as follows:

m+ b; 5
Tf () = / Rousa®%9) e 1) . (5)

[x—y|>€ |x —J’|m

Thus, if m = 0, then T? is just the commutator of 7. and b, which is given by (4). But, if
m > 0, then Tf are non-trivial generation of the commutators.

The theory of multilinear analysis was received extensive studies in the last 3 decades
(see [2, 5] for example). Huand Wang [6] proved that the weighted (L?, L7)-boundedness of
the oscillation and variation operators for 7” when the mth derivative of b belongs to the
homogeneous Lipschitz space A - In this sense, we recall the definition of homogeneous

Lipschitz space Az as follows.

Definition 1 (Homogeneous Lipschitz space) Let 0 < 8 < 1. The homogeneous Lipschitz
space Apg is defined by

Aﬁ<R)={b:nbnAﬁ= w«w}.

% heR 0 |h|#

Obviously, if 8 > 1, then A g(R) only includes constant. So we restrict 0 < 8 < 1.
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Now, we recall the definitions of basic spaces such as Morrey, weighted Lebesgue,
weighted Morrey spaces and consider the relationship between these spaces.

Besides the Lebesgue space L7(R), the Morrey space M (R) is another important func-
tion space with definition as follows.

Definition 2 (Morrey space) For 1 < p < q < oo, the Morrey space M (R) is the collection

of all measurable functions f whose Morrey space norm is

1
W llpagy = sup —5— I xull,@ < oo.
» ICR |[|P7q

L:Interval

Remark 1 If p = q, then

Wl psg ey = I llzacey-

Q-

If g < p, then MZ(R) is strictly larger than L4(R). For example, f(x) := ||~
Flx) = |x0 ¢ LA(R).

€ MZ (R) but

On the other hand, for a given weight function w and any interval I, we also denote the
Lebesgue measure of I by |I| and set weighted measure

w(l) = / w(x) dx.
I

For 0 < p < 0o, the weighted Lebesgue space L,(w) = L,(R, w) is defined by the norm

Ifllz, 00 = </R If ()" w(x) dx>;ﬂ < 00,

A weight w is said to belong to the Muckenhoupt class A, for 1 < p < 0o such that

[W]A,, = SUP[W]Ap(I)
I

_ 1 1 1 o
= st;p(m/Iw(x) dx) (m/lw(x) P dx) < 00, (6)

where p’ = 1%. The condition (6) is called the A,-condition, and the weights which satisfy
it are called A,-weights. The expression [w]y, is also called characteristic constant of w.

Here and after, A, denotes the Muckenhoupt classes (see [5, 7]). The A, class of weights
characterizes the L,(w) boundedness of the maximal function as Muckenhoupt [9] es-
tablished in the 1970s. Subsequent work of Muckenhoupt [9] himself Muckenhoupt and
Wheeden [10, 11], Coifman and Fefferman [3] was devoted to exploring the connection
of the A, class with weighted estimates for singular integrals. However, it was not until
the 2000s that the quantitative dependence on the so called A, constant, namely [w]4,,
became a trending topic.

When p =1, w € A; if there exists C > 1 such that, for almost every x,

Mw(x) dx < Cw(x) (7)
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and the infimum of C satisfying the inequality (7) is denoted by [w],,, where M is the

classical Hardy-Littlewood maximal operator.
When p = 00, we define Ax(R) =, - .oo Ap(R). That is, the A constant is given by

[(Wlay = sup[Wlao)
I

= SIllp /1 M(xw)(x) dx,

where we utilize the notation M(y;w) to denote the Hardy—Littlewood maximal function

of a function x;w by

1
M(xw)(x) := sup /1 [xiw(x)| da.

A weight function w belongs to A,, (Muckenhoupt—Wheeden class) for 1 < p < g < 00

if

(Wla,,, = sup[wla,,m
1

= s?p(%[w(x)q dx) ! (%/Iw(x)"’/ dx) 7 < 00. (8)

From the definition of A, ;, we know that w(x) € A, ,(R) implies w(x)? € A,(R) and w(x)” €

A,R).
Now, we begin with some lemmas. These lemmas are very necessary for the proof of the

main result.

Lemma 1 ([4]) Ifw e A,, p > 1, then there exists a constant C > 0 such that
w(2l) < Cw(I).

for any interval I.
More precisely, for all A > 1 we have

w(Al) < CAPw(l),
where C is a constant independent of I or A and w(I) = flw(x) dx.

Lemma 2 ([2]) Let b be a function on R and b € L,(R) with m € N for any u > 1. Then

1
u

’b“")(z)‘udz) , C>0,

Ry(b;x,)| < Clx — Im(
’ y’ ’ |1(7€,J/)| I(x,y)

where I(x,y) is the interval (x — 5|x — y|,x + 5|x — y|).

Lemma 3 ([6]) Let K(x,y) satisfies (1) and (2), p > 2, and T := {T.}es0 and T? := {T?}es0
be given by (3) and (5), respectively. If O(T) and V,(T) are bounded on L, (R, dx) for some

Page 5 of 10
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1< po <00, and b € Ag withm e N for0< p < 1, then

[0 (T) 1y = [O(T) |y = CUBILL, I Ny, € >0, ©)
and

Vo (T%) 0ty = CIBILA I Ny, € >0
forany 1 <p < with é = }7 —BandweA,,.

Next, in 2009, the weighted Morrey space L, . (w) was defined by Komori and Shirai [7]

as follows.

Definition 3 (Weighted Morrey space) Let 1 <p <00, 0<« <1 and w be a weight func-
tion. Then the weighted Morrey space L, . (w) = L, (R, w) is defined by

L) = Ly B ) = [ € LIS B 1f 1000 = SupW) P f 1y < 00
Remark 2 If k =0, then
N0 = W llL,n)-
When w=1and « :1—§with1<p§q<oo,then
”f”Lp,l_%(l) = |lf||Mg(R)~

Finally, we recall the definition of the weighted Morrey space with two weights as fol-

lows.

Definition 4 (Weighted Morrey space with two weights) Let 1 <p <ooand 0 <« < 1.
Then for two weights # and v, the weighted Morrey space L, (4, V) = L, « (R, u, v) is defined
by

Ly, v) =L, (R, u,v) = {f € L},‘ff,(R) A llzyem = supv) 7 (|f |z, < OO}.
I
It is obvious that
Lp,K (w,w) = Lp,K (w).

In 2016, Zhang and Wu [12] gave the boundedness of the oscillation and variation oper-
ators for Calder6n—Zygmund singular integrals and the corresponding commutators on
the weighted Morrey spaces. In 2017, Hu and Wang [6] established the weighted (L?, L7)-
inequalities of the variation and oscillation operators for the multilinear Calderén—
Zygmund singular integral with a Lipschitz function in R. Inspired of these results [6, 12],
we investigate the boundedness of the oscillation and variation operators for the family of
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the multilinear singular integral defined by (5) on weighted Morrey spaces when the mth
derivative of b belongs to the homogeneous Lipschitz space A in this work.

Throughout this paper, C always means a positive constant independent of the main
parameters involved, and may change from one occurrence to another. We also use the
notation F < G to mean F < CG for an appropriate constant C > 0, and F ~ G to mean
F<Gand GSF.

2 Main result
We now formulate our main result as follows.

Theorem 1 Let K(x,y) satisfies (1) and (2), p > 2, and T := {T<}eso and T? := {Tf}oo be
given by (3) and (5), respectively. If O(T) and V,(T) are bounded on L,,(R, dx) for some
1< po <00, and b € Ag with m e N for 0 < g < 1, then O(T") and V,(T") are bounded
from Ly, (w?’,w?) to pr%q(wq)forany l<p< %, % = 1% -B,0<k< g andw e Apg.

Corollary 1 ([12]) Let K(x,y) satisfies (1) and (2), p > 2, and T := {Tc}eso and Ty :=
{Tebles0 be given by (3) and (4), respectively. If O(T) and V,(T) are bounded on L, (R, dx)
for some 1 < py<o00,and b e /iﬁ for 0< B <1, then O(Ty) and V,(T},) are bounded from
Ly (WP, wi) to pr%q(wq)forany l<p< %, % = 119 -B,0<k< g andw € Apg.

2.1 The proof of Theorem 1

Proof We consider the proof related to O(T?) firstly. Fix an interval I = (xo — I, x0 + I), and
we write as f = fi + fo, where fi = f xo;, xor denotes the characteristic function of 2/. Thus,
it is sufficient to show that the conclusion

0NN,y = 10RO,y [O TR, 0

kq
' p p

SN g I e o vy

holds for every interval I C R. Then
1
q
(/’O’(be) (%) |qwq(x) dx)
I
1 1
q q
< ( / |0 (T°£) ()| "w (x) dx) + ( / |0 (T%,) (%) "w (x) dx>
I I
=: F1 + Fz.
First, we use (9) to estimate F, and we obtain

H=([WTﬂM@WWMMOqSMMﬂWWW>

S B, VUL, ooy W (D7
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Thus,

[T R)N, . uy S 101 1 T at)- (10)
Py

Second, forx eI, k=1,2,...,me N, let Ay = {y:2kl§ ly — x| < 2k} By = {y:ly—xl<
2k} and

1
- — (pm

bi(z) = b(z) - o (6" )Bkz’”.
By [2], for any y € Ay, it is obvious that

Rm+1(b;xry) = Rm+1(bk;x¢y)'
Moreover, since b € A,g, for y € Ay, we get

1
5700 = (67),| = 5 [ 970) -5 e
7 |Bxl JBy
(m) kp\p
S 4, (25" (11)

Hence, by Lemma 2 and (11)

1

A% (2) | udZ) “

Sy 6], 20"

Rolbiiy) < |x—y|’"(
" e ) 1)

Also, following [12], we have

” {X{t,'+l<\x—y|<u}}ue]i,ieNHA =< 1.

Thus, the estimate of F, can be obtained as follows:

O(T°A)@)| = [U(T°£) )]

_ H{ Rm+1(b§x,y)
{ti+1<|x—y|<u} |x —J’|”‘

/ i {X{t,+1<|x y|<u}}ue], ieN ||

E /
R

S /
|x—y[>21

=1
S/ ;ﬁ/;k(“b(m) ”/i)3 (21([)’8 + }b(m)(y)_ (b(m))3k|)lf(y)|dy

K(x,y)f(») dy}

A

m+1 b xr

) Kyl (y)‘ dy

m+1(b x»y)
lx =yl

x,y)fz(y)‘ dy

m+1(b xry)
| —y[™

K(x ,y)f(y)‘ dy

<1
<180 5. s d
~ ” ”Aﬂ - (2k])1-B /I;k lf(y)| Y
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o0 1 . N
+k21:ﬁ/Ak|b( )(y)—(b( ))Bka(Y)Wy
=G+ Go.

For Gj, since

1
7 L 1

( /A w(y)f”dy)” < WA(BY) 1 |By|¥ T

. 11
w1th1<p<3,a

N i(zkll)l—ﬂ (_[\k o)W (y) d)’>1% (/ w(y)? dy)

k=1

= 117 — B and using Holder’s inequality, we have

-

= k)T €1
”f”LpK(WPWq)Z 2’<l)1 W (B)P

o0
k1
SNy oy > WABR)P . (12)

k=1

Since w € A, 4, we have w? € A,. Thus, Lemma 1 implies w?(By) < (CFwA(), C>1,1ie.,

> £_1 £_1 > 1 1
Y wABr 1 Swil)yrTay Cra Swal)r T (13)
k=1 k=1

w1th £ % < 0. This implies

G1 < ”b ”Aﬂ ”f”LpK wP Wq)wq([)f’ % (14)
Let y € Ax. For Gy, by (11), (12) and (13) we get
=1
G, < lp"] . 7/ d
2 H ||A/3;(2k+ll)l—ﬁ " Lf()/)’ Y
S 18 |, 1 oW D77 (15)

Thus, by (14) and (15), we obtain

- ( / |0/(T%6) ()| "wi () dx> !
I
< o™ ”Aﬂ |LfIILp,K<wP,w>Wq(1)§_%W”’(I)%

=[5 ”Aﬁ |lf||Lp,K(wp,wq)wq(1)1K?,



Gurbuz Journal of Inequalities and Applications (2020) 2020:134 Page 10 of 10

Thus,

|0'(Tf) (%) ||Lp 0y S DIy I 12 o0 02)- (16)

xq (W
' p
As a result, by (10) and (16), we get

10T,y S 181, W Ny
w

P

Similarly, Vp(Tl’) has the same estimate as above (here we omit the details), thus the in-
equality

VAT D@1 gy S 101 1 Lt

kq
3

is valid.

Therefore, Theorem 1 is completely proved. g
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