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1 Introduction
We consider the Navier—Stokes system for a barotropic compressible viscous fluid which

in the case of two-dimensional motion has the form [10, 15, 20]

005 + divy(p:u,) = 0, @y
0 (pste) + divi(pethe ® Ue) + ViP(p,) = divy S(Vus,), '

where p; = p:(x,£) and u, = (ul(x,t), u?(x,t)) stand for the unknown fluid mass density
and the velocity field, respectively, and the viscous stress tensor S is a linear function of

the velocity gradient and therefore described by the Newton law:
S(Vit) = u(Vitts + Vine) + A(ps) divy 1, 1L

the shear viscosity coefficient i, the bulk one A and the pressure P are defined on (0, +00)

and satisfy the conditions

O<p=const,  Alp:)=bpf,  Plp.)=ap!
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for positive constants a > 0, b > 0. In the sequel, we set a = b = 1 without loss of generality,
and we also have the following hypotheses on y and 8:

B >3, y > 1.

The fluid is confined to a bounded physical domain §2. C R?, on the boundary of which
we impose the complete slip boundary conditions

U - nlyo, =0, [S(Viute) - n] x nlyg, =0, (1.2)

where the symbol # denotes the outer normal vector. The motion originates from the

initial state
,05(', 0) = 00,e5 Ms('¢0) =Upe, XE Qs' (13)

We remark that the use of the slip instead of the more conventional no-slip condition
Uelag, =0 is quite natural in the present context as the latter would completely stop the
fluid motion in the asymptotic limit ¢ — 0.

Although all fluid flows are in general two-dimensional, in many cases the specific shape
of the physical domain enforce major changes in the density and velocity only in one direc-
tion. A typical example is the fluid flow confined to a thin domain that can be effectively
described by using only spatial variable. We consider a family of shrinking domains:

2. =1, x (0,1), I, CR, I,=¢ICR, &—0,

where I C R is a unit interval. Under suitable conditions on the initial data it is natural to
expect that the strong solution (pe, u.) of (1.1)—(1.2) on £2, tends, as & — 0, to a classical
solution (p, #) of the 1D system on (0, 1):

3“0 + ay(pu) = 01

(1.4)
d(pu) + 3,(pu? + P(p)) = 3,(v(p)dyu), v(p) =2 + A(p).

The boundary conditions (1.2) naturally lead to the no-slip boundary conditions for the
velocity, i.e.,
u(0,) =u(l1,-) =0. (1.5)

Since we are interested in smooth solutions of the 1D equations, we complement the sys-
tem of equations (1.4) and (1.5) with the initial conditions

,O(,O) = Lo, M(,O) =Up, XE€E (0! 1) (16)

Hereinafter we use the notation x = (x1,y) € R?, y € R and denote the derivative in x, by 9,.
In this paper we give a rigorous justification of the convergence (po., u#.) — (p,u) as ¢ — 0.

As far as we know, the limit passage for fluid flows has not yet been rigorously investi-
gated and there is only a handful of results on related problems. Since incompressibility
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in one dimension does not allow for any movement, such a limit makes little sense for 1D
incompressibility flows. However, dimension reduction to 2D-planar flows was examined
in [11, 17-19]; see also the references given therein.

The case of a compressible barotropic fluid was studied by many authors. Voddak in [22]
studied the steady and nonsteady Navier—Stokes system for barotropic compressible flow.
For three-dimensional system, Bella, Feireisl and Novotny in [1] considered the motion of
a compressible viscous fluid confined to a cavity shaped as a thinrod £2, =¢Q x (0,1), Q C
R2, they showed that the weak solutions in the 3D domain converge to (strong) solutions
of the limit 1D Navier—Stokes system as ¢ — 0. Bfezina—Kreml-Madcha in [2] studied the
dimension reduction for the full Navier—Stokes—Fourier system in a thin long pipe §2, =
£Q x (0,1) € R%, where Q is an open rectangular domain in R2, they showed that the
weak solutions of 3D system on 2, tend, as ¢ — 0, to a classical solution of 1D system
on (0,1). Ducomet—Caggio—Necasovd—Pokorny in [5] investigated the rotating Navier—
Stokes—Fourier—Poisson system confined to a straight layer 2, = w x (0,¢), where w is a
2-D domain, they showed that the weak solutions in the 3d domain converge to the strong
solution of the 2-D system on w — 0 as ¢ — 0 on the time interval, where the strong
solution exists.

Motivated by [1, 5] and [2], our main purpose in this paper is to show that the strong
solution of 2D compressible Navier—Stokes system confined to a thin domain £2; = (0,€) x
(0,1) converge to the classical solution of the 1D Navier—Stokes system on (0,1) as ¢ — 0.

In elasticity theory, the analysis of similar dimension reduction problems leans on vari-
ants of the Korn inequality which controls the gradient of velocity v by its symmetric part,

specifically,
IVavll2ie, < @] Vav + Viv] o) v-nilag, =0. (1.7)

Two problems have arisen in (1.7). Firstly, the kernel of the linear operator v+ V,v +
Viv, v - nlye, has to be empty, in particular, the “bottom” set / must not be rotationally
symmetric. Secondly, for any fixed ¢ > 0, even if (1.7) holds, the constant ¢(¢) blows up for
& — 0 unless some necessary restrictions are imposed on the field v, and this is true even
if the set I is not rotationally symmetric, cf. the interesting paper by Lewicka and Miiller
in [14].

Bella, Feireisl and Novotny in [1] obtained their result for a regular planar domain since
they avoid the use of Kron’s inequality by exploring the structural stability of the family of
solutions of the barotropic Navier—Stokes system. It is not difficult to see that the prob-
lems arising in the context of compressible fluids would need a stronger analogue of (1.7),

namely

2
Vv + V;V—gdivxv]l , v-nlye, =0. (1.8)

L2(%2¢)

Vavllz2g,) < cle)

In view of the above-mentioned difficulties related to the validity of (1.7) or (1.8), our ap-
proach relies on the structural stability of the family of solutions of the barotropic Navier—
Stokes system encoded in the relative entropy inequality introduced in [6, 8]. This method
is basically independent of the specific form of the viscous stress and of possible “dissipa-
tive” bounds for the Navier—Stokes system.
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The paper is organized as follows. In Sect. 2 we introduce the relative entropy inequality
and formulate our main result. In Sect. 3, we establish convergence towards the target
system (1.4).

2 Preliminaries, main result

In this section, we first introduce the relative entropy inequality, and then give the solu-
tions of the target systems (1.1) and (1.4), finally, we state our main result.

2.1 Relative entropy inequality

The proof of our main theorem is based on the method of the relative entropy (see

[8], Dafermos in [3], Germain in [9] and Mellet, Vasseur in [16]). The relative entropy
E:([p, u]|[r, U]) with respect to [r, U] is defined as

1t 1 ,
ltonlintn) = o [ [ (Gom- P+t -H ONp == HE) ) dss d, 1)
el JO JI
where the potential H(p) is defined (modulo a linear function) through
P(s)
H(p)=p / —- ds,
o
then
H'(p)p - H(p) = P(p), (2.2)
along with the relative entropy inequality

([p,u]|[r, (t)+m/ /:25 V(u L[)) V. (u—U)dxdt
< & (p» | Ir, L1)(0) + /0 Fulpyur, U)dt, (23)

and the remainder F, reads

1
Felo,u,r,U) = — p(Ut+u-VxU)-(U—u)dx

]
o | v - s
N ﬁ [P(r) = Plp) + (p = )P ()] div, U dx

am (p - (- U) - V.H(r)dx (24)

Here, the functions r, U are arbitrary smooth, r strictly positive, and U satisfying the no-
slip boundary conditions (1.5). It is easy to check that (2.3) is satisfied as an equality as

soon as solution p, u is smooth enough.
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2.2 Solutions of target systems (1.1) and (1.4)

The existence of global-in-time strong solutions to the two-dimensional Navier—Stokes
system (1.1) with complete slip boundary conditions was established by Vaigant and
Kazhikhov in [21]. It reads as follows.

Proposition 2.1 Let 2 C R? be a rectangular domain. Assume that
0 < 1 = const, 2p) = p?, P(p)=p” forB>3,y>1. (2.5)
If the initial data (po, uo) are such that

po(x) € Wh1(82), uo(x) € H*(2), q>2,

0<mgy < py <My<+00,
where mg and My are some positive constants, and the agreement conditions

ub=0u3=0 onfxeR|x; =0,¢},
ut=0ub=0 on{xeRx,=0,1},
[81 (281 145) + 01 (A(00) (D114 + B2143)) + Do (14324 + Br145)) — 01 (P(00))] 12y =0, = Oy
[82(2u8215) + 32(A(00) (D114 + D243)) + D1 (143245 + Br145)) — B2 (P(0))] 1 xy=0,1 = O,

are satisfied for all x € 2, where 9; denotes Ox;s i = 1,2, then there exists a unique global
strong solution (p,u) to problem (1.1)—(1.2) in £2 x (0, 00) satisfying

IO € Lq(o’ T; WL&](Q)), atlo € Loo(O, T;LOO(Q));
uel*0, T;H*(2)), d,ucL*0,T;L*$2)),

forany0< T < oco.

Remark 2.1 From [1, 21] and [6], we know that, for two-dimensional compressible
barotropic Navier—Stokes system, the global-in-time solution (p., #) of Egs. (1.1) enjoys
the regularity specified in Proposition 2.1, the relative entropy inequality in (2.3) is satis-
fied for p = p., u = u, and any pair of the test functions

reC®([0,T1 x£2,), r>0, UeC®(0,TIx2), U-nle =0,

and by means of density arguments, the class of test functions can be extended to less
regular (r, U).

For one-dimensional compressible Navier—Stokes system (1.4)—(1.6) with no-slip
boundary conditions, it has been discussed by many mathematicians. Kazhikhov and
Shelukhi in [13] (for polytropic perfect gas with constant viscosity) and Kawohl in [12] (for
real gas with u = u(p)) got global classical solutions for large initial data with inf pg > 0,
respectively. Ding, Wen and Zhu in [4] obtained the global existence of classical solutions
to the compressible Navier—Stokes equations in 1D when the initial data are large and the
density dependent viscosity. For completeness, we state the proposition as follows.
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Proposition 2.2 Let 2 € R be an unit interval. Assume that (2.5) holds, and the initial
data (po, uo) satisfying

inf po > 0, po € HX(£2), uo € H3(2)NHY(2)
and the agreement condition

3y[v(00)dyo | (¥) — 3,[P(p0) | ) = po()g(y), ¥ €[0,1],

for a given function g € L*(R2). Then, for any T > 0, there exists a unique global classical
solution (p, u) to (1.4)—(1.6) satisfying

(0, 07) € C(I0, TIH*(R)), (oo (p7),) € C([0, T H'(2)),
pr € C([0, THL*(2)),  (07), €L¥(10, TLL*(2)),  (pu), € C([0, TLH' (),

ueC([0, TLH*(2)NHy(82)),  u, € L=([0, T Hy(82)) N L*([0, T1; H(£2)).

2.3 Main result

We are ready to state our main result.

Theorem 2.1 Let I, = (0,&) C R and 2, = I, x (0,1) for ¢ > 0. Suppose that the system
(1.1)—(1.2) admits a strong solution (p., u.) in §2. x (0, T) which emanating from the initial
data (po e, Uo,), and the system (1.4)—(1.6) possesses a classical solution (p,u) in (0,1) x
(0, T) emanating from (po, uo).

Let

Po,e(X1, ) dx1 — po, Po,sUo,e (%1, ) dx1 = povo, (2.6)

|15| I |Is| I

weakly in L'(0,1), where inf py > 0, vo = (0, u), and let

1 1 Ir
0A |:§p0,s|u0,s|2 + H(pO,s)] dx — f [Epolwl2 + H(Po)i| dy, (2.7)
& e 0

where H(-) defined as in (2.2). Then

1
ess sup —|[|ps — p”Zy(_Qg) — 0, (2.8)
te,1) el
1, .,
[TA] |z - u”LZ(.ng(O,T)) -0, (2.9)

as ¢ — O,where u, = (ul,u?).

3 Proof of Theorem 2.1
Let p,p >0 be two positive constants such that

0<p< inf )p(y, t) <2 sup o t) <Pp.

1
2 (5,£)€(0,1)x (0, T (1,1)€(0,1)x(0,T)
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Now, we introduce the set of essential values O C (0, 00)
Oess = {pc €R|p < p. <7},

together with its residual counterpart
Ores 2 (0,00) \ Oess.

Then each measurable function % can be written as
N = Negs + M,

where

h(x, t) if Pe € Oess:

0 otherwise.

ess —

We have the following lemmas.

Lemma 3.1 Let p, p > 0 be two positive constants and let

H(p:) = H(pe) — H'(p)(ps — p) = H(p).

Then there exists some constant ¢ > 0 independent of p, such that

H(pe) > clpe — pI*pe € [p, D),
H(pe) = clpe = plpe < p,

H(pe) = cp:pe > .
The proof of the lemma can be found in [2, 7] and is therefore omitted here for simplicity.

Lemma 3.2 Under the conditions of Lemma 3.1, there exists some positive constant c > 0
independent of p, such that

H(pe) = c(1+pY)  for pe € Ores.

Proof By the definition of H(p.), we have

Pe P(s) 1

-1
H(ps):ps[) S_stz ﬁ(log_psgy )

Then

H(pe) = H(p:) = H'(0)(pe — p) —H(p)
1
= S (07 = pep?™) = [H(0)oe = )| - [H()

>cpl —cpe —clp: — pl—c,
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that is,
H(pe) + cpe +clpe = pl +c>cpl. (3.1)
According to Lemma 5.1 in [7] there exists a constant ¢ > 0 such that

H(p:) = inf {H(E) - H'(p)(& - p) - H(p)}

ess

=c(p,p) >0, forall p; € Ores. (3.2)

On the other hand, we know from Lemma 3.1 that

1
Hpe) z clpe = pl=clp = pe) Z cpe, forpe<p = op,

which together with (3.2) gives

0.

N =

H(pe) = clpe = pl+cpe +¢, forpe<p <
Similarly to the above inequality, one has

H(pe) = cpe = c(pe = p) = clpe = pl, for pe >p>p,
then

H(pe) = cpe +clpe —pl+¢c, for p.>p > p.
In conclusion, we obtain

H(ps) > clpe — p| +cps +¢, for pg € Opes,

which together with (3.1) and (3.2) completes the proof. O

Lemma 3.3 Let 2, = (0,¢) x (0,1) and u, € W'2(82,) be such that u, -n=0on 382,. Then
there exists some positive constant ¢ independent of € such that

c/ |Vette |2 dx < S(Vyu,) : Vil dx.
& QE

Proof By straightforward calculation, we can get
/ (1 (Vatte + Vitg) + M(oe) divy e I) : Vou, dx
¢
= / M(aiu{; + Bjui)aiué + )L(pg)(divx u881u§ + div, ugazug) dx
2

=/ (11 Vit + M(pe)| divy 1. %) dx+u/ ;. dx. (3.3)
2

&
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Now, we estimate the last term of the above equality. According to the boundary condition

(1.2), one obtains

u'=0u>=0 on{x; =0,¢)},

u>=0u'=0 on{x,=0,1}.

Thus, using (3.4) and integrating by parts on £2,, we have

/ . dul dx
2
1 & ) & 1 )
= / / Blu‘saiui dx1 dxy + / / Bgugf)iug dxy dx;
o Jo o Jo
1 e e 1 )
= - / / MZE 8,’81 u; dx1 dx2 - / / Lt; 8l~82u§ de dxl
0o Jo o Jo
1 & ) & 1 )
= / / Biu‘salui dx1 dxy + / / 8iu;82u§ dxy dx;
o Jo o Jo

= / | div, u, |% dx,
£2¢

which together with (3.3) yields
/g (1 (Vatte + Viug) + A(oe) divi 1) : Vo, dox
= fg (I Vatte” + (A(02) + )| divi e ) dix.
By the definition of S(V,u.), we get from (3.5)
/ S(Viu,) : Voug dx
2

- [ iV (1p.) ) v )

¢

>c |qu£|2dx7
2

this completes the proof.

Proof of Theorem 2.1 In order to prove Theorem 2.1, we take

r=p0,t), U=vyt) = (u()? t)) .

It follows from Remark 2.1 and (2.3) that

1
|

. ([perue]|[p,]) + /0 [ 55 =) 9.t -y dva

=< 55([Po,g,uo,s]|[/00,1’o]) +/ fs(ﬂs,us,P;V)dt,
0

(3.4)

(3.5)

(3.7)
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where the (scaled) relative entropy functional

& ([1087 U] ‘ [0, V])

1
= |]_1|/0 /I (%pé?'us - V|2 +H(pe) —H,(p)(pg -p) —H(,O)) dx, dxy

1
- u—l' fo /, (%psma P +H<p5)) (3.9)

and the remainder F; reads

1
Fe(pes the, P V) = — Ve +ug - Vov) - (v —u,) dx

e J o,
1
+ — o +v- Vo) - (1, —v)dx
|Is| 2
T [P(p) = P(p:) + (pe — PP (p)] div, vdx
el J 2
+ = (pe — p) (e — V) - VxH,(p)dx
] Je,

3
Y} (3.9)

In order to handle the integrals on the right-hand side of (3.9), we proceed in several
steps as follows.
Step 1. Observe that by (2.6) and (2.7) in Theorem 2.1, we get

& ([,00,5» Uo,e] | [0, Vo])

1 1
oAl / (5,00,3|140,s ~vo|* + H(po,:) — H'(po)(po,: — po) — H(po)) dx— 0, (3.10)
e 2

as & — 0. From now on, we include this term in I"(¢) where I'(¢) — 0 as ¢ — 0.

On the other hand, by Lemma 3.3, we obtain

/ S(Vx(ug - v)) 2 Vie(ue —v)dx
2

V(e — )| d
ZC/.OJ (u v)‘ x

> c/ |0, (u? - u) | dx, (3.11)
¢

Due to the condition u, - n]yo, =0and v - n|ye = 0, we know that > = =0 on {y = 0,1},

and then, by the Poincaré inequality, we have

c/ |u§—u‘2dx§/ |8y(u§—u)|2dx,
¢ 2¢

Page 10 of 16
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which together with (3.11) gives

/ S(Vx(ug - V)) : Vil —v)dx > c/ !u? - u‘z dx. (3.12)
QS

2

Step 2. By Eq. (1.4),, we have

Ji= € Pe(Ve+ ug - Viev) - (v —u,) dx

| Jo,
+m o +v- Vo) - (1, —v)dx

=— [ [(o=pe)ve+ (ov—pette) - Vav] - (e —v) dx
| Jo,

= m 5 [(P =PIV + (0= pe)V - VeV + pe (Vv — 1) - Vx‘/] (ue —v)dx
“ (p Pe) (Ve +v - Vov) - (ue —v)dx + ﬁ pa(V_ue) Vv (e —v)dx
1 1 s 2
= (,o o)ty + udyu) (u? — 1) dox — ) ,os(ug —u) dyudx

= |I_1| p ppE (u —u)[ (v(p)8 u— P(,o))]dx— TA / u)zayudx
Chl(t)|— + chy(t)E ([pe, uel| (05 V]), (3.13)

I |

where

I(®) = [, (v(0)0yu(,£) = P(P)C, 1)) [ e 0.0

ha(t) £ ||8 u(- ||L°° 1)

K é/ﬂ | e —p|‘u§ —u|dx.

Now we estimate 4, (t), /1,(¢) and Kj, respectively. Firstly, we split Kj into three parts:

[ 10~ pllu? -] s
2
=/ Ipa—plluﬁ—uldm/ |pe — pl|u? — u| dx
{p=<ps<p} {pe<p}
+/ |p5—p||u§—u|dx. (3.14)
{re>p}
Using Lemma 3.1 and Cauchy-Schwarz’s inequality, we obtain

2
f lpe = pl|u? — u| dx
{p=pe=p}

<4 ’u?—u‘zdx+c(5) lpe — p|?dx
2 {p<pe<P)



Zhang Journal of Inequalities and Applications (2020) 2020:138

) |u§—u|2dx+c(8) H(pe) dx
$2¢

{p<pe=p}

<4 fg |2 — | dix + (8) 1 1Ex (Lo, e | [0, V)

for any § > 0.
Similarly to (3.15), for any § > 0, one has

f lpe = pl|u? — u| dx
{pe<p}
58/ ‘u?—u’zdx+c(8)/ lpe — p|dx
2 {pe<p}

2 —_
<8 | |uZ-ul"dx+c(sp,p) lpe — pldx
¢ {pe<p}

58/ Iuﬁ—ulzdx+0(5,p,ﬁ)/ H(pe) dx
Q2 - ¢

<6 [l —uldr s 6,0 DILIE (oo [0.9]).
2

Finally, it follows from p, > p that
1pe = pI* = P2 =2pep + p> < p2 + p? < p? + p2 < 202,

thus

[ 1= pllu? - ula
{pe>p}
2
Sc/ pg‘ug—u‘zdx+c/ de
2 {pe>p)  Pe

Sc/ pglug—vlzdx+c/ e dx
2 {pe>p}

< clLe|E ([pes el | [os V).

Combining with (3.14)—(3.17), we have

K < 8/ |2 — | dx + cOLIE: ([per e | [p:V]),
2.

which together with (3.13), and by the regularity of (p, «), leaves us with

hy(t)

Ji<8
T

for any § > 0.

fg |2 — u|” dx + c(8) [ (&) + (O] E: ([per ue] | [0, V]),

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

Page 12 of 16
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Step 3. We split J, into the residual and essential parts:

1

A [P(p) = P(p:) + (pe — p)P ()] divy v
1 /
< Nl m / I[P(o) - P(oe) + (01 = PP ()],
# Il 7 ” |[ +(pe = PIP ()],
_ h|’;(t|) (K, + K3), (3.20)

where
K= \[ () = P(pe) + (pe — P)P ()] ., | %,

K3 & /g [[P(p) = P(pe) + (e = P)P'(p)], ., | dx

We immediately see from Lemma 3.1 and the Taylor theorem that

KZSC/ [|,0 d ]ess
2
=c H(pe) dx

¢

= C|Is|5£([ps: ua]“ﬁ:"])' (3.21)

Next, we show that similar estimates hold also for the residual parts. Firstly, by Lemma 3.2

and Cauchy—-Schwarz’s inequality, for any « € [1, y], we have

Lo - o] | dx<c fg |[oeTres|” + Tes

|[pe)ces|” doc + C/ Lyes dx

2 2

<c H(pe) dx
2
< c|L|E([pe, uel| (o, V]),
thus
K3 < C/ |[i0,;/ —/Oy]res| dx + C/ |[ps - Io]res| dx
2 2
< ol | ([er ue | [ 05 V]). (3.22)

Combining with (3.20)—(3.22), one has

Ja < chy () ([pe, ue]| (05 V). (3.23)
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Step 4. It follows from (3.18) that, for any § > 0, we have
1 ,
J5= (pa p)ue —v) - VoH'(p) dx

]

ILHaH o [ 100 = ol ~u] s
2

&

c
” dH'(p) ||L°°(01 K

A

2 2
<8h3(t)<|1|/ |u£—u| dx)

+c(8)hs(t)E: ([pe: U] | (o, V]),

where

h3(t) £ || 0,H'(p) ||L0<>(0,1)‘

(3.24)

Inserting (3.10), (3.11), (3.19), (3.23) and (3.24) into (3.7) and (3.9), and taking § > O suit-

able small, we have

£ (lpo walllo,)(0) + - f f 2 — | dxdt
<I(e)+c fo t[hl(t) +ho(8) + hs(©)]Ee ([oe e |p, V1) it

In addition, since (p, ) is the solution of (1.4)—(1.6), we have
i (£) + ho(t) + hs(t) <c.

Thus, a straightforward application of Gronwall’s lemma yields
Ex(leus]|[p,V]) (1) > 0 ase 0.

On the other hand, By using Lemma 3.1 and Lemma 3.2, we infer that

lps = pI* = clpe = p|”, 1<y <2, for p; € Opss,

1
Pl

V2 p|V—2 pg—p|ch|p£_p|7, y =2, forpeeoesm
. —

loe — 0

and

C(1+P§')ZC|,08—,0|V, V>1, forpseores-

(3.25)

(3.26)

(3.27)

(3.28)

Page 14 of 16
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Hence, it follows from (3.8), Lemma 3.1, Lemma 3.2 and (3.26)—(3.28) that

e(lpoullio ) = - fg (100 = pless| + |1 + pe)ues|”)

+ — Peltte — v|2 dx
el J o,

C
> —/ (Ipe = pI” + pelue —v|*) dx,
|Is| Q¢

which together with (3.25) completes the proof of Theorem 2.1. O
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