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1 Introduction
The theory of convex functions has encountered a fast advancement. This can be ascribed
toa couple of causes: firstly, direct implication of convex functions in modern analysis; sec-
ondly, numerous important inequalities are outcomes of applications of convex functions
and convex functions are closely related to the theory of inequalities (see [1]).

In [2], Levinson generalized Ky Fan’s inequality (see also [3, p. 32, Theorem 1]) as follows.

Theorem A Let f :1=(0,2&) — R with f®(t) > 0. Also, let x, € (0,&) and p,, > 0. Then
R 1 —
N Zpuf(xu) -f N Zpuxu

L L

1 « e
= —ZPJ(Z&—JCM) -f _ZPM(Z&_xM) . (1)
n Pﬂ
n=1 n=1
Functional form of (1) is defined as follows:

NW(O) = = Y pf@a-x) - 5= Y paa -5 ) - = Y pufix)
Pt Pnis =

1 n
+f\ o 2P |- (2)
L)
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In [4], Popoviciu noticed that (1) is legitimate on (0, 2&) for 3-convex functions, while in
[5] (see additionally [3, p. 32, Theorem 2]) Bullen gave another proof of Popoviciu’s result
and furthermore the converse of (1).

Theorem B
() Letf:1=1[¢1, 8] — Rwith fO(t) >0 and %,y € [$1, 8] for w=1,2,...,n be such
that
max{xy,...,%n} <min{yy,...,yn}, X1 +y1=:--=%Xn+¥n (3)

and p,, > 0, then

Pi Zl’uf(xu) _f<fpi ZPM%) = Pi Zl’uf(yu) _f(fpi ZP;U’M)‘ (4)

n=1 n=1 n=1

(b) If the function f is continuous, p,, > 0, and (4) holds for all x,,, y,, satisfying (3), then f
is 3-convex.

Functional form of (4) is defined as follows:
R 1 « 1 —
() =5 > pufO) "f<7>_ Zwm)
n le n le
1 n 1 n
BN mef(xu) +f<'P_ Zpuxu)' (5)
L Lt

Remark 1 1If the function f is 3-convex, then J;(f(-)) > 0 for i = 1,2, and J;(f(-)) = 0 for
f(t)=torf(t) =t* or f is a constant function.

In the following result Pecari¢ [6] (see also [3, p. 32, Theorem 4]) weakened condition
(3) and proved that inequality (4) still holds.

Theorem C Letf :1=[¢), ] — Rwithf®(t) > 0,p, >0,andletx,,y, € [(1,¢] such that
d PuXptPn—p+1¥n—p+l
PutPn—p+1

Xp+yp=2Cforp=1,...,0%, +xq_y <2Can <¢. Then inequality (4)

holds.

In [7], Mercer proved inequality (4) by replacing the condition of symmetric distribution

of points x,, and y,, with symmetric variances of points x,, and y,,.

Theorem D Let f :1 = [¢1,8,] — R with f®(t) > 0, p,, be positive such that dopbu=1
Also let x,,, y,, satisfy max{x;...x,} <min{y;...y.} and

n n 2 n n 2
Zpu (xu - Zpuxu> = ZPM (3’# - Puyu> ’ (6)
n=1 n=1

n=1 n=1

then (4) holds.
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In [8], the Hermite interpolating polynomial is given as follows.

Let 1,8 €e Rwith ¢ <& and & =¢1 <y <+ <¢; =& (I = 2) be the points. For
f € C"[¢1,¢2], a unique polynomial afg (s) of degree (n — 1) exists and satisfies any of the
following conditions:

(i) Hermite conditions

l
oW(c)=f) O0<i<k,1<j<Ly k+l=n
j=1

It is noted that Hermite conditions include the following particular cases:
(Case-1) Lagrange conditions (I =, k; =0 for all i)

ou(¢) =f(¢), 1<j<n
(Case-2) Type (g,n—q) conditions(I=2,1<qg<n-1L k=q-1l, kh=n—-gq-1)
G((L;?n)({l) =f9%), 0<i<g-1,
U(Z?n)(fz) =f9(), 0<i<n-g-1.
(Case-3) Two-point Taylor conditions W=2g, =2, k1 =k, =q—1)
() =10 O () = O o
oy (61) = (1), 9% =f9). 0<i<q-1.
In [8], the following result is given.

Theorem E Let —co< 1< <ooandfy<ci<cy<--<c <& (I>2)be the given points
and f € C*([¢1,¢$2]). Then we have

f(u) = o () + Ry (f, ), (7)

where o4,(u) is the Hermite interpolation polynomial, that is,
kj
o10) = 30 S Hy () O (e

i
j=1 i=0

the H;, are the fundamental polynomials of the Hermite basis given as

Kii
1 o) 1 d* ((u-c)h! k
Moo= e g (o)), 49 ©

with

I
wo(u) = H(u -¢)h,

-1
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and the remainder is given by
9]
Ru(fu)= | Gouw(,5)f™ (5) ds,
I8

where Gy n(u,s) is defined by

C—s —i=
lez,() ]ntl 7'[zl(l'i) S=u;

Gr,n(u,5) = C} -9
Z) r+1 Zz 0 (n-i-1)! Hl/(u) s>,

forallc, <s<c¢1;r=0,1,...,0, with ¢y = &1 and ci,1 = &o.

We note that Gy n_3(u,s) > 0, where Gy;,,_3 denotes the third derivative with respect to
the first variable.

Remark 2 In particular cases, for Lagrange condition from Theorem E, we have

f(u) = GL(”) + RL(f: I/l),

where oy (1) is the Lagrange interpolating polynomial, that is,

0w=3 3 ( Ck)/(c,

j=1 k=1,k#j

and the remainder Ry (f, u) is given by
19}
Ri(fou)= |  Gilus)f™(s)ds,
&

with

1 Z/l l_[k lk#jc Ck s=u;

GL(u,s) =
Y
(n— 1)t _Zj:r+1(cj )" [ Tecriy M_cc/,i) s= i

(10)

¢ <s<cur=12,...,n—1,with ¢; = ¢ and ¢, = ;.
For type (g,n — q) condition, from Theorem E, we have
f(u) = U(q,n)(u) + Rq,n(fr Lt),

where o) (%) is (¢, n — g) interpolating, that is,

q-1 n-g-1
Tgm@) = Y _@f @)+ Y mw)f (),
i=0 i=0

with

_ n-gq-1-i k
r,-(u)=.1<u—¢1)"(” “) (“ q+k= l)(” “) (11)
i! -4 pars -4
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and

S u-t4 quqllq+k1 u—0\*
10 = - C)< a) Z( k )(zz—cl)’ 12

k=0
and the remainder R, ) (f, %) is defined as

&

R(q,n)(f: M) = gq,n(ur S),f(n)(s) dS,

&

with

q-1-j (n—q+p-1\( u-21 \p
Z Z ( p )(52 {1) ]
(=0 (&1 -9)" 7~ 1((2 “yn-q, O<s<u<fy
i((n—j—1)! 1=sS=uUux= 4-21
g(q‘n)(u’ s) = jin—j ‘ -0
n—q—l[ n-g—j-1 (q+)\—1)( So-u )A]
j=0 A=0 A =01

u(z)’({zS'jlullq <y<g<
jin—j-1)! (52 {1) fLisuss=b.

(13)

From type two-point Taylor condition from Theorem E, we have

f(M) = GZT(”) + RZT(f, M),

where

g-1 q-1-i k-1 _ i _ q _ k ‘
-2 2 ()RR (620) e

i=0 k=0

_(u—Q)"(u—{l)q(u—Cl)k(i) ]
i! H-0 TS &),

and the remainder R,7(f, u) is given by

¢}
Ror(f,u) = Gor(u,s)f ™ (s) ds

&

with

_14 -1 (g-14/ 1ojig
(éqi)l)zpn(”: 5) 2110 (q ;'H})(” -8) T (u,s), O <s<u<fy;

g ( ) ): .
e (1,5) Y0 ()5 -0 pws), G <u<s<s

where p(u, s) = %21”) 8(u,s) = p(u,s) for all u,s € [¢1, ).

In [9] and [10] the positivity of Green functions is given as follows.

Lemma 1 For the Green function Gy w(u,s) as defined in (9), the following results holds:
Q'H n (u,s)
(@)

>0 <u<c,c <s=c;
(ll) g'H n(u S) < ﬁko(u)'
(i) fh Gun(u,8)ds = o)

n!
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Under Mercer’s assumptions (6), Pecari¢ et al. [11] gave a probabilistic version of (1) for
the family of 3-convex functions at a point. Operator version of probabilistic Levinson’s
inequality discussed in [12]. All generalizations existing in the literature are only for one
type of data points, see [13—17]. But in this pattern, and motivated by the above discussion,
Levinson type inequalities are generalized via Hermite interpolating polynomial involving
two types of data points for higher order convex functions.

2 Main results
Motivated by identity (5), we construct the following identities.

2.1 Bullen type inequalities for higher order convex functions
First we define the following functional:
F: Letf:1; = [&1,42] = R be a function. Also, let (p1,...,pn,) € R™ and (q1,...,qm;) €

R be such that Y "7 p, =1, 30" gy = 1, and %y, yu, D04 puus 2 ovey oy € I
Then

J(FO) =) af ) —f(Z qm) = puf ) +f (Zpuxu). (15)
v=1 v=1 n=1 n=1

Theorem 1 Assume F. Let f € C"[{1,8] and ¢ =c1 <cp <---<c; =8 (I > 2) be the
points. Moreover, ’HL']. and Gy n are the same as defined in (8) and (9) respectively. Then we
have the following identity:

. Ly &
JCEO) =D eI (Hy () + / I(Grn9)f M (s)ds, (16)

j=1 i=0 a

where 3(f (")) is defined in (15),
;\j(Hz/()) = Z qv (Hi,-(yu)) - Hij (Z quv)
v=1 v=1

= pu(Hy () + M (Z pﬂxﬂ> (17)
n=1 n=1

and

ﬁ(g?-[,n('; S)) = Z qv (gH,n(YUrS)) - g?—[,n (Z qvYvs S)
v=1 v=1

_ Zp“ (gy,n(xﬂ,s)) +Gun (Zpﬂx,“s) (18)

n=1 n=1
Proof We get (16), after using (7) in (15) and the linearity of§(~). O
Next we obtain a generalization of Bullen type inequality (4) for real weights.

Theorem 2 Assume that all the conditions of Theorem 1 hold with f being an n-convex
function.
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if
\lj(gH,n(" S)) = 0’ RS ]Il’ (19)

then

1ok
JCEO) =D ) I(Hy,0)). (20)

j=1 i=0

Proof Tt is given that the function f is n-convex, therefore f™ (x) > 0 for all x € I;. There-
fore we apply Theorem 1 to obtain (20). d

Remark 3 (i) In Theorem 2, inequality in (20) holds in reverse direction if the inequality
in (19) is reversed.

(ii) Inequality (20) also holds in reverse direction if f is n-concave.

Corollary 1 Assume that all the conditions of Theorem 1 hold with f being an n-convex
function. If G is a Green function defined in (10), and

j(gL(',S)) >0 forallsel,.

Then

3(r0) = z;f<f><c,>5( I (L)) o

j=1 kevhg NG Tk
Proof By using the Lagrange conditions in (16), we get (21). O

Corollary 2 Assume that all the conditions of Theorem 1 hold with f being an n-convex
Sfunction. Let G, ) be the Green function defined in (13) and t;, n; be defined in (11) and
(12) respectively. If

ﬁ(g(q,u)(',s)) >0 fOV all s e 1,

then
. q-1 . n-g-1 .
JFO) = Zf(i)(ﬁ)ﬁ(ft(')) + Z F2)3I (). (22)
i=0 i=0
Proof By using the type (g,n — ¢g) conditions in (16), we get (22). d

Corollary 3 Assume that all the conditions of Theorem 1 hold with f being an n-convex
function. Let Gor be a Green function as defined in (14). If

ﬁ(ng(',S)) >0 forallsel,



Adeel et al. Journal of Inequalities and Applications (2020) 2020:137

then

(3
<

1 1-i
Zq k" <q+k 1){1,(,( 33 ((()fﬂ <(~)—;Z>q<<~>—g>k)
i=0 k=0 L =8 5 =80
v (=) (O-a\ [ O-a\
(i)
+f (CZ)J< i! (52—51) (41—§2> >:| @3)

Proof By using two-point Taylor condition in (16), we get (23). O

If we put m; = ny, p, = g, and use positive weights in (15), then §(~) converted to the
functional J»(-) defined in (5), also in this case, (16), (17), (18), (19), and (20) become

L& 9}
2(FO) =YD )3 (Hy () + / 32(Grn(9))f M (s) ds, (24)
j=1 i=0 fa

where J2(f(+)) is defined in (15),

3 Zpu H;, ()/;L H; (Zpuyu>

u=1 n=1

- Zpu (Hi/ (xu)) + Hij <Zpuxu>7 (25)
u=1 n=1
(g’H n pr. g’H n()//u S) g’H,n (Zpuy,u 5)

n=1 n=1

- bu (gH,n(x/uS)) + gH,n PuXuS |, (26)
2

n=1 n=1

JZ(g’H,n('rS)) > 0! se Hl! (27)

and

() = ZZf(‘ (c)32(Hy () (28)

j=1 i=0

Theorem 3 Let f:1; = [¢1,4] — R be an n-convexfunction and py, € e R be such that
ZZLlPu = 1. Also let f € C*([¢1,82]) and &y = ¢1 < ¢y < --- < ¢; = & (I > 2) be the points.
Moreover, ’Hij, Gy n are defined in (8) and (9) respectively. Then, for the functional J(-)
defined in (5), we have the following:

(i) Ifk;is odd for each j=2,...,1, then (28) holds.

(i) Let (28) be satisfied and the function

I )
F() =Y > M) (29)

j=1 i=0
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be 3-convex. Then Z;Zl Zﬁof(i)(cj)ﬁz(?-[,'i(~)) > 0and
R(f() =o0. (30)

Proof (i) w(-) > 0 for odd values of k;, so from Lemma 1 we have Gy;n_3(-,s) > 0. Hence
Gy .n is 3-convex, so J2(Gy,n (-, 8)) > 0 by virtue of Remark 1 because weights are assumed
to be positive. Now, using Theorem 2, we get (28).

(ii) J2(-) is a linear function, so we can Z]l.zl Zl.kiof(i)(c,')ﬁg(’;'-lij(~)) in the form J,(1).
Therefore Z,l‘=1 ZZ o f(i)(cj)‘”jz(?-[,'j(-)) > 0, because A is supposed to be convex, hence
J2(f() = 0. O

In the next result, we generalize Levinson type inequality for 2n points given in [6] (see
also [3]).

Theorem 4 Let f : [{1,{2] — R be an n-convex function, (p1,...,pn,) € R} be such that
Yopii Py = L Also,letxy,..., %, and yy,...,yn, €11 besuchthatx, +y, =26, %, +%n, 1 <
v PpXutPuy—p+1¥ng—p+l v _

2¢, FRETE— <cforp=1,...,n.
(i) Ifk; is odd for each j=2,...,1, then (28) holds.

(i) Let (28) be satisfied and the function

Ik

F() =Y > )My () (31)

be 3-convex. Then ZLI Zfiof“)(cj)ﬁz(’}-li/(-)) > 0 and (30) holds.
Proof Verification is like Theorem 3. O

In the next result, Levinson type inequality is given (for positive weights) under Mercer’s

conditions.

Corollary 4 Let f € C*([&1,6]), (p1,--- pny) € R™ be such that 3L, py = 1 and x,,, y,
satisfy (6) and max{x; ...xy, } <min{y;...yn, }. Also,let {1 =ci<cy<--- <=8 (1 >2) be
the points. Moreover, Hi;» G are defined by (8) and (9) respectively. Then (33) holds.

Proof We get (33), after using (7) in (5) and the linearity of J(-). a

2.2 Levinson’s inequality for higher order-convex functions
For the next results, motivated by identity (2), we construct the following identities:
First we define the following functional:
H: Let f: I, = [0,2¢] — R be a function, #1,...,%4, € (0,), (p1,...,pPn;) € R™,
(q1,--+»qm) € R™ are real numbers such that } ', p, = 1 and Y} ¢, = 1. Also,
let x,, > 02 q0(2& —x,) and Y7L, p, € Ip. Then

J(FO) =D quf2é -x,) —f(Z 3,(28 - m) = puf)
v=1 n=1

v=1

"’f(ZPqu)' (32)
n=1
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Theorem 5 Assume H. Let f € C*([{1,85]) and &y =1 <ca < <¢ =8 (I > 2) be the
points. Moreover, Hi/’ Gy are defined by (8) and (9) respectively. Then, for 0 < < § <
2&, we have the following identity:

~ &
sz“ ©3(H;0) + [ 3(GunC) 01, (33)
&

j=1 i=0

where j(f(-)) is defined in (32),

I(H qu M (28 - x,)) - M, (Z (28 - xv)>
v=1
- Zpu (Hii (xu)) + Hi/ (ZPM%) (34)
n=1 n=1
and

j(an qu an (2a - x;uS) gH,n(qu(Z&_xu)wS)

v=1 v=1

- ZPM (gH,n(x/u S)) + gH,n <Z[9uxw5> . (35)
n=1 n=1

Proof Replace [, 3(), and y, with I, 3(-), and 2& — «,, respectively in Theorem 1 to get
the required result. g

In the next result we generalize Levinson’s inequality (for real weights) for n-convex
functions.

Theorem 6 Assume that all the conditions of Theorem 2 hold with f being an n-convex
function.

¥
I(Grn(9) 20, sel, (36)
then for 0 < {1 < §p <2&
ok
JUO) =D eI (Hy (). (37)
j=1 i=0
Proof Proof is similar to that of Theorem 2 with the conditions given in the statement. [

If we put m; = ny, p, = q, and use positive weights in (32), then 3J() converted to the
functional J;(-) defined in (2), also in this case, for 0 < &1 < &, < 24, (33), (34), (35), (36),

and (37) become
Lk 19}
J(FO) =D FOe)an (M () + / 31(Grn(9) M (s) ds, (38)
j=1 i=0 a
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( )) = ZP/L (Hi,(z& —xu)) - 'Hl'/ (ZPM(Z& _xu)>
n=1

n=1

- Zpu (Hij (xp,)) + Hij <Zpuxu.>: (39)

n=1 n=1

I (gH,n(" S)) = ZP;L (gH,n (2& — X 5)) - g?-[,n (Zpu (2& - xu)) S)

n=1 n=1

- Zpu gH n(x;u S) + gH n (ZP;NCWS), (40)

n=1
31 (gH,n('rS)) >0, se HZ: (41)
3(f0) = Z § FO0(6)31 (Hy (), (42)
j=1 i=0
respectively.

Theorem 7 Let all the assumptions of Theorem 5 hold, f : [¢1, (2] — R be an n-convex
function.

(i) Ifk; is odd for each j=2,...,1, then (42) holds.

(i) Let (42) be satisfied and the function

1k
F() =YY fOc)Hy() (43)

j=1 i=0

be 3-convex. Then the right-hand side of (42) is nonnegative, and we have

Ji(f() =0, (44)
where 0 < & < &) < 24.
Proof By using Theorem 6 and Remark 1. O

Remark 4 Cebysev, Griiss, and Ostrowski-type new bounds related to the obtained gener-
alizations can also be discussed. Moreover, we can also give related mean value theorems
by using nonnegative functionals (16) and (33), and we can construct the new families of
n-exponentially convex functions and Cauchy means related to these functionals as given
in Sect. 4 of [17].

3 Application to information theory

The idea of Shannon entropy is the central job of information speculation now and again
implied as the measure of uncertainty. The entropy of random variable is described with
respect to probability distribution and can be shown to be a decent measure of random
variable. Shannon entropy allows us to assess the typical least number of bits expected to
encode a progression of pictures subject to the letters all together size and the repeat of
the symbols.
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Divergences between probability distributions have been familiar with measure of
the difference between them. An assortment of divergences exist, for example, the f-
divergences (especially, Kullback—Leibler divergences, Hellinger distance, and total varia-
tion distance), Rényi divergences, Jensen—Shannon divergences, etc. (see [18, 19]). There
are a lot of papers overseeing inequalities and entropies, see, e.g., [20—28] and the refer-
ences therein. Jensen’s inequality is an essential job in a bit of these inequalities. Regardless,
Jensen’s inequality manages one kind of data points and Levinson’s inequality deals with

two types of data points.

3.1 Gsiszar divergence
The following definition is given by Csiszar in [29, 30].

Definition 1 Let f : R* — R* be a convex function. Also, let I',f( € RM be such that
o ry=1and Y ) k, = 1. Then f-divergence functional is defined by

ny
. Ty
I(F, k) := Zu(k—).
v=1 v
By defining the following:

£(0) := lim f(x); Of(g> :=0; Of(%) := lim xf(jl—c), a>0,

x—0* x—0*

he stated that nonnegative probability distributions can also be used.

First we give the following definition.

Definition 2 Let / be an interval contained in R and f : I — R be an n-convex function.
Also, lett = (ry,...,1,) € R™ and k= (ki,...,kn,) € (0,00)™ be such that

ry
— el V:1,...,n1.
ky

Then
T (k) = ZkJ(%). (45)
v=1 v

We apply Theorem 2 for n-convex functions to jf(f, K).

Theorem 8 Lett = (ri,...,7;) € R™, W= (wy,...,wn,) € R™, k= (k... kn,) € (0,00)™
and t=(t,...,tm,) € (0,00)™ be such that

ry
k—EI, v=1,...,ny,

and
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Also, let f € C"[{1,8,] be such that f is an n-convex function. If k; is odd for each j=2,...,1,

then
Jeis(f ZZf“ )3 (M), (46)
P
where
Blf0) = g 3D S (Zz )' S hE R
+f<Z ST ) (47)
and

J(Hij(~))=Zzt H; (—) v(Z )
_Z “1k ( )+H,<izrﬁ> (48)

Proof Since k; is odd for each j = 2,...,/, so we have w(-) > 0 and by using Lemma 1 we

have QH n-3(->8) > 0, 50 Gy, is 3-convex, so (19) holds. Hence, using p,, = Z.’fl P Xy, = kv

qv = Z O = 7+ in Theorem 2, (20) becomes (46), where jf(i', k) is defined in (45)
u= 1 u

and

T, 0) = ZtJ(%). (49)
u=1 u O

3.2 Shannon entropy

Definition 3 (see [31]) The Shannon entropy of positive probability distribution k=
(ky,...,ky,) is defined by

- klog(k,). (50)
v=1

Corollary 5 Let k= (k... kn,) and t= (t1,...,twm,) be positive probability distributions.
Also, let ¥ = (r1,...,7y,) € (0,00)™ and W = (w1, ..., Wy,) € (0,00)™.
(i) Ifbase of log is greater than 1 and nw=odd (n=3,5,...), then

Lk 11
(i-1)
()= ZZ o (Hi,<-)), (51)

j=1 i=0
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where
mp 5 mp ny
3() = Y tulog(w,) + & ~ log (Z wu> - klog(r)+8
u=1 u=1 v=1
ny
+ log (Z r‘,> (52)
v=1

and J(H; () is defined in (48).
(ii) Ifk;j is odd and base of 10g is less than 1 or n = even (n = 4,6,...), then the inequality
in (51) is reversed.

Proof (i) The function f(x) = log(x) is n-convex for n = 3,5,... and base of log is greater

than 1. Therefore, using f(x) = log(x) in Theorem 8, we get (51), where S is defined in (50)
and

(i) Since k; is odd and the function f(x) = log(x) is n-concave for n = 4,6, ..., so by using Re-

mark 3(ii), (20) holds in reverse direction. Therefore, using f(x) = log(x) and p,, = Zf—lk,
v=1"v
K= qy = Z v = e * in reversed inequality (20), we have
v u= 1
N )=,
30 < Z‘ Z = 3(M;, ). (53)
j=1 i=0 (<) O

Corollary 6 Lett =(ry,...,rn) and w = (wy,...,Wn,) be positive probability distributions.
Also, letk = (ki,..., kn,) € (0,00)™, = (t1,..., tm,) € (0,00)™, and k; be odd.
(i) Ifbase of log is greater than 1 and n = even (n > 4), then

L& 1)‘ 1(z
2D E304,00), (54)
i=0 }

j=1
where
Js() = ! 6+Zw log(t,) ! log it
S Zml t ot u u Z;n:ll tu — u
1 = 1 -
- == &+ ) nlogk) |+ =——log k, (55)
Zv:ll kV ( ‘,lez > Zv:ll k" VZI:

and J(’Hl«/(')) is defined in (48).
(i) If base oflog is less than 1 or w = odd (n > 3), then (54) holds in reverse direction.

Proof (i) Since the function f(x) = —xlog(x) is n-convex (n = 4,6,...) and k; is odd for each
j=2,...,4,sowehave w(-) > 0, and by using Lemma 1 we have G n_3(-,s) > 0 implies Gy n
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is 3-convex. Hence (19) holds. Therefore, using f(x) = —xlog(x) and p,, = Z"‘(—Yk’ Xy =
v=1"V v
qy = Z.f\—”lt, Yy = % in Theorem 2, (20) becomes (54), where
u=1"4 u

my
S=- Z w, log(wy,)
u=1
and
ny
G=- Z rylog(ry).
v=1

(i) The function f(x) = —xlog(x) is n-concave (n = 3,5,...), so by using Remark 3(ii), (20)
holds in reverse direction. Therefore using the same substitutions as in (i) in reversed

inequality (20), we have (54) in reverse direction. a

4 Conclusion

This paper is concerned with a generalization of the Levinson type inequalities (for real
weights) for two types of data points implicating higher order convex functions. Hermite
interpolating polynomial is used for the class of n-convex functions, where n > 3. In seek
of application to information theory, the main results are applied to information theory

via f-divergence and Shannon entropy.
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