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Abstract
Let x = (x1, x2, . . . , xn), and let K (u(x), v(y)) satisfy u(rx) = ru(x), v(ry) = rv(y),

K (ru, v) = rλλ1K (u, r
– λ1

λ2 v), and K (u, rv) = rλλ2K (r
– λ2

λ1 u, v). In this paper, we obtain a
necessary and sufficient condition and the best constant factor for the Hilbert-type
multiple integral inequality with kernel K (u(x), v(y)) and discuss its applications in the
theory of operators.
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1 Preliminary
Let n ≥ 1, x = (x1, x2, . . . , xn), ‖x‖ρ = (xρ

1 + · · · + xρ
n)1/ρ , and Rn

+ = {x = (x1, . . . , xn) : x1 > 0,
. . . , xn > 0}.

Define the function space

Lp
ω(x)

(
Rn

+
)

=
{

f (x) ≥ 0 : ‖f ‖p,ω(x) =
(∫

Rn
+

f p(x)ω(x) dx
) 1

p
< +∞

}
.

Definition 1 Let λ, λ1, and λ2 be constants, and let u(x), v(y) and K(u, v) satisfy: for all
r > 0, u(rx) = ru(x), v(ry) = rv(y), and

K(ru, v) = rλλ1 K
(
u, r– λ1

λ2 v
)
, K(u, rv) = rλλ2 K

(
r– λ2

λ1 u, v
)
.

Then we call K(u(x), v(y)) a generalized homogeneous function with parameters (λ,λ1,λ2).
Obviously, K(u(x), v(y)) is a homogeneous function of order λλ1 when λ1 = λ2.

If p > 1 and 1
p + 1

q = 1, then we call the inequality

∫

Rn
+

∫

Rn
+

K
(
u(x), v(y)

)
f (x)g(y) dx dy ≤ M‖f ‖p,uα (x)‖g‖q,vβ (y) (1.1)
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the Hilbert-type multiple integral inequality with f ∈ Lp
uα (x)(R

n
+) and g ∈ Lq

vβ (y)(R
n
+).

Define the integral operator T with kernel K(u(x), v(y)) as follows:

T(f )(y) =
∫

Rn
+

K
(
u(x), v(y)

)
f (x) dx, y ∈ Rn

+. (1.2)

If there exists a constant M such that

∥∥T(f )
∥∥

p,ω2(y) ≤ M‖f ‖p,ω1(x), f ∈ Lp
ω1(x)

(
Rn

+
)
,

then T is called a bounded operator from Lp
ω1 (Rn

+) to Lp
ω2 (Rn

+). If T is a bounded operator
from Lp

ω1 (Rn
+) to itself, then we call T a bounded operator in Lp

ω1 (Rn
+). The operator norm

of T is defined as

‖T‖ = inf M = sup
f ∈Lp

ω1 (Rn
+)

‖T(f )‖p,ω2

‖f ‖p,ω1
.

By (1.2) inequality (1.1) can be rewritten as

∫

Rn
+

T(f )(y)g(y) dy ≤ M‖f ‖p,uα (x)‖g‖q,vβ (y).

It is not hard to prove that this inequality is equivalent to

∥
∥T(f )

∥
∥

p,vβ(1–p)(y) ≤ M‖f ‖p,uα (x). (1.3)

In this paper, we discuss a necessary and sufficient condition and the best constant factor
for the Hilbert-type multiple integral inequality with the integral kernel of the generalized
homogeneous function K(u(x), v(y)). Our research is of some theoretical and application
value for the research of Hilbert-type inequalities. Further, these results are used to study
the boundedness and norm of the operator. Related studies can be found in [1–16].

Lemma 1 Let p > 1, 1
p + 1

q = 1, n ≥ 1, λ > 0, λ1λ2 > 0, and let a nonnegative measurable
function K(u(x), v(y)) be a generalized homogeneous function with parameters (λ,λ1,λ2).
Denote

W1 =
∫

Rn
+

[
v(t)

]– β+n
q K

(
1, v(t)

)
dt,

W2 =
∫

Rn
+

[
u(t)

]– α+n
p K

(
u(t), 1

)
dt.

Then

ω1(x) =
∫

Rn
+

[
v(y)

]– β+n
q K

(
u(x), v(y)

)
dy =

[
u(x)

]λλ1– λ1
λ2

( β+n
q –n)W1,

ω2(y) =
∫

Rn
+

[
u(x)

]– α+n
p K

(
u(x), v(y)

)
dx =

[
v(y)

]λλ2– λ2
λ1

( α+n
p –n)W2.
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Proof Since K(u(x), v(y)) is a generalized homogeneous function with parameters
(λ,λ1,λ2), we have

ω1(x) =
∫

Rn
+

uλλ1 (x)
[
v(y)

]– β+n
q K

(
1, u– λ1

λ2 (x)v(y)
)

dy

=
∫

Rn
+

uλλ1 (x)
[
v(y)

]– β+n
q K

(
1, v

(
u– λ1

λ2 (x)y
))

dy

= uλλ1 (x)
∫

Rn
+

[
u

λ1
λ2 (x)v(t)

]– β+n
q K

(
1, v(t)

)
u

nλ1
λ2 (x) dt

=
[
u(x)

]λλ1– λ1
λ2

( β+n
q –n)

∫

Rn
+

[
v(t)

]– β+n
q K

(
1, v(t)

)
dt

=
[
u(x)

]λλ1– λ1
λ2

( β+n
q –n)W1.

By the same method we can obtain ω2(y) = [v(y)]λλ2– λ2
λ1

( α+n
p –n)W2. �

Lemma 2 ([17]) Let pi > 0, ai > 0, αi > 0 (i = 1, 2, . . . , n), and let ψ(u) be measurable. Then

∫
· · ·

∫

x1>0,...,xn>0;
∑n

i=1( xi
ai

)αi ≤1
ψ

( n∑

i=1

(
xi

ai

)αi
)

xp1–1
1 · · ·xpn–1

n dx1 · · ·dxn

=
ap1

1 · · ·apn
n Γ ( p1

α1
) · · ·Γ ( pn

αn
)

α1 · · ·αnΓ ( p1
α1

+ · · · + pn
αn

)

∫ 1

0
ψ(t)t

p1
α1

+···+ pn
αn –1 dt,

where Γ is the gamma function.

2 Main results
Theorem 1 Let p > 1, 1

p + 1
q = 1, n ≥ 1, ρ > 0, λ > 0, λ1λ2 > 0, let there exist positive con-

stants C1 and C2 such that C1‖x‖ρ ≤ u(x) ≤ C2‖x‖ρ , C1‖y‖ρ ≤ v(y) ≤ C2‖y‖ρ , let a non-
negative measurable function K(u(x), v(y)) be a generalized homogeneous function with pa-
rameters (λ,λ1,λ2), and let the convergent integrals W1 and W2 be defined as in Lemma 1.
Then we have:

(i) There exists a constant M such that the Hilbert-type multiple integral inequality in
(1.1) holds if and only if λ2α–nλ1

p + λ1β–nλ2
q = λλ1λ2.

(ii) The best constant factor in (1.1) is inf M = W
1
p

1 W
1
q

2 .

Proof Let Ω(a < b) = {x = (x1, . . . , xn) : a < ‖x‖ρ < b}.
(i) Suppose there exists a constant M such that (1.1) holds. Denote l = λ2α–nλ1

p + λ1β–nλ2
q –

λλ1λ2. First, we let λ1 > 0, λ2 > 0. For l > 0 and ε > 0 sufficiently small, we set

f (x) =

{
[u(x)](–α–n+λ1ε)/p, 0 < ‖x‖ρ < 1,
0, ‖x‖ρ ≥ 1.

g(y) =

{
[v(y)](–β–n+λ2ε)/q, 0 < ‖y‖ρ < 1,
0, ‖y‖ρ ≥ 1.
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Thus we have

‖f ‖p,uα (x)‖g‖q,vβ (y) =
(∫

Ω(0<1)

[
u(x)

]–n+λ1ε dx
) 1

p
(∫

Ω(0<1)

[
v(y)

]–n+λ2ε dy
) 1

q
. (2.1)

In view of λ1 > 0, λ2 > 0, C1‖x‖ρ ≤ u(x) ≤ C2‖x‖ρ , C1‖y‖ρ ≤ v(y) ≤ C2‖y‖ρ , the two
integrals in (2.1) are all convergent.

Also, since – λ1
λ2

< 0 and (C2‖x‖ρ)– λ1
λ2 ≤ u– λ1

λ2 (x) ≤ (C1‖x‖ρ)– λ1
λ2 , we have

∫

Rn
+

∫

Rn
+

K
(
u(x), v(y)

)
f (x)g(y) dx dy

=
∫

Ω(0<1)

[
u(x)

](–α–n+λ1ε)/p
(∫

Ω(0<1)
K

(
u(x), v(y)

)[
v(y)

](–β–n+λ2ε)/q dy
)

dx

=
∫

Ω(0<1)

[
u(x)

]λλ1+(–α–n+λ1ε)/p
(∫

Ω(0<1)
K

(
1, v

(
u– λ1

λ2 (x)y
))[

v(y)
](–β–n+λ2ε)/q dy

)
dx

=
∫

Ω(0<1)

[
u(x)

]λλ1+(–α–n+λ1ε)/p

×
(∫

Ω(0<u
– λ1

λ2 (x))
K

(
1, v(t)

)[
u

λ1
λ2 (x)v(t)

](–β–n+λ2ε)/qu
nλ1
λ2 (x) dt

)
dx

=
∫

Ω(0<1)

[
u(x)

]–n+λ1ε– l
λ2

(∫

Ω(0<u
– λ1

λ2 (x))
K

(
1, v(t)

)[
v(t)

]– β+n–λ2ε
q dt

)
dx

≥
∫

Ω(0<1)

[
u(x)

]–n+λ1ε– l
λ2

(∫

Ω(0<(C2‖x‖ρ )
– λ1

λ2 )
K

(
1, v(t)

)[
v(t)

]– β+n–λ2ε
q dt

)
dx

≥
∫

Ω(0<1)

[
u(x)

]–n+λ1ε– l
λ2 dx

∫

Ω(0<C
– λ1

λ2
2 )

K
(
1, v(t)

)[
v(t)

]– β+n–λ2ε
q dt.

Combining this with (1.1) and (2.1), we get

∫

Ω(0<1)

[
u(x)

]–n+λ1ε– l
λ2 dx

∫

Ω(0<C
– λ1

λ2
2 )

K
(
1, v(t)

)[
v(t)

]– β+n–λ2ε
q dt

≤ M
(∫

Ω(0<1)

[
u(x)

]–n+λ1ε dx
) 1

p
(∫

Ω(0<1)

[
v(y)

]–n+λ2ε dy
) 1

q
. (2.2)

Since l > 0 and ε is sufficiently small, –n + λ1ε – l
λ2

< –n, and additionally C1‖x‖ρ ≤
u(x) ≤ C2‖x‖ρ , then

∫
Ω(0<1)[u(x)]–n+λ1ε– l

λ2 dx = +∞. So (2.2) is a contradiction to l > 0.
If l < 0, let ε > 0 be sufficient small. Then we set

f (x) =

{
[u(x)](–α–n–λ1ε)/p, ‖x‖ρ > 1,
0 otherwise,

g(y) =

{
[v(y)](–β–n–λ2ε)/q, ‖y‖ρ > 1,
0 otherwise.
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Similarly, we can get

∫

Ω(1<+∞)

[
v(y)

]–n–λ2ε– l
λ1 dy

∫

Ω(C
– λ2

λ1
1 <+∞)

K
(
u(t), 1

)[
u(t)

]– α+β+λ1ε
p dt

≤ M
(∫

Ω(1<+∞)

[
u(x)

]–n–λ1ε dx
) 1

p
(∫

Ω(1<+∞)

[
v(y)

]–n–λ2ε dy
) 1

q
. (2.3)

Since C1‖x‖ρ ≤ u(x) ≤ C2‖x‖ρ , C1‖y‖ρ ≤ v(y) ≤ C2‖y‖ρ , l < 0, λ1 > 0, λ2 > 0, and ε > 0
is sufficient small, the right-hand side of (2.3) converges; also,

∫
Ω(1<+∞)[v(y)]–n–λ2ε– l

λ1 dy
diverges, and thus (2.3) is a contradiction to l < 0.

In conclusion, when λ1 > 0, λ2 > 0, then we have l = 0, that is, λ2α–nλ1
p + λ1β–nλ2

q = λλ1λ2.
Again, suppose λ1 < 0, λ2 < 0. If l > 0, then taking ε > 0 sufficiently small, we set

f (x) =

{
[u(x)](–α–n+λ1ε)/p, ‖x‖ρ > 1,
0 otherwise,

g(y) =

{
[v(y)](–β–n+λ2ε)/q, ‖y‖ρ > 1,
0 otherwise.

We thus have

‖f ‖p,uα (x)‖g‖q,vβ (y) =
(∫

Ω(1<+∞)

[
u(x)

]–n+λ1ε dx
) 1

p
(∫

Ω(1<+∞)

[
v(y)

]–n+λ2ε dy
) 1

q
. (2.4)

Meanwhile, using C1‖x‖ρ ≤ u(x) ≤ C2‖x‖ρ , (C2‖x‖ρ)– λ1
λ2 ≤ u– λ1

λ2 ≤ (C1‖x‖ρ)– λ1
λ2 , we have

∫

Rn
+

∫

Rn
+

K
(
u(x), v(y)

)
f (x)g(y) dx dy

=
∫

Ω(1<+∞)

[
u(x)

](–α–n+λ1ε)/p
(∫

Ω(1<+∞)
K

(
u(x), v(y)

)[
v(y)

](–β–n+λ2ε)/q dy
)

dx

=
∫

Ω(1<+∞)

[
u(x)

]λλ1+(–α–n+λ1ε)/p

×
(∫

Ω(1<+∞)
K

(
1, v

(
u– λ1

λ2 (x)y
))[

v(y)
](–β–n+λ2ε)/q dy

)
dx

=
∫

Ω(1<+∞)

[
u(x)

]λλ1– α+n–λ1ε
p

×
(∫

Ω(u
– λ1

λ2 (x)<+∞)
K

(
1, v(t)

)[
u

λ1
λ2 (x)v(t)

]– β+n–λ2ε
q u

nλ1
λ2 (x) dt

)
dx

≥
∫

Ω(1<+∞)

[
u(x)

]–n+λ1ε– l
λ2

(∫

Ω((C1‖x‖ρ )
– λ1

λ2 <+∞)
K

(
1, v(t)

)[
v(t)

]– β+n–λ2ε
q dt

)
dx

≥
∫

Ω(1<+∞)

[
u(x)

]–n+λ1ε– l
λ2 dx

∫

Ω(C
– λ1

λ2
1 <+∞)

K
(
1, v(t)

)[
v(t)

]– β+n–λ2ε
q dt.
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Combining this with (1.1) and (2.4), we obtain

∫

Ω(1<+∞)

[
u(x)

]–n+λ1ε– l
λ2 dx

∫

Ω(C
– λ1

λ2
1 <+∞)

K
(
1, v(t)

)[
v(t)

]– β+n–λ2ε
q dt

≤ M
(∫

Ω(1<+∞)

[
u(x)

]–n+λ1ε dx
) 1

p
(∫

Ω(1<+∞)

[
v(y)

]–n+λ2ε dy
) 1

q
. (2.5)

Since the two integrals of the right-hand side of (2.5) converge, but the integral

∫

Ω(1<+∞)

[
u(x)

]–n+λ1ε– l
λ2 dx

diverges, (2.5) is a contradiction to l > 0.
If l < 0 and ε > 0 is sufficiently small, then we set

f (x) =

{
[u(x)](–α–n–λ1ε)/p, 0 < ‖x‖ρ < 1,
0 otherwise,

g(y) =

{
[v(y)](–β–n–λ2ε)/q, 0 < ‖y‖ρ < 1,
0 otherwise.

Similarly, we can get

∫

Ω(0<1)

[
v(y)

]–n–λ2ε– l
λ1 dy

∫

Ω(0<C
– λ2

λ1
2 )

K
(
u(t), 1

)[
u(t)

]– α+β+λ1ε
p dt

≤ M
(∫

Ω(0<1)

[
u(x)

]–n–λ1ε dx
) 1

p
(∫

Ω(0<1)

[
v(y)

]–n–λ2ε dy
) 1

q
. (2.6)

We now easily get that both integrals on the right-hand side of (2.6) converge, but

∫

Ω(0<1)

[
v(y)

]–n–λ2ε– l
λ1 dy

diverges, and thus (2.6) is a contradiction to l < 0.
To sum up, when λ1 < 0, λ2 < 0, we also have l = 0, that is, λ2α–nλ1

p + λ1β–nλ2
q = λλ1λ2.

On the contrary, if λ2α–nλ1
p + λ1β–nλ2

q = λλ1λ2, then let a = α
pq + n

pq , b = β

pq + n
pq . By the

Hölder inequality and Lemma 1 we have

∫

Rn
+

∫

Rn
+

K
(
u(x), v(y)

)
f (x)g(y) dx dy

=
∫

Rn
+

∫

Rn
+

[
f (x)

ua(x)
vb(y)

][
g(y)

vb(y)
ua(x)

]
K

(
u(x), v(y)

)
dx dy

≤
(∫

Rn
+

∫

Rn
+

f p(x)
uap(x)
vbp(y)

K
(
u(x), v(y)

)
dx dy

) 1
p

×
(∫

Rn
+

∫

Rn
+

gq(y)
vbq(y)
uaq(x)

K
(
u(x), v(y)

)
dx dy

) 1
q
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=
(∫

Rn
+

[
u(x)

] α+n
q f p(x)ω1(x) dx

) 1
p
(∫

Rn
+

[
v(y)

] β+n
p gq(y)ω2(y) dy

) 1
q

= W
1
p

1 W
1
q

2

(∫

Rn
+

[
u(x)

] α+n
q +λλ1– λ1

λ2
( β+n

q –n)f p(x) dx
) 1

p

×
(∫

Rn
+

[
v(y)

] β+n
p +λλ2– λ2

λ1
( α+n

p –n)gq(y) dy
) 1

q

= W
1
p

1 W
1
q

2

(∫

Rn
+

uα(x)f p(x) dx
) 1

p
(∫

Rn
+

vβ (y)gq(y) dy
) 1

q

= W
1
p

1 W
1
q

2 ‖f ‖p,uα (x)‖g‖q,vβ (y).

Taking arbitrary M ≥ W
1
p

1 W
1
q

2 , inequality (1.1) holds.

(ii) Suppose inequality (1.1) holds. If inf M �= W
1
p

1 W
1
q

2 , then there exists a constant M0 <

W
1
p

1 W
1
q

2 such that

∫

Rn
+

∫

Rn
+

K
(
u(x), v(y)

)
f (x)g(y) dx dy ≤ M0‖f ‖p,uα (x)‖g‖q,vβ (y) (2.7)

for all f ∈ Lp
uα (x)(R

n
+) and g ∈ Lq

vβ (y)(R
n
+).

Let ε > 0 and δ > 0 be sufficient small. We take

f (x) =

{
[u(x)](–α–n–|λ1|ε)/p, ‖x‖ρ > δ,
0 otherwise,

g(y) =

{
[v(y)](–β–n–|λ2|ε)/q, ‖y‖ρ > 1,
0 otherwise.

Then we have

‖f ‖p,uα (x)‖g‖q,vβ (y) =
(∫

Ω(δ<+∞)

[
u(x)

]–n–|λ1|ε dx
) 1

p
(∫

Ω(1<+∞)

[
v(y)

]–n–|λ2|ε dy
) 1

q
. (2.8)

Since λ2α–nλ1
p + λ1β–nλ2

q = λλ1λ2 and v– λ2
λ1 (y) ≤ (C1‖y‖ρ)– λ2

λ1 , we have

∫

Rn
+

∫

Rn
+

K
(
u(x), v(y)

)
f (x)g(y) dx dy

=
∫

Ω(1<+∞)

[
v(y)

](–β–n–|λ2|ε)/q
(∫

Ω(δ<+∞)
K

(
u(x), v(y)

)[
u(x)

](–α–n–|λ1|ε)/p dx
)

dy

=
∫

Ω(1<+∞)

[
v(y)

]λλ2– β+n+|λ2|ε
q

(∫

Ω(δ<+∞)
K

(
u
(
v– λ2

λ2 (y)x
)
, 1

)[
u(x)

]– α+n+|λ1|ε
p dx

)
dy

=
∫

Ω(1<+∞)

[
v(y)

]λλ2– β+n+|λ2|ε
q

×
(∫

Ω(δv
– λ2

λ1 (y)<+∞)
K

(
u(t), 1

)[
v

λ2
λ1 (y)u(t)

]– α+n+|λ1|ε
p v

nλ2
λ1 (y) dt

)
dy
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=
∫

Ω(1<+∞)

[
v(y)

]–n–|λ2|ε
(∫

Ω(δv
– λ2

λ1 (y)<+∞)
K

(
u(t), 1

)[
u(t)

]– α+n+|λ1|ε
p dt

)
dy

≥
∫

Ω(1<+∞)

[
v(y)

]–n–|λ2|ε
(∫

Ω(δ(C1‖y‖ρ )
– λ2

λ1 <+∞)
K

(
u(t), 1

)[
u(t)

]– α+n+|λ1|ε
p dt

)
dy

≥
∫

Ω(1<+∞)

[
v(y)

]–n–|λ2|ε
∫

Ω(δC
– λ2

λ1
1 <+∞)

K
(
u(t), 1

)[
u(t)

]– α+n+|λ1|ε
p dt.

Combining this with (2.7) and (2.8), we obtain

∫

Ω(1<+∞)

[
v(y)

]–n–|λ2|ε dy
∫

Ω(δC
– λ2

λ1
1 <+∞)

K
(
u(t), 1

)[
u(t)

]– α+n+|λ1|ε
p dt

≤ M0

(∫

Ω(δ<+∞)

[
u(x)

]–n–|λ1|ε dx
) 1

p
(∫

Ω(1<+∞)

[
v(y)

]–n–|λ2|ε dy
) 1

q
.

Thus

(∫

Ω(1<+∞)

[
v(y)

]–n–|λ2|ε dy
) 1

p
∫

Ω(δC
– λ2

λ1
1 <+∞)

K
(
u(t), 1

)[
u(t)

]– α+n+|λ1|ε
p dt

≤ M0

(∫

Ω(δ<+∞)

[
u(x)

]–n–|λ1|ε dx
) 1

p
. (2.9)

We also take

f (x) =

{
[u(x)](–α–n–|λ1|ε)/p, ‖x‖ρ > 1,
0 otherwise,

g(y) =

{
[v(y)](–β–n–|λ2|ε)/q, ‖y‖ρ > δ,
0 otherwise.

Similarly, we can get

(∫

Ω(1<+∞)

[
u(x)

]–n–|λ1|ε dx
) 1

q
∫

Ω(δC
– λ2

λ1
1 <+∞)

K
(
1, v(t)

)[
v(t)

]– β+n+|λ2|ε
q dt

≤ M0

(∫

Ω(δ<+∞)

[
v(y)

]–n–|λ2|ε dy
) 1

q
. (2.10)

By (2.9) and (2.10) we have

(∫

Ω(δC
– λ1

λ2
1 <+∞)

K
(
1, v(t)

)[
v(t)

]– β+n+|λ2|ε
q dt

) 1
p

×
(∫

Ω(δC
– λ2

λ1
1 <+∞)

K
(
u(t), 1

)[
u(t)

]– α+n+|λ1|ε
p dt

) 1
q

≤ M0

(∫
Ω(δ<+∞)[u(x)]–n–|λ1|ε dx

∫
Ω(1<+∞)[u(x)]–n–|λ1|ε dx

) 1
pq

(∫
Ω(δ<+∞)[v(y)]–n–|λ2|ε dy

∫
Ω(1<+∞)[v(y)]–n–|λ2|ε dy

) 1
pq



Hong et al. Journal of Inequalities and Applications        (2020) 2020:140 Page 9 of 13

= M0

(
1 +

∫
Ω(δ<1)[u(x)]–n–|λ1|ε dx

∫
Ω(1<+∞)[u(x)]–n–|λ1|ε dx

) 1
pq

(
1 +

∫
Ω(δ<1)[v(y)]–n–|λ2|ε dy

∫
Ω(1<+∞)[v(y)]–n–|λ2|ε dy

) 1
pq

. (2.11)

Since C1‖x‖ρ ≤ u(x) ≤ C2‖x‖ρ ,
∫
Ω(δ<1)[u(x)]–n dx is a usual integral, but

∫
Ω(1<+∞)[u(x)]–n dx

diverges, and thus

lim
ε→0+

∫
Ω(δ<1)[u(x)]–n–|λ1|ε dx

∫
Ω(1<+∞)[u(x)]–n–|λ1|ε dx

= 0.

In the same way, we have

lim
ε→0+

∫
Ω(δ<1)[v(y)]–n–|λ2|ε dy

∫
Ω(1<+∞)[v(y)]–n–|λ2|ε dy

= 0.

Letting ε → 0+ in (2.11), we get

(∫

Ω(δC
– λ1

λ2
1 <+∞)

K
(
1, v(t)

)[
v(t)

]– β+n
q dt

) 1
p

×
(∫

Ω(δC
– λ2

λ1
1 <+∞)

K
(
u(t), 1

)[
u(t)

]– α+n
p dt

) 1
q

≤ M0.

Letting δ → 0+, we obtain

W
1
p

1 W
1
q

2 =
(∫

Ω(0<+∞)
K

(
1, v(t)

)[
v(t)

]– β+n
q dt

) 1
p

×
(∫

Ω(0<+∞)
K

(
u(t), 1

)[
u(t)

]– α+n
p dt

) 1
q

≤ M0.

This is a contradiction, and hence inf M = W
1
p

1 W
1
q

2 . �

Theorem 2 Let p > 1, 1
p + 1

q = 1, n ≥ 1, λ > 0, λ1λ2 > 0, γ = (1 – p)β , and let there exist
constants C1 and C2 such that C1‖x‖ρ ≤ u(x) ≤ C2‖x‖ρ and C1‖y‖ρ ≤ v(y) ≤ C2‖y‖ρ . Let
a nonnegative measurable function K(u(x), v(y)) be a generalized homogeneous function for
parameters (λ,λ1,λ2). Let the operator T be defined by (1.2), and let W1 and W2 defined
by Lemma 1 be also convergent. Then

(i) T is a bounded operator from Lp
uα (x)(R

n
+) to Lp

vγ (y)(R
n
+) if and only if

1
p [λ2(α + n) – λ1(γ + n)] = nλ2 + λλ1λ2.

(ii) If T is a bounded operator from Lp
uα (x)(R

n
+) to Lp

vγ (y)(R
n
+), then the operator norm of T

is ‖T‖ = W
1
p

1 W
1
q

2 .

Proof Since 1
p + 1

q = 1, β = γ

1–p , λ2α–nλ1
p + λ1β–nλ2

q = λλ1λ2 leads to 1
p [λ2(α + n) – λ1(γ + n)] =

nλ2 + λλ1λ2, and since equality (1.1) is equivalent to (1.3), Theorem 2 holds by Theo-
rem 1. �
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3 Applications
Theorem 3 Let p > 1, 1

p + 1
q = 1, n ≥ 1, ρ > 0, λ > 0, λ1 > 0, λ2 > 0, ai > 0, bi > 0, α < n(p – 1),

β < n(q – 1), u(x) = (
∑n

i=1 aixρ
i )1/ρ , and v(y) = (

∑n
i=1 biyρ

i )1/ρ . Then:
(i) There exists a constant M such that

∫

Rn
+

∫

Rn
+

1
(uλ1 (x) + vλ2 (y))λ

f (x)g(y) dx dy ≤ M‖f ‖p,uα (x)‖g‖q,vβ (y) (3.1)

if and only if nλ1–λ2α

p + nλ2–λ1β

q = λλ1λ2, where f ∈ Lp
uα (x)(R

n
+) and g ∈ Lq

vβ (y)(R
n
+).

(ii) If inequality (3.1) holds, then its best constant factor is

inf M =

( n∏

i=1

a
– 1

ρ

i

) 1
q
( n∏

i=1

b
– 1

ρ

i

) 1
p Γ n( 1

ρ
)

ρn–1Γ (λ)Γ ( n
ρ

)
Γ

(
1
λ1

(
n
q

–
α

p

))
Γ

(
1
λ2

(
n
p

–
β

q

))
.

Proof Set K(u(x), v(y)) = 1
(uλ1 (x)+vλ2 (y))λ . Then K(u(x), v(y)) is a generalized homogeneous

function for parameters (λ, –λ1, –λ2), and nλ1–λ2α

p + nλ2–λ1β

q = λλ1λ2 is equivalent to
(–λ2)α–n(–λ1)

p + (–λ1)β–n(–λ2)
q = λ(–λ1)(–λ2). Further, we have λ – 1

λ2
( n

p – β

q ) = 1
λ1

( n
q – α

p ), and
n
p – β

q > 0 and n
q – α

p > 0 when α < n(p – 1) and β < n(q – 1). By Lemma 1 we have

W1 =
∫

Rn
+

[
v(t)

]– β+n
q K

(
1, v(t)

)
dt

=
∫

Rn
+

1
[1 + (

∑n
i=1 bitρ

i )λ2/ρ]λ

( n∑

i=1

bitρ
i

)– β+n
qρ

dt

=
n∏

i=1

b
– 1

ρ

i

∫

Rn
+

1
[1 + (

∑n
i=1 xρ

i )λ2/ρ]λ

( n∑

i=1

xρ
i

)– β+n
qρ

dx

=
n∏

i=1

b
– 1

ρ

i lim
r→+∞

∫
· · ·

∫

xi>0,xρ
1 +···+xρ

n≤rρ

1
[1 + rλ2 (

∑n
i=1( xi

r )ρ)λ2/ρ]λ

× r– β+n
q

( n∏

i=1

(
xi

r

)ρ
)– β+n

qρ

x1–1
1 · · ·x1–1

n dx1 · · ·dx2

=
n∏

i=1

b
– 1

ρ

i lim
r→+∞ r– β+n

q
rnΓ n( 1

ρ
)

ρnΓ ( n
ρ

)

∫ 1

0

1
(1 + rλ2 uλ2/ρ)λ

u– β+n
qρ u

n
ρ –1du

=
n∏

i=1

b
– 1

ρ

i

Γ n( 1
ρ

)
ρn–1Γ ( n

ρ
)λ2

∫ ∞

0

1
(1 + t)λ

t
1
λ2

( n
p – β

q )–1 dt

=
n∏

i=1

b
– 1

ρ

i

Γ n( 1
ρ

)
λ2ρn–1Γ ( n

ρ
)
B
(

1
λ2

(
n
p

–
β

q

)
,λ –

1
λ2

(
n
p

–
β

q

))

=
n∏

i=1

b
– 1

ρ

i

Γ n( 1
ρ

)
λ2ρn–1Γ ( n

ρ
)Γ (λ)

Γ

(
1
λ2

(
n
p

–
β

q

))
Γ

(
1
λ1

(
n
q

–
α

p

))
.
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In the same way, we get

W2 =
∫

Rn
+

[
u(x)

]– α+n
p K

(
u(t), 1

)
dt

=
n∏

i=1

a
– 1

ρ

i

Γ n( 1
ρ

)
λ1ρn–1Γ ( n

ρ
)Γ (λ)

Γ

(
1
λ1

(
n
q

–
α

p

))
Γ

(
1
λ2

(
n
p

–
β

q

))
.

Thus

W
1
p

1 W
1
q

2 =

( n∏

i=1

a
– 1

ρ

i

) 1
q
( n∏

i=1

b
– 1

ρ

i

) 1
p Γ n( 1

ρ
)

λ
1
q
1 λ

1
p
2 ρn–1Γ (λ)Γ ( n

ρ
)

× Γ

(
1
λ1

(
n
q

–
α

p

))
Γ

(
1
λ2

(
n
p

–
β

q

))
.

Hence Theorem 3 holds by Theorem 1. �

Corollary 1 Let p > 1, 1
p + 1

q = 1, n ≥ 1, ρ > 0, λ > 0, λ1 > 0, λ2 > 0, u(x) = (
∑n

i=1 xρ
i )

1
ρ , and

v(y) = (
∑n

i=1 yρ
i )

1
ρ . Then:

(i) The operator T defined by

T(f )(y) =
∫

Rn
+

1
(uλ1 (x) + vλ2 (y))λ

f (x) dx, y ∈ Rn
+,

is a bounded operator in Lp(Rn
+) if and only if nλ1

p + nλ2
q = λλ1λ2.

(ii) When T is a bounded operator in Lp(Rn
+), the operator norm of T is

‖T‖ =
Γ n( 1

ρ
)

ρn–1λ
1
q
1 λ

1
p
2 Γ (λ)Γ ( n

ρ
)
Γ

(
n

λ1q

)
Γ

(
n

λ2p

)
.

Proof The corollary follows from Theorems 2 and 3. �

Theorem 4 Let p > 1, 1
p + 1

q = 1, n ≥ 1, ρ > 0, λ > 0, λ1 > 0, λ2 > 0, α < n(p – 1), β < n(q – 1),
u(x) = (

∑n
i=1 xρ

i )1/ρ , and v(y) = (
∑n

i=1 yρ
i )1/ρ . Then

(i) There exists M such that

∫

Rn
+

∫

Rn
+

1
(max{uλ1 (x), vλ2 (y)})λ f (x)g(y) dx dy ≤ M‖f ‖p,uα (x)‖g‖q,vβ (y) (3.2)

if and only if nλ1–λ2α

p + nλ2–λ1β

q = λλ1λ2, where f ∈ Lp
uα (x)(R

n
+) and g ∈ Lq

vβ (y)(R
n
+).

(ii) If inequality (3.2) holds, then its best constant factor is

inf M =
Γ n( 1

ρ
)

λ
1
q
1 λ

1
p
2 ρn–1Γ ( n

ρ
)

[(
1
λ1

(
n
q

–
α

p

))–1

+
(

1
λ2

(
n
p

–
β

q

))–1]
.
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Proof Set K(u(x), v(y)) = 1
(max{uλ1 (x),vλ2 (y)})λ . Then K(u(x), v(y)) is a generalized homoge-

neous function for parameters (λ, –λ1, –λ2). By Lemma 2 we get

W1 =
∫

Rn
+

K
(
1, v(t)

)[
v(t)

]– β+n
q dt

=
∫

v(t)≤1

[
v(t)

]– β+n
q dt +

∫

v(t)>1

[
v(t)

]–λλ2– β+n
q dt

=
Γ n( 1

ρ
)

λ2ρn–1Γ ( n
ρ

)

(
1
λ2

(
n
p

–
β

q

))–1

+
Γ n( 1

ρ
)

λ2ρn–1Γ ( n
ρ

)

(
1
λ1

(
n
q

–
α

p

))–1

=
Γ n( 1

ρ
)

λ2ρn–1Γ ( n
ρ

)

[(
1
λ2

(
n
p

–
β

q

))–1

+
(

1
λ1

(
n
q

–
α

p

))–1]
.

Similarly, we obtain

W2 =
∫

Rn
+

K
(
u(t), 1

)[
u(t)

]– α+n
p dt

=
Γ n( 1

ρ
)

λ1ρn–1Γ ( n
ρ

)

[(
1
λ1

(
n
q

–
α

p

))–1

+
(

1
λ2

(
n
p

–
β

q

))–1]
.

Then we have

W
1
p

1 W
1
q

2 =
Γ n( 1

ρ
)

λ
1
q
1 λ

1
p
2 ρn–1Γ ( n

ρ
)

[(
1
λ1

(
n
q

–
α

p

))–1

+
(

1
λ2

(
n
p

–
β

q

))–1]
.

In summary, Theorem 4 holds by Theorem 1. �

Corollary 2 Let p > 1, 1
p + 1

q = 1, n ≥ 1, ρ > 0, λ > 0, λ1 > 0, λ2 > 0, u(x) = (
∑n

i=1 xρ
i )

1
ρ , and

v(y) = (
∑n

i=1 yρ
i )

1
ρ . Then

(i) The operator T defined by

T(f )(y) =
∫

Rn
+

1
max{uλ1 (x), vλ2 (y)})λ f (x) dx, y ∈ Rn

+,

is a bounded operator in Lp(Rn
+) if and only if nλ1

p + nλ2
q = λλ1λ2.

(ii) When T is a bounded operator in Lp(Rn
+), the operator norm of T is

‖T‖ =
Γ n( 1

ρ
)

λ
1
q
1 λ

1
p
2 ρn–1Γ ( n

ρ
)

(
λ1q
n

+
λ2p
n

)
.

Proof The corollary follows from Theorems 2 and 4. �
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