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1 Introduction and main results
The Morrey spaces were introduced by Morrey in [11] to investigate the local behavior of
solutions to second order elliptic partial differential equations. Chiarenza and Frasca [2]
showed the boundedness of the Hardy-Littlewood maximal operator, singular integral
operators, and fractional integral operators on the Morrey spaces.

Let f be a measurable function on R”. The Hardy-Littlewood maximal function is de-
fined by

M) =sop o [ 1)y

where the supremum is taken over all balls B containing x.
We say that T is a singular integral operator if there exists a function K which satisfies

the following conditions:

176 =pw. | Kl 50y

C C
|K(x)| < Pk |VK(x)| < " x#0.

|n+1’
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The BMO(R") space is defined by

1
BMO(R") = {beLlOC(R”) : ||b||BMo=sgp®/3|b(x)-b3|dx<oo},

where bg = \T£| Jzb() dy.

For the singular integral operator T and b € BMO, the commutator [b, T'] is defined by

(6, TIf(x) = | (b(x) —b())K(x - y)f () dy.
R”

For 1 < p < 00, we say a weight w € A, if

_ 1 1 L plp’
[w]p—sgp<ﬁ / w(y)dy) (ﬁ [ wore de) <.

For p = 1, we write w € A; if Mw(y) < Cw(), a.e.y € R".

It is a classical result that the operators T are bounded on L”(w) whenever 1 < p < 00
and w € A, and for p = 1 and w € A;, we have the weak type result which can be found in
[9]. Komori and Shirai extended them to the weighted Morrey spaces in [10].

Let f be a measurable function on R” and 1 < p < 00, 0 < k < 1. For two weights w and
u, the weighted Morrey space is defined by

L7 (w,u) = {f € Lioc? W) : |[f | (wa) < 00},
where

_ 1 » ’
T S‘;p(u(g)x [l wia dx) ,

and the supremum is taken over all balls B in R”. When w = u, we write L”*(w, u) as L?* (w).

Komori and Shirai in [10] proved that, for 1 < p < coand w € A,, T and [b, T] are bounded
on LP*(w), and if p = 1 and w € A;, then for all £ > 0 and any ball B,

w({x €B: |Tf(x)| > t}) < §|[f||L1,K(W)W(B)".

Qietal. [14] obtained the weighted endpoint estimates for the commutators of the singular
integral operators with BMO functions and associated maximal operators on the weighted
Morrey space L (w). They also gave similar results for the commutators of the fractional
integral operators with BMO functions and associated maximal operators.

Let w and u be two weights and 1 < g < B < p < co. We define the generalized two-
weight Morrey space (L9(w), L (u))? := (L9(w), L?(u))?(R") as the space of all measurable
functions f satisfying ||f [l e 1r@)s < 00, where

Nl zagwy, e == SU(I)) I N zagwy, oyt s
r>

with

1

111 Y
W llzagw,cowye = </ (u(BO, 1)) PP \If x84 llL9w)) d}’) )
R
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for any r > 0, with the usual modification when p = co. In the case w = u, the spaces
(L9(w), LP(u))? are the spaces (L9(w),L?)? defined by Feuto in [7]. In the case w = u =1,
the spaces (L(w), L?(u))? are the spaces (L4,17)? defined in [8] by Fofana. For g < 8 and
p = 00, the space (L9(w), L?) is the weighted Morrey space L% (w) with k = %1 - %

Feuto [7] proved that the singular integral operators, the commutators of the singular
integral operators with BMO functions, and other operators were bounded on these gen-
eralized weighted Morrey spaces (L9(w), L?)? for q > 1. Here we consider the boundedness
of the commutators of the singular integral operators with BMO functions on the endpoint
generalized weighted Morrey space (L!(w), L?)?. The weighted endpoint estimates for the
commutators of the singular integral operators with BMO functions have many applica-
tions in partial differential equations. The BMO functions and the associated maximal
operators can be applied in optimization problems, see [5, 6].

Let ¥ : [0,00) — [0, 00) be an increasing function. We define space L¥'*°(w) as the space

of all measurable functions f satisfying ||| ;# ., < 00, where
Nl w00y = sug) tw (w{x eR”": [f(x)} > t})
t>

When ¥ (t) = tY7 with 0 < p < 0o, then the space L¥'*(w) is the weak weighted Lebesgue
space L7 (w).

Let w, u be two weights, ¥ : [0,00) — [0, 00) be an increasing functionand 1 < <p <
00. We define the generalized weak weighted Morrey space (LY"*°(w), L?(u))f as the space
of all measurable functions f satisfying |||l v .cc(y),1r ()8 < 00, Where

Nl 2900 (), 2y = Su([))r”f”(L‘p'OO(w),LP(u))ﬂ’
r>

with

1
1 4.1 r
U 200wy Lot = (/]R" (w(BO» 1) P~ P If X8y | 1wcom)” d)’) .

When ¥ () = t, w = u, the space (LY"°(w), L?(u))? is the generalized weak weighted Mor-
rey space (L“*°(w), [?)? defined in [7]. Feuto proved for the singular integral operator T,
if we Ay, then

” Tf”(Ll,oo(W)’Lp)ﬂ < C”f”(Ll(W)’Lp)ﬂ'

In this paper, we extend the methods used in [14] and obtain the endpoint boundedness
for the commutators of the singular integral operators with BMO functions and the as-
sociated maximal operators on the generalized weighted Morrey spaces (L'(w), L?)?. The
results are more general than [14] and have different forms. We also give similar results
for the commutators of the fractional integral operators with BMO functions and the as-
sociated maximal operators.

In order to state our results, we need to recall some notations and facts about the Young
functions and Orlicz spaces; for further information, see [1]. A function @ : [0,00) —
[0, 00) is a Young function if it is convex and increasing, and if @(0) =0 and @ () — oo as

t— oQ.
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Given a locally integrable function f and a Young function @, define the mean Luxem-
burg norm of f on a ball B by

llo.s = mf{bo 1 ¢<Lf(x)|)dx§1}.

|B] A

For ,0 < o < 1, and a Young function @, we define the Orlicz maximal operator
Ma,of ®) = sup |BI 7 ||f 10,5
Bsx

If o = 0, we write My, o simplyas M. Ifa = 0and @ (¢) = t, My, ¢ is the Hardy—-Littlewood
maximal operator M. If @,(¢) = tlog(e + £)°, € > 0, we write Mg, simply as My (ogr): .

If0<a<nand @(t) = t, M, ¢ is a fractional maximal operator of order «, and we write
itas M, . If @,(t) = tlog(e + t)°, we write My o simply as M, 1g0g1)e -

Given «,0 < o < n, for an appropriate function f on R”, the fractional integral operator
(or the Riesz potential) of order « is defined by

) - /R 1)

" |x _ y|n—a
For b € BMO(R"), we define the commutators of the operator I, and b by

blx)-b
bl = [ PO gy

A weight w is said to belong to the class A,, for 1 < p,q < oo if there exists a positive
constant C such that, for any ball B in R”,

1 1/q 1 1/p’
(ﬁfgw(x)qu) (IBI /w(x) Ed dx) <C<oo.

The following theorems are our main results.

Theorem 1.1 If1<q < B <p < oo andw € Ay, then the Hardy-Littlewood maximal op-
erator M and Mg 1) are bounded on (L9(w),LP)B.

Ifg=1<B<p<ooandw e A, then there exists a constant C > 0 independent of f such
that

||M(f) ” (L1° (w),LP)B C”f” (LY (w),LP

Theorem 1.2 Let 1 < B <p <oco,we Ay, ®(t) =tlogle + t), and ¥(t) = 1/[) k:g(e%‘l)’

then there exists a constant C > 0 independent of f such that

||l1/(ML(logL)f)||(Ll,oc( p= C||¢(lf|)H(L1 (w),LP)B*

Theorem 1.3 Let T be any singular integral operator, w € Ay, D (t) = tlogle + £), ¥ () =
log(T’ and b € BMO, 1 < B < p < 00. Then there exists a constant C > 0 independent of
f such that

|9 (16 T D groearys = UL WD 0200100
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We also study similar estimates for the commutators of the fractional integral operators
with BMO functions and the associated maximal operators and get the following results.

Theorem 1.4 LetO<a<n,weA1,1/q—1 a/ml1<B<p<oo,and0<1+1/p-1/8<

1/gq, ®(t) = tlog(e + t), ¥ (t) = logT r(t) =tYlog(e + )™, and O(t) = tY91og(e + t ).
Then there exists a constant C > 0 independent of f such that

”lp(MaLlongf ” (L1700 (w),LP)B C||®(Lf|)” (LY(O(w)),LP (w)B*
Theorem 1.5 Let O < <n, w € A, b € BMO, l/q— l-a/n,1<B<p<o0,and0<

1+1/p—1/p <1iq, ®(t) = tlogle + 1), ¥(t) = oy T(0) = tlog(e + t)7t, and O (t) =
tY91og(e + t). Then there exists a constant C > 0 independent of f such that

|9 (162 Dl e ocupamp = NP WD w100 0+

From these results, we see that the commutators of the fractional integral operators
with the BMO functions and the associated maximal operators map the weighted Mor-
rey spaces to some weighted Orlicz—Morrey spaces. Hence we can further consider the
boundedness for these integral operators on general weighted Orlicz—Morrey spaces.

2 Proof of Theorem 1.1, Theorem 1.2, and Theorem 1.3

Lemma 2.1 ([9]) Let w € A, then there exists a constant C > 0 such that, for any cube Q,
w(2Q) < Cw(Q).

Lemma2.2([9]) Letl<p<ocoandw e A,. Then there exists a constant C > 0 independent
of f such that

|71 ||Lp(w) < Clifllzew)

Let w € Ay. Then there exists a constant C > 0 independent of f such that

”M(f) ||L1v°°(w) = Cllf“Ll(w)

Lemma 2.3 ([15]) There exists a constant C > 0 such that, for any ball B and all x € B,

1
271 ] /2f+13lf(y)| @

for every locally integrable function f.

M(f x@py)(x) < CZ
i=1

Lemma 2.4 ([12]) Let @(t) = tlog(e + t), then there exists a positive constant C such that,
for any weight w and all t > 0,

w({x € R": Mpgognf (%) > £}) < C/R” 05([](()5 >Mw( ) dx

for every locally integrable function f.
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Lemma 2.5 ([9]) Let w € Ay, then there exists a constant C > 0 and n > 0 such that, for any
ball B and a measurable subset E C B,

ue) (12
w(B) ~ \IB|)

Lemma 2.6 ([7]) Let1 <s<g<oo,we Ay and T : Lloc( w) — LI

loc(W) a sublinear oper-

ator which satisfies the following property: for all balls B C R", x € B,

[ dy) "

2i+lp

0
T(fX(ZB)C) Z ( |21+1B|
i=1

Then
(1) ifg>1and T is bounded on L1(w), then it is also bounded on (L1(w),LP)? for
gq=p<p=o0,
(2) ifforall >0,

w({xe R”: |T(f)(x)| >A}) < C% /Rn [f(y)|dyw(y)dy,

then for 1 < B < p < oo, T is bounded on (L'(w), LP)P to (LY (w), LF)P.

Proof of Theorem 1.1 By Lemma 2.2, Lemma 2.3, and Lemma 2.6, we obtain that the
Hardy-Littlewood maximal operator M is bounded on (L%(w), L?)? for w € A, and for
w € Ay, then there exists a constant C > 0 independent of f such that

||M(f) || (L1 (w),LP)B C”.f” (LY (w),LP

Because Mg 1) ~ M?, which was obtained by Perez in [12], we have M og 1) is bounded
on (L9(w), LP)#. This ends the proof. O

Proofof Theorem 1.2 Fixy € R" andr > 0,let B = B(y,7) be aball centered at y with radius r.

By Lemma 2.4, we have

w({x € B: Myqogryf () > t}) =/{ iy ot xBx)w(x) dx
<c| qs( )M(wa)(x)dx
Rn
<[ + / ) ( )M(wa)(x)dx
<I+1I
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To estimate the term I, since w € A1, we have

1< C/ <D<[f(tx)|>w(x)dx
3B

< c<p(%> /33@([f(x)|)w(x)dx

<cq>< >||4> 1) s8] 1

For the term II, observe that for x € (3B)¢, x € B, B is a ball and B' N B # . We have

1
X z)dz = —/ w(z)dz
|B/|/ 5(e 1B Jons

C C
< f w(z)dz = w(B).
lx =" Jp % —y1"

Therefore we obtain
M(xpw)(x) < Clx - y|™"w(B).

Since w € A1, we get

II§C/(3B)C¢( , lx — y|7"w(B) dx

[f(x)\ w(B)
<CZ/+IB\3IB ( t >|3j+13|dx

oo

w(B) |f (x)]
=C2 e (55 s

1\ v w(B)
<co(3) Y sl sl

Hence, we obtain

| Mrog i) x8 | 100y = sup tw{x € B: W (Myogryf) (%) > t}
t>

sup tw{x € B: Mpogr)f (%) > l1/_1(1:)}
t>0

sup lI/(t)w{x € B: Mpogryf (%) > t}
t>0

- C(Hq§([f|)XSB”L1(W)

Jj=1

o w(B)
P el

Page 7 of 15
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Thus, for any r > 0, by Lemma 2.1 and Lemma 2.5, we have

. H Y (Miaog)f) “ (LLoO(w),LP)P

([, ts0on)

< C( / (w(BO ) @ (1) X3 o) dy)p
= w(B@,r ~ p
(/ <1Z W(B((y();/*z) (B(y p ’|¢(V|)X3(y 3+l ||L1 ) dy)

< C(/n(w(B(y 3r)) P~
([ (Eas)

1
P

-1

==

1 LA
9 it 00 ) 00

1

—_

e (m)xm,g,)uww))fﬂdy)”

‘Ocl’—‘

p
X qu(lf')XB(yB’”r) ||L1(w)> dy)

<l (1 )

= Cle Nl

|,_

This ends the proof. O

Lemma 2.7 ([13]) Let T be any Calderon—Zygmund singular integral operator, ®(t) =
tlog(e + t), € >0, and b € BMO. Then there exists a positive constant C such that, for all
weights w,

[f ()]
t

w({x eR": |[b, T]f(x)| > t}) < CA;{” <1§< )ML(IOgL)mw(x) dx.

Lemma 2.8 ([9]) Let w € Ay, then there exist a constant C > 0 and 6 > 0 such that, for any
ball B,

(ulﬂ/ W@)hedy) T B / O ay.

Proof of Theorem 1.3 Fixy € R” and r > 0, let B = B(y,r). By Lemma 2.7, we have
w({x €B:|[b, TIf(%)| >t}) = / w(x) x5 (x) dx

{xeR™:|[b,T]f (x)|>t}

¢ [ (L) My vasio

(/ /33 ) (lf(x)|>ML (logL) l+£(WXB)(x)dx

<I+IL

| /\
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To estimate the term I, since w € Ay, it is easy to prove that M; e 1)1+ (W) (x) < Cw(x),

x € 3B, we have

1<c [ oY) umas < co (1) ol

For the term I, observe that for x € (3B)¢, x € B/, B'isaballand B NB # J, by Lemma 2.8,

forany §:0< 68 <6, we have

B\ [ 1
SC<|B’|> (ﬁ/BW(Z)dZ>
=~\B1) 1B

Noticing the definition of the maximal function M, we obtain

1
5

Migogryee (Wxp)(x) < (M(w' x5) (%)) ™

1
- C( 1B )“5 w(B)
v — 1 |B|

and

II

IA
Q

31 lB\ng |3] B |B

<C ( B >WW(B) I3/le| ¢(V(x)|)w(x)dx
~\[3"18] 1Bl w(31B) Jyip t

1\ Bl ™ w(B)
= CQ)(;) ;<I3i+13|) w(3/*1B) ’|¢(V|)X3f+‘BHL1(w)’

IA
O

Hence, we obtain

9110 Y1) 1 = Spwler € B2 (|1 V) > )

= sup lI/(t)w{x €B: ‘[b, T]f(x)‘ > t}

t>0
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< c<||cb(lf|))<33 1

</ 1Bl \T w(B)
* Z( |3i+1B|) WZV3/‘+1B) Hq§(lf|)X3i+lBHL1(w))~

j=1

Thus, for any r > 0, by Lemma 2.1 and Lemma 2.5, we have

r H v (| (b, T1f|) “ (LYo (w),LP)B
1 4.1 1%

) (/R (w(BG, M) P77 | (|6, TI ) X860 | 1100 ) dy)

<o [ tBomn) ool @)

S IBL\ T w(BGr)P ’
' C</R (Z(wﬁlm) w5y |2 ) a0 ”““”) dy)

j=1

1
P

1
P

< c( /R (w(80:30) [ (1) o0 ) dy)

ol ()"

j=

S

p
x ”qj(lﬂ)XB(yB’“r) HLl(w)> dy)

o o \iG-bes
<Clle(lf1) “(Ll(w),w)ﬂ (1 + Z(g(j+l)n> )
j=1

<Cle(If) ”(Ll(w),u’)ﬂ’

in which we take § > 0 small enough such that 1](% - 1%) - 1% > 0. This ends the proof. [

3 Proof of Theorem 1.4 and Theorem 1.5
Given an increasing function ¢ : [0, 00) — [0, 00), as in [3], we define the function %, by

p(st)
h,(s) =su , 0<s<oo.
¢ t>(§) @(2)

If ¢ is submultiplicative, then &, ~ ¢. Also, for all 5,£ > 0, ¢(st) < h,(s)e(t).
In this section, we set @ (t) = tlog(e + £), it is submultiplicative and so sy ~ ®@. Let 0 <

a < n,and g be a number 1/g = 1 — «/n. Denote

o, t=0,

ro=1",
W’ t>0.

So

() ~t' log(e + 5L
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The function I is invertible with
@)~ [tlog(e + t)]q = @(t)l.

Lemma 3.1 ([3]) If (t)/t is decreasing, then for any positive sequence {t;},
¢ <Z tj) <Y o).
j j

Lemma 3.2 ([14]) Let 0 < o < n, 1/q =1 — a/n. Then there exists a constant C > 0 such
that, for any t > 0, for any weight w, we have

F(w({x e R": My, 110e1 () () > £}))
< o(I s

t
Proof of Theorem 1.4 Fixy € R” and r > 0, let B = B(y, ). By Lemma 3.2, we have

F(w({x € B: My 110p1yf (%) > t})) = F</{ w(x) xg(x) dx)

ER™:My 1 (1og L)f (%)>L}

< c/ F(V(tx)')hp(M(wa))(x)dx

Rn
[f &)l
C(/?:B-'—,/(?,B)c)['( t )hF<M(WXB))(x) dx

<I+IL

IA

Now we estimate the term I. Noticing that, for s > 0, we have

ey ey
() = Sup Ty =SSP gy = €O

Since w € A;, we get

I< Cf qj(lf(:)')hp(w(x)) dx
3B

< C/SB<D<®>@(W(JC)) dx

< Co(1/t)|P(|f 1 x38) HLl(@(w))'

For the term II, observe that for x € (3B)°, x € B/, B is a ball and B N B # . As in the

proof of Theorem 1.2, we have
M(xw)(x) < Clax = y| "' w(B).

Since w € A;, © is submultiplicative, we get

II< C/ @(lf(x”>h¢(|x—y|_”w(3))dx
(3B)¢ t
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= [f ()l w(B)
SCIZI:/?;HBWB@( 4 )@(|3j+13|)dx

<Ci/ q)(wxn)@(w@ﬂl;) w(B) )dx
=CL ), .
)

13+1B] w(3*1B)
- w(B) [ )]
=30 (5im) [, 2 (5ot

w(B)
® (w(x) w(3i+lB)> dx
j=1

<coan .6 (i )10l

Hence, we obtain

” Y (Ma,rioe 1)) XB HLF"’O(W)

=sup tF(w{x € B: ¥ (Mqy,raogyf) (%) > t})

t>0

= sug) tF(w{x € B: My 10g 1yf (%) > l,I/'l(t)})

= sup 'Il(t)r(w{x € B: My 1g0g1)f (%) > t})

t>0

< C<|| @ (If1) 32 110

. (B)
30 (0 oWl )

Thus, for any r > 0, we have
r H l1/(1\/Ioz,L(longf) || (LT (w),LP)B

1 ,_1 P A
- </R” (w(B(y,r)? 1-1 ¥ (Ma,L00e11/)) B ||Lﬂoc<w)> dy)?

1
p

<c( [ B0 0t o) )

= o W(B()’»V)) ——1—}7
' C(/R (12 o (st 3 )20

PN
X ||¢(Lf|)XB(y,3f*1r) ||L1(@(W))) dy)

1

1.1 i

= C(./]R” (w(B(y,3)” 1-3 | (1£1) X263 Hu(@(w)))l’ dy>
o log(e 4 3™) b i) o1
+C</R” <,§: 3f"n(%—1—%+$>w(3(y’3/ )P

Page 12 of 15
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PN
x| @ (If1) x50,511) Hﬂ((-)(w))) dy )

o )

log(e + 3")
=cle(ml] CHOW).LP(W)P (1 " 1:21 3/nn(%1},+;>>
= C”d)([ﬂ)” (LY (O (w)),LP(w)B*

This ends the proof. d

Lemma 3.3 ([4]) LetO<wa <n,1/q=1-0a/n, we Ay, and b € BMO. Then there exists a
constant C > 0 such that, for any t > 0,

F(w({x cR": ‘[b,[a](f)(x)’ > t}))
FOI
§C/Rn¢( ; >O(w(y))dy.
Lemma 3.4 ([9]) Letf(x) >0,f € L} .(R"),and 0 < § < 1, then M(f)’ € A;.

Proof of Theorem 1.5 Fixy e R" and r >0, let B=B(y,r). Forany we A; and §: 0<§ <9,
by Lemma 3.4, we have M(w'* x5)/1+) ¢ A;. By Lemma 3.3, we obtain

r(w({x e B:|[b L1 )] > £}))

= F(/ w(x) xg(x) dx)
{xeR™:|[bIy]f (x)|>t}
<cr ( / M(wxs)(®) dx)
{(xeR™:|[b,Iy |f (x)|>1}

<cr ( / (M (1 15) ) "0+ dx)
{xeR":|[bIy[f (x)|>t}

<c f ¢(V(t")') (M 15) @) ") dix

</33 f33> ( x)|)@((M(W“(SXB)(x))”(hs))dx

<I+IL

Now we estimate the term I. Noticing that w € A;, Lemma 2.8, we have
O (MW x5)(x)V 1) < CO(Mw(x)) < CO(w(x)). Then

1< C/?:B @ (@)@(W(x)) dx < COL/L)| (1) X35 11 -

For the term II, as the proof of Theorem 1.3, for x € (3B),

181 )ﬁ*@

1+8 1%8
(M x8) ) SC<|x—y|" B
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By Lemma 2.2, we get

u<c (p(wom)@(( 1B )ﬁww))dx

— Jepr t | — yI” |B|

oy FOI o (( 1B\
_szy'*lB\siB@( L )O((|37+1B|> w(x))dx

j=1

> (1Bl \"T
= C¢(1/t);@<|3j+13|) ||q§(lf|)x3f”3||L1((~)(w))'
Hence, we obtain

” ‘1’(| [b’lam)XB “Lﬂw(w)

=suptI" (wl{x € B: ¥ (|[b,L]f])(x) > t})

t>0

=suptl"(w{x € B:|[b, L1 x)| > ¥ (®)})
t>0

=sup lP(t)F(W{x €B: ‘[b,[alf(xﬂ > t})
t>0

= C(” @ (If1) x3s ”Ll((—)(w))

)

o0 —
|B] = 1+s)
" Z © ( |3/+1B|
j=1

| ()] (lf|)X3i+1B ”Ll(@(w))) ’

Thus, for any r > 0, we have

r H v (‘ (b, 1w1f|)XB ” (L1100 (w),LP)B

([, 0wty o ()06 ) )

1

= C(/H(W(B()’»r))é_l_; | (IF1) X260 HLl(@(W)))pdy>p

> B(y, - 151
el (Ze o)

j=1
RN
X ||¢(V|)X3(y,3f“r) ”Ll(@(w))) dy)

1
p

< c( [ (803 H L0 (s )

00 jn(n-125) ,
e [ (e
RYI

: 1 1,1
=1 3}”('7( B_l_g + a)_ 51+q) )

»
X ||¢(V|)X3(y,3f“r) ”Ll(@(w))) dy)
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log(e + 3/”("‘%))

oo
= Cle WD wromnirone | 1+ ; g-1-F+ -5t )

<Clle(lf1) “(Ll(@(w)),l}’(w))ﬂ’

in which we take § > 0 small enough such that n(% -1- I% + %) - q(15+5) >0and n— 1% > 0.

This ends the proof. O
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