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Abstract
We introduce a new modification of (p,q)-analogue of Szász–Mirakjan operators.
Firstly, we give a recurrence relation for the moments of (p,q)-analogue of
Szász–Mirakjan operators and present some explicit formulae for the moments and
central moments up to order 4. Next, we obtain quantitative estimates for the
convergence in the polynomial weighted spaces. In addition, we give the
Voronovskaya theorem for the new (p,q)-Szász–Mirakjan operators.
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1 Introduction
In the last two decades, quantum calculus plays a significant role in the approximation of
functions by a positive linear operator. In 1987, Lupaş [1] introduced the Bernstein (ratio-
nal) polynomials based on the q-integers. In 1996, Phillips [2] introduced another gener-
alization of Bernstein polynomials based on q-integers. In [3–23], in the case of 0 < q < 1,
many operators have been introduced and examined. Among the most important opera-
tors there are q-Szász operators. In [18–21] the authors constructed and studied different
q-generalizations of Szász–Mirakjan operators in the case 0 < q < 1. In 2012, Mahmudov
[24] introduced the q-Szász operator in the case q > 1 and studied quantitative estimates
of convergence in polynomial weighted spaces and gave the Voronovskaya theorem.

In recent years, the rapid rise of (p, q)-calculus has led to the discovery of new gen-
eralizations of Bernstein polynomials containing (p, q)-integers. In 2015, Mursaleen [25]
introduced (p, q)-Bernstein operators and studied approximation properties based on a
Korovkin-type approximation theorem of (p, q)-Bernstein operators. Also, In 2017, Khan
and Lobiyal [26] constructed a (p, q)-analogue of Lupaş-Bernstein functions. In [27–39],
the authors constructed many operators by using (p, q)-integers and studied their ap-
proximation properties. Acar [40] introduced (p, q)-Szász–Mirakjan operators. In addi-
tion, Acar gave a recurrence relation for the moments of these operators. In the same
year, H. Sharma and C. Gupta [41] introduced the generalization of the (p, q)-Szász–
Mirakjan Kantorovich operators and examined their approximation properties. In 2017,
Mursaleen, AAH Al-Abied, and Alotaibi [42] constructed new Szász–Mirakjan operators
based on (p, q)-calculus and studied weighted approximation and a Voronovskaya-type

© The Author(s) 2020. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended use is not permitted by
statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a
copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

https://doi.org/10.1186/s13660-020-02390-0
http://crossmark.crossref.org/dialog/?doi=10.1186/s13660-020-02390-0&domain=pdf
http://orcid.org/0000-0003-3943-1732
mailto:mustafa.kara@emu.edu.tr


Kara and Mahmudov Journal of Inequalities and Applications        (2020) 2020:116 Page 2 of 16

theorem. Also, (p, q)-analogues of Szász–Mirakjan–Baskakov operators [18] and Stancu-
type Szász–Mirakjan–Baskakov operators [43] were defined, and their approximation
properties were investigated. Acar, Agrawal, and Kumar [44] introduced a sequence of
(p, q)-Szász–Mirakjan operators, and their weighted approximation properties were in-
vestigated.

2 Construction of Kl,p,q and moment estimations
We give some basic notations and definitions of the (p, q)-calculus.

The (p, q)-integer and (p, q)-factorial are defined by

[l]p,q :=

{
pl–ql

p–q if 0 < q < p ≤ 1,
l if p = q = 1

for l ∈N, and [0]p,q = 0,

[l]p,q! := [1]p,q[2]p,q · · · [l]p,q for l ∈ N, and [0]p,q! = 1.

For integers 0 ≤ k ≤ l, the (p, q)-binomial is defined by

[
l
k

]
p,q

:=
[l]p,q!

[k]p,q![l – k]p,q!
.

The (p, q)-derivative Dp,qg of a function g(z) is defined by

(Dp,qg)(z) :=
g(pz) – g(qz)

(p – q)z
, z �= 0, (Dp,qg)(0) = g ′(0)

The product and quotient formulae for the (p, q)-derivative are as follows:

Dp,q
(
f (z)g(z)

)
= g(pz)Dp,q

(
f (z)

)
+ f (qz)Dp,q

(
g(z)

)
, (1)

Dp,q

(
f (z)
g(z)

)
=

g(pz)Dp,q(f (z)) – f (pz)Dp,q(g(z))
g(pz)g(qz)

. (2)

It is known that

Dp,qzl = [l]p,qzl–1. (3)

The (p, q)-analogues of an exponential function, denoted by ep,q(z) and Ep,q(z), are defined
by

ep,q(z) :=
∞∑

k=0

p
k(k–1)

2 zk

[k]p,q!
, Ep,q(z) =

∞∑
k=0

q
k(k–1)

2 zk

[k]p,q!
,

and the (p, q)-derivatives of ep,q(az) and Ep,q(z) are

Dp,qep,q(az) = aep,q(apz), Dp,qEp,q(az) = aep,q(aqz).

Further, the (p, q)-power is defined by

(z – y)l
p,q = (z – y)(pz – qy)

(
p2z – q2y

) · · · (pl–1z – ql–1y
)
. (4)
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For any integer l,

Dp,q(z – y)l
p,q = [l]p,q(pz – y)l–1

p,q , (5)

and Dp,q(z – y)0
p,q = 0.

The formula of the kth (p, q)-derivative of the polynomial (z – y)l
p,qis

Dk
p,q(z – y)l

p,q = p(k
2)

[l]p,q!
[l – k]p,q!

(
pkz – y

)l–k
p,q , (6)

where l ∈ Z+ and 0 ≤ k ≤ l.
The (p, q)-analogue of the Taylor formulas for any function g(z) is defined by

g(z) =
l∑

k=0

(–1)kq–(k
2)

(Dk
p,qg)(zq–k)(z – t)k

p,q

[k]p,q!
. (7)

Let Cβ denote the set of all real-valued continuous functions g on [0,∞) such that wβg
is bounded and uniformly continuous on [0,∞) endowed with the norm

‖g‖m := sup
z∈[0,∞)

wβ

∣∣g(z)
∣∣,

where w0(z) = 1, and wβ (z) = 1
1+zβ for β ∈N.

The corresponding Lipschitz class is given for 0 < α ≤ 2 by

�2
j g(z) := g(z + 2j) – 2g(z + j) + g(z),

w2
β (g;γ ) := sup

0<j≤γ

∥∥�2
j g

∥∥, Lip2
βα :=

{
g ∈ Cβ : w2

β (g;γ ) = 0
(
γ α

)
,γ → 0+}

.

Now we introduce the (p, q)-Szász–Mirakjan operator.

Definition 1 Let 0 < q < p ≤ 1 and l ∈ N. For g : [0,∞) → R, we define the (p, q)-Szász–
Mirakjan operator as

Kl,p,q(g; z) :=
∞∑

k=0

g
(

pl–k[k]p,q

[l]p,q

)
pk(k–l)

qk(k–1)/2

[l]k
p,qzk

[k]p,q!
ep,q

(
–[l]p,qpk–l+1q–kz

)
. (8)

It is clear that the operator Kl,p,q is linear and positive. It is known that the moments
Kl,p,q(tm; z) play a fundamental role in the approximation theory of positive operators.

Lemma 2 Let 0 < q < p ≤ 1 and m ∈N. We have the following recurrence formula:

Kl,p,q
(
tm+1; z

)
=

m∑
j=0

(
m
j

)
zqjpm(l–1)–lj

[l]m–j
p,q

Kl,p,q
(
tj; pq–1z

)
. (9)
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Proof According to the definition of Kl,p,q (8), we have

Kl,p,q
(
tm+1; z

)
=

∞∑
k=0

p(l–k)(m+1)[k]m+1
p,q

[l]m+1
p,q

pk(k–l)

qk(k–1)/2

[l]k
p,qzk

[k]p,q!
ep,q

(
–[l]p,qpk–l+1q–kz

)

=
∞∑

k=1

p(l–k)(m+1)[k]m
p,q

[l]m
p,q

pk(k–l)

qk(k–1)/2

[l]k–1
p,q zk

[k – 1]p,q!
ep,q

(
–[l]p,qpk–l+1q–kz

)
.

Next, we use the identity q[k]p,q + pk = [k + 1]p,q to get the desired formula

Kl,p,q
(
tm+1; z

)
=

∞∑
k=0

p(l–k–1)(m+1)(q[k]p,q + pk)m

[l]m
p,q

p(k+1)(k–l+1)

qk(k+1)/2
[l]kzk+1

[k]p,q!
ep,q

(
–[l]p,qpk–l+2q–k–1z

)

=
∞∑

k=0

1
[l]m

p,q

m∑
j=0

(
m
j

)
qj[k]j

p,qpk(m–j)p(l–k–1)(m+1) p(k+1)(k–l+1)

qk(k+1)/2

[l]k
p,qzk+1

[k]p,q!

× ep,q
(
–[l]p,qpk–l+2q–k–1z

)
=

m∑
j=0

(
m
j

)
zqjpm(l–1)–lj

[l]m–j
p,q

∞∑
k=0

p(l–k)j[k]j
p,q

[l]j
p,q

pk(k–l)

qk(k–1)/2

[l]k
p,qpkzk

[k]p,q!qk eq
(
–[l]p,qpk–l+2q–k–1z

)

=
m∑

j=0

(
m
j

)
zqjpm(l–1)–lj

[l]m–j
p,q

Kl,p,q
(
tj; pq–1z

)
.

�

Lemma 3 Let 0 < q < p ≤ 1, z ∈ [0,∞), l ∈ l, and k ≥ 0. We have the following identities
related to the (p, q)-derivative:

zDp,qslk(p, q; z) = [l]p,q

(
p–k[k]p,q

[l]p,q
– zp–(l–1)

)
slk(p, q; pz),

Kl,p,q
(
tm+1; z

)
=

z
[l]p–(l–1) Dp,qKl,p,q

(
tm;

z
p

)
+ zKl,p,q

(
tm; z

)
, (10)

where slk(p, q; z) = pk(k–l)

qk(k–1)/2
[l]k

p,qzk

[k]p,q ! ep,q(–[l]p,qpk–l+1q–kz).

Proof We take the (p, q)-derivative of slk(p, q; z):

Dp,qslk(p, q; z) =
pk(k–l)

qk(k–1)/2[k]p,q!
Dp,q

(
zkep,q

(
–[l]p,qpk–l+1q–kz

))

=
pk(k–l)

qk(k–1)/2[k]p,q!
(
[k]p,qzk–1ep,q

(
–[l]p,qpk–l+1q–k(pz)

))

=
pk(k–l)

qk(k–1)/2[k]p,q!
(
(qz)k[l]p,qpk–l+1q–kep,q

(
–[l]p,qpk–l+1q–k(pz)

))
.
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Then

zDp,qslk(p, q; z) = p–k[k]p,q
pk(k–l)

qk(k–1)/2
(pz)k

[k]p,q!
ep,q

(
–[l]p,qpk–l+1q–k(pz)

)

– z[l]p,qp–(l–1) pk(k–l)

qk(k–1)/2
(pz)k

[k]p,q!
ep,q

(
–[l]p,qpk–l+1q–k(pz)

)
= p–k[k]p,qslk(p, q; pz) – z[l]p,qp–(l–1)slk(p, q; pz)

= [l]p,q

(
p–k[k]p,q

[l]p,q
– zp–(l–1)

)
slk(p, q; pz).

Using the obtained formula and the definition of the operator Kl,p,q, we get the second
desired formula:

zDp,qKl,p,q
(
tm; z

)
= [l]

∞∑
k=0

(
p(l–k)[k]p,q

[l]p,q

)m

p–(l–1)
(

p–k[k]p,q

p–(l–1)[l]p,q
– z

)
slk(p, q; pz)

= [l]
∞∑

k=0

(
[k]p,q

[l]p,q

)m+1

p(l–k)(m+1) p–(l–1)

p
slk(p, q; pz)

– [l]p,qp–(l–1)z
∞∑

k=0

(
[k]p,q

[l]p,q

)m

p(l–k)mslk(p, q; pz)

= p–l[l]p,qKl,p,q
(
tm+1; pz

)
– [l]p,qp–(l–1)zKl,p,q

(
tm; pz

)
. �

Lemma 4 For 0 < q < p ≤ 1 and l ∈N, we have

Kl,p,q(1; z) = 1, Kl,p,q(t; z) = z, Kl,p,q
(
t2; z

)
= z2 +

1
p–(l–1)[l]

z,

Kl,p,q
(
t3; z

)
= z3 +

2p + q
p–(l–1)p[l]p,q

z2 +
1

p–2(l–1)[l]2
p,q

z,

Kl,p,q
(
t4; z

)
= z4 +

(
3p2 + 2qp + q2

p2

)
z3

p–(l–1)[l]p,q

+
(

3p2 + 3pq + q2

p2

)
z2

p–2(l–1)[l]2
p,q

+
1

p–3(l–1)[l]3
p,q

z.

Proof From the (p, q)-Taylor theorem [45] we have

ψl(t) =
∞∑

k=0

(–1)kq–(k
2)

[k]p,q!
(
Dk

p,qψl
)(

zq–k)(z 
 t)k
p,q.

For t = 0, having in mind the equalities

(z)k
p,q = zkpk(k–1)/2, Dk

p,qep,q
(
–[l]p,qp–(l–1)z

)
= (–1)kpk(k–1)/2p–(l–1)k[l]k

p,qeq
(
–[l]p,qp–(l–1)pkz

)
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for ψl(z) = ep,q(–[l]p,qp–(l–1)z), we get the formula

1 = ψl(0) =
∞∑

k=0

(–1)kq–(k
2)(z)k

p,q

[k]p,q!
(
Dk

p,qϕl
)(

zq–k)

=
∞∑

k=0

(–1)kq–(k
2)zkpk(k–l),

[k]q!qk(k–1)/2 (–1)k[l]k
p,qep,q

(
–[l]p,qp–(l–1–k)q–kz

)

=
∞∑

k=0

[l]k
p,qzk

[k]p,q!p–k(k–1)/2

(
p
q

)k(k–1)/2

p–(l–1)kep,q

(
–[l]p,qp–(l–1)

(
p
q

)k

z
)

,

that is, Kl,p,q(1; z) = 1.
For i = 2, 3, 4, recurrence formula (10) gives us the following results:

Kl,p,q
(
t2; z

)
=

z
p–(l–1)[l]p,q

{
Dp,qKl,p,q

(
t;

z
p

)
+

[l]p,q

p(l–1) Kl,p,q(t; z)
}

=
z

p–(l–1)[l]p,q

{
1 +

[l]p,q

p(l–1) z
}

=
z

p–(l–1)[l]p,q
+ z2,

Kl,p,q
(
t3; z

)
=

z
p–(l–1)[l]p,q

Dp,qKl,p,q

(
t2;

z
p

)
+ zKl,p,q

(
t2; z

)

=
z

p–(l–1)[l]p,q

1
[l]p,qp–(l–1) + [2]p,q

z
p

+ z
{

z2 +
z

p–(l–1)[l]p,q

}

= z3 +
(2p + q)

p–(l–2)[l]p,q
z2 +

z
[l]2

p,qp–2(l–1) ,

Kl,p,q
(
t4; z

)
=

z
p–(l–1)[l]p,q

Dp,qKl,p,q

(
t3;

z
p

)
+ zKl,p,q

(
t3; z

)

=
z

p–(l–1)[l]p,q

{
[3]p,qz2

p2 +
[2]p,q(2p + q)
pp–(l–2)[l]p,q

z +
1

[l]2
p,qp–2(l–1)

}

+ z
{

z3 +
(2p + q)

p–(l–2)[l]p,q
z2 +

z
[l]2

p,qp–2(l–1)

}

= z4 +
(

+
3p2 + 2qp + q2

p2

)
z3

p–(l–1)[l]p,q

+
(

3p2 + 3pq + q2

p2

)
z2

p–2(l–1)[l]2 +
1

p–3(l–1)[l]3 z. �

Lemma 5 For every z ∈ [0,∞), we have

Kl,p,q
(
(t – z); z

)
= 0, (11)

Kl,p,q
(
(t – z)2; z

)
=

z
p–(l–1)[l]p,q

,

Kl,p,q
(
(t – z)3; z

)
=

1
[l]2

p,qp–2(l–1) z +
z2

p–(l–1)[l]p,q

(
q
p

– 1
)

,

Kl,p,q
(
(t – z)4; z

)
=

1
[l]3

p,qp–3(l–1) z +
(

3pq + q2 – p2

p2

)
z2

[l]2
p,qp–2(l–1) +

(p – q)2z3

p2p–(l–1)[l]p,q
. (12)
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Proof In fact, we may easily calculate third- and fourth-order central moments as follows:

Kl,p,q
(
(t – z)3; z

)
= Kl,p,q

(
t3; z

)
– 3zKl,p,q

(
t2; z

)
+ 3z2Kl,p,q(t; z) – z3

=
(

z3 +
2p + q

[l]p,qpp–(l–1) z2 +
1

[l]2
p,qp–2(l–1) z

)

– 3z
(

z2 +
z

[l]p,qp–(l–1)

)
+ 3z3 – z3

=
1

[l]2
p,qp–2(l–1) z +

z2(q – p)
pp–(l–1)[l]p,q

,

Kl,p,q
(
(t – z)4; z

)
= Kl,p,q

(
t4; z

)
– 4zKl,p,q

(
t3; z

)
+ 6z2Kl,p,q

(
t2; z

)
– 4z3Kl,p,q(t; z) + z4

= z4 +
(

3p2 + 2qp + q2

p2

)
z3

p–(l–1)[l]p,q
+

(
3p2 + 3pq + q2

p2

)
z2

p–2(l–1)[l]2 +
1

p–3(l–1)[l]3 z

– 4z
(

z3 +
(2p + q)

p–(l–2)[l]p,q
z2 +

z
[l]2

p,qp–2(l–1)

)
+ 6z2

(
z

p–(l–1)[l]p,q
+ z2

)
– 4z4 + z4

=
1

[l]3
p,qp–3(l–1) z +

(
3pq + q2 – p2

p2

)
z2

[l]2
p,qp–2(l–1) +

(p – q)2z3

p2p–(l–1)[l]p,q
. �

Remark 6 For 0 < q < p ≤ 1,

lim
l→∞

[l]p,q = 0 or
1

p – q
.

In our study, we assume that q = ql ∈ (0, 1) and p = pl ∈ (q, 1] are such that

lim
l→∞

ql = 1, lim
l→∞

pl = 1,

and

lim
l→∞

ql
l = 1, lim

l→∞
pl

l = 1.

Therefore

lim
l→∞

[l]pl ,ql = ∞.

For all 0 < q < p ≤ 1 and j ≥ 0, the (p, q)-difference operators are defined as

�0
p,qg(zj) = 0, �1

p,qg(zj) = �p,qg(zj),

and

�k+1
p,q g(zj) = pk�k

p,qg(zj+1) – qk�k
p,qg(zj+1),

where zj = pl–j[j]p,q
[l]p,q

. Using this definition, we can prove the following lemmas.
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Lemma 7 For all 0 < q < p ≤ 1 and j, k ∈N∪ {0}, we have

g[zj,zj+1, . . . , zj+k] =
p–(l–1)k[l]k

p,qpk(k–1)/2�k
p,qg(zj)

p–k(2j+k–1)/2qk(2j+k–1)/2[k]p,q!
.

Lemma 8 For all 0 < q < p ≤ 1, we have

�k
p,qg(z0) = g

[
0,

1
p–(l–1)[l]p,q

, . . . ,
[k]p,q

p–(l–k)[l]p,q

]
qk(k–1)/2[k]p,q!

pk(k–l)[l]k
p,q

.

Lemma 9 We have

�k
p,qg(zj) =

k∑
i=0

(–1)iq
i(i–1)

2 p–i(k–i)

p
i(i–1)

2

[
k
i

]
p,q

g(zj+k–i).

Lemma 10 The (p, q)-Szász–Mirakjan operator can be represented as

Kl,p,q(g; z) =
∞∑

k=0

g
[

0,
1

p–(l–1)[l]p,q
, . . . ,

[k]p,q

p–(l–k)[l]p,q

]
zk .

Proof Indeed,

Kl,p,q(g; z) =
∞∑

k=0

g
(

pl–k[k]p,q

[l]p,q

)
pk(k–l)

qk(k–1)/2

[l]k
p,qzk

[k]p,q!
ep,q

(
–[l]p,qpk–l+1q–kz

)

=
∞∑

k=0

g
(

pl–k[k]p,q

[l]p,q

)
pk(k–l)

qk(k–1)/2

[l]k
p,qzk

[k]p,q!

∞∑
j=0

(–1)j[l]j
p,qp(k–l+1)jzj

p–j(j–1)/2qkj[j]p,q!

=
∞∑

k=0

k∑
j=0

g
(

pl–k+j[k – j]p,q

[l]p,q

)
p(k–j)(k–j–l)

q(k–j)(k–j–1)/2

× [l]k–j
p,q zk–j

[k – j]p,q!
(–1)j[l]j

p,qp(k–j–l+1)jzj

p–j(j–1)/2q(k–j)j[j]p,q!

=
∞∑

k=0

�k
p,qg(z0)

pk(k–l)[l]k
p,qzk

q
k(k–1)

2 [k]p,q!
. �

The next result gives an explicit formula for the moments Kl,p,q(tm; z) in terms of Stirling
numbers, which is a (p, q)-analogue of Becker’s formula; see [46].

Lemma 11 For 0 < q < p ≤ 1 and m ∈ l, we have

Kl,p,q
(
tm; z

)
=

m∑
k=1

Sp,q(m, k)
zk

p–(l–1)(m–k)[l]m–k
p,q

, (13)

where

Sp,q(m, k) =
1

q
k(k–1)

2 p
–k(k–1)

2 [k]p,q!

k∑
j=0

(–1)jq
j(j–1)

2

p
–(k–j)(k–j–1)

2

[
k
j

]
p,q

p–(k–j–1)m[k – j]m
p,q



Kara and Mahmudov Journal of Inequalities and Applications        (2020) 2020:116 Page 9 of 16

are the second-type Stirling polynomials satisfying the equalities

Sp,q(m + 1, j) = p–(j–1)[j]p,qSp,q(m, j) + Sp,q(m, j – 1), m ≥ 0, j ≥ 1,

Sp,q(0, 0) = 1, Sp,q(m, 0) = 0, m > 0, Sp,q(m, j) = 0, m < j. (14)

Clearly, Kl,p,q(tm; z) are polynomials of degree m without a constant term.

Proof Because of Kl,p,q(t; z) = z and Kl,p,q(t2; z) = z2 + z
p–(l–1)[l]p,q

, representation (13) holds
for m = 1, 2 with Sp,q(2, 1) = 1, Sp,q(1, 1) = 1.

Using mathematical induction, assume (13) to be valued for m. Then from Lemma 3 we
get

Kl,p,q
(
tm; z

)
=

m∑
k=1

Sp,q(m, k)
zk

p–(l–1)(m–k)[l]m–k
p,q

,

Kl,p,q
(
tm+1; pz

)
=

zpl

[l]p,q
Dp,qKl,p,q

(
tm; z

)
+ zpKl,p,q

(
tm; pz

)

=
zpl

[l]p,q

m∑
j=1

[j]p,qSp,q(m, j)
zj–1

p–(l–1)(m–j)[l]m–j
p,q

+ zp
m∑

j=1

Sp,q(m, j)
(pz)j

p–(l–1)(m–j)[l]m–j
p,q

=
1

p–l

m∑
j=1

[j]p,qSp,q(m, j)
zj

p–(l–1)(m–j)[l]m–j+1
p,q

+
m∑

j=1

Sp,q(m, j)
(pz)j+1

p–(l–1)(m–j)[l]m–j
p,q

=
m∑

j=1

p–(j–1)[j]p,qSp,q(m, j)
(zp)j

p–(l–1)(m–j+1)[l]m–j+1
p,q

+
m∑

j=1

Sp,q(m, j)
(pz)j+1

p–(l–1)(m–j)[l]m–j
p,q

=
zp

p–(l–1)m[l]m
p,q

Sp,q(m, 1) + (pz)m+1
Sp,q(m, m)

+
m∑

j=2

(
p–(j–1)[j]p,qSp,q(m, j) + Sp,q(m, j – 1)

) (zp)j

p–(l–1)(m–j+1)[l]m–j+1
p,q

.
�

Remark 12 For p = q = 1, formulae (14) become recurrence formulas satisfied by the
second-type Stirling numbers from [8].

3 (p, q)-Szász–Mirakjan operators in a polynomial weighted space
Lemma 13 For given any fixed β ∈N∪ {0} and 0 < q < p ≤ 1, we have

∥∥Kl,p,q(1/wβ ; z)
∥∥

β
≤ K1(p, q,β), l ∈ l, (15)

where K1(p, q,β) are positive constants. Moreover, for every g ∈ Cβ , we have

∥∥Kl,p,q(g)
∥∥

β
≤ K1(p, q,β)‖g‖β , l ∈ l. (16)

Thus Kl,p,q is a linear positive operator from Cβ into Cβ .
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Proof Inequality (15) is obvious for β = 0. Let β ≥ 1. Then by (13) we have

wβ (z)Ml,q(1/wβ ; z) = wβ (z)Ml,q
(
1 + zβ ; z

)
= wβ (z)Ml,q(1; z) + wβ (z)Ml,q

(
zβ ; z

)

= wβ (z) + wβ (z)
β∑

j=1

Sp,q(β , j)
zj

p–(l–1)(β–j)[l]β–j
p,q

≤ K1(p, q,β),

where K1(p, q,β) > 0 is a constant depending on β , p, and q. From this (15) follows. More-
over, for every g ∈ Cβ ,

∥∥Kl,p,q(g)
∥∥

β
≤ ‖g‖β

∥∥Kl,p,q(1/wβ )
∥∥

β
.

By applying (15) we obtain

∥∥Kl,p,q(g)
∥∥

β
≤ K1(p, q,β)‖g‖. �

Lemma 14 For given any fixed β ∈N∪ {0} and 0 < q < p ≤ 1, we have

∥∥∥∥Kl,p,q

(
(t – ·)2

wβ (t)
; ·
)∥∥∥∥

β

≤ K2(p, q,β)
p–(l–1)[l]p,q

, l ∈ l, (17)

where K2(p, q,β) are positive constants.

Proof Formula (11) imply (17) for β = 0. We have

Kl,p,q

(
(t – z)2

wβ (t)
; z

)
= Kl,p,q

(
(t – z)2; z

)
+ Kl,p,q

(
(t – z)2tβ ; z

)

for β , l ∈N. If β = 1, then we get

Kl,p,q
(
(t – z)2(1 + t); z

)
= Kl,p,q

(
(t – z)2; z

)
+ Kl,p,q

(
(t – z)2t; z

)
= Kl,p,q

(
(t – z)3; z

)
+ (1 + z)Kl,p,q

(
(t – z)2; z

)
,

which by Lemma 5 yields (17) for β = 1.
Let β ≥ 2. By applying (13) we get

wβ (z)Kl,p,q
(
(t – z)2tβ ; z

)
= wβ (z)

(
Kl,p,q

(
tβ+2; z

)
– 2zKl,p,q

(
tβ+1; z

)
+ z2Kl,p,q

(
tβ ; z

))

= wβ (z)

(
zβ+2 +

β+1∑
j=1

Sp,q(β + 2, j)
zj

p–(l–1)(β+2–j)[l]β+2–j
p,q

– 2zβ+2 – 2
β∑

j=1

Sp,q(β + 1, j)
zj+1

p–(l–1)(β+1–j)[l]β+1–j
p,q

+ zβ+2 +
β–1∑
j=1

Sp,q(β , j)
zj+2

p–(l–1)(β–j)[l]β–j
p,q

)
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= wβ (z)

(
β∑

j=2

Sp,q(β + 2, j) – 2Sp,q(β + 1, j) + Sp,q(β , j – 1)

)
zj+1

p–(l–1)(β+1–j)[l]β+1–j
p,q

+ Sp,q(β + 2, 1)
z

p–(l–1)(β+1)[l]β+1
p,q

+
(
Sp,q(β + 2, 2) – 2Sp,q(p + 2, 1)

) z2

p–(l–1)β [l]βp,q

= wβ (z)
z

p–(l–1)[l]p,q
℘β (p, q; z),

where ℘β (p, q; z) is a polynomial of degree β . Therefore we have

wβ (z)Kl,p,q
(
(t – z)2tβ ; z

) ≤ K2(p, q,β)
z

p–(l–1)[l]p,q
. �

In the next theorem, we give an approximation property of Kl,p,q.

Theorem 15 Let g ∈ C2
p , 0 < q < p ≤ 1, and z ∈ [0,∞). There exist positive constants

K3(p, q,β) > 0 such that

wβ (z)
∣∣Kl,p,q(g; z) – g(z)

∣∣ ≤ K3(p, q,β)
∥∥g ′′∥∥ z

p–(l–1)[l]p,q
.

Proof By the Taylor formula

g(t) = g(z) + g ′(z)(t – z) +
∫ t

z

∫ s

z
g ′′(u) du ds, g ∈ C2

p ,

we obtain that

wβ (z)
∣∣Kl,p,q(g; z) – g(z)

∣∣
= wβ (z)

∣∣∣∣Kl,p,q

(∫ t

z

∫ s

z
g ′′(u) du ds; z

)∣∣∣∣
≤ wβ (z)Kl,p,q

(∣∣∣∣
∫ t

z

∫ s

z
g ′′(u) du ds

∣∣∣∣; z
)

≤ wβ (z)Kl,p,q

(∥∥g ′′∥∥
β

∣∣∣∣
∫ t

z

∫ s

z

(
1 + um)

du ds
∣∣∣∣; z

)

≤ wβ (z)
1
2
∥∥g ′′∥∥

β
Kl,p,q

(
(t – z)2(1/wβ (z) + 1/wβ (t)

)
; z

)
≤ 1

2
∥∥g ′′∥∥

β

(
Kl,p,q

(
(t – z)2; z

)
+ wβ (z)Ml,q

(
(t – z)2wβ (t); z

))
≤ K3(p, q, z)

∥∥g ′′∥∥
β

z
p–(l–1)[l]p,q

. �

We consider the modified Steklov means

gh(z) :=
4
h2

∫ h
2

0

∫ h
2

0

[
2g(z + s + t) – g

(
z + 2(s + t)

)]
ds dt,
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which have the following properties:

g(z) – gh(z) =
4
h2

∫ h
2

0

∫ h
2

0
�2

s+tg(z) ds dt,

g ′′
h (z) = h–2(8�2

h
2

g(z) – �2
hg(z)

)
,

and therefore

‖g – gh‖β ≤ ω2
β (g; h),

∥∥g ′′
h
∥∥

β
≤ 1

9h2 ω2
β (g; h).

We may prove the following so-called direct approximation theorem.

Theorem 16 For given any β ∈N∪{0}, g ∈ Cβ , z ∈ [0,∞), and 0 < q < p ≤ 1, we have

wβ (z)
∣∣Kl,p,q(g; z) – g(z)

∣∣ ≤ Mβω2
β

(
g;

√ z
p–(l–1)[l]p,q

)
= Mpω

2
p

(
g;

√
pl–1(q – p)z

(ql – pl)

)
.

Particularly, if Lip2
βα for some α ∈ (0, 2], then

wp(z)
∣∣Kl,p,q(g; z) – g(z)

∣∣ ≤ Mβ

(
z

p–(l–1)[l]p,q

) α
2

.

Proof For g ∈ Cβ and h > 0,

∣∣Kl,p,q(g; z) – g(z)
∣∣ ≤ ∣∣Kl,p,q

(
(g – gh); z

)
– (g – gh)(z)

∣∣ +
∣∣Kl,p,q(gh; z) – gh(z)

∣∣,
and therefore

wβ (z)
∣∣Kl,p,q(g; z) – g(z)

∣∣ ≤ ‖g – gh‖β

(
wβ (z)Kl,p,q

(
1

wβ (t)
; z

)
+ 1

)

+ K3(p, q,β)
∥∥g ′′

h
∥∥

β

z
p–(l–1)[l]p,q

.

Since wβ (z)Kl,p,q( 1
wβ (t) ; z) ≤ K1(p, q,β),we get that

wβ (z)
∣∣Kl,p,q(g; z) – g(z)

∣∣ ≤ l(p, q,β)w2
β (g, h)

(
1 +

z
h2p–(l–1)[l]p,q.

)

Thus choosing h =
√

z
p–(l–1)[l]p,q

, we complete the proof. �

Corollary 17 If β ∈ N∪ {0}, g ∈ Cβ , 0 < q < p ≤ 1, and z ∈ [0,∞), then

lim
l→∞

Kl,p,q(g; z) = g(z)

uniformly on every [c, d], 0 ≤ c < d.
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4 Convergence of (p, q)-Szász–Mirakjan operators
In [47, Theorem 1] and [48, Theorem1], Totik and de la Cal investigated the class problem
of all continuous functions g such that Kl,p,q(g) converges to g uniformly on the whole
interval [0,∞) as l → ∞. The following thorem is a (p, q)-analogue of Theorem 1 in [48].

Theorem 18 Assume that g : [0,∞) →R is either bounded or uniformly continuous. Let

g∗(z) = g
(
z2), z ∈ [0,∞).

Then, for all t > 0 and z ≥ 0,

∣∣Kl,p,q(g; z) – g(z)
∣∣ ≤ 2ω

(
g∗;

√
1

p–(l–1)[l]p,q

)
. (18)

Therefore Kl,p,q(g; z) converges to g uniformly on [0,∞) as l → ∞ whenever g∗ is uniformly
continuous.

Proof By the definition of g∗ we have

Kl,p,q(g; z) = Kl,p,q
(
g∗(

√·); z
)
.

Thus we can write

∣∣Kl,p,q(g; z) – g(z)
∣∣ =

∣∣Kl,p,q
(
g∗(

√·); z
)

– g∗(
√

z)
∣∣

=

∣∣∣∣∣
∞∑

k=0

(
g∗

(√
[k]p,q

p–(l–k)[l]p,q

)
– g∗(

√
z)

)
sl,k(p, q; z)

∣∣∣∣∣
≤

∞∑
k=0

∣∣∣∣
(

g∗
(√

[k]p,q

p–(l–k)[l]p,q

)
– g∗(

√
z)

)∣∣∣∣sl,k(p, q; z)

≤
∞∑

k=0

ω

(
g∗;

∣∣∣∣
√

[k]p,q

p–(l–k)[l]p,q
–

√
z
∣∣∣∣
)

sl,k(q; z)

≤
∞∑

k=0

ω

(
g∗;

|
√

[k]p,q
p–(l–k)[l]p,q

–
√

z|
Kl,p,q(|√· –

√
z|; z)

Kl,p,q
(|√· –

√
z|; z

))
sl,k(p, q; z).

Finally, from the inequality

ω
(
g∗;αδ

) ≤ (1 + α)ω
(
g∗; δ

)
, α, δ ≥ 0,

we obtain

∣∣Kl,p,q(g; z) – g(z)
∣∣ ≤ ω

(
g∗; Kl,p,q

(|√· –
√

z|; z
)) ∞∑

k=0

(
1 +

|
√

[k]p,q
p–(l–k)[l]p,q

–
√

z|
Kl,p,q(|√· –

√
z|; z)

)
sl,k(p, q; z)

= 2ω
(
g∗; Kl,p,q

(|√· –
√

z|; z
))

.
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To complete the proof, we need to show that for all t > 0 and z > 0, we have

Ml,q
(|√· –

√
z|; z

) ≤
√

1
p–(l–1)[l]

.

Indeed, from the Cauchy–Schwarz inequality it follows that

Kl,p,q
(|√· –

√
z|; z

)

=
∞∑

k=0

∣∣∣∣
√

[k]p,q

p–(l–k)[l]p,q
–

√
z
∣∣∣∣sl,k(p, q; z)

=
∞∑

k=0

| [k]p,q
p–(l–k)[l]p,q

– z|√
[k]p,q

p–(l–k)[l]p,q
+

√
z

sl,k(p, q; z) ≤ 1√
z

∞∑
k=0

∣∣∣∣ [k]p,q

p–(l–k)[l]p,q
– z

∣∣∣∣sl,k(p, q; z)

≤ 1√
z

√√√√ ∞∑
k=0

∣∣∣∣ [k]p,q

p–(l–k)[l]p,q
– z

∣∣∣∣
2

sl,k(q; z) =
1√
z

√
Kl,p,q

(
(· – z)2; z

)

=
1√
z

√
1

p–(l–1)[l]p,q
z =

√
1

p–(l–1)[l]p,q
. �

Our next results is a Voronovskaya-type theorem for (p, q)-Szász–Mirakjan operators.

Theorem 19 Let 0 < q < p ≤ 1. For any g ∈ C2
β [0,∞), we have the equality

lim
l→∞

[l]ql

(
Kl,p,q(g; z) – g(z)

)
=

z
2

g ′′(z)

for every z ∈ [0,∞).

Proof Let z ∈ [0,∞) be fixed. By the Taylor formula we may write

g(t) = g(z) + g ′(z)(t – z) +
1
2

g ′′(z)(t – z)2 + r(t; z)(t – z)2, (19)

where r(t; z) is the Peano form of the remainder, r(·; z) ∈ Cβ , and limt→z r(t; z) = 0. Applying
Kl,p,q to (19), we obtain

p,q
(
Kl,p,q(g; z) – g(z)

)
= g ′(z)[l]p, ,qKl,p,q(t – z; z)

+
1
2

g ′′(z)[l]p, ,qKl,p,q
(
(t – z)2; z

)
+ [l]p, ,qKl,p,q

(
r(t; z)(t – z)2; z

)
.

Applying the Cauchy–Schwarz inequality, we have

Kl,p,q
(
r(t; z)(t – z)2; z

) ≤
√

Kl,p,q
(
r2(t; z); z

)√
Kl,p,q

(
(t – z)4; z

)
. (20)

Obviously, r2(z; z) = 0. Then it follows from Corollary 17 that

lim
l→∞

Kl,p,q
(
r2(t; z); z

)
= r2(z; z) = 0. (21)



Kara and Mahmudov Journal of Inequalities and Applications        (2020) 2020:116 Page 15 of 16

Now from (20), (21), and Lemma 5 we immediately get

lim
l→∞

[l]p,qKl,p,q
(
r(t; z)(t – z)2; z

)
= 0.

The proof is completed. �
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