Alotaibi Journal of Inequalities and Applications (2020) 2020:121 ® Journal of Inequalities and Applications
https://doi.org/10.1186/513660-020-02382-0 a SpringerOpen Journal

RESEARCH Open Access
()]

Check for
updates

Approximation on a class of Phillips
operators generated by g-analogue

Abdullah Alotaibi'”

“Correspondence:
mathker11@hotmail.com Abstract
Operator Theory and Applications

Research Group, Department of The main purpose of this article is to introduce a new generalization of g-Phillips

Mathematics, Faculty of Science, operators generated by Dunkl exponential function. We establish some
E'“%A:d‘é'_az'z University, Jeddah, approximation results for these operators. We also determine the order of
audl Arabla

approximation, and the rate of convergence in terms of the modulus of continuity of
order one and two. Moreover, we obtain some direct theorems.

MSC: Primary 41A25; 41A36; secondary 33C45

Keywords: Bernstein operator; Szész operator; g-Phillips operator; Dunkl analogue;
Modulus of continuity; Weighted modulus of continuity

1 Introduction

Bernstein polynomials play a very important role in approximation process. For a posi-
tive integer # = 1 and a function g defined on [0, 1], Bernstein defined the positive linear
operators B, : C[0,1] — C[0,1] by

n
n k
B\gx) =) ( )xku —x)"'kg<—), xe[0,1]. (1)
k n
k=0
For some recent work on Bernstein operators, we refer to [21, 26, 27, 32, 46]. In 1950, Sz4sz

defined the operators [48]

Sm(gix)=e™

& k
(”:f) (%) (x € [0,00),m € N) (1.2)
k=0 :

for a continuous function g on [0, 00). The construction of Szdsz type operators is accom-
plished, by a newly parameter x = 0, and it is known as the Dunkl generalization. It was
given by Sucu [47] with the help of [43]. The g-Hermite type polynomials were introduced
by Cheikh et al. [13] by applying a new parameter « > —%. The exponential functions and
recursion formula on the Dunkl generalization are given by

m o0 m(m-1)

oo
x X"
e q(x) = Z ——, and E,x)= Z 1

, _—, 1.3
< Yalo) Vgl 3

m=0
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1 _q2/<0m+1+m+1
Vealm +1) = <1f)yw(m>, meN, (14)
0 ifm=2,4,6,...,
m = (15)
1 ifm=1,3,5,....

We recall the basic information regarding the g-calculus:

17 M
qu forg#1,neN,
[nl;=11 forg=1,

0 for n =0, (1.6)
1 forn =0,

[Tii[kl; formeN.

are the g-integer [n], and g-factorial [#],!, respectively. Ic6z and Cekim [17] wrote the

Szdsz operators as follows:

D 3X) =
m,q(g ) e

1 & (fm)gt (1—42”“"). w7)

/c,q([m]qx) =0 Vk,q(k) 1-g"

Recently, the Szdsz operators have many improvements and modifications in approxima-
tion process (see [1, 24, 25, 35, 42]). The g-analogue of some other interesting operators
has been studied in [2, 37, 45, 49] and the references therein. An additional approach to
improving the quantum calculus is post-quantum calculus via these types of generaliza-
tions; it was proposed in [3-5, 7, 8, 18, 23, 28, 33, 34, 36] (see also [39, 40]).

In this manuscript, we emphasize a new generalization of ¢g-Phillips operators by intro-
ducing the new parameters and increasing and unbounded sequences of positive num-
bers. For more details of the approximation to classical Phillips operators via the Dunkl
type version, see the recent article [38]. We study the convergence results in modulus of
continuity of order one and two. Moreover, we investigate the rate of convergence for
functions belonging to the Lipschitz class and also prove some direct theorems. For fur-
ther information and the results used in this article we mention here some related articles
(see [6, 19, 22, 44]).

2 Operators and their associated moments
Let {etpm), }m>1 and {Bpm),}m>1 be the increasing and unbounded sequences of positive
numbers such that

1 Um 1
lim —— —0 and -k :1+O(—>. (2.1)

m—=00 B, B, [mlq
For m =1,2,..., we denote the nodes V,, by

1
Vu=m+26,, k> —3 (2.2)
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For all x € [0,00), n € NU {0} and every g € C,[0,00) = {f € C[0,00) : g(¢) = O(t"),t —
oo} with 1 > 1, we define

S (&5 Ut r Bimy 5 %)

), N4 e (=0t t)(@pm), 1) ( U] )
— N f 1 1 i—2t)d,t, 2.3
QquM@EZ at) [Vilg! 4t Bomg )" >

where
(Ol[m x)’ (V))(Vj+1)
Tomg®) = z
. Vi q(/)
Definition 2.1 For all m >0 and g € (0, 1), the generalized g-Gamma function is defined
by
1/1-g
I,(m) = f xm’lEq(—qx) dx, m>0, (2.4)
0
00/K(1-q)
yqK(m) = / x”’_leq(—x) dx, m>0, (2.5)
0

where I',(m) = L(K; m)yK(m) and L(K;m) = lKK”‘(l + %);”(1 + K)Z“l. Moreover, in par-

m(m— m(m-1)
ticular for any positive integer m we have L(K;m) = q % and Iym)=q 2 ' yqK(

m),

which also satisfies the following equation:

(m), Iy (m) form >0,

Iym+1)=
1 form = 0.

(2.6)

For more details, see [15].

Lemma 2.2 Let S;‘l’q( -;-) be the operators defined by (2.3). Then we have:

M) S (L, Bumg®) =1,

Amly 1
2 S (&apm,, Bum,x) =( >x+ ,
m,q miq? Flmlq :B[m]q q,B[m]q

(1+q) Afml, (1+2q
613(,3[m]q)2 Bim)* \ ¢

2
+ (Ot_[m]q) X2,
Bim,
1+q)(1+g+4%

q°(Bim),)?

_ %my 2 3
1+3g+4qg° +3
* By (30T 4 5T)

+q°(1+29+3¢%)[1+ 2], + ¢°[1 + 2]} }x

B) S, (85 pm) Bim) 3 %) <

+[1+ 2K]q)x

@) Sy, (5imyr Bumy3%) <
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a[m]q

* q*(Bim,)?

3
.
+ (—[ ]q) X,
IB[m]q
(1+g)1+2g+3¢%+3¢% + 29" + ¢°)
7" (Bym,)*

{a(1+2q+34%) +3q*[1 + 2], }#°

(5) Sy (t52m1ys Bumiy3%) <

o
+ 7lq ” {(1+4q+ 8% + 124° + 124" + 9¢° + 4¢°)
q°(Bim,)

+ q2(1 +3q+7¢* +99° +9q* + 6q5)[1 + 2K,
+q°(1+2q+3q° +44°)[1 + 2¢]2 + °[1 + 2]} }x

(©[m),)?
q*(Bim,)*

+q"(1+2q+3q" +4q°)[1 + 2] + 7¢°[1 + 212}

{a(1+3q+74* +94° + 9q* + 6q°)

(@fm),)?
q’ (Bim,)*

4
o
+ (_[m],,) a2,
Biml,

Proof From the generalized g-Gamma function defined by Definition 2.1, we see that

{q3(1 +29+3¢* + 4q3) +6q°[1+ 2/(],1}963

/ o e g (~Clim)y ) (@pm, ) (qv; Xmlq t)ud t
0 (Vilg! Bimg )
1 1 G

oo/1-q
= (V)) Vi+u
N 1 * WI/ (o, 1) 7 e g (=0t D), gt

a[m]q(ﬁ[m]q)u [V]]q! 0 g o mlq mig ~q

NV oo/1-q
Ay (Bom )" [Vilg! 0 ’

1 L S0 w1
a7 R A A
[mlq\Plmlq jq*

_ 1 1 q(v,)(zvj+1>+u<vj) [V +uly!
Ol[m]q(ﬂ[m]q)” [Vilg! qw
1 Vi+ul! 1

Aty (B )" [Vilg! q%.
If u = 0 then g(¢) = 1, and hence

Uy o @ ®) [V

ek,q(a[m]qx) =0 Vk,q(/) a[m]q[vj]q!

S;kn,q(l; Ol[m]q’ ﬁ[m]q;x) =

=1.
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If u =1, then g(¢) = ¢, hence,

) N @) [+ 10
Bumlyeea(@im®) ‘=5 Vea () qlemm,)?[Vjle!

S g (& s Bim) 5 %)

1 (Y
= "l - [Vj + 1],1
qﬁ[m]qu,q(a[m]qx) =0 yK,q(])
3 1 it (a[m]qx)j
qlg[m]qek,q(a[m]qx) =0 VK,q(i)
1 i (a[m]qx)j
" Bunyea @y G
[m]qe’(;q a[m]qx j=0 yK)q
(e )z
={—)x+ .
B, qBim),
Take u = 2, then, for g(t) = £, we have
(Ol[m]q)3 > (a[m]qx)j [Vj + Z]q!

Sk (5 opmy,» Bum %) = .
m,q( brla> Plmlg ) (ﬂ[m]q)zek,q(a[m]qx) =0 Vk,q(]) qg(a[m]q)?)[vj]q!

1 it (a[m] x)]
= L[V +2],[V; + 1],

qS (:B[m]q )ze;{,q (Ol [m]qx) =0 VK,q(])

1 it (a[m]qx)j

qS (ﬂ[m]q)ze;{,q(a[m]qx) =0 VK,q(j)

x {1 +q) +q(1+ 29[V}, + °[V)]7})

_ (1+¢q) . (x[m]q(l + 2q)x
@ Bim,)?* ¢ Bum,)?

[ee]

N 1 (a[m]qx)j
(ﬁ[m]q )zek,q(a[m]qx) =0 Yiea ()

Vil

From [17] and by (1.7), we use

1 it (a[m]qx)k

eK,q(a[m]qx) =0 y/(,q (/)

efc,q(qa[m]qx)

Um),%s
Ceq(@pm,x)

(V)12 = (@pm,)® + g7 [1- 2],

1 > (a[m]qx)k

Ceq(@m %) =5 Veal)

[Vj]; < (tpm,®)* + [1 + 2] g0ty 5.

For u = 3, g(t) = £ and for u = 4, g(t) = ¢, we get

_ 1 > (a[m]qx)j
f(ﬂ[m]q)sek,q(a[m]qx) =0 Yiea ()

S;;l,q (t3; a[m]q’ ﬂ[m]q’x)

[V] + S]q[V, + 2]q[V1 + l]q

Page 5 of 15
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and

1 ey (Y

qlo(ﬂ[m]q )4el(,q (a[m]qx) =0 Yiq 0

an,q(t4;a[m]q,ﬂ[m]q;x) =
x [V +4],[V; + 34V, + 2]4[V; + 1],
From [37] we know that

[V, +3],[V; + 2], [V; + 1],
=1+q9)(1+q+q) +{a0+29)(1 +q+¢*) + 1+ D}V,
P (1+q+ ) + 4" 1+ 29} [V]]} + IV,
[V +41,[V; + 3], [k + 266, + 2],[V; + 1],
=(1+ q)(l +2q + 3q2 + 3q3 + 2q4 + q5) + {q(l + 2q)(1 +2q + qu + 3q3 + 2q4 + qs)
+q°(L+q)(1+2q +24° + 24°) }[V)],
+ {q3(1 +29+3¢> +34° +2q" + qs) +q* 1+ 29)(1 +2q + 24° + 2q3)
+q' (1+9)} V]

{a°(1+2g+24° +26°) + ¢ (1 + 29)} [V}]] + ¢ [V},

Clearly by D, ,(f;x) in [17]) and from [37] for g(¢) = £* and g(¢) = t* we get the result. O

Lemma 2.3 Take U; = (t - xy for j=1,2,3,4 and Smq = \/S;‘q‘q(U,;a[m]q,,B[m]q;x). Let
S;"n,q( -;-) be the operators defined by (2.3). Then, for all x € [0,00) and 0 < q < 1, we have

* . . _ a[m]q _ 1
Sm,q(UI) a[m}q¢ ,B[m]qxx) = (ﬁ[m]q 1)x + ‘Iﬁ[m]q and

(1+q) %m

lq 2 _ “mlg _ 1y2,2
@ (Bl * (@Bim)g)? (L+2q + q°[1+ 2]q = 2qBjm),)x + (ﬂ[m]q )
forj=2,
(1+q)2 2(1+q)x

g 2
(8ma)? = F G @ (1+2q +q*[1 + 2c]g — 2qBpm, )%
mq) =

(@[m)y) 3 ) 2ieg) Yy )
[(qﬁ[m]q)“ (1+2q +q°[1 + 2c]g = 29Bim),)” + W(M - 1)
20l[m] o[y @]
(qﬁ[m]qq)z (1 + 2q + q2[1 + 2K]q - Zqﬂ[m]q)(ﬁ[m]z — 1)2x3 + (ﬁ[m]Z _ 1)4x4-
forj=4.

3 Approximation by Korovkin’s theorem

Korovkin’s theorem has many applications and useful connections between the branches
of mathematics and classical approximation theory (see [9]). In a very general context
it is possible to define the Korovkin theorem presented in [9], so that it can be used in
applications for the best approximation. Now we approximate the operators Sy, . (-;-) by
using Korovkin’s theorem. Let g = g,,, with g, € (0,1) and let ¢ be a fixed positive constant

such that
lim g,=1 and lim g, =c. (3.1)
n—00 n—0o0o

Page 6 of 15
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Theorem 3.1 Let {a,, }n>1 and {Bm,, }m>1 be the Sequences satisfying (3.1). Then, for
every function g such that {g: g € C[0,00) Nx € [0,00), and g zsﬁmte when x — 00},

W}i_{noo S & Ul gy Biml g3 %) = 8(%)
uniformly on each compact subset of [0, 00).
Proof The well-known Korovkin theorem implies that

lim S* (ti;a[m]qm,ﬂ[m]qm;x) = xi, i=0,1,2.

m—> 00

Clearly, from (2.1) and (3.1), we see that

. « 2 2
g 85 i B i) =2 1 S (5, B, 8) = 5
This proves the theorem. O
We recall that

X1,a)[0,00) = {g 1 |gx)| < Co(1 +47)},
Va2)[0,00) = {g : g € C[0,00) N X,,2)[0, oo)},

Vtea2y10,00) = {g :g € Ya,42)[0,00) such that lim 8w) - },

x—o0 14+ x
where o is positive constant and C; is a constant depends upon g.

Theorem 3.2 Forallge )’ Ges?) [0, 00), we have

lim |8y, . @ Qg Bilgy) = &l 11a2) = O-

m— 00

Proof Take the test function g(¢) = t* for p = 0,1, 2 and use Lemma 2.2. From the Korovkin

theorem we know, for every g(¢) € J? (Lex2) [0,00), 5,

on [0,00), as m — co. When S;;, . (1;a(m),,, » Bim,,, s %) = 1, then clearly

(&5 )y, » Bimly, 3 %) — #F uniformly

Jim (S5, (L@, Bmtg) = ] 1,2 = © (32)

In the case of g(£) = t*

1St (&5 il g Bl g3 %) — ]
|| mqm(tam]qm’ﬂ[m]qm) x” (1+42) =Ssup lm 2 =
*20 + X

a[m]q X 1 1
=[——-1]) sup 5+ sup 5
IB[m]q x€[0,00) 1+x qmﬁqm x€[0,00) 1+x
Clearly, in the view of the results by (2.1), we see that

im |85, (6 @mgr Bimly) = %[ 1112 = 0: (33)

m— 00
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Similarly,

1S g (B3 Xl Bl %) — %

1+ x2

%

100 (5t B ) =51 = 50
X

2 2

o X
= (—[m]q”‘ - 1) sup 5
Bimlgy, x>0 1+%

g (1 +2qm ) x
+ +[1 + 2«]g, | sup
Bumg, >\ a2, ") ezo 1+42
L1+ 4m) 1
Gy (Bimlg,)* x>0 1 +42
Thus,
Jim 5 (50,0 By, ) =4, =0 (3.4)
This completes the proof of Theorem 3.2. d

4 Order of approximation
Let g € Cy[0,00) denote the set of all continuous functions on [0, o) satisfying |g(x)| <
ae®* for all x € [0, 00) and where a, b are positive constants. For a given §* > 0, the modulus

of continuity of the function g is defined as

w*(g;8") = sup |g(x1) — g(x2)]- (4.1)

|x1-x2| S8% 1,42 €[0,00)

Note that

(1) - g(x)| < <|xl§+x2| + 1>w*(g;8*). (4.2)

For all g € Cg[0, 00), the modulus of continuity of order two is defined by

w3 (g:6%) = sup  |lgly+2¢) - 2g(y + £) + g) || Cal000)" (4.3)

0<t<68*,y€[0,00)

where Cp[0,00) is defined as a class of all real valued functions on [0, 00) which are
bounded and uniformly continuous with the sup norm defined as |gllczi0,00) =

sup,> |g(x)[.

Theorem 4.1 For all g € Cg[0,00) and q = q,,, with the property q,, € (0,1), we have

|S;knqu (g;a[m]qm ’ ﬁ[m]qm ;x) _g(x)|
1
(1 @m, m | & ’
= ( 4/ Omg (x))w <g /—ﬂ[m]qm )

(1+q)
q3

where 0y, 4,,(x) =

am
+ %(1 +2q + q*[1 + 214 = 24 B, )% + (X, — Bim, ).
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Proof In the light of (4.1), (4.2) and the Cauchy—Schwarz inequality, we see that

| St & il s Bimlgy, i %) — (%)

oo

- g, i e (<D, (], B
(")/ v,

lg(®) —g()| dg,,t

o eK,qm(a[m]qu) 0

pm) =
_ Tmlgm T*
Z Qm

€. qm (0] qu 0

H/\

X /w/l_q’" €an (—img,, ) (@, 1)V 1+ i|t_x| dg,, tw*(g; %)
0 Vil 5 mie

1 Almlgyn "
:{5_*< : x)zfnqm

€ Am (Ol[m]qm

X /00/1 W € (Xmlgyt) (@1l E) /(It—xl)d t]+1fw"(gs)
0 [Vi]q! "
1 Um] .
<14 | e STy
[ &* [ex,qm (C([m]qu) ; m'qm
1

oo/1-qm €eq (—a[m]q t)(Ol[m]q t)vj 1 ’
Am m m 1 —(t — 2 d t * ’8*
x /(; [Vilg! ( ¥ 3*( & > o ¢ (g )

- { ol M ((t—x)zm[m]q’ﬂ[m]q;x))% }a)*(g;é*).

If we take §* =4 = m then we easily get the results. O

Corollary 4.2 Ifwe choose 5;,, =S, . (- %)% &l Bimlgy, s %), then

mqm
| I qm (g;a[m]qm,ﬁ[m]qm;x) _g(x)| § 20" (g’ Sz,qm)‘

5 Rate of convergence
For all g € C[0,00) and A;, A5 € [0,00), the set Lip,(£) is defined as

Lipc(€) = {g: |g(h1) — g(Aa)| £ Cla1 = 1al*}. (5.1)

Moreover, for any x € Cp[0, 00) one has the supremum norm

Il llcgl0,00) = sup|x (¥)|. (5.2)
x20
Let
C2[0,00) = {X :X,X/,X//GCB[O,OO)}, (5.3)

”X ”CE[0,00) = ”X ”CB[0,00) + ” X/ ”CB[O,OO) + ”XN ”CB[O,OO)' (54')

Page 9 of 15
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Theorem 5.1 Let the sequences of positive numbers (&), },>1 and {Bym,, }m>1 be de-
Jfined by (2.1). Then, for each g € Lip¢(§) the operators S, . (-;-) satisfy

|S,’Lqu (& m,y,» Bimlgys %) — )|

(1+gm) Apm]
< C{ + dm
- 2B, (@Bum,,)

a 2 )%
+< g, _1) xz}
Bimg,

Proof We use the result by (5.1):

S (1+ 2 + qp, [1+ 214, = 2GmPBim,, )%

’ mqm (g;a[m]qm ’ ,B[m]qm ;x) —g(x)‘ | m (g(t) —g(x);oz[m]qm , ﬂ[m]qm ;x)}
< Sy (28) —g@)];
< CS;;,qm (It - x|§;x).

’ ﬂ[m]qm ; x)

Therefore,

|S:1qm(g qm’ﬁ[m]qm’x) g(x)|

0o/1-gm ¢ —o B 1)V
Qg ZT;% *) / cam (=%mlgy, : oD d,, ¢
eK dm (O‘[M]qm [Vilg!

I/\

[ee]

Ca[mi]qm) Z( mqm(x))TE( ritc,q (x))

e)(,qm (a[m]qm =0

A
[0y

o/l-qm ¢, (- B 1)V
X/ am (=@, )X, 1) t—xld, ¢
0

[Vilg!

2—

4
i

Ul Nm eg (~ iy, 0 (@, )Y
< qm qm
_C< )Z s | 2 ot

€ic.qm (@l ®

&
2

€ qdm (a[m]qm

o, ) 00/1-gm eqm( Amlg,, )(Ol[m]qm )
3 (7@27@(@ | v dqm>

N\m

:C( mqm(t x) a[m]qm’ﬂ[m]qm’x)
This completes the proof. O
Theorem 5.2 Forall x € CIZ;[O, 00) defined by (5.3), we have

Amgn (%)

) + @m,qm (x)> Il x ”C%[O,oo)’

[Sgn O iy, i, 59) = X ()] = (

(1+qm) "‘]qm
where A, g, (%) = BBty | @B

1)26% and O,,,,,(x) = (ﬁ ~1)x+

7 (1+ 2 + 42,1+ 26g,, = 2Gm By, )% + ( ﬁ["”qm -

1
4Bimlg,,

Page 10 of 15
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Proof Take x € C3[0,00) and ¢ € (x,£). On applying the linearity on generalized mean
value theorem of Taylor series, we conclude that

S OG Ll s Bimlg3%) = X ) = X' @)y, o (¢ = X); Xy, » Bimlg, %)
x"(®)
+
2

S (= 20550011, Bimlg, 3 )-

Therefore,

ISt s (X5 Xl B3 %) — X (%)

Am] 1
R
- {(ﬂ[m]q o q:B[m]q ”X ”CB[O’OO)

{ (Lt gm) Yoy,
a5, Bimy,)* (@mBim,,, )

2 "
o
n ( Unhn1__ 1) :¥2}||X ”Ch[Qoo)'
Bl 2

From (5.4) we easily see that

(1 + 2, + qfn[l + 2k, = 2qmPBim,, )x

| a0 O il Biml 3 6) = X ()|

) 1
< —qm—l)x+ 4}”)(” 2
= C il
{(ﬂ[mlqm G Bimy,, 51020

{ (1+gm) P
g, Bimy,)* (@mBim,,, )

2
.\ (O([m]qm B 1) xZ} ”X”Cé[o,oo)'
Bumg, 2

This completes the proof. d

(L+2gm + qp,[1 + 26, = 2qmBim),,, )%

6 Some direct theorem
Let g and @ € C3[0, 00). For a given §* > 0, the Peetre’s K-functional [41] is defined as

K(g;8*) = inf{llg - @llcgpo00) + 8* 1P IICé[o,OO)}, (6.1)

D=

K(g;(S*) S Wl (g; (5*) ), (6.2)
where j} is the modulus of continuity of order two defined in (4.3). By [14], there exists
an absolute constant C > 0 such that

K(g:8*) < C{w}(g;/6*) +min(1,8%) gl }. (6.3)

Moreover, in the spaces of weighted modulus of continuity for each arbitrary g €
y(” )[0, o0) we have [10]

1+x2

o Y lg(x + u) — g(x)]
2%(g; )—@;ﬁg LD 1e )’ (6.4)
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lim 2*(g;8%) =0, (6.5)
lg) - g0 < 2(1 . "f(;f'>(1 £ (69) (L4 2) (1 + (- 2?) 2" (g357), (66)

where t,x € [0, 00).

Theorem 6.1 For all g € Cg[0,00) and q = q,,, with the number q,, € (0, 1), we have

| S & Xl Bl 5%) = €|

Ap O . Ay O,
g 26{0)3 (g;\/ rqm(x) + ﬂm(x)> +mln<1’ :qm(x) + vqm(x)) ||g||CB[(),OO)},

4 2 4 2
where C is an absolute positive constant.

Proof Let @ € Cg[0,00). Applying Theorem 5.2, we get the result asserted by Theorem 6.1.

Therefore,

| (& X ﬁ[mlqm ;%) — g ()|
< [ S (€ = PV iy, 2 By, %) |
- |S,’;,qm(<1>;a[m]qm,ﬂ[m]qm;x) - D ()| + |glx) - ()]

A m,qm (x )
2

Am,qm(x) + @m,qm(x) 1D 2
4 2 <

< 2llg - llcy000 + ( + Orma (x)) 12l e300

= 2(|Ig— Dl cpio,00) +

On taking the infimum over all @ € Cf;[O, 00) and applying the result (6.2), we get

A g (%) . Orgom (x))

| St & il s Bimlgy, i %) — (%) §2K<g: 4 5

Therefore, from (6.3), we get an absolute constant C > 0 such that the result holds. (]

Theorem 6.2 Foreach g e (1 ) [0, 00),

S, 3 Qmly,, Blmly,, %) — g(x
sup S P 58N 1, )2 5 i),

E[0Fie g () I -

where N' = 2(1 + N7 + 2¢/2\5) and W, (m) = max{Y1,n,, Vong,,» Vang, ) With Vi, =

(1+qm) Al gy Xl 2
m7 Yo,ng,, = @Pim " 2(1+2qm+qm[1+2K]qm 2Qm,B[m]qm)ll”ld)/anm (ﬂ[ ]Z -1)=.

Proof From (6.6), we have

| St & il s Bimlgy, i %) — €(%)|

<o(1+ (7)) (1 +42) 2" (g:5°) (1 v St (6= 0Py, By, )

Page 12 of 15
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t—x
+ S;;qu <(1 +(t— x)z) |6—*|;Ol[m]qm, ﬁ[m]qm ,x)) (6.7)

From the Cauchy—Schwartz inequality obviously

|t — x|
S;:”v‘hn <(1 + (t _x)z) §* ;a[m]Qm’ﬂ[m]qm;x

[SE

<28 q (1+ (¢ = )50y By 5%))

o )
x (an,qm(%;aw]qm:ﬂwm;x)) « (6.8)

From Lemma 2.3, we easily conclude that
S (€= 2035001, Bimlg3%) S Wi, () (1 + 2+ 5°),

where

(1 +qm) A[mly,,
qsm(lg[m]qm )2 ' (qm,B[m]qm )2

2
(Go=-1) }
By,

There exists a positive constant C; satisfying

Y g (M) = max { (1 +2q, + qfn[l +2K]g,, — 2qm,3[m]qm),

S:n,qm ((t —x)2;a[m]qm,ﬁ[m]qm;x) < /\[1(1 x4 xz)' 69)
Similarly,
S (£ = )55 @l Bimlgy5%) S Puogn () (1 + % +2° 4567 + 2%, (6.10)
where
%-K,qm (Wl)
(1 + qm)2 |:2(1 + qm)a[m]q )
= max , (1 +2qm + q,,[1 + 2]y, — 2gmP ,
{ q?,, (ﬂ[m]q)4 (qgnﬁ[m]qm )4 ( m m q m [m]qm)
(a[m]q )2 )
T (14 20 + 3, [1+ 261, — 24P
[ (qm,B[m]qm )4 ( Im + dm q AmPlm] g, )
+ 2(1 +qm) <Ol[m]qm ~ 1>2]
T (Bimlg,,)* \ Bimly,, ’
_ 2y,

2
Ulmlg,,
(1+2gm + a1+ 2]y, — quﬁ[m]qm)<£ - 1> ,

(@mBim,, )* Bimly,

4
(=) }
Bimlg,
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Since {o,} and {Bpu,} are the sequences satisfying (2.1) and lim,—, « g = 1, there
exists a constant V5 > 0, such that

1 1
(S:;l’qm (1 +(t— x)4;a[m]qm s Bimly,, ,x)) 2 <N, (2 FXAXT X+ x4) 2, (6.11)
Clearly in the light of (6.7)—(6.11), we conclude that
(t - x)? b1 ! Wl
<anqu(W;a[m]qm,ﬁ[m]qm;x>> § 8_*(lp’(rqm(m))2(1 + X+ X )2, (6.12)

Thus by combining (6.8)—(6.12) in (6.7) and if we put §* = , /¥, .. (m) and taking the supre-
mum over all x € [0, ¥, 4,,(m)), we get the result. O

Remark 6.3 For future work, some convergence properties of operators through summa-
bility techniques (see [11, 12, 16, 20, 29-31]) can be examined.
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