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Abstract
For a positive integer k, let

B (1 7qm)4k ;
F@) = 1_[ W = Z a (Mg

n>1 n>0

be the eta quotients. The coefficients a;(n) can be interpreted as a certain kind of
restricted divisor sums. In this paper, we give the signs and modulo values for a;(n)
and a,(m) and calculate several convolution sums involving ax(n).
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1 Introduction

The study of arithmetical congruences is classical in elementary number theory, and such
investigations have been carried out by several mathematicians including Ramanujan and
Glaisher. For d,m,n € Nand r,s € NU{0}, we define some divisor functions for our further

use:

oim)i=Y_d'  Gm= Y d- Y d oylmm= Y d.

dln dln dn din
d=" (mod 4) -4=2 (mod 4) d=r (mod m)

We also use the following convention:

os(n):=0 ifné¢Zorn<O, o(n):= ol(n):Zd.
din

The exact evaluation of the basic convolution sum

n-1

> o1(Kor(n k)

k=1

© The Author(s) 2020. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended use is not permitted by
statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a
copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13660-020-02368-y
http://crossmark.crossref.org/dialog/?doi=10.1186/s13660-020-02368-y&domain=pdf
mailto:kdaeyeoul@jbnu.ac.kr

Hwang et al. Journal of Inequalities and Applications (2020) 2020:104 Page 2 of 23

first appeared in the letter of Besge to Liouville in 1862 [1]. The evaluation of such sums
also appear in the works of Glaisher [5], Lahiri [11], Lehmer [12], Ramanujan [18], Sko-
ruppa [19], and Williams [20]. For instance, Ramanujan obtained the identities

n-1

> o1(k)or(n—k) = 11—2 (503(n) + (1 - 6m)o (1)), (1)

k=1
n-1

Zal(k)ag,(n k) = (210‘5(7[) + (10 — 30n)o3(n) — o1 (n)) (2)
k=1

and

n-1

3 0s(K)os(n - k) =

k=1

120 (07(1’1) o3(n)) 3)

using only elementary arguments. For 4, b, n € N, Ramanujan showed that the sum

n-1
San(m):= Y oK)y = k)
k=1

can be evaluated in terms of the quantities
Oarbe1(n), Ourb-1(n), ceey o3(n), o1(n)
for the nine pairs (a, b) € N? satisfying

a+b=2,4,6,8,12, a<b,a=b=1 (mod?2).

Let
F(g)* = 1"[( —a" =" am)g™ )
v n>1(1+q2n 2k m>0 ‘ T
Gl@)=q[[(1-4*)" =Y ctmq™, (5)
n=1 m=>0
Hig=q[[(1-")’(1-4")" =D 2mq", ()
n>1 m=0
and
Y@ =[] -a)" (1-4")" = " exlm)q™. (7)

n>1 m=>0

Here q denotes a fixed complex number with |g| < 1, so that we may write g = €7, where
Im(z) > 0. For k = 2, the right side of (4) becomes

(Z ﬂ1(”)@"> : (Z ay (M)q’") =3 akay(n - k)g"
n>0

m=>0 n>0 k=0
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So we note that

Y amg =) Y aka(n-k)q". (8)

n>0 n>0 k=0

More precisely, we prove the following theorems.

Theorem 1 Let n = 2%m be a positive integer with (2,m) = 1. Then

<0 ifn=1(mod4)ora=2,
a1(n) =0 ifn=2 (mod 4), )
>0 ifn=3(mod4)ora=>3.

In particular, we get:
(1) If n=3 (mod 4), then a;(n) =0 (mod 16).
(2) Ifn=1 (mod 4), then

4 (mod 8) ifn is square,
ap (}'Z) =
0 (mod 8) otherwise.

(3) Ifa>2,then

8 (mod 16)  ifa =2 and n is square,
) 0 (mod 16)  ifa =2 and n is non-square,
an) =
24 (mod 48) ifa > 2 and nis square,

0 (mod 48) otherwise.

Remark 1 Using computer program, L. Pehlivan and K.S. Williams found exact formula
for a;(n) in [17, Theorem 1.2 (ii)] and [21, Table 1]. On the other hand, we will prove
Theorem 1 using basic arithmetic tools.

Theorem 2 Let 21 = 2Xm be an even positive integer with (2,m) = 1. Then

<0 if2n=4(mod 8),
ax(2n) (10)
>0 otherwise,

and ay(2n) = 0 (mod 1603(m)). In particular, a;(4l + 2) = 1603(2/ + 1), (8] + 4) =
—14403(2] + 1), and a,(81) = —16(03(2]) — 2503(/)) for I € N.

Theorem 3 Let m and r be positive integers. Then

Z :
_ 4
al+az+--+ar=m

a1,a,...ar odd
0<t;<a;

€(t1,a1—t1,mmtyar—ty) 1 r
) 6(t1)6(“1 - tl) T 6(tr)6(ﬂr - r) = (‘5) er(m)-

Here e(ty,a1 —t,....tr,a, —t,) :=#{t; =00ra;—t;=0|1 < i,j <r} and 5(0) := 1.

Page 3 of 23
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Similarly, we get

aj+az+-+ar=m j=1
ai,a2,...ar odd a,#l

Z H(O’(ﬂ) ZZO'(t Yo (a; —t; > =¢,(m).

Using the theory of modular forms, we can also get several convolution sums.

Theorem 4 Let n > 2 be an integer. Then we have

2 o(k)o(n-k)= @(%) - 1803(Z> + 3203(3) + %&(n) - %el(n).

55 (n— k) = ag(g) - S X0~ Sea(),

where x is the nontrivial Dirichlet character modulus 4.

To state the next theorems, fori=1,2,...,7, let

i e} (1 _qn)1472i(1 _q4r1)6(1 _q16n)2i72 B 00 )
q g (1—g?)7i(1 — g®n)i-1 = Z t;(n)q", (11)

and put

99

T(n) := %tl (n) + 6—4t2(n) + %tg(ﬂ) + §t4(n) + %%(71) + 6tg(n) + 4t7(n). (12)

Theorem 5 Let n > 3 be an integer. Then we have

Y (a5 (@5 (as)

ajt+az+az=n

ay,azaz>1
(—1)”T+1 z—ééag(n) - 1—360(11)) +T(n)— %el(n), ifnis odd,
303(2) + T(n), ifn=2 (mod 4),
=1305(3) + 203(%) - Zos(§) + 20(4) + T(n), ifn=4(mod8),
$05(4) — 205(%) + 1605(1%)
+ %0’3(%) - 27703( ) + 24o3(3) + %6(;4), ifn=0 (mod 8).
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Table 1 Identities of convolution sums

Identities of convolution sums Reference

Zk . m Yo (N — k) M

Zk:1 a (ko (ny —k) Theorem 4

Y a1+aytaz=n; 0 (a1)0 (a2)0 (a3) [11], 120, p. 148]
ay,a,a3>1

D_ay+ay+az=n, 0 (a1)6(a2)G (a3) Theorem 5
ay,a,a3>1

Y aq+ay+az+ag=n3 0 (a1)0 (a2)0 (@3)0 (a4) [11], 20, p. 158]
a1,02,03,04>1

Y _ay+ay+as+ag=n3 0 (a1)0(a2)0 (a3)0 (da) Theorem 6
a1,a,03,04>1

Theorem 6 Let n > 4 be an integer. Then we have

Z 0 (a1)0 (a2) (as)o (as)

ay+ajy+az+ag=n
a1,a2,a3,a4>1

(- 1)7(25605("1) U(Vl))+T(n) 2o(n) - Zei(n), ifnisodd,
= s7(5) + 308+ 700 = 320 = o) ifn="2(mod 4),
—136 ( )+ 07( )+ 805(4)+§03(2) 271703(%)
= + —0(—) + T(n) — —D(n)— ﬁez(n), ifn =4 (mod 8),
~Loa(2) + Roy(2) + Log(2) - Eog(2)
+1605(%) + 203(4) — Fo3(%) + 1203(%)
+E5( n) — 1D( )— 1722(;1) ifn=0 (mod 8).

Remark 2 Comparing old results on convolution sums with Theorem 4, 5, and 6, we have
the Table 1.

For similar results, see [10], [16].

2 Proof of Theorem 1
In [4, p. 23], we find the curious identity

il : (1-g")* 1 8sin? g 3@ Y neos (k- nju. (13)

_ n 212
1-2g"cosu + g**) s

nzl nk=>1

Putting u = 7 into (13), we get

1
1_[((14_;22)2 _4ZqNchos(k—H)%. (14)

N>1 nk=N
nk>1

We obtain three cases:

n  if (k—n) =0 (mod4),
71.c0s (k—n)% =90 if(k—-n)=1(mod?2), (15)
-n if (k—n)=2 (mod 4).

Page 5 of 23
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By (14) and (15) we get

Mirgp =S 2« T )

=1 dk=N dk=N
= dk>1 d,k>1
k=d (mod 4) k-d=2 (mod 4)

Therefore we get

]_[(1 7" —1—42“:&(1\[)072\[. (16)
N=1

(1+g°")?

Lemma 1 Let n=2 (mod 4) be a positive integer. Then a;(n) = 0.

Proof Let d be a positive divisor of n. If d =1 (resp., 0) (mod 2), then 5 =0 (resp., 1)
(mod 2). Thus we obtain d — 5 =1 (mod 2). We easily check that 6(n) = 0 and a;(n) =
—46 (n) = 0. This completes the proof of Lemma 1. d

Lemma 2 Let n =3 (mod 4) be a positive integer. Then a;(n) = 40 (n) > 0 and a;(n) =
0 (mod 16).

Proof 1fd =1 (resp., 3) (mod 4), then 7 = 3 (resp., 1) (mod 4). Thus we obtain that d - 7 =
2 (mod 4). Furthermore, there does not exist a pair (d, %) satisfying d = 7 (mod 4). Hence

gm= Y d- Y o d=- ) d=-) d=-o() (17)

din din din dln
dzg, (mod 4) d—%zz (mod 4) d—§£2 (mod 4)

and a;(n) = —46 (n) = 40 (n) > 0. Note that

sm=- Y d=- Y a- ) gz— Y (d+g)

din dln dln din
d-gzz (mod 4) d<% d<% d<%
d—§52 (mod 4) d—§£2 (mod 4) d—gzz (mod 4)
and
n
d+ p =0 (mod 4). (18)

By (17) and (18) we get a;(n) = —40 (1) = 40 (n) = 0 (mod 16). This completes the proof of
Lemma 2. O

Lemma 3 Let n= 1 (mod 4) be a positive integer. Then a;(n) = —40 (n) < 0. In particular,

( 4 (mod 8) ifn isa square integer,
a1(n) =
0 (mod 8) otherwise.

Proof First, we consider the case where 7 is a nonsquare integer. If 7 = 1 (mod 4) is a
nonsquare integer, then we write n = p{l p’,(’ for some f; =1 (mod 2) with 1 <i <7,
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where, p; are odd distinct prime integers. Since d = 7 (mod 4), we have

sm= Y d- Y d= Y d=) d=on). (19)

din din din d\n
dzg (mod 4) d—g;Z (mod 4) dzg (mod 4)

On the other hand, we obtain d # % when d|n. Since d + 5 = 0 (mod 2), we note that

sm= > d= Y <d+§>50(mod2).

dln din
dE% (mod 4) d<%
dz% (mod 4)

Therefore a;(n) = —46 (n) = —40(n) < 0 and a;(n) = 0 (mod 8). Second, we consider the
case where 7 is a square integer. Let n = p%el -+ p%r.In this case, all factors of n have their
pairs (d, %) satisfying d # 5 except for p{l . pff So,

a(n)=< 3 d) v ph = Z(mg) + P pf =1 (mod 2).

dln dln
dzg (mod 4) d#%
d#% d<%

Thus a;(n) = —46(n) = —40(n) < 0 and a;(n) = 4 (mod 8). These complete the proof of
Lemma 3. (]

Lemma 4 Let n = 4m be a positive integer with (2,m) = 1. Then a;(n) = =80 () <0 and

8 (mod 16) if m is square,
ap (}’l) =
0 (mod 16) otherwise.

Proof Let n=4p7' - --p% be a positive integer with odd distinct primes p;. All odd divisors
d of n satisty d — 7 = 1 (mod 2), so we do not consider them. Hence we only consider the
divisor d of n satisfying d = 5 = 2 (mod 4), that is, we can choose d = 25; and 7 =25,
with 4815, = n, where, S; =S, =1 (mod 2). Thus d = % (mod 4). So,

sm= Y d- Y d= Y d:2251:20<g>. (20)

dln dln din Sl %
dzs (mod 4) d—:liEZ (mod 4) dzg (mod 4)
If 7 is a square integer, then o (%) = 1 (mod 2) by [20, p. 28]. So, by (20), a;(n) = —45 (n) =
—80 (%) < 0 with (8,0 (%)) = 1. Therefore a;(n) = 8 (mod 16).
On the other hand, if g is not a square, then S; # ﬁ for all S;| % It is obvious that

U(Z) =) Si=) (51 + 4151) =0 (mod 2). (21)

1% 51\%
51<§

We have a;(n) = —80 (%) = 0 (mod 16) by (20) and (21). These complete the proof of
Lemma 4. (]
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Using (20) and (21), we obtain a more general congruence of the result in Lemma 4.

Corollary1 Ifn= 4p’11 .- p{’ is a nonsquare integer, then o (7) =0 (mod (ey + 1) - - - (e, +1))
and a;(n) =0 (mod 8(ey + 1) - - - (e, + 1)). Here p; are distinct odd prime integers.

Lemma5 Letn =2"p{' - po bea positive integer with a > 3. Then a;(n) > 0. In particular,

24 (mod 48)  if 55 is square,
0 (mod 48) otherwise.

a(n) =

Proof Let n=2%m be an integer with (m,2) =1 and a > 3. If d # 5 (mod 2), then we do
not consider these divisors d of n. Putting n = 2¢ - 2% with 1 < k < a — 1, assume that
S1|m. Then we get

28, =201 —a1g 9™ _ 5 (mod 4) (22)
s, s,

and

oG, — ek ? =0(mod4) with2<k <a-2. (23)
1

By (22) and (23) we get

Z d=—<22d+2“12d) =—(2+2“’1)a(m) (24)

dln dlm dlm
d—g;Z(modAL)
and
a-2 a-2
Y d= 22"(2 d) =Y 2o (m). (25)
din k=2 dim k=2
dsg(modll)
From (24) and (25) we get
a-2
a(n) = —(2 + 2“_1)0(7;4) + Z %o (m) = —60 (m). (26)
k=2

Here we easily check that o (m) = 01,1(Z;2) with 0 <j < a. Therefore we obtain that

n

a1(n) = 240 (m) = 2401,1(n) = 240 (2a) >0. (27)

On the other hand, by [20, p. 28] we obtain

5 = (28)

( n ) 0 (mod 2) if 57 is square,
o
1 (mod 2) otherwise.

Page 8 of 23
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By (27) and (28) we obtain

24 (mod 48) if 57 is square,
Cll(l’l) = (29)
0 (mod 48) otherwise.

This completes the proof of Lemma 5. d

Proof of Theorem 1 Using Lemmas 1, 2, 3, 4, and 5, we can get the proof of Theorem 1. J

3 The proof of Theorem 2 and Theorem 3
Glaisher [3, p. 300] proved that

o(V)o@2n-1)+0B)o2n-3)+---+02n-1)o(1) = %(0’3(2}7) - o3(n)). (30)

In [20, p. 192], a more general formula for natural numbers # is given:
5 7 2 1 1
Z o(m)o(n—m) = ﬂag(n) - §03<g) + gO’g(Z) + (ﬂ - Zn)a(n)

modd
1 3 n 1 1 n
—\=---n)o|=z|+|—=-zn)o( =) (31)
8 4 2 12 2 4
To prove Lemma 7 and 8, we need a Glaisher’s result in [5, p. 11] and [9]:

n-1

;1 011652001101~ K52) = o (1o(n) ~ 05(2n) — 20, (2)) (32)

Lemma 6 Let n € N U {0}. Then we have ay(4n + 2) > 0. In particular, ay(4n + 2) =
1603(2m + 1).

Proof By (8) we note that

4n+2
ay(dn+2) =Y ay(m)ay (4n +2 - m)
m=0
2n+1 2n+1
=Y i @m)ay(dn +2-2m) + Y ay(2m— Day (41 +2 - (2m - 1)).
m=0 m=1

If 2m = 2 (resp., 0) (mod 4), then (4n + 2 —2m) = 0 (resp., 2) (mod 4). It is easy to check that
a1(2m) =0 or a;(4n + 2 — 2m) = 0 by (1). Then we have Zf::ol a1(2m)a;(4n +2 —2m) = 0.

If2m -1=1 (resp., 3) (mod 4), then (4n + 3 — 2m) =1 (resp., 3) (mod 4).
By (17) and (19) we obtain

a1(2m — 1)ay (4n +2 - (2m - 1)) = (40 (2m - 1)) - (40 (4n + 2 — (2m - 1)))

=160 (2m —1)o (4n +2 - (2m - 1)). (33)

Page 9 of 23
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By (30) and (33) we have

2n+1 2n+1
> a@m-1ay(4n+2-Q2m-1))=16 Y o(2m-1)o (4n+2- (2m-1))
m=1 m=1

=2(03(4n +2) — 03(2n + 1)) = 1603(2n + 1).
This completes the proof of Lemma 6. O

Lemma 7 Let n € N. Then we have ay(4n) < 0 with (n,2) = 1. In particular, a;(4n) =
~14405(n).

Proof By (8) we note that

4n
ax(4n) = Z a(m)a; (4n — m)
m=0

2n

=2a;(0)a; (4n) + Z a1(2m — 1)ay (4n — (2m - 1))

m=1
n n-1
+ Z a1(4m —2)ay(4n — 4m + 2) + Z ai(4m)ay (4n — 4m). (34)
m=1 m=1
First, from Lemma 4 we find
2a:(0)a;(4n) =2 -1 - a;(4n) = —160 (n). (35)

Second, we can consider ), a1(2m — 1)a; (4n — (2m — 1)).
If 2m —1=1 (resp., 3) (mod 4), then 4n — (2m — 1) = 3 (resp., 1) (mod 4). So, a;(2m —
Da;(4n - 2m - 1)) = =160 (2m — 1)o (4n — (2m — 1)). Thus we note that

2n 2n

> ai@m-1)ay(4n - (2m-1)) =-16 Y o (2m - 1)o (4n - (2m - 1))
m=1 m=1
= —2(03(4n) — 03(2n)) = —12803(n) (36)
by (30).

Third, by Lemma 1 we obtain
n
> ay(dm - 2)ay(4n — 4m + 2) = 0. (37)
m=1

Finally, by (16) we have to check that

n-1 n-1
Z a;(4m)a,(4n — 4m) = 16 Z o (4m)6 (4n — 4m). (38)

m=1 m=1
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If m =1 (resp., 0) (mod 2), then 4m = 4 (resp., 0) (mod 8) and 4n — 4m = 0 (resp., 4)
(mod 8). Thus by (20) and (26) we obtain

0 (4m)o (4n — 4m) = =120, (m; 2)o1,1(n — m; 2). (39)

By (32), (38), and (39) we obtain

n-1

Z a; (4m)aq (4n — 4m)
m=1

n-1
=-12- (16 > o11(m;2)011(n — s 2))
m=1

= —8(1103(1/1) —03(2n) — 2011 (n; 2)) = —16(03(71) - a(n)). (40)

It is well known that 011 (1;2) = 01(n) for odd n. Therefore the proof of Lemma 7 is com-
pleted by (34), (35), (36), (37), and (40). O

To simplify Lemma 8, we introduce a useful formula from [20, p. 26]. Let p be a prime.

For k, n € N, we have
n
or(pn) — (pk + l)ak(n) + proy <1—7) =0. (41)

Lemma 8 Let n € N. Then we have a,(8n) = —16(03(21n) — 2503(n)) > 0.

Proof By (8) we note that

8n
ax(8n) = Z a;(m)a; (8n — m)
m=0

4n
=2a;(0)a;(8n) + Z a1(2m — 1)ay (8n — (2m — 1))
m=1
2n n
+ Z a;(4m—-2)a;(8n—4m +2) + Z a;(8m —4)a,(8n — 8m + 4)
m=1 m=1
n-1
+ Z a1 (8m)a,(8n — 8m).
m=1
First, by (27) we find
2(11(0)&1 (81’1) =2-1- a (87[) = 480’1’1(}’1; 2) (42)

Second, using a similar method as for (36), we obtain

4n

> " ar(@m - Lay (81 — (2m — 1)) = ~2(03(8n) — 03(4m)). (43)

m=1
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Third, by Lemma 1 we obtain

2n
> ay(dm - 2)ay(8n - 4m +2) = 0. (44)

m=1

Note that 87 — 4 = 8n — 8m + 4 =4 (mod 8) and a;(8m — 4)a;(8n — 8m + 4) = 640 2m —
1)o(2n —2m + 1) by Lemma 4.
Forth, by (30) we get

> ai(8m—4)ay(8n—8m +4) =64 Y o (2m—1)o (21— (2m - 1))

m=1 m=1

= 8((73(211) - 0'3(1’1)). (45)

Fifth, by (27) and (32) we have

n—-1 n—1
Z a1(8m)a; (8n — 8m) = (24)* Z o1,1(m;2)o1,1(n — m;2)
m=1 m=1
= 24(1103(n) — 03(2n) — 201,1(1;2)). (46)

It is well known that

03(8n) = 903(4n) — 803(2n) and o3(4n) = 903(2n) — 803(n) (47)
by (41). By (42)—(47) we obtain

a(8n) = —16(03(2n) — 2503(n)). (48)
Let # = 2'u be an integer with (,2) = 1. Then

~1663(n) if£=0,
03(2n) — 2503(n) =
1(-17- 233 + 24)o3(u) ift> 1.
If t > 1 (resp., = 0), then 03(2n) — 2503(n) < —15203(u) (resp., —1603(n)). Therefore
a,(8n) > 0. This completes the proof of Lemma 8. O
Corollary 2 If n is an odd integer, then a,(8n) = 25605(n).

Proof of Theorem 2 We can get the proof of the theorem by using Lemmas 6—8 and Corol-
lary 2, 0

Corollary 3 Let n,M,N € N with N =1 (mod 2) and M > 3.
1) ¥ nay (m)ay (4n + 2 — m) = (2n + 1)o3(2n + 1).

m=1
2) Yool may(m)ay (8n — m) = —64n(03(2n) — 2503(n) + 60 (1) — 120 (%)).
3) MV may (m)ay (4N — m) = —32N(903(N) — o (N)).
(4) D g, ko ks 01(8K1)a1 (8kz)as (8ks) =

~18(2905(M) — 05(2M) + 4403(M) — 403(2M) — 4o (M) + 80 (X)).
(5) Zk1+---k,=N a1(2ky) - - - a1 (2k;) = 0.
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Proof (1) We easily check that

4n+1 4n+1
Y may(m)ay(dn +2-m) =Y (4n+2 - m)ay(m)ay (4n + 2 — m). (49)
m=1 m=1

Thus it is clear by Lemma 6.

(2) This is easily proved by using the same method as for (49) and then Lemma 8 and
(42).

(3) It is obtained by using the same method as for (49) and then Lemma 7 and (35).

(4) By (27) we obtain

Z a1(8k1)a1(8kz) a1 (8ks) = (24)° Z o1,1(ki;2)01,1(ko; 2)o1,1(k3;2).  (50)
k1+ko+k3=M k1+ky+k3=M

It is obtained by [9, Theorem 3.7].
(5) If k; =0 (mod 2) for all 1 <i </, then N =0 (mod 2). This contradicts the fact that

N is an odd integer. Thus at least one odd integer k; exists, which is clear by Lemma 1. O
To prove Theorem 3, we need the following lemma.
Lemma9 Let n € N. Then we have a,(2n —1) = —=8¢;(2n - 1).

Proof Let

f@):= (]_[((117%,,)2) +8q]_[ 1-4)'(1-q")"

n>1

= Z u(n)q" + Z v(n)q". (51)

neven n odd

To prove Lemma 9, we have to prove that f(g) is an even function, that is, f(g) — f(~¢g) = 0.
By the Jacobi product identity [6, Theorem 3.9] we obtain that

f@-f(-9
2n 8
ik L (ﬂ(l -~ -0 612”‘1)8) +16[ J(1-4)" (1 -4")"
n>1 n>1 n>1 n>1
1
=1_[§1+ < 16q1_[ 1+q*" )+16q1_[(1—q2”)4(1—q4”)4:0.
n>1 n>1 n>1
Thus we obtain that a,(27 — 1) = v(2n — 1) = —=8¢1(2n - 1). O

Proof of Theorem 3 Since

> e (m)g™ (Z e1(m)q” ) = (Z el(M)q’”> :
m=>0 m=>0 m=>0

m odd
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we have

em)= Y wl@)e(@) -ela).

aj+a+--+ar=m
a1,a2,...ar odd

From Lemma 9 we have ay (/) = —8e;1 (m) for m odd. Thus we get

e (m) = (—%) Z ax(a1)ag(ay) - - - ax(ar)

ay+az+-+ar=m
ait,a2,...ar odd

= (—%) Z (Z ay(t)ar(a; — 1) - - Xr: ay(t)ay(a, - tr))‘

aj+ag++ar=m \t; =0 =0
a1,a2,...ay od

Recall that a;(0) = 1 and a;(#) = =46 (n) for n > 1 from (16). Then we have

1 €(t1,a1—t1 0ty ,ar—tr) 1 r
Z (_Z> C_’—(tl)&(‘ll _tl)"'&(tr)&(dr_ r) = (_§> er(m);
ay+az+---+ar

ai1,ay,...ar odd
0<t;<a;

where €(t1,a1 — t,...,t,a, — t,) ;== #{t; = 0 or a; — t; = 0|1 < i,j < r}. Also, we can obtain

another expression:

er(m):(—%)r > H( 80(a)+1620(t,)o(al—tl>

ay+ay+--+ar=m j=1
a1,a,...ar odd a;#1

r a;—1
= Z H(&(a,») - 226(@)6(@ - ti))-
-1

aij+ax+--+ar=m j=1
a1,a2,...ar odd a;#1

4 The proof of Theorem 4

Proof of Theorem 4 We will use the theory of modular forms. In fact, F(g)? =
Dm0 B2(m)q™ is in the space My(IH(8)), which is a five-dimensional vector space; see
[8, Theorem 3.8]. Let

Eu(g)=1+240 Zag(n)q".
n=1
Then the space M4(I(8)) is spanned by E4(q), E4(¢%), E4(¢*), E4(¢®), and Y (q). Comparing

the Fourier coefficients, we have

F(g)* = iE4(q ) - gE4(q ) + %54( §) -8Y(q)

=1+ Z<1603<g> - 28803<Z> + 51203<g> - 861('4))61”»
n=1

and then ay(n) = 1603(5) — 28803(7) + 51203(%) — 8e1(n) for n > 1. In particular, ay(n) =
—8¢1(n) for n odd. The same result is in Lemma 9.

Page 14 of 23
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Meanwhile, since

n n-1
F(qr)2 = Z Z a(kay(n-k)q" =1+ Z (20.1(11) + Z ay(k)ay(n— k)) q"

n>0 k=0 n>1 k=1
n#l
n-1
=1+ Z(-s&(n) +16 ) 5 (k)o(n - k))q”,
n=l ot}
for n > 2, we have
S 603 1 k) = s 2) = 1505 () + 320 2 )+ 26— Lerim 5
o o\n— = 0O: ol o} — ]+ o} -1+ -on)— — n).
£ 2 *\4 \8) "2 2! &

5 Several convolution sums
To prove Lemmas 10, 11, and 13, we need the following propositions.

Proposition 1 ([9, Lemma 4.1, Corollary 4.7]) Let N (> 3) be an integer.
(1) Yo 03(2m—1)0(2N —2m + 1) = 5 (05(2N) - 05(N)).
) Zm 103(7”)011(1\[ m;2) = 240(1105(N) 32a5( ) — 1003(N)_0(N)+20(M))‘

3 ¥ f’as(m)as(zv 2m) = 707 (N) + 207 (V) — Lo (N) — L as(X) 4 o).
@) Y oy (m)os (N —4m) =

32640‘77(N)+21176 (5 )+255 7(%) 240‘73(N) 240 (%)‘*%D(N) 1§60(%)‘

Proposition 2 Let N (> 3) be an odd integer.
(1) anj 103(2;41 —-1)0 (2N - 2m + 1) = 05(N).
(2) Yoo i(o3(2m) — o3(m)o11(N - m3;2) = 3 (05(N) - 03(N).
(3) Zm 1 03(m)o1,1 (N;2) = 515 (1105(N) — 1003(N) — U(N))~
(4) Zm<N 03(2m)o (N —2m) = 480crg(N) 24OU(N) c(N).

Proof (1)-(3) See [7, Corollary 3] and [9, Proposition 3.11, 3.12].
(4) In 1997, Melfi [13], [14] proved that

> o3(m)o (N —2m) = i (05(N) — o (N)). (53)

N
m<=w

In 2005, Cheng and Williams [2, Theorem 4.2 (iii)] showed that

1 1 1
ZN 03(m)r (N = dm) = —-05(N) = 0 (N) + o c(N). (54)
By (41) we have

Zog(2m)GN 2m) = 9203(;74)0(1\[ 2m) — szag( >a(N 2m). (55)

m=1 m=1 m=1

From (53), (54), and (55) we obtain the desired result. O
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Lemma 10 IfN is an integer, then Zfﬁzl ay(2m)a, (8N —2m) = 1—56(2205(2N) —27405(N) +
503(2N) — 12503(N) — 120 (2N) + 240 (N)).

In particular, if N is an odd integer, then an]\iil as(2m)a; (8N — 2m) = %(11305(N) -
2503(n) — 30 (n)).

Proof By Lemma 1, (41), and Proposition 1 we obtain

4AN-1
> ay(2m)ay (8N — 2m)
m=1
N N-1
= " ay(8m—4)a1 (8N — 8m +4) + Y _ ay(8m)a1 (8N — 8m)
m=1 m=1
N N-1
= 1152 " 03(2m - 1)o (2N - 2m + 1) - 384 Y (03(2m) — 2503(m)) 01,1 (N - m132)
m=1 m=1

- ? (2205(2N) — 27405(N) + 503(2N) ~ 12503(N) ~ 120 (2N) + 240 (N)).

Similarly, by Lemma 1 and Proposition 2, for odd integers N, we obtain

4N -1
> ay(2m)ay (8N — 2m)
m=1
N-1
= 115205(N) - 384 Y " (03(2m) — 03(m)) 01,1 (N — m1;2)
m=1

N-1
+9216 Y o3(m)ory (N - m;2)
m=1

= % (11305(N) ~ 2005() ~ 30 (V).

In fact, even if Lemma 1 and Proposition 2 are not used, this equation is easily induced by
05(2) =33, 03(2) =9,and 0 (2) = 3. O

Lemma 11 If N is an integer, then anﬁl a;(2m)a; (8N + 4 — 2m) = -16(205(2N + 1) —
903(2N + 1) + 7¢(2N + 1)).

Proof Let
N

Ty:=-3456 ) 03(2m—1)o (2N +1—(2m - 1)),

m=1

N
T3:=128) 03(2m)o (2N +1-2m),
m=1

N IN+1-(2m-1)
Ty := 6912 ;Ug(zm -1)o (f)

N

Ty :=—128 Z o3(m)o (2N + 1 - 2m).

m=1

Page 16 of 23
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By Lemma 1, Lemma 4, and (27) we have

4N +1
> ay(2m)ay (8N + 4 — 2m)
m=1
N N
= ay(8m—4)a; (8N + 4~ (8m —4)) + Y _ ax(8m)ay(8N +4 - 8m)

m=1 m=1
4
Y
i=1
Comparing [2, (1.7)] with Proposition 2 (4), we obtain the formula

2N N
T, = —3456 (Z o3(m)o (2N +1-m) =Y " 03(2m)o (2N +1 - 2m))

m=1 m=1

=-36(505(2N + 1) — 8(1 + 3N)o3(2N + 1) + 3¢(2N + 1)). (56)

From [9, Proposition 4.5] we see that integer N satisfy

2N
2N +1-m
T, = 6912 ;og(m)a (f)
= 144(05(2N + 1) — (1 + 6N)o3(2N +1)). (57)
By Proposition 2 (4) we have
4
Ts = e (1705(2N +1) - 20 (2N + 1) - 15¢(2N +1)). (58)

Using [2, T3,1(n)], we can rewrite T} as
Ty = —%(1705(21\1 +1) -0 (2N +1)). (59)
Finally, we apply (56)—(59) to get the result. O
Now we change our direction to modular forms to see 7'(n) defined in (12).
Lemma 12 Ifn=0 (mod 8), then T(n) = 0.

Proof The space of cusp forms Se(I5(16)) is a seven-dimensional vector space. Explicitly,
this space is spanned by the following seven eta quotients:

n(z)'?n(42)° * (1-g")12(1 - g*)° ) ) )
2 l_[ 1= g2 = ;tl(ﬂ)q ,

n=1

1n(2)'%7(42)%n(16z)> i = (1-g")10(1 - g*)5(1 - g'o")?
n(2z)°n(8z) -4 E (1—-g2)5(1 - q8”) th(n)q,

16n)4 o

(2 n(169* (1- 4" - ") -
H

(22)4 (82)2 (1- q2n 4(1 6]8”)2 tB(”l)q ’

n=1

Page 17 of 23
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1n(2)°n(42)°n(162)° o (1= g")5(1 — g*)5(1 — ¢'%7)8 i 00 )
77(22)377(82')3 =4 E (1- q2n)3(1 _ qu,)g = ZM(”)q ’

16n)8 o

n(2)*n(4z)°n(16z)% (1-g" 41 - q )6(1 —
n(22)%n(8z)* 1_[ (1= g>)2(1 — g¥n) Ets(n)q )
n(z)*n(4z)°n(162)" e (L—g") 451 = g1
n(22)n(8z)° l_[ (1- q2n)(1 an)s Zt6(”)q )
n(4z)°n(16z)12 (1 = g*)5(1 — q16m)12
e 71_[ (1= g%)p Zt7(1’1)¢1

By the definition of T'(n) the generating function Y -, T'(n)q" is in S¢(15(16)). The space

of cusp forms breaks into the spaces of newforms and oldforms. We write
Sk(To(N) = Sg (o) @ SP(To(N)). (60)

By [15, Theorem 2.27], if h(q) = q + Y -, a(n)q" € S;(IH(4N)) is a normalized newform,
then a(2) = 0. Applying the Hecke operator T, to h(q) (see [15, Definition 2.1]), we get

[e¢]

Ty(h)(q) =) a@@n)q" = a(2)q + a(@)q* + a6)q’ +--- . (61)

n=1

Since newforms are eigenforms for all Hecke operators (see [8, §4.3]), we have T,(k) = Ak
for some constant A, but since a(2) = 0, > must be zero. So, T»(k) is identically zero, and
thus a(2n) = 0 for n = 1,2,.... Thus all forms in Sp*(15(4)), Sg™ (I'0(8)), and S (15(16))
have Fourier expansions of the form a(1)q + a(3)¢> + a(5)¢° + - - - . In particular, a(8x) = 0.
Now we consider the space S,‘jld(l" 0(16)). For a modular form /(g), V(d) is defined by
h(q)|V(d) = h(g%). By [15, (2.16)] we have

S (Ro(N)) = @B Sk(Hvw) | V(A). (62)

dAMIN
M#N

Note that there are no forms in Sg(I5(1)) and Se(I5(2)). Thus Sgld(l" 0(16)) is obtained
from Sg(I0(4)) and S¢(I0(8)). Indeed, Ss(I5(4)) = Sg (I5(4)) and Se(15(8)) = SgV (15(8)) @
Se(I(4)) @ Ss(I(4)) | V(2). By the definition of the V-operators the space S¢(I5(16)) is
spanned by forms

b()q+bB)g +bB) +---= Y b,
n=1 (mod 2)
g’ +c(6)q° +c(10)g +---= > clnq",
n=2 (mod 4)
d@)q* +d(12)g" +dQ20)g™ +---= Y dn)q".
n=4 (mod 8)

We can observe that b(n), c(n),d(n) = 0 for all n =0 (mod 8). Therefore, for any form in
S6(I0(16)), its 8nth coefficients vanish. In particular, T'(n) = 0 for all # =0 (mod 8). (]

Page 18 of 23
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Proof Theorem 5 We consider F(q)®. F(q)® = Zmzo az(m)q™ is a modular form in
Mq(Ip(16)). This space is 13-dimensional, so F(g)® can be expressed as a linear combi-
nation of thirteen linearly independent modular forms in Mg(I5(16)). We take seven cusp
forms ) ., ti(n)q" fori=1,2,...,7 and choose

Eol@)=1-504 os(m)q",  Eo(q?)=1- 504265<ﬁ)qn
n=1

n=1

\")

o0

o0
Es(q*) = 1—504Zas(g)q”, Es(q®) = 1—504205(g)q",
n=1 n=1

- iEo(iq) — iEe(~iq) Bl
E-(q'®) =1 - 504 n " Leliq) — the\7lq) _ ~1)2
6(4'°) n§=1 '75<16 q 008 nE (-1)'2 o5(n)q

nodd
in the Eisenstein subspace. Then we obtain the following formula:

5 1 o 22 o 128 o 1iE(iq) — iE¢(~iq)
F(q) ——3E6(q)—ﬁfs6(q)+§£6(q )+ LT

49 &

-2 tn)g" —99Zt2 nq" —2102t3(nq —802t4
n=1
—240 i ts(n)q" — 384 i te(n)q" — 256 i t;(n)q"
n=1 n=1

n=1
Since
49 99 105 5 15
T(n) = %tl( n) + atg(l’l) + gtg(l’l) + EM(H) + Zt5(n) + 6ts(n) + 4t7(n),
we have
L(~1)"T o5(n) - 64T (n) if n is odd,
as(n) = { —805(4) + 52805(4) — 102405(7%) — 64T (n) if n#0is even,
1 ifn=0.
Note that

3
F(g)’ =) _as(nq" = (Z o (n)q”) =Y Y wl@a(@)m(as)g”
n>0

n>0 n>0 aj+az+az=n

€(ay,a,az)
—ay ¥ () swsese,

n>0 aj+ax+az=n

where €(a1,ay,as3) = #{a; = 0]i = 1,2, 3}. Combining this with the previous result, we get

€(ay,az,a3)
3 (—}L) 5(a1)5 (a)5(a3)

aj+ay+az=n

ﬁ(—l)nTﬂ(rs(n) + T(n) if nis odd,
—05( )— 05( ) +1605(7¢) + T(n) if n#0is even.
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Observe that for n > 3,

€(a1,a2,a3)
> (—i) 0 (a1)0 (a2)o (as)

al+ax+az=n

324 3
= E o(ay)o( - = E o(n-k)+—ao(n)
al+ax+az=n 4 k=1 16
ay,a,a3>1

= Z o (a1)o(ay)o(as)

aj+aj+az=n
aya,az>1

3 n 27 n n 3 _ 3
- 103<5> + ?(73(1> —2403(§) - 1—60(71) + gel(n),
where the last equality holds by (52). Finally, we have

Y @5 (a5 (as)

aj+az+az=n
ay,az,az>1

(—1) " (heo50m) = 20(m) + T(n) - 2e1(n) i mis odd,
2o3(3) + T(n) if =2 (mod 4),
=1305(5) + 303(5) - Fos(§) + 20()) + T(n)  if n=4(mod8),
§05(4) — Zo5(%) + 1605(1%)
%0’3( ) — 03( ) +2403( )+ 1¢0(n)  ifn=0(mod 8). 0

Lemma 13 If N is an integer, then Zi\n]j a(8m)ay(8(N — m)) = 255(21 16707(2N) —
132767(N) - 25607(Y) - 20,41703(2N) + 69703(N) + 13603(X) + 7500(2N) — 21600(N).

Proof Let
N-1 N-1
U = Zog(Zm)ag (2(N - m)), U, := ZO’g(ZVﬂ)O’g(N - m),
m=1 m=1
N-1
Us := Zag 2(N - m)) Uy = Zog(m)og(N —m).
m=1
By Lemma 8 we obtain
N-1
> ay(8m)ay (8(N — m))
m=1
N-1
=16 ) (03(2m) — 2503(m)) (03 (2N — m)) — 2505(N — m))
m=1
=16 (U - 25U, - 25U5 + 25°U,). (63)

By (3) and Proposition 1 we deduce Lemma 13. O
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Proof of Theorem 6 We can regard F(q)* as a modular form in the five-dimensional space
Ms(I(4)), which is spanned by Eg(q), Es(q%), Es(g*), H(q), and Y(g)?, where

Eg(q) =1 +480 Z o7(n)q".

n=1
Then we get the following formula:

256

1 512
F(g)* = ———Eg(q%) + =—Eg(q*) - 16H(q) - =—=Y(9)*.
@" = -7 (7°) + 5% s(q%) @- 1Y@

Thus we have

ay() = 1—3 (-207 (g) + 51207(2) —170(n) - 32e2(n))

or, equivalently,

ay(n) = 1—3 (—2a7<g> + 51207(Z> —17e,(2m) — 32e2(n)>,

since H(q) = Y(q"%)?%, so that 0(n) = ¢,(2n). In particular, if 7 is odd, then a, (1) = —160(n) =
—16¢,(2n). Also, we get

e(ay,ay,a3,a4)
3 (&) 5 (a1)5 (a2)5 (a3)5 (as)g"

ay+az+az+ag=n
L (oo (™) 451205 ( ™) - 1700m) - 32¢5()
=—| =20y = od B - .
272 N\2)* "\ 4 " e2u

Observing that

€(ay,a2,a3,a4)
3 (é) 6(@1)5(a2)6 (a3)5 (aa)

aj+az+az+ag=n

= Y s@i@d@)sla) - Y 5(a1)5(a)d (as)

al+ajx+az+aq=n al+ax+az=n
a1,a,a3,a4=1 a1,a42,43=1

324 1
+3 ;6(k)c‘r(n —k) - 1—66(n),
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we obtain

Y 6(a1)5(a2)5 (as)6 (aa)

ajltaz+az+aqs=n
ay,az,as,as>1

(-1)*% (Le05(n) = Lo () + T(n) — Lo(n) — Lei(m)  ifmis odd,

_ﬁ‘ﬁ(‘) + ‘(73(‘) +T(n) - —0(1’1) - 12—762(1’1) if n =2 (mod 4),
13607( )+ 07( )+ 05( )+ 03( )— 03( )
= +30(5) + T(n) - 10(n) — Fea(n) if n = 4 (mod 8),

1360—7(2)+207( )+805( )_§05(8)
+1605(7¢) + 3 03( )— 03( ) + 1203(% )+ 160 (1)

Eb(n) - ﬁez(n) if =0 (mod 8). O

6 Conclusion

Although many other research papers about divisor functions, restricted divisor func-
tions, and the coefficients of modular functions have been written in recent years, active,
productive, and applied approaches are still continuing in these areas. For this reason,
arithmetic properties for new identities of special numbers and polynomials involving eta
quotients and modular forms and combinatorial numbers are constructed. By considering
these coefficients with their modular equations, difference equations, and combinatorial
equations, we obtained and studied various properties for divisor functions, restricted di-
visor functions, and some combinatorial numbers. The use of the convolution sums of
these divisor functions is helpful in the theory of convolution sums of various restricted
divisor functions and also helpful in theories of modular forms, elliptic curves, and parti-

tions.
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