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1 Introduction

As we all know, periodicity is important in real surroundings and the world, but almost pe-
riodicity is always more accurate, more realistic, and more general than periodicity when
adding varied environmental factors. In comparison with periodic effects, almost periodic
effects are more frequent in lots of real world applications [1-4]. In particular, the exis-
tence and global stability of almost periodic solutions for the famous scalar Nicholson’s
blowflies equation

X (t) = —a(t)x(t) + Y Bi(t)x(t — 7j(t))e O (1.1)

j=1
and the Nicholson’s blowflies systems with patch structure

X(0) = —ai@Oxi(0) + Y ag®Ox(0) + ) By(e)

j=1j#i j=1

x x;(t = (t)) e VOO e Qi=(1,2,...,n), (1.2)

have been extensively investigated in previous studies [5, 6] and [7], respectively. It is easy
to know that scalar Nicholson’s blowflies Eq. (1.1) is a special case of Nicholson’s blowflies
system (1.2), where x;(f) denotes the density of the ith-population at time ¢, a;(t) (i #j) is
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the rate of the population moving from class j to class i at time ¢, a;(t) is the coefficient
of instantaneous loss (which integrates both the death rate and the dispersal rates of the

population in class i moving to the other classes), 8;(£)x;(£ — t;(t))e i @*i¢75®) i the birth
1

Z10)

its maximum rate, and 7;(t) is the generation time of the ith-population at time ¢. For the

function, B;(¢) is the birth rate for the species, is the ith-population reproducing at

feedback function xe™ and its derivative ix;x, the author in [8] pointed out that there exist
two fixed positive numbers « and & such that

- 1-« 1
K ~0.7215355, K ~ 1.342276, = —,
ex e’
1.3
1-x 1 e~ % (1.3)
sup|——|=—, ke =ke™.
x>k e

It is worth noting that the global exponential stability of almost periodic solutions of (1.1)
has been shown in [5, 6] under the restriction that the almost periodic solution exists
in a small interval [«, k] ~ [0.7215355,1.342276], and the global exponential stability of
(1.2) has been established in [7] where the authors adopted the restraint that the almost

periodic solution exists in a small domain

[,&] % -+ x [&,%] = [0.7215355,1.342276] x - - - x [0.7215355, 1.342276] . (1.4)

n n

Obviously, the above restriction and restraint do not accord with the biological signifi-
cance of the population models.
On the other hand,

vit) =1 forallteR,icQ,jel:={1,2,...,m}, (1.5)

has been made as the crucial assumption in [5-7]. It should be mentioned that the sta-
bility of a class of delayed nonlinear density-dependent mortality Nicholson’s blowflies
model has been investigated in [9-12] without assumption (1.5), when the maximum re-
producing rate is not limited (i.e. % maybe sufficiently large). However, there is no re-
search work on the global exponential stability of almost periodic solutions for Nicholson’s
blowflies Eq. (1.1) without assumption (1.5) and avoiding [«,k] as the existence interval
for almost periodic solutions. In particular, to the best of our knowledge, there has not
yet been research work on the global stability of almost periodic solutions of Nicholson’s
blowflies systems with patch structure and nonlinear density-dependent mortality terms
when the almost periodic solutions do not belong to the above domain (1.4).

Regarding the above discussions, in this paper, without adopting [«,k] x --- x [k,k] as

the existence domain of almost periodic solutions, we establish the existencr;, and global
exponential stability of positive almost periodic solutions for Nicholson’s blowflies systems
involving patch structure and nonlinear density-dependent mortality terms. Our results
improve and complement some existing ones in the recent publications [5-7, 12], and its
effectiveness is demonstrated by some numerical examples.

This paper is organized as follows: In Sect. 2, some necessary definitions, lemmas, and
assumptions are presented. In Sect. 3, the existence and global attractivity of positive
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asymptotically almost periodic solutions are demonstrated by virtue of some differential
inequalities and analytic techniques. To verify our theoretical results, a numerical exper-
iment is carried out in Sect. 4. Conclusions are drawn in Sect. 5.

2 Preliminary results
Throughout this paper, it will be assumed that

n
=max sup T(t) >0, liminf| a; () — Z a;(t) | >0, (2.1)
jel te[ty,+00) t—>+00 v
j=lj#i
y~ = mlnhmmfyl,(t) limsupy;(t) <1, ieQ,jel. (2.2)

€Q t—+ t—+00

For x = (x1,...,%,) € R”, define

] = (%1l ) llxll = max |cil.

Let R* = [0, +00) and C, =[], C([-0;,0],R*). For J,J1,J> € R, denote
Wo(R",J) = {vive CR",1), lim v =o0],
and let BC(J1,J>) be the set of bounded and continuous functions from J; to J,.

Definition 2.1 (see [1, 2]) A subset P of R is said to be relatively dense in R if there exists
a constant [ > 0 such that [£,£ +[] NP # @ (¢t € R). u € BC(R,J) is almost periodic on R if,
for any € > 0, the set T'(u,¢) = {§: |u(t + 8) — u(t)| < €,Vt € R} is relatively dense.

Definition 2.2 (see [1, 2]) u € C(R*,]) is asymptotically almost periodic if there exist an
almost periodic function % and a continuous function g € Wy(R*,J) such thatu =k + g.

For J C R, we denote the set of almost periodic functions from R to J by AP(R, J). The
set of asymptotic almost periodic functions will be represented by AAP(R, J). In addition,
AP(R, J) is a proper subspace of AAP(R, J) [1, 2].

Remark 2.1 (see [1, p. 64, Remark 5.16]) The decomposition given in Definition 2.2 is
unique.

Hereafter, let a;;, y; € AAP(R, (0, +00)), a;j (i #)), By T € AAP(R,R*), and
= a + dig/: :31']' = :3 :3111 Yij = Vi]h + yi‘/gx Tj = T;‘l + 7";;'! (2‘3)

where a”,yu € AP(R, (0, +00)), au (i #)), ﬁu’T € AP(R,RY), a‘g,ﬂu,yl},ru € Wo(R*,RY),
liminf;_, oo B(t) >0,and i€ Q,j 1.

Then, we need to introduce a nonlinear almost periodic differential system
/ h
xi(t) = _dii(t)xi(t)

+ Z alOx(t) + Y BLOxi(t - T)(0)e ez, 1.2y

j=Lj#i j=1
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with the following admissible initial conditions:
xito +0) = ¢i(0), 0 €[-05,0L,0 =(p1,...,9,) € C, and ¢(0) > 0, (2.4)

where i € Q.

We set x(¢; to, ¢) for a solution of (1.2) with initial value problem (2.4), and the maxi-
mal right-interval of existence of x(¢; t, ¢) is marked by [£y, n(¢)). Then, the existence and
uniqueness of x(¢; ty, ) are easy to obtain from [8].

Lemma 2.1 (see [12, Lemma 2.1]) Let A and § be constants and satisfy that
L_» -A
A>1, e< 3 <e* and §=Ae™”. (2.5)

Then A > %
Lemma 2.2 x(¢; £y, @) is positive and bounded on [ty, n(p)), and n(p) = +00.
Proof First, we state that
x;(t) >0 forall ¢ € [ty,n(p)),i€ Q. (2.6)
Otherwise, we can find iy € Q and Z;, € (fo, 7(¢)) to satisfy that
%y (8,) = 0, xi(t) >0 forallt € [to,t,),j € Q.
From the facts that

xio(t()) = (pi() (O) > O)
X1, (8) = =aigiy (O3, () + 273 Bioj (B)i (£ — Ty (1) e T P00 1 ¢ 1, ),

io
we obtain
0= Xiy (tl'())
tiy 4 Li d
> e_ffo i (1) uxio(to)"'e_fzo i () du

Ly s m
X / ejfo aiyig (V) dv Z ﬁio/(s)xio (S _ Tioj(s))e—y,»oj(s)xio (s=Tigj(s) ds

to j=1

>0,

which is a contradiction and completes the above statement.
Now we evidence that n(¢) = +oo. For all t € [ty,n(p)), i € Q, we define y;(t) =
MaXy,_q,<s<¢ Xi(s) and y(£) = max;eq y:(t), we gain

x(t) < Z o ()%(2) + Z,Bi/(t)xi(t - 7;(1))

J=1j7i Jj=1

< [ > ayt) + Zﬂi,«(t)}y(t)

j=Lii j=1
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and

x(8) < xlto) + / t

to

[ Z a;(v) + Z ﬁzy(v)]y(v) dv,
j=1i =)

n

<lloll + / [Z a;i(v) + Zﬁij(V)}y(V) dv,

j=Lj#i j=1
which suggests that

y(@) < llell +/

to

{ Z a;i(v) + Z ﬁi;(V):| y(v) dv.

j=Lji j=1

Hence, by the Gronwall-Bellman inequality, we obtain

t n . m o
x(0) < 91(6) < y(0) < llplleo iR AN,y e (1, n(g)) i€ Q.
It follows from Theorem 2.3.1 in [13] that 5(¢) = +00, and then x;(¢) > 0 for all £ € [ty, +00).

Next, we demonstrate that x(¢) is bounded on [#y, +00). For ¢t € [ty — 0;,+00) and i € Q,
we define

M;(t) = max{?;‘ (€ <tw(E)= , max xi(s)}.

0—0;<S=t

Suppose that x(¢) is unbounded on [ty, +00). Then we can choose i* € Q and a strictly

monotone increasing sequence {Z,};% such that lim,,_, ;o0 {, = +00,

xie (M (8)) = f}le%X{xj(M/(é“n))}, nLilPooxi* (Mi(2n)) = +00, (2.7)
and then
lim M;«(¢,) = +o0. (2.8)

It follows that there exists #* > 0 satisfying

m ,Bi*j(t) 1
ZFI Vi*j(t) e
M= (&n) > to, i+ (Mi(¢4)) > sup

> (2.9)
te[to,+00) [a(t) — Z}':l,j#i* ﬂi*j(t)]

for all n > n*.
According to the fact sup,.,ue™ = %, it follows from (1.2) and (2.1) that, for all # > n*,

0 < &u (Mi(2))

= — e (M (80)) 0 (M (6) + Y ain (Mie (€)M (&)
j=Lj#i
2 Bii(Mi(8n))

F L M) (M (8n)) 5 (Mi# () = T (M (20)))
i1 VM (G

Page 5 of 27
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x e Vi (M (&) (M (fn)—fi*,'(M,‘* (¢n))

" N B (M (£4)) 1
—ap i (M (E, i (M (8 i (M (8n A M) e
< |: aiir (M (£n)) +j=1§[ia (M (¢ )):|x (Mi(24)) +j=21 Vi (M (£0)) €

and

m ﬂi*/’(Ml‘* ({n))
Z/:1 Vi*j(Mi* (¢n))

apeix(M(8)) — Z;lzlvj#i* ai*j(Mi* (¢u)) ’

1
e

X (M (£0)) <
which contradicts (2.9) and suggests that x(¢) is bounded on [ty, +00).
Lemma 2.3 Assume that

122132){ IS ﬁiﬂ &

j=Lji j=1

e < liminf

f—>+00 t—+00

m Bijt) m Bij(t)
[ 2 ) 20 Y@ 5
(®)

<limsup <e,
a;(t) - Z;il,j;!i ai a;(t) - Z;‘q:l,/'#i atj(t)

and
.. > Bie)
liminf, In(—F—"L——) > =<
{=+00 (“ii(t)—z;qzl,jgiﬂzj(t) v
X Bii(®)
L j=1Pij .
11mmfz9+oo(a4ﬁ([)_z;1:1,j#i a5 ® N , leE Q,
m_ i >y
J=1 v

maxj <j<p imsup;_, ;oo m

hold. Then

x© <l:= ltiminfxi(t; to, ) < L:=limsupx;(t; Ly, ) <A, i€Q,
Y- —+00

t—+00

where k is defined in (1.3),

8= - , A>1, and &=Ae™.
o B®
Yk 0

aii(6)=3 1 s i (£)

maxj<j<, limsup,_, , [

Proof From Lemmas 2.1 and 2.2, we can designate i, i* € Q such that

0 </=liminfx;(¢) = minliminfx;(t)
t—+00 ieQ t—>+00

< L =limsupx; () = max limsupx;(¢) < +o0.
t—>+00 i€Q  t—+00

(2.10)

(2.11)

(2.12)

(2.13)

By the fluctuation lemma [14, Lemma A.1], one can select a sequence {£};2] satisfying

lim £ = +oo0, lim xz () =L = limsupax(2), lim «, (£) =0.
k—+00 k—+00 s 4100 k—+o0 !

(2.14)

Page 6 of 27
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Now, we show that / > 0. By way of contradiction, we assume that

liminfx;(¢) = mlnhmlnfx,(t) 0. (2.15)

t—+00 i€Q t—>+00

Let
o) = max {8 1 < tx(§) = min xi(5)}

for each t > ¢y. From (2.15), we can choose i** € Q and a strictly monotone increasing

sequence {£,}'% such that lim,,, ;5 &, = +00,

X o (a)i** (En)) = Illélél{x] ((,()l(é:n)) }, nErPoo X jo (a)i** (%-n)) =0, (216)
and then
nLiTm wie(§,) = +00. (2.17)

According to (2.17), one can find that there exists #** > 0 such that, for n > »** and j € I,

wpe (€y) > to + Opex,

0> x;** (wi** (‘i:n))

= —aesier (per (§) )20 (00 (6)) + Z ajwes (e () ) ) (iee (§1))

J=Lji*

m
+ Z ﬂi**j (a)i** (En))xi** (wi** (EVI) - Ti**j (a)i** (EVI)))
j=1
X e—}’i**j(w,‘** (En))x,** (!Ui** (%’n)—‘fi**j(wi** (&n)))

and

Qe ek (wi** (‘i:n))xi** (a)i** (En))

Z t** wz** (Sn Kok (a)t** (%-}’1) — Tixj (a)t** (én)))

—Vpexj(@per (§n) e (@px (En)—Tprox j (e (En))),

X e n>n"*

which together with (2.16) and the fact that liminf,_, .o Bi(t) > 0 gives

nl~l>r+l-]oo Xjrx (a)i** (SYI) - ‘L’i**j(w,-** (Sn))) =0, ] € Q. (2.18)
Note that
1> - ﬂi**j(wi** (En))xj(wi** (&n)

T e (@ (§) )i (i (8))

JELj#**
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s i Biesj(@ies (§n))xins (@ier (§n) — Tiwwj(@in (§4)))

) aper i (s (§) )X (i (£))

X e—m**,‘(w[** (En))xi** (wi** @n)—ti**/(wi** (€n)))

n

- Z apej(wpe (§4)) Xm: Biwsj (i (4))

PRy s e (a)l** (El’l)) 1 A jx ok (wi** (Sn))
X e*}’,’**,‘(wi** (En))xi** (w,‘** (En)*fi**/(wi** (En)))’ n> }’l**.

Letting n — +00, it follows from (2.10) and (2.18) that

. - Ajxxj (wl** (‘i:n)) ;Bi**j(wi** (Sn))
tz 0 L 2 o &) Z ]

1 Aper s (Wper (€1))

n m

_ apj(t) Bixj(t)

> liminf +

T oo |: Z Ao (£) Z Gper o (£)
J=1j#"* j=1

> 1,

which is a contradiction. Hence, [ > 0.

Furthermore, from the asymptotically almost periodicity of (1.2), we can select a
subsequence of {k}i>1 such that limg o0 @ (£), limgo oo Birg(£5), TiMios o0 Vi (£7),
limys 400 %5(£7), and limg, 00 %2 (£ — Tiz,(£)) exist for all j € Q, g € 1. In addition, from
(1.2) and (2.14), we have

0= kErPoox;L (tz)

n

= — kgm api ()L + ZL kEIPoo a;(t) kEIPooxj (%)
j=1j#i

DI i A TC )

k—>+oo Vil (tk) k—

—limgs 100 yiLj(t/t) limg_, 4o XL (t;_fl-Lj(t/t))

X e
n m
Bui(t) 1
<- lim api ()L + Z Jim ai; (tk)L+ > kLMO i ) >

j=1,j#iL

which, together with the definitions of § and A, entails that

BiL ) |
e

Zm
|: j=1 yiLj(t,ﬁ) ]
iLiL (t;) - Z;:l,j#iL aiLj(t]t)

m Bij(t)

[ 2 0]
a;(t) - Z]}?:l,j#i aij(t)

<A. (2.19)

L < lim

k—+oo| a

1 .
< — max limsup
€ 1<i=n t4i00

Finally, we show that / > ;—, Again from the fluctuation lemma [14, Lemma A.1] and
the asymptotically almost periodicity of (1.2), we can pick a sequence {£;*};%] such that

Page 8 of 27
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limy_ 400 " = +00,

kErPOO X (t}(k*) =1l= ltiminfxiz(t) and lim xi.l (t,’j*) =0, (2.20)

—+00 k—+00

and limg_s 100 aizj(t,’j*), limg_, 400 ,Bizq(t;*), limg_s 100 yizq(tz*), Limy, o0 % (E7),
limys yo0 %2 (8 — 72, (577)) exist forall j € Q, g € 1.
From the fact that

lim y.(*) <1 and min  ue ™™ = min]ae™?, be "},
400 75 = [@.b1C[0,+00) { !

one can see
. —lim, v G (65 =7 .(675))
lim xll(t** _ T'lz(t**))e k—+00 ,l/ I SRAY S ,l] k
it \"k ij\*k
—+00
))e—limkﬁJfoo xil(t]t*—ril/(t;*))

> lim xy (67 — 70, (6
T k—+00 l(k ”(k

> min{le’l,Le’L}. (2.21)
Consequently, according to (2.20) and (2.21), we gain

0= kEIPoo x;l (t])(k*>

n

n

Z—kEIPwaizil(tZ*)l+ Z lim uizj(t;:*)l

k—+00

j=1i

m
+minfle”, Le™} Y 0 lim By (7). (2.22)
j=1

If le™! = min{le”!, Le"}, (2.12) and (2.22) yield

> ln( lim Zj=1 B () )

oo ain(67) = D oj (60

" Bt

> lim infln( b )
t—>+00 au(t) - ijl,,‘;zil “i’j(t)

. (2.23)
e

If Lel = min{le”!, Le "} < le”!, (2.19) indicates that

1<L <A, Le ™t > Ae4,
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together with (2.12) and (2.22), we obtain

Ae ™4
l Z a (t**)*zn a (t**)
lim ik 0 gy it Sk
k— +00 Z/ml ﬂ , t**
Zmlﬂl
. . [
l1m1an+oo(a o5 5
-~ ilil = 1]#11 lll
> ﬂl,
ZJ L y®

maxi<j<pn lim Supt—>+oo[al.’ - Z] L a(®)

> X (2.24)
v

This finishes the proof of Lemma 2.3. 0

Lemma 2.4 Assume that all the assumptions adopted in Lemma 2.3 are satisfied, and
let x"(t) = x"'(¢; to, @) be a solution ofthe initial value problem (1.2)" and (2.4). Then x"(t)
is positive and bounded on [t, +oo) £ < 11m1nft_,+oox () < limsup,_, , . ¥; "(t) < A, and
there is t, € € [to, +00) such that

L <AW<A forallte(s,+o0)i€ Q. (2.25)
v

Proof From (2.1), (2.2), (2.10), (2.11), (2.12) and the definition of asymptotically almost

periodic function, one can easily find that

n

. A h .
lggggf{aii(t) Z azl.j(t):| >0, ieqQ,

j=Lji
"oal(t) L B
liminf|:z T+ _—|>1, ie€Q,
t—>+00 Py “u'(t) 1 aii(t)

m B m B

jmin] 2 ] timsn] L J<e ico
e<limin msup <e, 1e (@,
t—+o00 | gl(t) - > i U(t) P ) - > i U(t)

liminf1n< . Zj:lf ) =,
=0 aii(t) Z 1,j#i l](t) v

j=
.. > ﬁ
liminf;_, ;oo (— L
(-2 i z(‘) K .
1 J7#1 i
; >—, i€qQ,
Bl Y-
P ™
maxj<;<, limsup [h4y”]
<i<n ¢
e aiz() /nl]#l z/(t)
and
1 1
8= m B0 - B
Z/:1 vij () /ml —ZB

maxj <<, limsup,_, , .| ]

ai()=2 7149507 max;<;<, limsup,_ , [ TN a—
a;(6)- j=1j#i ll()

Page 10 of 27
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Then, by applying a similar argument as Lemma 2.3, we can obtain

X < 11m1nth(t) <lim supxh(t) <A, i€eqQ,
y —+00

t—+00

which proves Lemma 2.4. d

Lemma 2.5 Let assumptions adopted in Lemma 2.3 hold, and x"(t) = x"(t; to, ¢) be a solu-
tion of equation (1.2)" and (2.4). Then, for any € > 0, we can choose a relatively dense subset
P, of R with the property that, for each § € P, there exists T = T(6) > 0 satisfying

||xh(t +8) —xh(t)|| < % forallt>T.
Proof According to the fact
m ﬁ,,( )

Z} 1 ()
limsup[ :| e,
t—>+00 all( ) Z} 1,j#i l](t)

we have
i)
lim sup —uZ(t)+ Z (t) Z / 5
t— +00 fy = Vz] t)e

which implies that there exists a constant 0 < @ < § such that

. h “ h " ﬁg(t)
limsup| —a; () + Z ay(t) + Z S <0.

t— +00 f=y Vz] (t)

From (2.1), (2.2), and Lemma 2.4, we can choose positive constants 77 > max{0,¢;} and ¢

to satisfy that

y;’(t)xf’(t— r;’(t)) > K, y;’(t) <l+w, Vt>T1,i€qQ,

and
n 1 m
~aiO)+ D aye)+ 5 > B
j=Lj#i j=1
n m h
Bli(2)
<-di+ Y alfnns 53
j=1ji j=1

<=C.
This means there exist two constants n >0 and A € (0, 1] such that, for i € Q,

1

w62

it < -, (2.26)

m h(t
sup —[aZ(t)—)»] Z a; (t)+Z HG

te[Ty,+00) j=Lji j=1 ll

Page 11 of 27
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Define
*(O)=al(ty—0i), forallte(-oo,ty—0licQ, (2.27)

and

Ai(8,t)
= —[ali(t+8) - aliO)]al (t+8) + Y [ali(t +8) —ap(®)]x] (£ +6)

J=1j7i

m
—yl (E+8)xl (t45—1 (845
+ > [l +8) - PO +5— (e + 8))e 7y )
j=1

h hips h

+ E '311 (t) t +8— rh(t + 8)) RASREACRACR)
h h h

e ( h(l’) n 3) -V (£+8)x] (t—rij(t)+8)]

h h h
+ Zﬁg (O[] (¢~ T(e) + 8)e 7 M T O
—al(t-T(e) + 8)e HOAG f’;“)*’”] forallteR,ie Q. (2.28)
In view of Lemma 2.4, one can see that x”(¢) and the right-hand side of (1.2)" are
bounded. It follows from (2.27) that #(¢) is uniformly continuous on R. Therefore, for

any € > 0, we can choose a sufficiently small constant €* > 0 such that

|aj(t) — aji(t + )| < €, 1B1(®) - Bt +3)| <€,
v () =yt + ) < €, Iflﬁ“(t) Tt +8)| <€,

follows that
1
|4:(8,1)] < S1e (2.29)
whereteR, i€ Q,jel.

Furthermore, for €* > 0, from the uniformly almost periodic family theory in [2, p. 19,

Corollary 2.3], one can choose a relatively dense subset P+ of R such that

|aj(®) —ag(t+8)l <€, 1) - Bt +8)| <€,
h h h *
lyj @) —vje+ 8l <er,  |the) -7t +8)| <€,
SePs,teRicQjel (2.30)

Denote P, = P« for any § € P, from (2.29) and (2.30), we have

1
|4:(8,1)| < S7€ forallteR,ic Q. (2.31)

Page 12 of 27
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Let Ao > max{|ty| + T + max;eq 0y, [to] + T1 + max,eqo; — 8}. For t € R, denote
u@®) = (1), ua(t), ..., un (1),  wild) = x!(t +8) —x!(t),

and
U(t) = (Uy (0), Un(t), ..., Uy(t)),  Ui) = uy(t),

where i € Q. Let i; be such an index that
|t )] = [u@].

Then, for all £ > A, we have

n

u;(t)=-af§(t)[xf?(t+5)-xf?(t)]+Z ay(e)[x] (¢ +8) -« (£)]

J=1j7#i
" B h
+ 3 BLO (- tl0) + 8)e T OO
j=1

v
~xl(t- ri?(t))e_yff o) O + 4,8, 1).
From (2.26), (2.33), and the inequality
B _ 1
|ae “— Be ﬂ| < 5la-Bl where «, B € [k, +00),
e

we obtain

D_(|ui5(s)|) |s:t

< 1e|u;,(t) + { —all; ()« (¢ +8) — & ()] sgn (] (¢ +8) — ()

w3 Ao+ 8) -]+ Y Bl

Jj=1j#it J=1

I (O (o)
x o (¢ = ly(0)+ 8)e OO it (¢ o)) O
+ ]A,»t((S,t)\}

= re |u;, (0] + e’\t{—af’tit(t)[ (t+8) - ( )] sgn(x (t+8) - z(t))

Biy(®)
vii(8)

oY d o) -do s 3 Y

j=L,jie j=1

)x A o (H)+9)

it

X |yi]:j(t)xﬁ = Ti () +8)e g

(2.32)

(2.33)

(2.34)

Page 13 of 27
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h
— Vil:j(t)xlt (t— Tl”(t)) VL[/ ()%, (¢~ Tn/ | + |Alt(8 t)|}

n

< re|u;, (t)| + { alm(t |, (£)] + Z aw(t | (0)]

j=Lj#it
“ 1
+ Zﬁihtj(t)zwit r” )’ ’Alt((S t) |}
j=1

n

§Aekt|ui[(t)| +eAt< al, ( |M:t t)’ Z am(t |M,'(t)|

J=1j7it

“OBLE) 1
+ Z Vlt,(t; 2 |Mtt( ‘L'sj(t))| + |Ait(5,t)|}

j=1
n

=—[al, () - A]| U, (6)] + Z‘ al,(0)|uye)|

J=Lj#it

+ Z L()l i |, (¢ - rf:j(t))| +eM[A;,(8,8)| forallt> A, (2.35)

= ) - €

Let

E(t)= sup {’\S”u(s)”}.

—00<s<

It is obvious that e**||u(¢)| < E(t), and E(¢) is nondecreasing.
Now, the remaining proof will be divided into two steps.
Step one. If E(t) > || u(t)|| for all £ > Ag, we assert that

E(t)= |U(Ag)| forallt> A,. (2.36)
In the contrary case, one can pick A; > Ag such that E(A;) > E(Ap). From the fact that
|| u(®)|| <E(Ao) forallt < A,
we can find that there exists 8* € (Ag, A1) such that
& u(p) | = E(A) = E(87),

which contradicts the fact that E(8*) > ¢**" ||u(8*)|| and proves (2.36). Then we can select
Ay > Ay satisfying

|u(e)]| < eME(t) = e E(Ao) < g forall £ > Ay. (2.37)
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Step two. If there exists ¢ > Ag such that E(¢) = e*¢||u(c)||, from (2.35) and the definition
of E(t), we have

0 <D™ (|t ($)])],,

n

<-lal, O-2|U (O]+ Y a @)U

J=1j#ic

moBl(s) 1
+ Z §1 2 M, s/ §)|Ul ( Tzﬁj(g)” + ekg |Ai§(8’§)|

- Vz;/ - 62
n m h
B; (g) 1 ek
h icj M
= _[aigig(t) _)L] + Z lg] (2) + Z J/h e - 626 E(g)
j=1j#ic j=1 lg]
L
+ —nee*s
2 1°¢
1 e
<-nE(g) + Ense , (2.38)
which leads to
A _ £ A €
e ”u(g)” =E(g) < Ee and ||u(§)H < 7 (2.39)

For any ¢ > ¢ satisfying E(¢) = " ||u(¢)||, by using the similar method to the proof of
(2.39), we can get

e |u)] < %e“ and  [Ju(®)| < % (2.40)
Furthermore, if E(¢) > e*||u(t)|| and ¢ > ¢, one can pick A3 € [¢,t) such that
E(A3) = 3 ||u(A3) H and E(s) > e’“”u(s) || for all s € (A3, £],
together with (2.39) and (2.40), we have
&
[u(A3)]| < 3 (2.41)
With a similar proof in step one, we can entail that
E(s) =E(A3) isaconstant forall s € (A3, £],
which together with (2.41) leads to
)] < E@) = ECA) = [utan]e 29 < £
Finally, the above discussion infers that there exists A >max{c, Ag, Ay} obeying that
e N
||u(t)H < 2 <g forallt> A,

which finishes the proof of Lemma 2.5. g

Page 15 of 27
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3 Main result

Theorem 3.1 Assume that the assumptions in Lemma 2.3 hold. Then system (1.2)" has
exactly one positive almost periodic solution x*(t), and every solution of (1.2) with initial
condition (2.4) is asymptotically almost periodic on R* and converges to x*(t) as t — +0o.

Proof Let v(t) be a solution of system (1.2)" with initial condition (2.4), and
V,'(t) = Vi(to - Ol') forallt e (—OO, to — O'L'],i S Q

We also define

Bilq,t) = —[aj(t + t) - ali)]vilt + tg) + Y [aft + tg) - al(&)]vi(t + 1)
j=Lj#i

m
(t+tg)vilt+tg—tl(t+t
+Z[ﬂg(t+tq)—ﬁg(t)]vi(t+tq—t;»’(t+tq)) 7y EtgVilt st (t+ig)
j=1

m
_yh . _ch

+ Z ﬂf;(t)[w(t +t, - té’(t +1,))e "V (betg)vilt+tq=ry (t+g)

j=1

_h (4l

—vit—T)(0) + tg)e TV (trtailtj(Orta)]
+ Z BO[vi(t - (0 + t,)e 7 T Otg)

j=1

h Af_h
—vi(t— k@) + 1) Ovilt-zj “)“q)] forallt e R,ie Q, 3.1)

where {£,},>1 € R is a sequence. Then

VI(E+tg) = —afOvilt + 1) + Y al(e)vi(t +1t,)

j=1j#i

m
i
+ Z Bl (et — T} (t) + tg)e " Ovilt=TjO+ta) | B(q,t) (3.2)

for all £ + t; > t, i € Q. By using the proof similar to Lemma 2.5, we can choose {t;}4>1
such that

|Bi(g, 1)| < L (3.3)
q

From Arzela—Ascoli lemma and the fact that the function sequence {v(t + t;)}4>1 is uni-
formly bounded and equi-uniformly continuous, we can choose a subsequence {#, };>1 of
{t;}4>1 such that {v(t + tq/,)}jzl (for convenience, we still denote it by {v(t + £;)}4>1) uni-
formly converges to a continuous function x*(¢) = (x7(£),x5(¢),...,%}(¢)) on any compact

set of R. Then, from Lemma 2.4, we have

X <minliminfv;(t) <x](t) < maxlimsupv;(t) <A VteR,ieQ, (3.4)

Y- i€Q t—>+00 i€Q  t—+00
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and

—diOwile + 1) = ~dlOx (D), i€ Q,
Z} Lji ;,(t)vj(t+ t) = Z/ 1/7’l t/(t)x ©), icQ,
> 1ﬂh(t Wvilt - ‘L’h(t) +1,)e v @vit=t[l(0)+tq)
j=
h
=3 BRI - Tl () ew et oo

as g — +00, (3.5)

on any compact set of R, where “=” denotes “uniformly converge” Thus, (3.2), (3.3), and
(3.5) produce that {v;(t + t;)}4>1 uniformly converges to

n

K h
—ai(Ox;(0) + Y agOx ) + Zﬂ,, Da (E - (0)e VY, ieq,

j=Lii

on any compact set of R. According to the properties of the uniform convergence function

sequence, we obtain that x*(¢) is a solution of (1.2)" and

n

(1) = ~dhxi @) + D al®x (0)

j=1ji
" A
+ Y Bl (£ - Tl e)e OO ol reRyie Q. (3.6)
j=1

From Lemma 2.5, for any € > 0, we can choose a relatively dense subset P, of R with the
property that, for each § € P, there exists T = T'(§) > 0 satisfying

”v(s+tq+8)—v(s+tq)|| <§ foralls+¢,>T
and

qEIPOOHV(S'” +8) - v(s+tq)H—||x (s+4)- x(s)H<§<e forall s e R,

which implies that x*(£) is a positive almost periodic solution of (1.2)".

Next, we show that all the solutions of (1.2) converge to x*(¢) as £ — +00. Let x(¢) be
an arbitrary solution of system (1.2) with initial value (2.4). Define y(t) = x(¢) — x*(¢) and
x;(t) = x,(tg — ;) for all t € (—o00, tg — 7], let

Fi(t)
= —[(ah(0) + &)%) - ali(Oi(2)]

n

+ 2 [(@5(0) + ()0 ~ aj(e)(0)]

m
J(0)+y5 ()i (e~ (2 (8) + 25 (¢
+Z f t)+/3 ) ( (tlf(t)+rg(t))) ~ (v O+vj O)xi (e () +7; ()
j=1

— A6t - ()OO,

Page 17 of 27
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Then

WO = a3 aey©) + 3 BHO[xi(t - 7l(e)e 7T OO

j=Li j=1

% (- i) IO L F() forall £ > fo,i € Q. (3.7)

For any € > 0, in view of the global existence and uniform continuity of x and the fact that

a,

i :31';» yif, rf € Wo(R*,IR*), we can choose a constant T;j* > max{T7, t;} such that

’Fi(t)‘ < 17E forall ¢t > T, (3.8)
2 ¢
Set

G(@t)= sup {e”]y(s)|} forallzeR,

—00<s<t

and let i; be such an index that

¢!y (0] = |¢¥@].

According to (3.4) and Lemma 2.3, one can find T+ > T;;* such that

L < xi(t),x;‘(t),xf’ (t - r;’(t)) forallt> Ty, —0y,i € Q. (3.9)
=

Combined with (2.34) and (3.7), we gain

D™ (e“

in(S)|) |s:t

[a""(t) re i @] + Z alt](t)e“|y](t Zﬂzhz/(t)—e G

J=Lj7it

x Dy (= 7l ()] + |F, ()] forall £ = Tyaeri€ Q. (3.10)

Then, from (2.26) and (3.8), by employing the argument of Lemma 2.5, we know that
there is a constant T > T, such that

ol <5 forane=T7,
which yields

x(t) =x*(t) and x(t) € AAP(R,R").

t—+00

It follows from the uniqueness of the limit function that (1.2)" has exactly one positive
almost periodic solution x*(£). The proof is complete. d

Then, we will establish the existence and global exponential stability of the almost peri-
odic solution of (1.2)". To do this end, we first show the following proposition.
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Proposition 3.1 Suppose that f(t) is an almost periodic function, then

limsupf(t) = supf(t) and lti§+iorgff(t) = tinﬂgf(t)

t—+00 teR

Proof We only need to validate the case that limsup,_, , . f(¢) = sup,. f(£), since the other
case that liminf;_, , f(¢) = inf,cr f(£) can be proved similarly.
Define

A =supf(t), B =limsupf(¢)
teR t—+00
It is easy to see that B < A. We claim

B=A.

Otherwise, B < A,let gy = AT from the definition of upper limit, there exists T = T'(go) > 0
such that

ft)<B+ey<A-2¢ forallt>T.
According to the definition of the upper bound, one can take ¢, € R to satisfy that
f(to) >A—¢go>B+2¢.

Furthermore, there exists a constant [ = [(gg) > 0 such that, V[o,a + I] C R with @ € R, one

can pick 7 € [o,« + [] satisfying that
[f(t+t)—f(t)|<so forallt e R.
Lettinga =T —topand v € [T — £y, T — tp + {] leads to
flto+t)>f(t0) —e0>A-260>B+ey and thy+t>t+T =T,

which is contrary to the fact that f(£) < B+eo < A —2¢ forall t > T'. This finishes the proof
of Proposition 3.1. O

Theorem 3.2 Suppose that, foric Q,jel,

R _ hon ,
y”=mininfy,(1)>0,  supy(H <1, gﬂg[aﬂ(t) ‘Z'a,,(t)} >0, (3.11)
j=1,j#i
n h h
a;(t) Bi(t)
inf| > Z ; } L (3.12)
I g
teR |:j1,j?'i a;(t) =) ll(t)
Bli(®) 0
Z;ZI V{’() Zlle l()
<i“f[ 7 ]<sup[ ] e, (3.13)
teR aii(t)_zj 11#1Lﬂ (t) teR ﬂ”(t) Z] lj#lLa (t)



Zhang et al. Journal of Inequalities and Applications (2020) 2020:102

h
inf1n< 2 By )L

teR ['lu(t) Z} 1j#i al}(t) v
Zmlﬁ
lnfteR(hli
-2 ll(t) S K
Bl y=’
m
j=1 yh()
ij
maxi<i<n Suptek[ﬁ]
=17t i
and
5 1 1
= 0] B s ﬂh(t)
j=1 v0) 1
maxj<j<, su —— J=L Yl
fsi=n ptER[“”(”’Zﬂlm"li(t) maXij<i<n SuptER[i]

a O-2f 1 f;'(t)

(3.14)

(3.15)

are satisfied. Then system (1.2)" has exactly one positive almost periodic solution x*(t),

which is global exponentially stable; in other words, the solution N(t;to, ) of (1.2)" with

(2.4) converges exponentially to x*(t) as t — +00.

Proof From Proposition 3.1, (3.11)—(3.14) imply that the assumptions in Lemmas 2.4 and

2.5 hold. Then, by using the similar proof in Theorem 3.1, we can obtain that system (1.2)"

has exactly one positive almost periodic solution x*(t). It is sufficient to show the global

exponential stability of x*(£). Set N(£) = N(¢; to, ¢) and y(¢t) = N(¢) — x*(¢), then

Yi(e) = —al@yi ) + Y apey )+ ) Be)

j=Lj#i j=1
BN (t—2h N —yI k(-
x (Ni(e = @) TN i (e - o 0)e O,

It follows from Lemma 2.4 that there is M, .« > to such that

LNl () forall t € [My, — 07 +00),i € Q.

=

Together with (3.11), we obtain

h
|y;?(t> (e~ T ©)e TN gy (¢ - o) O T

e2 yl] (t)iN (t Tzi’(t)) (t - T;‘l(t)) ’

for all t € [M .+ — 0y, +00),

whereie Q,jel.
With the help of (3.13), we can choose A € (0, 1] such that

n h
Bi®) 1
sup —[aZ(t)—k]+ E af’(t E l;l 2 il <0, ieqQ.
ek jLii ERCK

Now, we define the Lyapunov functional as follows:

Hi(t) = {yi(t)|e“, ie Q, te [lf() — 0, +OO).

(3.16)

(3.17)

(3.18)

(3.19)

Page 20 of 27
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With the help of (3.16) and (3.18), we get

D™ (H;(2))
<A@ —ah@]yi@)|e + Y ali(e)]y(e)] e
j=Lji

/35( ) & h h "ON;(t-(2)
Z h( ) ' (O)N; (t_ (t)) 7 K
Vij

j=1

—yM et (e-h @
- y;’(t)x;k (t- l';l(t))e vij O (t=75( )))|

n ~ o i)
< (- alO)H© + Y ajOHE)+ ) -

Jj=1j#i j=1

< (A —-dl(®)Hi(t)

eA“"Hi(t - r;’(t))

j=Lii

In the sequel, we prove that, for all £ > M, .,

H;(t) < sup max(Hj(t) + 1) =Vou, 1€Q.

telto—0;,Mg x| jel
Otherwise, there exist K* > M, .« and i € Q such that

He(t*) = Vo, Hi(t) < Vo forallt e [ty -0, K¥),j € Q.

14

It follows from (3.19), (3.20), and (3.22) that

0<D" (H?(t)) |t=1(*

= (- ag(K*))Hy(K7)

" ﬂh(
X ) X e )
j=Lj# =L Ty
" " ﬁh(l )1
h * o;
< |:()»—aﬁ,(l< NEDIE th(K*)eZ ¢ } o~
j=Lji j=1

<0,
which is a contradiction. Thus (3.21) holds, and it follows that
|Ni(t) —x:‘(t)| = |yi(t)| < Vw,x*e"\’f forall t > My, i€ Q.

This completes the proof of Theorem 3.2.

+Z H(E)H;() + Z h( 12* Hi(t-t}(t)), t=toi€Q.
j=1 l]

(3.20)

(3.21)

(3.22)
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4 Some numerical simulations
In this section, we give two examples with simulations to demonstrate the feasibility and

the validity of our theoretical results.

Example 4.1 Consider the following delayed Nicholson-type system involving patch

structure and asymptotically almost periodic environments:

x,(¢) =—-(10 sin® /2t + 2 + 11?§t| )x1(t)

+(0.01 sin® /3¢ + 0.02 + 222 )x, ()

1+|2t|
+2(10sin® V2t + 2 + %)(1.1 +0.01cost)

: 100 _ 2
x %1 (t — 100 sin? t)ef(o.9+0.01 sin/3t+ 13757 Jx1 (£-100sin? £)

+(10sin® /2t + 2 + 192.)(1.1 + 0.01 cos v/3t)

5 %1 (£ — 100 cos? t)eiz-()l.59t+|-0.01005 \f3t+%)x1(t—1000052 t), "
x5(£) = —(10cos? /2t + 2 + %)xg(t) @D

+(0.01sin’¢t + 0.02 + 11?%‘ )x1(t)

+2(10cos” £ +2 + 1,59)(1.1 + 0.01 cos v/72)

0.9+0.01 sin -+ 74997 )x2(¢-150sin” £)

x (£ — 150 sin® £)e ™

+(10cos®> /2 +2 + 11?%‘ )(1.1 + 0.01 cos v/5¢)

_ 200 _ 2
% xz(t 150 0082 t)e (0.9+0.01 cos t+ 1+‘7”)x2(t 150cos t)’

where 5 = 0.

One can easily check that (2.1), (2.2), and (2.10)-(2.13) hold for system (4.1). From
Theorem 3.1, we can obtain that every solution of (4.1) with initial value ¢ = (¢1,¢2) €
C([-100,0],R*) x C([-150,0],R*) and ¢;(0) > 0 (i = 1,2) is asymptotically almost peri-
odic on R* and converges to the same almost periodic function as £ — +00. The numeric

simulations in Fig. 1 support this theoretical results.

Figure 1 Numerical solutions of (4.1) for initial value 9
(0.1,0.3), (0.1,0.15), (0.3,0.35)

. . . . . . .
0 10 20 30 40 50 60 70 80
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Figure 2 Numerical solutions of (4.2) for initial value
(1.1,1.3),(1.1,1.15), (1.3,1.35)

0 10 20 30 40 50 60 70 80

Example 4.2 Consider the following delayed Nicholson-type system involving patch

structure and almost periodic environments:

x4 (¢) =—(10 sin? /2t + 2)x1(£) + (0.01 sin /3¢ + 0.02)x,(¢)
+2(10sin? v/2¢ + 2)(1.1 + 0.01 cos £)x1 (t — 100sin® £)

« e~(0-9+0.0Lsin+/30)x1 (¢-100 sin? £)

+ (10sin? /2t + 2)(1.1 + 0.01 cos +/3¢)x; (¢ — 100 cos? £)
% e—(0.9+0.01 cos +/3t)x1 (¢-100 cos? £)
x5(£) = —(10cos? /2t + 2)x5(£) + (0.01 sin” £ + 0.02)x, (£)

+2(10cos? ¢ + 2)(1.1 + 0.01 cos /7¢)x (¢ — 150 sin? ¢)

(4.2)

« ~(0.9+0.01sin#)xp(¢-150 sin? £)

+ (10 cos? +/2¢ + 2)(1.1 + 0.01 cos v/5¢)x2 (¢ — 150 cos? £)

—(0.9+0.01 cos £)xy (t—150 cos? ¢
X e (0.9+ cost)xa( Cos’ )’

where 5 = 0.

Obviously, system (4.2) satisfies all the assumptions made in (3.11)—(3.15). Therefore,
by Theorem 3.2, we obtain that system (4.2) has exactly one positive almost periodic so-
lution x*(£). In particular, the solution N(¢; £y, ¢) of (4.2) with initial value ¢ = (¢1,¢2) €
C([-100,0],R*) x C([-150,0],R*) and ¢;(0) > 0 (i = 1,2) converges exponentially to x*(¢)
as t — +oo. Figure 2 reveals the above consequences through numerical solutions of dif-

ferent initial values.

Remark 4.1 In the above examples, limsup,p y;;(f) < 091 < 1, i,j = 1,2, does not sat-
isfy assumption (1.5). Moreover, when 5 > 1.5 > ¥, one can find that, in Theorems
3.1 and 3.2, the existence region of almost periodic solution and the attractive re-

gion of asymptotically almost periodic solutions are outside of [k,K] x --- X [k,K] =

n
[0.7215355,1.342276] x --- x [0.7215355,1.342276]. Therefore, it is not difficult to see

that all the results in references [5-7] and [15—100] cannot be applied to show the almost
periodic dynamics for system (4.1) and system (4.2).
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5 Conclusions

In this paper, we combine the Lyapunov function method with the differential inequality
method to establish some new criteria ensuring the existence and attractivity of positive
asymptotically almost periodic solutions for a class of delayed Nicholson’s blowflies sys-
tems with patch structure. The assumptions adopted in this present paper are different
from some previously known literature. Numerical simulations have been given to illus-
trate the obtained results. The approach presented in this article can be used as a possible
way to study the asymptotically almost periodic patch structure population models such
as neoclassical growth model, Mackey—Glass model, epidemical system or age-structured

population model, and so on. We leave this as our future work.
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