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1 Introduction

Throughout this paper, let m, M be scalars and I be the identity operator. Other capital
letters are used to denote the general elements of the C* algebra B(H) of all bounded linear
operators acting on a Hilbert space (H, {-,-)). Also A > 0 means that the operator A is
positive. We say that A > B(A <B)if A—~B>0(A-B <0). Alinear map @ : B(H) — B(H)
is called positive (strictly positive) if @(A) > 0 (P(A) > 0) whenever A > 0 (A > 0), and @
is said to be unital if @ (1) = 1.

If A,B € B(H) are two positive operators, then the operator weighted arithmetic and
geometric means are defined as AV,B = (1 - v)A + vB and Af,B = Al (A‘%BA‘%)"A% for
v € [0, 1], respectively, denoted by AVB and AfB for brevity when v = % The Kantorovich
constant is defined by K(¢,2) = (tf&)z for t > 0. What’s more, the relative operator entropy
of A and B is defined as S(A|B) = A? log(A‘%BA‘%)A%. For A = (a;) € M, the Hilbert—

Schmidt norm is defined by ||A|, = ,/>_7 a%j. As we all know that || - ||, has the unitary

ij=1
invariance property: [|[UAV||; = ||A]|, for :\llA € M, and unitary matrices U, V € M,,. The
singular values of a matrix A is defined by s;(4), j = 1,2,...,n, and arranged in a non-
increasing order.
It is well known that the AM—GM inequality reads

A+B

> A4B (1.1)

for any two positive operators A, B.
Lin [10] gave a reversed AM—GM inequality involving unital positive linear maps

¢(A ;B) < K(h,2)®(A%B) (1.2)
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for 0<ml <A, B<MI and K(h,2) = %17 with h = 4.
As we all know, for any two positive operators A and B,

A>B # A’>PR (1.3)

for p > 1. To our surprise, Lin [10] showed that a reversed version of the operator AM-GM
inequality can be squared: for 0 < mI <A, B < MI,

2
o (57)= () e
and
2
<1>2(A ;B> < <(M4J+WZ)2) (@0 ®) (15)

where @ is a unital positive linear map. So we can easily get the following inequalities by
Lemma 2.8 (L-H inequality):

A+B (M + m)>\*
@P( . ) < ( YT ) P (ALB) (1.6)
and
A+BY\ _ (M + m)>\* »
@P( 5 ) < ( N ) (eA)12(B)) (1.7)
for 0 < p < 2. Fu and He [5] generalized (1.6) and (1.7) for p > 2,
or(428) (%2 ) )pdﬂ”(AﬁB) (19)
2 42 Mm
and
2
@p(A B ) < ((Mf ") )p(cb(A)ﬁcb(B))p, (L9)
2 472 Mm

where 0 < mI < A, B < MI. Bakherad [2] further improved (1.6)—(1.9) as follows:
@7 (AV,B + 2rMm(A™'VB™ — A7'4B™")) < o &P (A1}, B) (1.10)
and

®P(AV,B +2rMm(A7'VB' - A7'4B ")) < o?(@(A)1,®(B))” (1.11)

forO<ml <A,B<MIl,p>0,a= max{%, (1\/£+m)2}’ v € [0,1], r = min{v,1 — v} and @
4P Mm

being a unital positive linear map.
Recently, Yang et al. [12] gave some further refinements to the above:

P (AV,B + Mm(G(A™'4,B")G* +2r(A"'VB™' —~A™'4B™"))) <o’ @P(Af,B) (1.12)
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and

@7 (AV,B+Mm(G(A™'4,B")G* +2r(A”'VB™ - A7'4B™)))

<o’ (@A), P(B)), (1.13)

where 0 < ml < A, B < MI, @ is a positive unital linear map on B(H), v € [0,1] and p >
0, 7 =min{v,1 - v}, a = max{%, (Mg"—m)z}, G = @A‘IS(AB), L(t) is 1-periodic, and
L(t) = %(%)Zt for t € [0,1]. In fact, @?Vggn get (1.10) from (1.12) and (1.11) from (1.13)
when v = %, respectively. For more information about AM—GM operator inequalities, we
refer the readers to [9, 11, 13—18] and the references therein.

In this paper, we shall give further improvements of (1.12) and (1.13) for positive linear

maps. We also give some inequalities for Hilbert—Schmidt norms and determinants.

2 Main results
Firstly, we give some further refinements of the corresponding results in [12] for scalars
and Hilbert—Schmidt norms. Before that, we state a lemma.

Lemma 2.1 ([7]) Leta,b >0. Then
(1+L(v)(loga —logh)*)a'™"b" < (1 -v)a + vb, (2.1)

where

o

Ve 1=v\2v
=—(=)", O0<v«l,
L(v) = 2 (%)

0 v=0,1.

Theorem 2.2 Leta,b>0,ve[0,1], Qv) = %(log 5)2. We have:
(1) Ifr=min{dv,1 -4v}and 0 <v < i, then

(1+Q)a'™"b" + v(va—-~b)* +2v(va - %)2 +r(va- m)z

<(1-v)a+vb; (2.2)
(2) Ifr=min{2 —4v,4v -1} and %I <v< % then

(1+Q)a'"p" +v(Va- Vb2 +(1- 2v)(va - %)2 + r(% - m)z

< (1-v)a+vb; (2.3)
(3) Ifr =min{3 —4v,4v - 2} and % <v< %, then

(1+QW)a""p" + (1 - v)(va - vb)* + 2v-1)(Vb - Vab)’ + r(Vab - Vab)’

<(1-v)a+vb; (2.4)
(4) Ifr =min{4 —4v,4v - 3} and 2 <v<1,then

(1+QW)a""p" + (1 - v)(va - vb)* + (2= 2v)(Vb - Vab)* + r(vb - Vab?)’

<(1-v)a+vh. (2.5)
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Proof (1) When0<v<g L then r = 4v, and

(1-v)a +vb—v(va—b)* - 2v(va - (*/E)Z -r(va- m)z
=(1-8v)a+ 8vad bs

RGO Y A
_<1+ e <10g;) )a b’ (by(2.1)).

When % <yv< i,thenr:l—élv,and

(1-v)a+vb-v(va-b)?* - 2v(ﬁ - (*/E)Z - r(ﬁ — a3b)2
= (2—8v)asbt + (8v—1)aibi

2
> (1 + M (log é) >a1_vbv
64 a
2
_ (1 N L(8V) (log é) )alvbv’
64 a

where the last equality from L(v) is a 1-periodic function and L(v) = L(1 — v) for v € [0, 1]
2) \X/hen <v < ,thenr=4v—1, and

(1-v)a+vb-v(va-vb)?*-(1- 2v)(ﬁ— %)2 - r(%— m)Z
= (3—8V)6l%b% + (81/—2)51%19

L(8v-2 2
> (1 + M <log é) )al_"bv
64 a
L(8 b\*
= (1 + (8v) (log —) )al_"b".
64 a

\X/hen—<v§2,thenr 2 — 4y, and

oolw

(1-v)a +vb-v(va-b)?*-(1 -2v)(Va- y ab)2 - r(%— m)2
=(4- 81/)61819861% 3

Nl—=

+(8v-3)ab

b
(1 o) v
=(1+L(8V) (10 ?)) vy
64 a

Here, we completed the proof of Theorem 2.2 when 0 <v < % Substituting a by b and v
by 1 -vin (2.2) and (2.3), we can get (2.4) and (2.5) easily, so we omit the details.

O

The following corollary is a direct consequence of Theorem 2.2 by substituting a by a?
and b by b%.

Corollary 2.3 Leta,b>0,ve[0,1], F(v) = L(86V) (log 5)2. We have:

Page 4 of 13
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(1) Ifr=min{dv,1 -4v}and 0 <v < }L, then

(1 + F(v)) (al_"b")2 +12(a - b)* + 2v(a — Vab)* + r(a —~ zz?’b)2

< (A =v)a+vb)’; (2.6)
(2) If r=min{2 — 4v,4v — 1} and %L <v< %, then

(1+F() (al"’b")2 +12(a-b)* + (1 -2v)(a - Vab)* + r(«/o% - m)z

< ((1 -V)a + vb)z; (2.7)
(3) Ifr=min{3 —4v,4v - 2} and % <v< %, then

(1+FW)(a""8")* + (1 =v)*(a-b)* + 2v = 1)(b - Vab)* + r(Vab - Vab?)*

< (A-v)a+vb)’; (2.8)
(4) Ifr =min{4 —4v,4v - 3} and % <v<1,then

(1 + F(v)) (al_"b")2 + (1 -v2a-b*+2-22)(b-ab)+ r(b — ab3)2
< (1 -va+vb)*. (2.9)
Theorem 2.4 Let A,B,X € M, be such that 0 <ml <A <m'I <MI<B<MI, h= %,/,
W) = %(logh)z. We have:
(1) Ifr=min{dv,1 -4v}and 0 <v < }L, then
” 1-vAX + VXB”E

> V|| AX - XB|[ + 2v|AX - A2 XB} |}

+r|AX - ATXBE|} + (1+ W) [AXB || (2.10)
(2) Ifr=min{2 — 4v,4v — 1} and %L <y< %, then

|- vAX + vXB|;

> V|| AX - XBI2 + (1 - 2v)| AX - A3 XB? |}

+r|AZXBE - ATXBE | + (1+ W) A" XB |5 (2.11)
(3) Ifr =min{3 —4v,4v — 2} and % <v< %, then
|- vAX + vXB|;
> (1-v)?|AX - XB2 + (2v—1)| XB—- A? XB} |}
+r|AZXBE - ALXBE | + (1+ W) A" XB |5 (2.12)

Page 5 of 13
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(4) Ifr =min{4 —4v,4v — 3} and % <v<1,then
|1 -vAX +vXB|;
> (1-v)?|AX - XB|3 + (2 - 2v) | XB—- A2 XB} |}

+r|XB-ATXBI|} + (1+ W) A XB 2. (2.13)

Proof Since A and B are strictly positive-definite matrices, it follows by the spectral de-
composition theorem that there exist unitary matrices U, V € M,, such that A = U A, U,
B = VAZV*, where A1 = diag(kl,kz,...

s An), Ao = diag(ny, n2,...,n,) with &; >0, n; > 0,
i=1,2,...,n. We have

”(1 —-V)AX + vXBHj

n

= Z((l — V))\.l' + W’]j)2|yij|2

ij=1

> Z{ <1 + L(lig) min(log ti/)2> ()‘il_vnj ) +20 — n])z 20— \/1_77,)2

ij=1

+r(hi— A?n;)z} lyjl>  (by (2.6))
L(8v) . L, -
= (1 e min(log t,»,»)2> Z(Ail 1 )2|yij|2 +2 Z()‘i - 1)yl

ij=1 ij=1

+2VZ()¥ — zn])2|yt/| +rZ \/)‘377/ |yzj| ’

ij=1 ij=1

A
where t;; = n—’
]

Due to the conditions 0 <m <A <m' <M <B=<M, §; < t;j= Mogom % and the
monotonicity of the function f(x) =logx (0 < x < 1), we get

|1 -vAX +vXB|:

L(8v) L N2 -
> (1 + Y<logh)2> o) Lyl + V20— )1yl
ij=1 ij=1
n n 5
20 (i = )yl + Y (i = 230) Ly
ij=1 ij=1

- (1 " L(186V) (log h)2) | A" XB" |5 + VI AX - XBII} + 2v| AX - A2 XB? |}

+ r”AX—A%XB% i,

where we completed the proof of (2.10). Using the same method, we can get (2.11)—(2.13)
by (2.7)—(2.9), respectively, so we omit the details. O

Next, we give further improvements of (1.12) and (1.13) for positive linear maps. But
first, let us present the following lemmas that will be useful later.

Page 6 of 13
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Lemma 2.5 ([1]) Let @ be a unital positive linear map, A, B be positive operators, and
v e [0,1]. Then

@(Af,B) < @(A)4,P(B). (2.14)
Lemma 2.6 ([2]) Let A,B> 0and a > 0. Then

|A3B 3| <} if A<aB. (2.15)
Lemma 2.7 ([4]) Let A,B > 0. Then the following norm inequality holds:

IABI < 714+ BIP. 2.16)
Lemma 2.8 (L—H inequality, [8]) [f0<p <1and A> B> 0, then

AP > BP. (2.17)
Lemma 2.9 ([1]) Let A,B> 0. Then for 1 < p < +00,

|47 +B7| < |4 +By|. (2.18)
Lemma 2.10 (Choi inequality, [3]) Let @ be a unital positive linear map and A > 0. Then

DA =P(AT). (2.19)

Theorem 2.11 Let O <ml <A,B<MI, o = maX{M, (M;—m)z}, p>0,and0<v<

1
4Mm 2 4
4P Mm

For every positive unital linear map ®, we have

P (AV,B+MmJ(A™;B™")) < o? PP (A11,B) (2.20)
and

®F(AV,B + MmJ(A™;B7Y)) < o (®(A)d,®(B)), (2.21)

where J(AT;B™) = 2(AT'VB - ATMBT) + 2v(ATMBT + ATM - 2478 B7Y) +
MATE B + AT 2478 B7) + GTAT,BIG for G = YLE) AS(A1|BY).

Proof For 0 <ml <A, B<MI, we have
M-A)A-mA'1>0 and (M-B)(B-m)B'=>0,
that is,

A+MmA ' <M+m and B+MmB'<M+m.
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For every positive unital linear map &, we have
DA) + Mm@(A_l) <M+m and &(B)+MmP (B_l) <M +m.
So we have

?((1-vA) + Mm®(1-vA™") <(1-v)(M+m) and

@ (vB) + Mm® (vB™') < v(M + m).
Summing up the inequalities above, we can get

®(AV,B) + Mm® (A'V,B") <M + m. (2.22)
When0<v< i, taking @ = 1 in (2.2), we have

b +v(1+ b—Zb%) +2v(1+ bt - 2b%) +r(1+ bi —219%)

+ ( L8(8V) 1ogb> X b" x < L8(8v) logb) <1 -v)+vb.

Now by the functional calculus for the positive operator A 2B-142, we have

(ATBAY) s u(1+ (AYBAY) —2(a2BAY)Y)

IS

vou(I+ (ASBIAY)E _o(A3B1AR) ) 4 (14 (A2B1AZ)T —2(adBlAd)

n (V LéSV), log(Aég—lAi)) X (A%B‘IA%)V X (_LéSv) log(AéB_lA%)>

<(1-WI+v(AIBAD). (2.23)
Multiplying by A2 both sides of inequality (2.23), we have
AT, BT 4 2v(AT VBT —ATHB ) + 2v(AT BT + AT - 2(A7'11 B7)
+ r(A‘ln%B‘l +A1 - 2(A‘111%B‘1)) +G*A Yy BIG
<A7'v,BL
Moreover,
AT',B T +](ATHBT
=A7'8,B +2v(A'VB — AT B! + 20(AT BT + AT - Z(A’ljj%B’l))
+r(AT BT v AT - 2(A71, B7Y)) + G ATy BTG

<Al'v,B L (2.24)
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So we have

|®(AV,B + MmJ(A™;B7Y)) + Mm® ™" (A4,B) |
<||®(AV,B+MmJ(A;BY)) + Mm® (A™'1,B7") ||
= |®(AV,B) + Mm@ (J(A;B") + A™'4,B7Y) |
<||®AV,B) + Mm®(A7'V,B7) |

<M+m, (2.25)

where the first inequality is by (2.19), the second is by (2.24), and the third is by (2.22).
Therefore,

|®(AV,B + Mm](A™;B))Mm® ™ (At,B) |
< % |®(AV,B + MmJ(A™5B™)) + Mmd ™ (A, B)|*

2
- (M + m)
- 4

’

where the first inequality is by (2.16) and the second is by (2.25). That is,

(M + m)?

-1, p-1 -1
|®(AV,B+ Mm](A™;B71))@ (A8,B)|| < i

By Lemma 2.6, we have
o (M + m)*\?
®*(AV,B+MmJ(A™;B7Y)) < (W ®>(A4,B).
When 0 < p <2, then 0 < £ <1, hence by (2.17), we have

®P(AV,B+MmJ(A™;B71)) < (

@)pqﬁpmm) — o’ PP (At B).

When p > 2,

Mm% | @5 (AV,B + MmJ (A B7)) 075 (Az,B) |
= | @5 (AV,B + MmJ (A7 B )M m? &5 (A5,B) |

|4 (AV,B + Mmj (A5 B7)) + MEm’ 075 (48,B) |

IA

p
I*

IA

|(@(AV,B+MmJ(A™;B")) + Mm@~ (A1, B))

|®(AV,B + MmJ(A™;B™")) + Mm® ™" (At,B)||”

Nl N S

IA

(M + m)?,

Page 9 of 13
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where the first inequality is by (2.16), the second is by (2.18), and the third is by (2.25).

That is,
D2 (AV,B+MmJ(A ;B 7)) D 2(At,B)|| < d =a§,
“ p( ( ! 1)) ; H ( +g )g

which is equivalent to (2.20) by (2.15). Here we completed the proof of (2.20). We now
prove (2.21) for 0 < p < 2. Indeed,

| (AV,B + Mm] (A~ B™Y)) Mm (@ (A)t,@(B) |
< i | (AV,B + MmJ(A™5;B7)) + Mm(®(A),@(B)) |

= % | (AV,B+ MmJ (A7 BY)) + Mma (A, B)|)?

2
<(M+m) ’
- 4

where the first inequality is by (2.16), the second is by (2.14), and the third is by (2.25).
That is,

(M +m)*
4Mm

|®(AV,B + MmJ (A" B™))(@(A)dB)) | <

o,
so we can get (2.21) by (2.15) and (2.17) easily when 0 < p < 2. When p > 2,

MEm’ |0 (AV,B + Mmj (A7 B7)) (0(A)5,@(B)) ! |
= | @4 (AV,B + MimJ (A BY))MEm’ (9(A)5, @ (B)) |

_pr
2

|05 (AV,B + MmJ(A™ ™)) + MEmb (0 (A)2,(B) |

IA

4
5012

[(®(AV,B+MmJ(A;B7Y)) + Mm(cp(A)ﬁvcp(B))‘l) l

IA

| (AV,B+ Mm](A™5;B7Y)) + Mm(®(A)2,®(B) ||

IA

|®(AV,B+MmJ(A™;B7Y)) + Mm® ™ (A4,B) |

N Nl E N Ny

IA

(M +m),

where the first inequality is by (2.16), the second is by (2.18), the third is by (2.14), and the
last inequality is by (2.25). That is,

(M + m)?
XY
it

p
2
)

|05 (4v,5 + My (4713 8)) (0(4)z,0(8) | <

and we can get (2.21) by (2.15) easily. Hence we completed the proof of Theorem 2.11. [J

Remark 2.12 Let 0 < ml < A, B< MI, v € [0,1] and r = min{v,1 — v}. It is clear that
(A B+ A7 - 2(A*1ﬁ%B*1)) > 0 and r(A’ljj%B’l +A T 2(A*1ﬁ%B*1)) > 0. In other
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words, our results can be regarded as further refinements of reversed AM—GM operator

inequalities of [12].

By the same methods of Theorem 2.11, we can get further improvements of (1.12) and

(1.13)for L <v=<1.

Corollary 2.13 Under the same conditions as in Theorem 2.11, we have:
(1) When % <v<i

@?(AV,B+ MmF,(A™;B™")) < o’ @7 (A1, B)
and
®P(AV,B + MmF,(A™;BY)) <o (@(A)1, @ (B)),
where Fi(A™5B™ ) = 2v(A'VB 1 —A B ) + (1 - 2v) (A 14B L+ A1 -
2(A’1H%B’1)) + r(A*lﬁ%Bfl + A B - 2(A*1u%B*1)) +G*A™14,B71G;
(2) When % <v<3,
@P(AV,B+ MmEy(A™;B™")) < o’ @7 (A4, B)
and
®P(AV,B + MmF,(A™;BY)) < o?(@(A)1, @ (B)),
where Fy(A"5B ™) =21 = v)(A'VB 1 —A B ) + Qv-1)(A~'4B 1 + B~ -
2(A*1u%371)) + r(A*IIj%B’l + AR - 2(A*Ijng*1)) +G*A14,B71G;
(3) When % <y<l,
@?(AV,B+ MmF3(A™;B™")) < o’ @7(Af,B)
and

P (AV,B + MmF3(A™;B™")) < o? (@(A)t,®(B))’,

where F3(A"5B™ 1) =2(1 = v)(A'VB - A 1B ) + 21 —v)(A~ 4B + B~ -
2(A’1ﬂ%B’1)) + r(A*IIj%B’l +B 11— 2(A’1]j%B’1)) +G*A4,B71G.

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

In the end of this paper, we give some inequalities for determinants which were not

mentioned in Yang’s paper and its references. But first, we state a lemma.

Lemma 2.14 (Minkowski inequality, [6]) Let a = [a;], b= [b;], i = 1,2,...,n be such that

a;, b; are positive real numbers. Then

<ﬁ ai) ' + (ﬁ bl) ' < (ﬁ(ﬂi + b,)) ' .
i=1 i=1 i=1

The equality holds if and only if a = b.

Page 11 0f 13
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Theorem 2.15 Let A,B € M, be two positive semidefinite matrices and T = A"1BA73,
ve[0,1], ?(V) =min(1 + %i")(log s/(T))2). Then the following statements are true:
(1) When0<v< i and r = min{4v, 1 — 4v}, we have

2 = 2
n n

> F(v) det(Af,B)

2
n

det(AV,B) +v2det(A — B)

2
n

2
+2vdet(A — AtiB)n + rdet(A — Aﬁ%B) . (2.32)

(2) When A% <v< % and r = min{2 — 4v,4v — 1}, we have

2
n

det(AV,B)7 > E(v)det(At,B)7 + 12 det(A — B)

+(1-2v)det(A — A#B)7 + rdet(A#B —AttéB)%. (2.33)

(3) When 2 <v <2 and r =min{3 — 4v, 4v — 2}, we have
1

2
n

det(AV,B)7 > E(v)det(At,B)7 + (1 —v)? det(A — B)7

2
n

+(2v—1)det(B —AjjB)ﬁ +rdet(AfB —Aﬁ%B) . (2.34)

(4) When % <v<1andr=min{4 - 4v,4v — 3}, we have

det(AV,B)7 > E(v)det(At,B)7 + (1 —v)? det(A — B)7

+(2 - 2v)det(B - AtB)7 + rdet(B —Aﬁ%B)%. (2.35)

Proof Using inequality (2.6) and denoting the positive definite matrix as 7 = A"1BA73,

we have

2

RS

?(v)(s}’(T))2 + V2(1 - sj(T)) + 2v( %(T)) ( -5 (7))

< (A -v) +vs(D))? (2.36)

forj=1,2,...,n. Itis a fact that the determinant of a positive definite matrix is a product

of its singular values. So we have

det(IV, T)#

==

=det[ 1—v1+vT)]

|: —v1+vs,(T))2i|n

j=1

n

[TE»E(D)* + (1 —s,(T))2+2v(1—sj%(T))2+r( %(T)) }}

n

>

|
I

{FO) /(D) }T + [li[{VZ(l—s;(T))z}T + [ﬁ{zv(1_sj%(T))2}T

j= j=1 j=1
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T -5t )

j=1

2
n

=F@v) det(T")% 2 det(I - T)7 + 2vdet(I - T%)% +rdet(l - T%)

The first inequality is obtained by (2.36), while the second by Lemma 2.14. Multiplying by
(detA > )% both sides of inequalities above, we can get the desired inequality (2.32) directly.
Using the same technique above in (2.7)—(2.9), we can (2.33)—(2.35), respectively. To keep
our paper concise, we omit the details. d
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