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1 Introduction and preliminaries
Let A be a class of functions f of the following normalized form:

f@=z+) a2, (1.1)
n=2

which are analytic in the open unit disk U given by
U:= {z:ze Cand |z] < 1}.

Let 73(05) be a class of functions p of the form

oo
P(Z) = anznr
n=0
which are analytic in U with p(0) = 1 and
|arg (P(Z))| < ? (zeU;0<a £1).

Then, in the special case when o =1, 73(1) is the well-known class of Carathéodory func-
tions in U (see [8] and [9]; see also the recent developments on this subject in, for example,
(19, 20, 23], and [28]).
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For two functions f and F, which are analytic in U, we say that the function f is subor-
dinate to the function F in U and we write f(z) < F(z) if there exists a Schwarz function w,
which is analytic in U with

w(0)=0 and ’w(z)’ <1 (zel),

such that f(z) = F(w(z)) for all z € U. In particular, if the function F is univalent in U, then
we have the following equivalence:

flz)<F(z) <= f(0)=F@0) and f(U)cF@).

Several recent investigations on various applications of differential subordination and dif-
ferential superordination were reported in, for example, [21, 22, 26, 27] (see also [4, 5], and
[6]). B

We denote by S*(«) the subclass of .4 consisting of functions which are strongly starlike
of order o in U, that is,

S*(a) = {f:feAand

arg(z}f(lg))‘ < % (zeU;0<a < 1)}.

Thus, in particular, * := S*(1) is the class of starlike functions in the open unit disk U.
By means of the principle of subordination between analytic functions, the above defi-

nition is equivalent to

S* () := {f fe Aandzf/(z) < <1i§

o) —) (zeU;0<a§1)}.

We also denote by CC(«) the subclass of A consisting of functions that are strongly close-

to-convex of order « in U if there exists a function g € $* such that

‘arg(zf,(z))‘ < il (zeU;0<a<).
g(2) 2

In particular, CC := cc (1) is the class of close-to-convex functions in the open unit disk U.
Furthermore, we denote by C() the subclass of A consisting of functions satisfying the
following condition:

|arg(f'(2))| < % (zeU;0Za<1).

In particular, C := C(1) is a subclass of close-to-convex functions in the open unit disk U.

In the year 1978, Miller and Mocanu [14] introduced the method of differential sub-
ordinations. Then, in recent years, several authors have obtained several applications of
the method of differential subordinations in geometric function theory by using differen-
tial subordination associated with starlikeness, convexity, close-to-convexity, and so on
(see, for example, [1-3, 7, 10-13, 17, 18, 24, 25]). The object of the present paper is to
derive various potentially useful conditions (or criteria) for the Carathéodory functions
as a certain class of analytic functions in the open unit disk U by using a lemma given by
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Nunokawa (see [15] and [16]). Further, we give some applications to strong starlikeness
and close-to-convexity.
The following lemma will be used in proving our main result.

Lemma 1.1 (see [15] and [16]) Let the function p(z) given by
P(Z) =1+ chzn (Cm #0)

be analytic in U with
p0)=1 and p(z)#0 (z€U).

If there exists a point zo (With |zo| < 1) such that

|arg(p(2))| < %T (Iz] < |zol)
and
jre(pten)) | = 2

for some 8 > 0, then

zop' (zo) =ik (i=+-1),

p(z0)
where
k> m(%a‘l) 2m  when arg(p(z0)) = 'BTH (1.2)
and
k< _m(%a‘l) <-m when arg(p(zo)) = —'BTJT, (1.3)
where

[p(zo)]l/'3 =+4ia and a>0.

2 Sufficient conditions for strong starlikeness and close-to-convexity
Theorem 2.1 Let p be an analytic function in U, with p(0) = 1, p'(0) # 0, and p(z) # 0 for
z € U, that satisfies the following inequality:

’[p(z)]Z = (S) <A@|p(a), (21)
where
Al@) - \/%[(E—Z)(I*‘Wz + (}%Z)H*‘"W]2 +2asin(ra) if0<a<l, 22)
% ifa=1.

Then p € ﬁ(a).
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Proof To prove the result asserted by Theorem 2.1, we suppose that there exists a point
zo € U such that

|arg(p(2))| < % for |z| < |zo|

and

’arg(p(zo)ﬂ =—.
Then, from Lemma 1.1, it follows that

zp'(z0)

= ika,
p(z0)

where [p(zo)]é = 4ia (a > 0) and k is given by (1.2) or (1.3) for m = 1.
For the case when

[p(ZO)]%' =ia (a>0),

we have
zp'(20) zp'(z0) 1 e 1
1p(20)]* + PRl |p(20)||p(20) + P % = |p(z0)]|(i@)* + ik
plzo) p(z0) plz0) (ia)*
— }p(zo)‘ aaema/Z + a_:em(l—a)/Z . (23)
From (2.3) for o = 1, we find that
V4 / Z . o . ) k
‘[P(Zo)]2 + P (@) = |I9(Zo)’ a%e™? ¢ — m1-a)l2) - |p(zo)’ ae™? + —’
p(20) a% a
k K\N*(k _a®+1 _ 1
:|p(z0)| ia+—‘:|p(zo)| a2+<_> (_ga +2 2_)
a a a 2a 2

2 ’p(zo)’\/g = |P(Zo)|%-

Also, since

X
v

Q
N R

o

(al—a + a—l—a),
by applying (2.3) for 0 < & < 1 with

-1
kzMgl

2

)

we deduce that

zp'(z0)

2
)]+ =)

a e +

— |I7(ZO)| o iral/2 /;_zlein(l—a)/Z
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= |p(z0) |\/ (a)® + 2ka cos(%(l - 2a))

2
2 |p(z0)| <% (al~ + al"’)) +0+2a cos(%(l - 2a)>.

We now define a real function g by
ga)y=a+a ™ (a>0).
Then this function g takes the minimum value for 4 given by

l+o
a =

1-o

Therefore, from the above equality in the case when 0 < « < 1, we obtain

2 1+ —a)/2 1+ (-1-a)/272
> | ( 0)|\/a oz + < (x) :| + 2a sin(mw o),

l-«o

zp'(z0)
p(zo)

hm%$+

which contradicts our hypothesis of Theorem 2.1.
For the case when

Rl

=—ia (a>0),

[P(Zo)]

by utilizing the same method as above, Lemma 1.1 for o = 1 yields

[p(zo)]Z + zp (20) _ | (z0)| ate Tl k_“em(ua)/z
p(z0) a®
k
— ‘P(Zo)| a —im /2 -~
a

k k\?
=|p(zO)|—m——<‘ |p(z0)|,/ 2% + (ﬂ)

> |pteo)]y 5 = 5 lpteo)|

Also, for 0 < « < 1, it follows for kK < —1 that

zp'(20)
‘W“”+p%>
|P(ZO)| a —ma/2 kzl ein(1+a)/2
a
|p(zo)|\/ a®) ® 4 2ka cos(%(l + Za))

1 (1-a)/2 1 (-1-a)/272
>|p(20)|\/ +0‘ +<1tz> :| +2kacos(%(l+2a))
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l-«

1 (1-a)/2 1 (-1-0)/272
Z |P(Zo)|\/ b a + ( i a) i| + 2a sin(wa),

which also contradicts our hypothesis of Theorem 2.1. From the two above-discussed con-
tradictions, it follows that

o
|arg(p(2))| < - (Vze ).
This completes the proof of Theorem 2.1. O

Remark 2.1 If

o' (2)

feA and p(z):= e

7-/0;

then p'(0) # 0 is equivalent to f”(0) # 0 and Theorem 2.1 leads to the following result,
which gives a sufficient condition for strong starlikeness of order .

Corollary 2.1 Let the function f € A, with f”(0) # 0, satisfy the following inequality:

zf'(2)
f) |

£'@ @ <Zf/(z) )\
Y0 e \ @ Ale)

where A() is given by (2.2). Then f € g*(ot).

Remark2.2 Forf € A, o =1and p(z) := f'(z) #0, Theorem 2.1 leads to the following result
which gives a sufficient condition for the close-to-convexity (univalence) of the function

f.
Corollary 2.2 Ifthe function f € A, with f"(0) #0, satisfies the following inequality:

1

Zf (Z) < Elf/(z)

f(2)

’

e

then f €C.
We now state and prove the following result.

Theorem 2.2 Let p be an analytic function in U, with p(0) = 1, p’(0) # 0, and p(z) # 0 for
z € U, that satisfies the following inequality:

o 20

[p(2)]
where
\/1 + (@202 4 G1-200/2)2 4 g (FA-200/2 4 F(-1-20)12) gin(r or)
B(a) = if0<ac< (2.4)

D= NI»—A

D asd
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and
~ 142«
o= .
1-2«
Thenp € ﬁ(a).

Proof 1f we suppose that there exists a point zg € U such that
an
|arg(p(2))| < B3 for |z| < |zo|
and

Jarg(p(z0)| = -

we find from Lemma 1.1 that

zp'(z0) .
)

where
[p(zo)]é =Zia (a>0)

and k is given by (1.2) or (1.3) for m = 1.
For the case when

p(Zo)cl’( =ia (a>0),

we have
zp'(z0) 1 | o1
”W+w<> |“”‘ p%)MmP‘Wm*P”WWW
- |p(Z0)| X ‘1 + %em(l—Za)/Z . (25)
Now, from (2.5) for a = %, we get
k k
p(zo) + [p(() = |p(z0)||1 —z—’ |p(z0)],/1 + (()

2 \/§|P(Zo)|.

Also, from (2.5) for 0 < « < =, we deduce that

21

zp/(z9)
[p(20)]?

‘P(ZO) +

o .
em(l—2a)/2

= |p(z0)||1 +
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ka\* K
= |P(Zo)|\/1 + (a%) +2d% cos(%(l —2a)>

2
= |p(z0)|\/1 + (%(alz"‘ + zz12°‘)> +o(al2 + g1-2) cos(%(l -~ 20!)).

We now define a real function /4 by
ha)=a™ +a 172 (a>0).
Then this function takes the minimum value for a4 given by

11+ 2«
a= .
1-2x

Therefore, from the above equality, when

1 ~ 1+42«x
O<a<— fora= s
2 1-2«a
we obtain
zp'(zo)
Mm+w%m
2 |I7(Zo)|

2
x 1+%& (@202 4 5;(-1-201)/2)2 + o (FU-2002 4 §-1-2012) cos 1(1 —2a) ),
4 2

which contradicts our hypothesis in Theorem 2.2.

Next, for the case when

Rl

=—ia (a>0),

[P(Zo)]
using the same method as before, we can obtain a contradiction to the assumption in

Theorem 2.2.

From the two above-discussed contradictions, it follows that
|arg(p(z))| < ? (Vz e V).
This completes the proof of Theorem 2.2. g
Corollary 2.3 Let the function f € A, with f”(0) # 0, satisfy the following inequality:

zf'(2)
f(2)

’

f(2) (1 . Zf”(Z)> s zf'(2)

7o\ 7o ﬂ@-4<mw

where B(a) is given by (2.4). Then f € S* ().

Page 8 of 14
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Theorem 2.3 Let p be an analytic function in U, with p(0) = 1, p’(0) #0, and p(z) # 0 for
z € U, that satisfies the following inequality:

’

arg (p @)+ zp'(2) )‘ Sm

p@E)| " 2

where

2
§ = o + — arctan

( %(a(l—w)/ +O(( 1-2a) /2) COS(JTO[) )

- 1+ 4(@0-2072 4 G1-2072) sin(rror)
and
~ 142«
o O<a< =
1-2«a
Then p € P(a).

Proof Using similar arguments as in the proof of Theorem 2.1, for the case when

@&Mé=m (a>0),

we have

ar ( (20) + zp'(20) > Car ( (@ )< zp'(z0) 1 ))
BT o2 ) T BT ) @)
_arg(p(zo +arg<1+zka la1)20‘>

= arg(p(z0)) + arg< (1= 2"’)/2>.

Since

’

% > %(al—mx +a—l—2a)

we now define a real function / by
h(a)=a ™ +a ™ (a>0).
Then this function takes on the minimum value for a given by

1+ 2
1-20

a =

Therefore, from the above inequality, when

1+ 2«
1-2a’

1
O<a<— fora=
2
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we obtain
kTa > g(&(l—h)/z + &«(—1—201)/2)‘
a““ 2
Therefore
arg( plzo) + 2 COR P - @022 + G12972) cos(ma)
2| P\20 [p(Zo) 2 )= 9 1+ %(&(1—2&)/2 + ’&(—1—2@)/2) sin(noe)
_ Sm
==

which contradicts our hypothesis in Theorem 2.3.
Next, for the case when

[1/)(20)]é =—ia (a>0),
with

ko < _g (dl—Zu

ﬁ < 5 —I—Zu),

+a

using the same method as before, we can obtain

/ 1
arg (p(zo) + [;‘U(Z(OZ)O])2> = arg(p(20)) + arg<1 + ika —(—ia)Z“)

ko
= arg(p(zo)) + arg(l + Taelﬂ(1+2a)/2>
a o

K sin( (1 +2a)) )
1+ a’% cos(7 (1 + 2a))

;% cos(mra) >

1- ;% sin( o)

[0 %4
= ——— + arctan
2

%4
= ——— +arctan
2

wr o (g1-20)/2  G(1-20)12) cog(rr)
< —— —arctan ~ ~ i
5 1+ &(@(-20072 4 G1-20)/2) sin(mr v)
2
_ om
=->

which is a contradiction to the assumption of Theorem 2.3.
From the two above-discussed contradictions, it follows that

an
|arg(p(2))| < - (Vz e D).
This completes the proof of Theorem 2.3. d

Corollary 2.4 Let the function f € A, with f”(0) # 0, satisfy the following inequality:

f(z)( zf"(z)) @) )‘ o
arg(zf/(z) 1+f/(z) +f(z) 1)< 7

where § is given by (2.6). Then f € g*(oz).
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Theorem 2.4 Let p be an analytic function in U, with p(0) = 1, p’(0) #0, and p(z) # 0 for
z € U, that satisfies the following inequality:

g([p)+ 22| <27,

where

2 %(a(l—Zu)/Z + a(—l—Za)/Z) COS(T[O!)
y =2+ ~ arctan(1 + L@ 4 GCTn) sin(na)) (2.7)
and
~ 142«
o= O<a< =
1-2«a 2
Thenp € ﬁ(a).

Proof By using a similar method as in the proof of Theorem 2.1, for the case when

[pe0)]* =ia (a>0),

with
ka _ «
o0 2 el al—er +a—l—2a ,
a2a - 2( )
we have

2 zop(20) ) _ 2 zp'(z0) 1
arg<[” @] ) >‘arg([p ()] <1+ (z0) [p(zO>]2)>

1
- arg([p(zo)]z) + arg(l * ikaW)

ko .
= 2arg(p(zo)) + arg(l + ﬁem(l 2a)/2)

K sin(% (1 - 2a)) )

=am + arctan( /<
1+ -5 cos(5(1 - 2a))

We now define a real function /4 by
ha)=a™ +a 172 (a>0).
Then this function takes on the minimum value for a given by
1+2a
a=,| .
1-2«x

Therefore, from the above equality, when

1+ 2«
1-2a’

1 ~
O<a<— fora=
2



Cho et al. Journal of Inequalities and Applications (2020) 2020:85 Page 12 of 14

we obtain
/ ~(1-20)/2 |, ~(-1-2a)/2
2 zp/'(20) S %(a +a )cos(ma)
ar. z0)|” + ——= | = am + arctan — — 8
g([p( )] 1(z0) ) = 1+ £@02072 4 gC1222) sin(ra)
_rr
==

which contradicts our hypothesis in Theorem 2.4.
For the case when

[1/)(Zo)]é =—ia (a>0),

by using the same method as before, we can obtain

lper 35

which is a contradiction to the assumption in Theorem 2.4.

From the two above-discussed contradictions, it follows that

%14
’arg(p(z))’ < - (Vz e ).
This completes the proof of Theorem 2.4. d

Corollary 2.5 Suppose that the function f € A, with f”(0) # 0, satisfies the following in-
equality:

arg(l + ¥'@) ') (zf’(z) _ 1))

}/7'[
@ o \ fe

<,
2

where y is given by (2.7). Then f € g*(oz).
Remark 2.3 For g € §* and f € A such that 2f”(0) #¢”(0), by setting

7@

pe): g(2)

40

in the above theorems, we will obtain a sufficient condition for strong close-to-convexity.

3 Conclusion

In the present paper, we have derived some sufficient conditions (or criteria) for the
Carathéodory functions as a certain class of analytic functions in the open unit disk U.
We have also deduced various sufficient conditions for the univalence, strong starlike-
ness, and strong close-to-convexity of functions in the normalized analytic function class
A. We have considered several other related results as well. Also, with a view to motivating
further research on the subject-matter of this investigation, we have included the citations
of other closely-related recent developments as well.
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