Lopez Pouso and Marquez Albés Journal of Inequalities and Applications (2020) 202037Journal of Inequalities and Applications
https://doi.org/10.1186/513660-020-02316-w a SpringerOpen Journal

RESEARCH Open Access
()]

Existence of extremal solutions for
discontinuous Stieltjes differential equations

Rodrigo Lépez Pouso' and Ignacio Marquez Albés'

“Correspondence:

ignacio.marquez@usc.es Abstract

'Departamento de Estatistica, L . . . . . . L .
Anélise Matemética e Optimizacién Stieltjes differential equations, which contain equations with impulses and equations
Faculty of Mathematics, on time scales as particular cases, simply consist in replacing usual derivatives by
Universidade de Santiago de derivatives with respect to a nondecreasing function. In this paper we prove new

Compostela, Santiago de

Compostela, Spain results for the existence of extremal solutions for discontinuous Stieltjes differential

equations. In particular, we prove that the pointwise infimum of upper solutions of a
Stieltjes differential equation is the minimal solution under certain hypotheses. These
results can be adapted to the context of both difference equations and impulsive
differential equations.

MSC: 34A36; 34K05

Keywords: Upper solution; Ordinary differential equations; Impulsive differential
equations; Dynamic equations; Time scales

1 Introduction
Let us consider the initial value problem

% (1) =f(t,%(t)), tel=[0,1],%(0)=0, (1.1)

where x,(¢) denotes the Stieltjes derivative of the unknown with respect to a nondecreasing
and left-continuous function g : R — R as introduced in [7].

The aim of this paper is to replicate the results obtained in [4] for ODEs in the more gen-
eral context of Stieltjes differential equations. That is, to solve as satisfactorily as possible
the following problem: to find the weakest sufficient conditions over the right-hand side
fe E; (1) so that the minimal solution solution is the least upper solution and the maximal
one is the greatest lower solution. In [5] we can find some results regarding the existence of
extremal solutions of this type of equation in the presence of a pair of well-ordered lower
and upper solutions. In [6] the authors followed this line of research working in the context
of measure differential equations, and then adapted the results obtained to the framework
of Stieltjes differential equations. Therefore, this paper complements, in a sense, the study
initiated in these papers.

We have organised the paper as follows. In Sect. 2, we present the basic definitions and
results required for this paper. In Sect. 3, we are looking for some necessary conditions
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for f that assure that the infimum of all upper solutions of (1.1) is a solution. Then, in
Sect. 4 we obtain a new existence result from those proved in the previous section. Finally,
in Sect. 5, we present a result that guarantees the existence of the extremal solutions for
Stieltjes differential equations. We then adapt the results obtained to difference equations
and impulsive differential equations.

As a final comment, note that in this paper we work on the interval I = [0, 1] and the
initial condition x(0) = 0 for simplicity, but the results are true for any other interval I =

[a,b] and any other initial condition x(a) = x,, x, € R, by doing the obvious changes.

2 Preliminaries
Let g: R — R be a nondecreasing and left-continuous function. In order to recall the def-
inition of the Stieltjes derivative of a function with respect to g (or simply the g-derivative

of a function) as presented in [7], we need to define the sets
Ce= {s e R:gis constanton (s — ¢,s + ¢) for some ¢ > O},

and D, = {t e R: Ag(t) > 0}, where Ag(¢) = g(t*) — g(¢) and g(t*) denotes the limit of g at ¢
from the right. Now the g-derivative of a function x: / — R at a point £ € I \ C, is

. x(s)—x(t) .
() = limg_,; 260 ift¢D,,

limg_, o+ % ifteDyand <1,

provided that the corresponding limit exists. Note that, for a point ¢ € Dy, x,(¢) exists if
and only if x(¢*) exists.

Notice that we do not define g-derivatives at points ¢ € C,, nor it is necessary because C,
is a null-measure set for 1, (the Lebesgue—Stieltjes measure induced by g), see [7, Propo-
sition 2.5]. Therefore, the differential equation in (1.1) is not really defined for £ € I N C,.

The following result, the fundamental theorem of calculus for the Lebesgue—Stieltjes
integral [7, Theorem 5.4], establishes the relation between Stieltjes derivatives and the

Lebesgue—Stieltjes integral for a particularly interesting set of functions.

Theorem 2.1 (Fundamental Theorem of Calculus for the Lebesgue—Stieltjes integral) Let
a,beR,a<b,andF :[a,b] — R. The following conditions are equivalent.

(1) The function F is absolutely continuous on [a, b] with respect to g (also expressed as
g-absolutely continuous on [a, b] or F € AC,([a, b])) according to the following
definition: to each & > 0, there is some 8 > 0 such that, for any family {(a,, b,)}, of
pairwise disjoint open subintervals of [a, b], the inequality

> (g(b) - glan)) <8
n=1
implies

> |F(ba) - Flan)| <&

n=1
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(2) The function F fulfills the following properties:
(a) There exists Fy(t) for g-almost all t € [a, D) (i.e., for all t except on a set of g
measure zero);
(b) Fé/, € £§([a, D)), the set of Lebesgue—Stieltjes integrable functions with respect to
Mg and
(¢c) Foreach t € [a,b], we have

F(t)zF(a)+/

[at

)Fé',(s) dpig. (2.1)

In this paper we consider integration in the Lebesgue—Stieltjes sense mainly, and we
shall call “g-measurable” any function (or set) which is measurable with respect to the
Lebesgue—Stieltjes o -algebra generated by g. Moreover, integrals such as that in (2.1) shall

be denoted also as

f[ )F‘;(s) dg(s).

For properties of g-absolutely continuous functions, we refer the readers to [2, 7]. One
of the main properties is that every g-absolutely continuous function is also g-continuous

in the sense of the following definition.

Definition 2.2 ([7, Definition 3.1]) A function F: [a,b] C R — R is g-continuous at s €

[a, b] if, for every ¢ > 0, there exists § > 0 such that

ted, lg)-gb)|<s = |[fO)-f)|<e.
We say that f is g-continuous on A if it is g-continuous at every point ¢ € [a, b].

We shall denote by BC,([a,b]) the set of all g-continuous functions that are also
bounded. It is shown in [7, Definition 5.5] that AC,([a, b]) is a subset of this set. Hence,

the next result gives, indirectly, some properties of g-absolutely continuous functions.

Proposition 2.3 ([7, Definition 3.2]) IfF : [a,b] — R is a g-continuous function on [a, b],
then

(1) F is continuous from the left at every s € (a, b];

(2) ifg is continuous at s € [a, D), then so is F;

(3) ifg is constant on some [c,d] C [a, b], then so is F.

Further properties about the behaviour of g-absolutely continuous functions can be

found in another result from the same paper.

Proposition 2.4 ([7, Proposition 5.2]) IfF is g-absolutely continuous on [a, b], then it has
bounded variation.

For the purpose of this paper, we shall also recall the following result.

Page 3 of 21



Lopez Pouso and Marquez Albés Journal of Inequalities and Applications (2020) 2020:47 Page 4 of 21

Proposition 2.5 ([2, Proposition 5.6]) Let S C AC,(I) be such that {F(t,) : F € S} is
bounded. Assume that there exists h € Eé([to, t)) such that

|F‘é(t)| <h(t) forg-almostallt € [ty,t1), and forall F € S.

Then S is relatively compact in BC,4(I).

As a final note for this section, we establish the definition of a solution of (1.1), as well

as other relevant definitions such as lower and upper solutions.

Definition 2.6 A function x: I —> R is a solution of (1.1) if x € AC,(I), #(0) = 0 and

xé(t) :f(t,x(t)), gaa.tel

We say that xmiy is the minimal solution if x, is a solution and xy;, < x on I for any other
solution x. The maximal solution is defined in an analogous way with the obvious changes.

When both the minimal and the maximal solutions exist, we call them the extremal
solutions.

Definition 2.7 A function u : I — R is an upper solution of (1.1) if u € AC,(I), u(0) > 0
and

wy(t) > f(t,u(t)), gaatel
A function /: I — R is a lower solution of (1.1) if | € AC,(I), {(0) < 0 and

L(t) <f(tIl®), gaatel

3 Properties of the infimum of upper solutions
Consider problem (1.1). We will assume that f satisfies the following hypothesis:
(H1) There exists M € /3;(1) such that |f(¢,x)] < M(¢) forg-a.a. tel,allx e R.

Remark 3.1 1f f satisfies a local boundedness condition, such as
(H1*) For each R > 0, there exists My € Eél,(l) such that |f(¢t,x)| < Mg(¢) for g-a.a. t €1,
allx e R, |x| <R,
we can study the existence of local solutions. To do so, we fix R > 0, we define

f(t,x) =f( max{—R, min{x,R}}),

and we study (1.1) with f replaced by f , which satisfies (H1). Observe that solutions of the
new problem are local solutions of the former one.

In the following, we shall denote the set of admissible upper solutions for (1.1) as follows:

U= {u € ACq(I) : u(0) > 0, ué(t) zf(t, u(t)) g-a.e.onl,

uig(t)} < M(t) g-a.e.on I},
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and define u;n¢(2) := inf{u(z) : u € U}, t € I. Note that u;,r(0) = 0 as the function u given by
u(t) = f[o,t) M(s) dg(s) belongs to U and, trivially, #(0) = 0.

Since the aim of this paper is to find out some conditions guaranteeing that the function
Uine is the minimal solution of the problem, we first need to obtain conditions that assure
that uinr € ACg(I) and I(Ltinf)"g| < M. In order to do so, we need the following lemma, in
which the first condition for our goal, due to Antunes Monteiro and Slavik (see condition
(C4) in [1]), will appear.

Lemma 3.2 Counsider B1, B2, ..., By € U. If f verifies (H1) and
(H2) Forallt € IN Dy, the map u € R~ u +f(t,u)(g(t") — g(t)) is nondecreasing,
then the function Bmin(t) = min{B1(¢), B2(t),..., Bu(t)}, t € I, is an element of U.

Proof To prove this result, it suffices to show that given 81, 8> € U, Bmin(t) = min{B;(¢),
Ba(t)}, t € I, belongs to U. First of all, note that B, € AC,(I) since we can write it as the
difference of two g-absolutely continuous functions:

BL(t) = Ba(t)  1B1(2) — Ba(D)] .

IBmin (t) = D) 9

Moreover, Bmin(0) > 0 trivially, and so, all that is left to prove is that for g-a.a. t € I
(Bmin)g(£) = f (&, Brmin(£)) and |(Bmin)y ()| < M(2).

LetE={tel: H(ﬂl)é(t), (ﬂz)é(t), (ﬁmin)é(t)}, and let ¢y € E. Note that £y ¢ C; since there
exist g-derivatives at that point. We distinguish two possible cases: either §; > f, on a set
S C [0,1] such that ty € [S N (ty,1)]’ or B1 < By on (ty, to + §) for some § > 0. Assume the
first one holds. If 8;(t) > B2(ty), then

RY T ﬂmin(t) - ﬂmin(to) _ . ﬂmin(t) - ,Bmin(tO)
('Bmm)g (fo) = tli)I% gt —-glte) Htg,}rlesnao,l) g(t) — g(to)

- tim P2 () )= (0, ) =t B )

Otherwise, B5(t) > B1(to), and so £y € D,. Note that g, (¢]) = limg g resneo,1) B1(2) = Ba(t).
Hence, using hypothesis (H2),

~ Bmin(£g) = Bmin(to)  Pa(ty) = Pr(to) Ba(to) + Ag(t0)(B2)y — Br(to)

Brin)gl0) = = Gy —gtt)~ glig)—glto) Ae(t)
- Ba(to) + Ag(to)f (to, B2 (o)) — B1(to) - Bi(to) + Ag(to)f (to, Br(t)) — B1(to)
= Aglto) = Aglto)

:f(tO’,BI(tO)) :f(tOr ﬂmin(tO))~

Thus (ﬂmin)é(t) > f(¢, Bmin(t)) for g-a.a. t € I. Moreover, |(ﬁmin)i,)| < M. Indeed, if B;(t) >
Ba(to), then it is clear. If B (to) < B2(to), we have (Biin),(£0) = f (to, Bmin(fo)) = M (f) and

Ba(t§) — Bi(to) _ B1(t5) — B1(to)

(ﬁmin)g(t()) = Ag(to) - Ag(t)

= (B1)(t0) < M(to).

The case 81 < 85 on (¢, to + 8) for some § > 0 is similar. O
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Using the previous lemma, one can show that u;, verifies some of the required proper-
ties.

Lemma 3.3 Iff satisfies hypotheses (H1)—(H2), then uin; € ACq(I) and
|(tint) (£)| < M(2),  g-aa.tel

Proof Let s, t € I be such that s < £. By definition of u;y, given € > 0, there exist u;,u; € U
such that

P P
0 < u1(t) — uine(t) < % 0 < uy(s) — uins(s) < 5

Define u(z) = min{u;(z), u2(z)} for all z € I. By Lemma 3.2, u € U. Moreover, 0 < u(t) —
Uine(t) < €12, 0 < u(s) — uine(s) < /2. Hence,

|Minf(t) - Minf(5)| = |Minf(t) - M(t)| + |M(t) - M(S)| + |M(S) - Minf(S)|

/ Mdg
[s,2)

Since ¢ > 0 is arbitrary, we have that |uine(£) — uins(s)| < f[s M dg. Now, using that M €

€
<-4+

£
+ == Mdg +¢.
2 2 g

[s,2)

AC;(I ), it is easy to check using standard arguments that ui,r € AC,4(I). Moreover, for each
s €I that (uinf)fg(s) exists, define @,(t) = f[mM dg,t €1, t>s. Note that @; is g-absolutely
continuous, so, by the fundamental theorem of calculus [7, Theorem 2.4], we have that

|tint(0) — sine($)| _ . Ps(O) = Ps(s)

|Gt (8)] = lim = (@,),(5) = M().

t—>st g(t)—g(s) — tgg g(t)—g(s)

Now, since uir € ACg(I), we have that (uinf)é(s) exists for g-a.a. s € I, and the result fol-
lows. O

Furthermore, one can show that u;,; can be approximated by a sequence of U.

Lemma 3.4 If f verifies (H1)—(H2), then there exists a nonincreasing sequence {u,} C U
that converges uniformly on I to Uiyt

Proof For each t € [0, 1], define u,(¢) = f[O,t) M(7)dg(tr) e U. Assume that uy, uy,...,u,1 €
U have been defined. For every i € {0,1,...,n — 1}, choose y; € U satisfying the following
inequalities:

(i) (l) (l) 1
Uinf| — | =¥i|l = ) = tine| — | + —-
n n n n

Define u, = min{u,_1,%0,-..,¥n-1}. Then u,, € U by Lemma 3.2; moreover, the sequence
{u,};°, is nonincreasing. Furthermore, {u,}52, verifies Proposition 2.5 since, for each
neN, |(u,,)"g(t)| < M(¢) for g-a.a. t € I and {u,(0) : n € N} = {0} as 0 < u,,(0) < u;(0) = 0.
Hence, {u,} is a relatively compact set, and therefore there exists a subsequence {u,, } that
converges uniformly in BC,(I) to a limit, say v. Since {u,} is a monotone sequence, it also
converges uniformly to v. Therefore, it is enough to show that v = ujys.
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Since u, > ujys for all n € N, we have that v > uj,r. Assume that v # ui,r. Then there exists
to € I such that v(t) > uini(£o). Both functions belong to BC,(I), so Proposition 2.3 ensures
that they are left-continuous. Hence, there exist ¢ > 0 and § > 0 such that u;n(¢) < v(£) — ¢
for all t € (¢ — 68, %]. Consider n € N such that 1/# < min{c,8}. Then wu;(t) < v(£) — ¢ <
u,(t)—c <u,(t)—1/nforall t € (¢y -6, ty], and so uine(¢t) + 1/n < u,(¢t) forall ¢ € (¢y—1/n, to].
Now, for some i =0,1,...,n, i/n € (ty — 1/n,t], and so uie(i/n) + 1/n < u,(i/n), which is a

contradiction. Therefore, v = u;ys. O

In the last two theorems of this section, we study the behaviour of f over the graph of

Uins, from which one can obtain conditions over f so that ui,s is a solution.

Theorem 3.5 Counsider (1.1) under hypotheses (H1)—(H2). Then, for g-a.a. t € I,

(thint) (2) > f (& wine(8)) X1, (2) +y 1i(1nir(1£)+f(t,y))(12(t),

— \Uinf
where I = {t € I : ujns(t) = u(t), u"g(t) > f(t, u(t)) for some u e Uy U Dy and I =T\ I,.

Proof First, note that hypotheses (H1)—(H2) guarantee that u;,; € AC,4(I), and therefore
(Minf)jg exists g-almost everywhere.

Lets e I; \ D, be such that (uinf)é (s) exists, and let u € U be the corresponding function
to the definition of I;. Then (uinf)é(s) = ué(s) > f(t,u(s)) = f(t, uint(s)). On the other hand,
for s € D,, consider a sequence {u,};>, C U as in Lemma 3.4. We know that, for all #, it

holds that

Un(S*) = n(s) + AG(S) (5, n(5)) = thine(s) + AGS)f (s, tine(s)).

Hence, since {u,,} converges uniformly to u;,y, it follows from the Moore—Osgood theorem
[3, Chapter VII, Theorem 2] that

Uing(s*) = tini(s) + AG(S)f (5, ing(s)),
or equivalently, (Minf)jg(s) > f(s, uing(s)).
Finally, we study (Uinf)é on I,. To do so, we consider again a sequence {u,};°; C U as in

Lemma 3.4. Since |(u,,)fg| is uniformly Eél,—bounded on I, we have that 1iminf,Hoo(u,,)fg IS
ﬁ; (I). Moreover, by Fatou’s lemma, for £ < ¢,

Uing(£) — tin(£) = liminf (2, (¢) — u,(?)) = liminf / (1) dg > / liminf(x,), dg.
n— 00 [z,t)

n— 00 [z,t) n— 00
Now, since uins € AC,(I), we have that uing(¢) — ine(£) = f[z’t)(umf)é dg. Hence,
(uinf)é(t) > lim inf(un)é,(t) > lim inff(t, un(t)) g-aa.tel.
n—0o0 n—00

Now, if s € I, and uini(s) = u,(s) for some n, the definition of I, implies that s ¢ D, and
either (u,,);,(s) does not exist or (u,,)é(s) < f(s,u,(s)). The set

(e €1\ Dy : 3 ) ()} U {t € I\ Dy : ()} (5) <f (5, 1us)) })

neN
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is a null-measure set with respect to the g-measure. Hence, for g-a.a. ¢ € I, we have that
uing(t) < u,(t) for all n € N, and so, since {u,(¢)} is one of the infinitely many sequences that

converge to uj,¢(t)*, we have that

(Minf)jg(t) > liminff(t, un(t)) > li(mir(lf) f(t,y),
n—00 y— (uint(9)*

which concludes the proof. d

Remark 3.6 1t follows from Theorem 3.5 that if the following condition is satisfied

liminf f(¢,y) zf(t, Minf(t)), forg-a.a.tel,

y—> (uinf(0)*

then (Minf)jg > f(t, uing(£)), i-€., Uiy is an upper solution.

Note, however, that for all £ € I N Dy, u;ys is a “solution’ i.e., (I/linf(t))é = f (¢, uine(2)) as long
as hypotheses (H1)—(H2) are satisfied. Indeed, we already know that (Minf)‘/g(t) > f(&, une(t))
for t € I N Dy. Reasoning by contradiction, assume that there exists ¢, € I N D such that
(uinf)jg(to) > f(to, uini (o)), or equivalently, uins(£5) > uine(to) + Ag(to)f (fo, Uint(t0)) = a. Then
one can find zy € (a, uins(£})). Define

Uinf(£) ift € [0,%],

u(t) =
Zo + f(to,t) M(t)dg(z) ifte(t1].

First, note that

by ulty) —ulto)  zo—uine(to) _ a— tine(to) ' B
ug(to) ST Al At > Aglto) —f(to: umf(fo)) —f(toyu(to))~

Moreover, |ué| < M trivially and u € AC(I) as it is defined as a piecewise function of
AC,(I) functions. Hence, u € U, which is a contradiction, as u(£]) = zo < ins(£]).

Therefore, in order to determine the conditions guaranteeing that uiy¢ is a solution, there
is no need to see what happens at points of D, as long as (H1)—(H2) hold.

We now prove the following lemma that we will need in order to obtain a necessary

condition for uj,s being an upper solution.

Lemma 3.7 Let M : [0,1] — [0, 00] be a g-integrable function. If F C [0,1] is a set of posi-
tive g-measures, then there exists F; C F such that, for all s € Fy,

g0-gl) ., 1

im S 788) 4 & M(t)de(t) = 0.
5 g5, 0) N F) 2o (5 8) N E) Jiunr J

Proof First, let G: I =[0,1] — R be the map given by
60-0. 6= [ x)dgts) vee 1)
[0,0)

where xr denotes the characteristic function of the set F. Clearly xr € L'él,((O, 1]) and there-
fore it is trivial that G € AC,(I). Hence, there exists a set Fy C F such that uy(F \ Fy) =0
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and there exists G‘fg(s) for all s € Fy. Moreover, Gé,(s) = xr(s) = 1 for all s € Fy. Thus,

, . GWt)-Gs) .. Jionxr(©)dg(t) = [0 xr(T)dg(T)
=G.(s)= lim —————~ =
=G = i el 2(t) —g(s)

g Jiore %0 (s ) N F)

st g(t)—gls) s g()—gls)

Consider now the map H : I — R defined as
HO=0  HO= [ MO xnedes) Vee 1]
[0,6)

Once again, since Mo =M - xnr € Eé((O, 1]), it follows that H € AC,(I), and therefore
there exists F; C Fy such that p,(Fo \ Fi) = 0 and Hé(s) exists for all s € F;. Moreover,
Hé/,(s) =M(s) - xpr(s) = 0 for all s € F;. Hence,

g HO=HE) L JonMo(0)dg(0) = fio Mo() dg(@)
=H(s)=1 = '
== =g A ¢ -g)

Now, since s € F; C Fy, we have that

) f[s pMo(r)dg(t) f[s pMo(T)dg(t) g(t) - gls)
=1 e . | ’ -1
0= e 0-g0) T q0-g0) e u(s)NF)

L f[s,,)Mo(T)dg(f) g(8) —g(s) i f[s,t)Mo(T)dg(f)

TN g0-gl)  mgsHNE) e pugls )N E)

’

and so, for all s € F;, we have

gt)—gls)

o (56 NEF) M(z) dg(z) = 0. O

’

lim ————
t—>s* ,ng([S, t) N F) [s,)\F

We can now state and prove the following necessary condition for u;,s being an upper

solution.

Theorem 3.8 Counsider problem (1.1) under hypotheses (H1)—(H2). Assume (Minf)é(t) >
f(t, uint(?)) for g-a.a. t € I. Then:
(@) Theset]={tel\Dg: (ujnf)é(t) >limsup,_, (. o)-S (&)} is a countable union of sets
which contain no positive measure set. Specifically, ] =, e Jnm» where

Jom = {t & I\ Dy (0~ > sup{f(t,w i)~ <y < umfo:)} }

(b) (umf)fg(t) <lim supy%(uinf(t))ff(t,y)forg—a.a. t e I\ D, provided that, for all n,m € N,
the set J,m is g-measurable.

Proof For each t € ], there exists n € N such that

(umf)fg(t) - % > limsup f(t,y) = ;13(1;{ sup ()f(t,y)}.

> (uinf (€)™ Uinf (£)—&<y<dinf

Page 9 of 21
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Therefore, there exists m € N such that (Uinf)é(t) —1/n>sup{f(t,y) : thint— 1/m <y < ujns(2)},
and so ¢ € ], ,,,. Conversely, if t € J,,,, for some n,m € N, then

(uinf)fg(t) - % > sup f(t,y) > limsup f(t,y).

Uinf(£)=1/m<y<uing ¥ (inf (£))~

Hence, t € J and we can write J = Un,meN Jum- Thus, it is enough to show that, for all
n,m €N, J, , contains no positive g-measure subset.

Reasoning by contradiction, assume that there exist n,m € N such that J,,, contains a
subset of positive g-measure, denoted again by J,,, for simplicity. By Lemma 3.7 there
exist t € J,,,, N (0,1) and § > 0 such that, for all £ € (¢, ¢ + ),

1

1
/'Lg([tO’ t) m]n,m) Z E(g(t) _g(tO)): /[‘to,t)\]n,m M(S) dg(s) S Eﬂg([to» t) m]n,m)'

Moreover, since ¢y ¢ Dg, § can be chosen so that g(t) — g(ty) < n/m for all £ € (£, to + 8). Let
us define u € AC,(I) such that 4(0) = 0 and, for all £ € ],

(uinf);(t) if t < to,
w(8) = § (int), () = Un i £ € [to, 0 + 81 NV
M(2) otherwise.

First of all, note that
)= [ 100dg0) = [ iy (9)g(9) = i)
[0,20) [0,t0)

Moreover, note that |ujg(t)| < M(¢) for g-a.a. t € I\ ([to, to+ 8] N Jum). For t € [to, Lo+ 81N um
we have that (Minf):g(t) —1/n < M(t) - 1/n < M(t) and

() 6) - > sup {f(t,y) ()~ - <y < w(t)} > -M(0).

Thus |uig(t)| <M(t)forg-aa.tel
Now, since uiyr is an upper solution by hypothesis, it is trivial that u,(¢) > f(¢, u(?)) for
g-aa.tel\ ([to,ty + 8] N Jym). For t € (¢, to + 8), we have

) = 0) = [ () 6) - 1(9) g9

[to.t)

- /[ o (= 09) ) / (i (5) — 1)) dig(s)

[t0,)\Inm

[ S [ () - M00) des
[to.2) [t0,)\nm

Vn,m n

= %ll«g([tO’ t) m]n,m) + ,/[‘go,;)\]mm ((uinf)‘,g(s) _M(S)) dg(S)

Hence, on the one hand,

int(0) — () = %ug([to, 01 o) =2 / M(s) dg(s)

[tOxt)\]n,m
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1 1 1
= ;,U«g([to; t) m]n,m) - ﬂﬂg([to» t) m]n,m) = Eﬂg([to» t) m]n,m) > 0.

On the other hand,

Uin(t) — u(t) = %Mg([to,t) O Jm) +/[ o ((uting)y (s) — M(s)) dg(s)

< (608 ) = - ig[t0) = - (806) ~gla) < -

That is, for t € (¢, ty + &), we have 0 < ujn(£) — u(t) < 1/m, or equivalently uine(t) — 1/m <
u(t) < uine(t). Therefore, for g-a.a. t € (¢, to + 8) N Jy,m, we have

WO =0 - > s f(6) = (6ulo)

Uint ()= 1/m<y<utint(t)

Thus, ué(t) > f(t,u(?)) for g-a.a. t € I, i.e., u € U, which is a contradiction, since u;n¢(Z) —
u(t) > 0 for all £ € (to, to + 5).

Part (b) follows from (a) and the extra assumption. O

Combining Remark 3.6 with part (b) of Theorem 3.8, it is easy to see that u; is a solution

of (1.1) if the sets J,,,, are g-measurable and

limsup f(¢,y) <f(tuine(t)) < liminf f(t,y), g-aa.tel\D,.

y—> (uing(£))~ y—> (uing(£)*

However, since u;i,¢ is unknown a priori, a reasonable sufficient condition to impose is

limsupf(s,y) <f(¢,%) <liminff(¢,y), g-aa.tel\DgVxeR.

y—>x~ Y

4 Existence of minimal solution
We start this section with the following lemma, which is an adaptation of [8, Lemma 6.92].

This lemma will be used later to obtain an existence result.

Lemma 4.1 Let @ : [a,b] — R be a map such that q§é(t) exists for all t € E C [a, b] \ Dg. If
m(P(E)) = 0, where m denotes Lebesgue’s measure, then @é(t) =0forg-a.a.t€E.

Proof Without loss of generality, we can assume that £ N (C; U N,) = ¥, where C, can be
expressed as the union of pairwise disjoint intervals C, = UZZl(a,,,bn) and N, = {a,, b, :
n € N} \ D, (see [4, Remark 2.1]). Let us define the sets

B, = {teE: |q§(s)—<1§(t)| > |g(s)—g(t)|/n, Vsela,b], 0<s—t< l/n}, neN,

and B={teE: t;Dg, #0}. Then B = |,y By Indeed, if ¢ € B, then there exists ¢ > 0 such
that

P(s) - P ()

c:|¢é(t)|:lim 6 —20 |

s—>tt
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Let § > 0 be such that, for 0 <s — £ < §,

’ D(s) - D(t) }
8(s)—g()

Let N € N be such that 1/N < min{8, ¢/2}. Then, for all # > N, if 0 < s — ¢ < 1/n, it holds that

‘ D(s) — ¢(t) '
g(s) -

and so ¢ € B, for some n € N. Conversely, if ¢ € B, for some n € N, then t € Bas

|<D(t|—11

s—>tt

@(s)—@(t)‘ >l
(s)—g@®) | =n

Hence, it is enough to show that 11,(B,) = 0 for all # € N. Moreover, since each B, can be
covered by finitely many intervals of length less than 1/#, it suffices to show that ,(J N
B,,) =0 for every such interval J. Therefore, if we denote A = J N B,,, we need to show that

Mg(A) =0.
Let & > 0. Since m(®(A)) = 0, there exists a family {J;}72, of open intervals such that

oW Y Il<>.
k=1 k=1 n

Let us denote Ay = A N @7 !(Jy). Then A = [J;o, Ax. Moreover, g-diam(4;) < n -
diam(®(Ax)). Indeed, by definition g-diam(Ax) = sup{|g(s) — g(¢)| : s,¢ € Ax}. Therefore,
for each pair s,t € Ax such that s < ¢, the definition of B, yields

0<g(s) ~g(t) = |g(s) - g(t)] < n|®(s) - D(1)] < - diam(D(Ay)),

and so, the inequality follows. Thus, if we prove that 1,(Ax) < g-diam(Ax), we are done,

since

Ig(Ag) < Z [g(Ag) < Zg— diam(Ac) <n ) diam(@(Ax)) <n Y il <e.

k=1 k=1 k=1
To show that 1,(Ax) < g-diam(Ay), let us denote a; = inf Ay and by = sup Ax. We distin-
guish two cases: ay € Ay or ay ¢ Ag.
Assume first that a; € Ag, then by definition of b, one can find a sequence {x,},en C Ax
such that {x,} is nondecreasing and x, 27 b Hence,
g-diam(Ay) = sup{g(t) - g(s) : t,s € A, s < t} > gx) — glax), VneN,
and so g-diam(Ax) > g(bi) — g(ax). Now, if by € Ay, then by ¢ Dy and Ay C [ax, by, so

1g(Ax) < g (lai, bil) = g(by) — glax) = g(bi) — glax) < g- diam(Ay).

Otherwise by ¢ Ay, 50 Ay C [ax, bi) and ug(Ar) < pg(lak, bi)) = g(bi) —glax) < g- diam(Ay).
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Assume now that a; ¢ Ay, then a; < s <t < by, and so g(¢) — g(s) < g(bi) — g(ay). There-
fore g-diam(Ax) < g(bx) — g(ag). Moreover, g- diam(Ay) = g(bx) — g(a;). Indeed, let ¢’ > 0.
Since g is left-continuous at by, there exists §; > 0 such that if 0 < by — ¢ < &;, then
g(bi) — g(t) < €'/2. Since by = sup Ay, there exists ty € Ay such that 0 < by — o < 1, and
so g(bx) — g(to) < €'/2. On the other hand, by definition of g(a;), there exists §, > 0 such
that if 0 < s — a4 < 8y, then g(s) — g(ay) < &'/2. Since ay = inf(Ay), there exists s € A; such
that 0 < s — ay < min{d,, o — ax}. Hence, there exist s < £, s, t € Ay such that

/ /
& !

£ -89 > glbe) - 5 - g(ai) - 5 =gbo) - g(a}) - <"

Therefore g- diam(Ax) = g(bi) — g(a). Again, if by € Ay, then by ¢ D, and Ay C (ax, bi, so
g(Ax) < g ((ar, brl) = g(br) — g(ai) = g(by) — g(af) = g- diam(Ay).

Otherwise, by ¢ Ay, so Ax C (ar,by) and pg(Ar) < pe((ar, br)) = glby) — gla;) =
g-diam(Ay).

Using Theorems 3.5 and 3.8, we obtain the following existence result.

Theorem 4.2 Letf : [0,1] x R — R be a mapping satisfying hypotheses (H1)—(H2). More-
over, assume that f satisfies the following:
(H3) Either

limsupf(¢,y) <f(t,x) <liminff(t,y), g-a.a.tel\D,VxeR, (4.1)
y—at

y>x
or there exists a family of g-absolutely continuous functions yy : [¢,, d,] C 1 — R,
n €N, such that, for g-a.a.t € I\ Dy and all x € R\ U,cn, <t<a,) 1Va ()},

inequality (4.1) holds, while for each n € N and g-a.a. t € [c,,d,] \ Dy, we have
either (yn)(¢) = f (&, yu(9)) or

(r)g(8) = f (&, va(t))  whenever (y,)(t) = yl_lg(l; inf f(&.), (4.2)
() (8) <f (&, vu(t))  whenever (y,),(2) < lirfl sup f(&,). (4-3)
y—=(vn(t))”

Then:
(a) (uinf)é(t) = f(t, uine(t)) for g-a.a. t € I\ J, where J is a countable union of sets which
contain no positive g-measure set. Specifically, ] =, ,.cxJnm> where, for all
n,m €N, the set

]n,m = {t € I\Dg : (uinf)é(t) - % > Sup{f(t,y) : uinf(t) - % <y< uinf(t)}}

contains no positive g-measure set.
(b) thing is the minimal solution of (1.1) provided that, for all n,m € N, the set ], is

g-measurable.
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Proof We shall assume that the second alternative in (H3) holds, as the proof in the other
case is analogous, but simpler. By Theorem 3.5 there exists /; C I such that D, C I; and

(Minf)jg(t) zf(t, Minf(t))Xh &)+ liminf f(&,y)xnpn(t), g-aa.tel. (4.4)

¥ (uing(£))*

We then deduce from (H3) that

(uinf)jg(t) Zf(t, uinf(t)) holds for g-a.a. t € I\ U A, (4.5)

neN

where A, = {t € [¢,,du] \ Dy : uine(t) = yu(2)}.
For each n € N, define @,,(£) = uins(t) — yu(t), t € (¢4, d,], and

En = {t S An :3 (uinf)‘/g(t)r (Vn)é(t)}

Applying Lemma 4.1 with @ = @, and E = E,;, we obtain (uinf)é(t) = (yn)é(t) forg-a.a.t € E,.
Since u;yr and y, are g-absolutely continuous, we have p4(A, \ E,) = 0, hence (Minf)é(t) =
(y,,)g,(t) for g-a.a. t € A,,. Therefore, (4.5) yields

(ing)(8) = f (£, uing(t))  forg-aa.tel\ | J I

neN

where Fn = {t S [Cm dn] \Dg : uinf(t) = Vn(t)7 (Vn)é(t) #f(tr yn(t))}
Let us show that, in fact, the inequality holds for g-a.a. t € I. To do so, let n € N be fixed,
and let ¢y € I, be such that (uinf)é(t()) = (yn)fg(to). We study separately two cases: either

(y,,)é(to)< liminf f(¢,y) or (y,,);,(to)z liminf f(¢,y).
= (yn(to))* y—(yu(to))*

If(y,,);,(to) <liminfy_, (o) + f(£,), then (lx[inf):g(t()) < liminf,_, (,;)+ f (£, ¥). Hence, by (4.4),
either ¢, belongs to a null-measure set or ¢y € [, and so (uinf)é(to) > f(to, Uint(£o)). Other-
wise, (yn)é(to) > liminf,_, ,, o)+ f(¢,9), and so by (4.2) either ¢, belongs to a null-measure
set or (¥)y(to) = f (o, ¥a(%0)), and therefore (uint)g (o) = f (£o, int(£0))-

We have thus proven that (Uinf)é(t) > f(t, uini(2)) for g-a.a. t € I. Now, applying Theo-
rem 3.8, for g-a.a. £ € I\ ], we have either t € D, and then (uy)'(£) = f (£, uins(2)), or t ¢ D,
and

(Uinf)é(t)f limsup f(t, ). (4.6)

¥ (uing(8))~

Therefore, (4.1) implies that (Minf)jg(t) < f(t, uine(2)) for g-a.a. t € I\ J) \ U, ey An- Let us
show that the inequality holds for g-a.a. t € I'\ J.

Let n € N be fixed. Since (Minf)jg = (Vn)é g-almost everywhere in A, it suffices to see what
happens at an arbitrary point ¢, € A, such that (l/linf)‘/g(to) = (y,,)‘/g(to). Recall that une(fg) =
Yu(to) and ¢y ¢ Dg. Now, if (yn)é(to) > lim supyﬁ(yn(to))_f(t,y), then

(int)y(to) > limsup f(t9),
y— (uinf(0))~
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hence, £y € J. Otherwise, (yu),(f0) < limsup,_,, ()-Jf (&), by (4.3), either £ belongs to a
null-measure set or (y,,)fg(to) < f(to, yu(t)), and therefore (uinf)é(to) < f (o, uint(to))-

Hence (uint)y (£) < f (¢, uint(t)) for g-a.a. £ € I\ ], and so

(tint)y (6) = f (£, wins(2)),  g-aa.tel\].
Part (b) follows from (a) with the extra assumption. O

Part (a) of Theorem 4.2 ensures that u;,s is some sort of “weak” solution, which is an
extremely weak concept as a countable union of sets having no positive g-measure may be
rather big. Anyway, the measurability of the sets J,,, is enough to turn ui,s into a solution.

To conclude this section, we shall prove the result that will give an easily verifiable suf-
ficient condition for the measurability of J, . In order to do so, we first start by proving
two lemmas related to a family of functions S, that shall be needed later in the proof of

the mentioned result.

Lemma 4.3 Letx:I — R be a function of bounded variation. Then there exists a sequence
{x,)00, of step functions such that x,(t) € Q for all t € I and {x,} — x uniformly on I.

Proof It is enough to show that such a sequence exists for a nondecreasing function
f:I— R, as any function of bounded variation can be expressed as difference of two

nondecreasing functions. Consider the sequence

Si0y= [ f0),

where [z] denotes the integer part of z. First, note that f,(t) € Q for all ¢ € I; moreover,
each f, is a step function since f is nondecreasing. Therefore, it is enough to show that

IIf =frlloo = 0 as m — oo. Indeed,

0 =1 ~filos = suplf0) = -0 = % supl-(0 [0
< 1rxy, O
n

Given x € AC,(I) and ¢ > 0, let us denote by {x,,} the sequence obtained from Lemma 4.3
and denote by D the set

D= U {t € I:x, is not continuous at £}.

neN

Note that D is a countable set as it is a countable union of countable sets. We define the
set S, as the set of step functions defined as follows: v: (0,1) — R belongs to S; if, and
only if,

1. x(£) —e < v(t) <x(¢) for all £ € (0,1);

2. v(t) e Qforall t € (0,1);

3. There exist a; <ay < --- < a,, € D such that v is constant on

(O:al)r (ab 612), e (am—b "lm)¢ (ﬂm) 1)
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Note that the set S is nonempty. Indeed, since {x,} converges uniformly on I to x, there
exists N € N such that

x(t) - ¢ <xn(t) <x(t) + E, Vtel.
3 3

Define s(t) = xn(t) — g for some g € (¢/3,2¢/3) N Q. It is easy to see that s € S.

Lemma 4.4 Letx € AC,(I). Forallty € (0,1),all e > 0,all y € (x(to) — &,%x(to)) and all § > 0,
there exists s € S, such that y — § < s(ty) < y. Analogously, for all ty € (0,1), all ¢ > 0, all
y € (x(to) — &,%(t0)) and all § > 0, there exists s € S, such that y < s(ty) <y + 6.

Proof We shall prove the first part of the statement, as the second part is analogous. Fix
to€(0,1), £ >0, y € (x(to) — &,%(t)) and 8 > 0. Take § € (0,8] such that x(t) — & < y — 4.

Since {x,} — x uniformly on I and y € (x(fo) — &, x(¢y)), we can find j, N € N big enough so
that

1 )
x(to)—]—,s <y—8<y<x(t0)—£, and x(t)—i<xN(t)<x(t)+i, Vel
j j 2j 2j

The function s(£) = xn(¢) — xn(to) + q for some g € (y — S,y) N Q verifies the statement of

the lemma. Indeed, first s € S, since conditions 2 and 3 are trivially fulfilled and
€ € €
s(£) = xn(£) — xn(to) + g <x(t) + 5; —x(to) + - +y =x(£) —x(to) + ~ +y
Y 2j J
€ €
<x(t) = x(to) + — + x(to) — — = x(t);
J J
€ € < & <
s(8) = xn(£) — xn(to) + g > x(t) — 5 —x(to) — 5 +y =8 =x(t) —x(to) - - +y -0
Y Y J

> x(t) — x(tp) — ; +x(tg) — j_Tls =x(t) —e.

Moreover, s(to) = xn(to) —xn(to) +g=q € (y=5,9)NQ C (y-8,9) NQ. O

The following theorem gives a sufficient condition for /,,,, being measurable, and there-

fore, a useful result to turn u;,r into a solution.

Theorem 4.5 Let N C I be a g-null measure set, and let f : I x R — R be a function such
that f(-,q) is g-measurable for each g € Q. If, for all t € I\ N and all x € R, we have

max{liminff(t,y), lim inff(t,y)} > f(t,%),
y—=x~ y—xt
then, for all x € AC,(I) and all ¢ > 0, the mapping

t el sup{f(t,y):x(t) — e <y <x(t)}

is g-measurable.
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Proof Fix x € AC,(I) and ¢ > 0. Define S, as before. Then S, is a countable family of
functions. Indeed, since D is countable, the set D™ is countable for each m € N. For each
o = (w1,...,0,) € D", let us denote by S, a set of step functions of S, that are constant
on the intervals whose extreme points are consecutive numbers of . It is easy to see that
each S, is countable, and so S, is countable as it can be written as

S, = %(wgm sw).

Hence, given that f(-,s(-)) is g-measurable on (0,1) for s € S, it is enough to show that

o = 0y, where

o(t):=  sup f(ty), oo(t) := supf(t,s(t)).
ye@(t)-e.x(2)) seS

It is obvious that o (£) > 0¢(£) on (0, 1). To prove that o > o on (0,1) \ N, fix t, € (0,1) \
N and take a sequence {y,},en C (x(f0) — &,%(¢)) such that lim,_, o f (t0, ¥4) = 0 (£o). Our
assumptions guarantee that, for each #, we have that either liminf, .- (¢, y) > f(to, y) or
liminf,_, ,+ f(¢0,y) > f (f0, ). Assume that the first case holds as the other one is analogous.
By definition, we have

flto,yn) < liminff (to,9) = tim (inf  f(t0.2)).
Y=n

r—>0% \yp—r<z<yy

Then there exists § > 0 such that inf,, _s...y, f(£0,2) > f (0, y,) — 1/n. Hence, for each n € N,
by Lemma 4.4, there exists s, € S, such that y,, — § < s,(fo) < y», and so

Slorsa(®) = it flt02) = o)~ .

Therefore, o¢ := sup,. s f(to, s(t0)) > f(to,su(t0)) = f(to, yu) — 1/n. Since this holds for each
nel,

. 1 .
oo(tp) = lim <f(t0;yn) - —) = lim f(to,y,) = o (to),
n—00 n n—00
and so o0 =op on (0,1) \ N. O

5 Existence of extremal solutions
One can verify that analogous arguments work for the set of admissible lower solutions:

L= {l € AC,(I): 1(0) <0, lé(t) §f(t, I(t)) g-a.e.onl, }lé| <Mg-ae.on I},

and [y (¢) = sup{l(¢) : [ € L} for all t € I, obtaining analogous results. Hence, combining
Theorems 4.2 and 4.5 and their analogues for /,,, one can obtain the following result.

Theorem 5.1 Let f : [0,1] x R — R be a mapping satisfying (H1)-(H3). If f(-,q) is g-
measurable for all g € Q and for g-a.a. t € I and all x € R, it holds that

min{lim supf (¢, ), limsupf(t,y) ]
Y%~ y—>xt
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<f(t,x) < max{nm inff (¢, ), liminf £ (£, y)],
y—x~ y—at

then uins is the maximal solution of (1.1) and ly,, is the minimal one.

Next we illustrate the applicability of Theorem 5.1 in a family of examples with non-

monotone discontinuities accumulating around the initial condition.

Example 5.2 Let g: R — R be an arbitrary nondecreasing and left-continuous function
and ¢ : [0,1] — R be a nondecreasing g-absolutely continuous function on [0, 1] such
that ¢(0) = 0 (take, for instance, ¢(t) = 1(g(£) — g(0)), 1 > 0).

We shall prove by means of Theorem 5.1 that (1.1) has the minimal and the maximal

solutions for

2+ sin([“;(t)]) iftel\Dgand x>0,

2 otherwise,

f(t!x) =

where square brackets mean integer part. We remark that f is discontinuous and non-
monotone with respect to x on every neighbourhood of the initial condition.

First, observe that f(¢,x) € (1,3) for all (t,x) € I x R, which implies (H1); second, for each
fixed t € I N Dy, we have that f(t,-) is constantly equal to 2, which implies (H2).

Now for (H3). Since ¢(£) > 0 for all ¢ € I, we deduce that discontinuities can only occur

at points (£,x) such that x = 0 or

1
x+¢(2)

=n forsomeneN,
Therefore, we define yo(¢) =0 for all £ € I and, for eachn=1,2,...,
1
Vu(t) = s ¢(t) forallte[0,1].

Notice that, for each fixed ¢ € [0,1], the mapping f (¢, -) is continuous on R \ [, {.(¢)}
(it might also be continuous at some points x = y,(¢) for some n € N, but this is not
important). Therefore, for each fixed ¢ € [0, 1], the mapping f(t, ) satisfies (4.1) on R\
U520 {yu(2)}. It remains to show that the curves y,, n = 0,1,..., either satisfy the differ-
ential equation, or they satisfy (4.2) and (4.3). Given n =0, 1,..., y, is nonincreasing, the

definition of g-derivative yields

() <0< 1< min{ £t vu(®)), liminf £(£,y), limsup £(z, y)} for g-aa. t € [0, 1].
7= &) 7= (rn(®)-

Hence, we have that y,,, =0, 1,..., satisfies (4.3). Moreover,

(y,,)é(t) > limsup f(t,y), n=0,1,...
y=(vn(t))~

only occurs for £ € A with ug(A) = 0. Therefore, (H3) is satisfied.
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Finally, we check that f (-, g) is g-measurable for all ¢ € Q and that, for g-a.a. £ € I and all
x € R, we have

min[]im supf(z,y),lim supf(t,y)} <f(t,x) < max []im inff (¢, ), liminff (¢, y) }
+ Yy y—xt

y=>xT y—>x

The last part follows from the fact that, for each fixed ¢ € [0, 1], the mapping f (¢, -) is con-
tinuous from the left at every x € R. Indeed, this is trivial if £ € D,; otherwise, observe that
f(t,x)=2forallx <0, f(¢,x) =2 for x > 1 (¢) and for n = 1,2,..., we have

f(t,x) =2 +sin(n) forallxe (y,,+1(t), y,,(t)],x > 0.

To deduce that f(-,q) is g-measurable for each g € Q, just note that f(-,q) assumes a
finite number of different values on corresponding Borel-measurable subsets of [0, 1],
hencef(-,q) is a Borel-measurable function, which implies that f (-, g) is g-measurable since

Lebesgue—Stieltjes measures are Borel measures.

5.1 Applications to difference equations
Any difference equation of the form

X1 —xXn =f(n,%,), n=0,1,2,...,N,xp given (5.1)
can be expressed as a g-differential equation
xé(t) :f(t,x(t)) g-a.a. t €1 =[0,N],x(0) = xo, (5.2)

where g(¢) = min{n € Z : n > t}. Indeed, given a solution of (5.2) x € AC,(I), and bearing
in mind that C; =1\ Z and D, = Z, for all n > 1, we have

_ x(n") —x(n)

= 26) g0 =x(n+1) —x(n), (5.3)

%y (n)

and so x,,1 — X, = xé(n) = f(n,x(n)) = f(n,x,). Conversely, if x: I N Z — R is a solution of
(5.1), we define X(t) = x(g(¢)) for all ¢ € I. First of all, note that ¥ € AC,4(J) since icé exists
g-a.e. Isinceforne D, =1\ Cg,

x(g(n")) — x(g(n)

201) —gn) =x(n+1)-x(n) eR

() =
and, moreover, X, € E;(I) as
N N
/;Wg' dg = ;|5cé(i)|Ag(i) = ;]x(i +1) - x(i)] < 0.
Finally, for ¢ € I fixed, t € [t, tx+1) for some k=0,1,2,...,N,

x(0) + /[O)x;dgw(on > ®OAglh) =x0)+ Y (xi+1)—x(0))

{ieINZ:i<t} {ielNZ:i<t}
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= x(k) = x(2).

Then it follows from (5.3) that X is a solution of (5.2).

Recalling Remark 3.6, f satisfying conditions (H1)—(H2) was enough to guarantee that
(uinf)é(t) =f (¢, uine(¢)) for t € IND,. Then, if there exists M : INZ — R such that |[f(n,x)| <
M(n) foralln e INZ, all x € R and for all n € I N Z the mapping u € R — u + f(n,u) is
nondecreasing, we can assure that u;,s is the maximal solution of (5.1). Note that this
problem has a unique solution trivially; however, we have proved that such a solution is

the infimum of all the upper solutions of the problem. Analogous arguments work for .

5.2 Applications to impulsive differential equations
It has been shown in [7] that an impulsive problem of the form

x'(8) = f(t,x(¢)) foraa.tel\]J,
x(t*) =x(t) + L(x(2)) ifte],

(5.4)

where J = {t; € I : k € N}, can be treated as a Stieltjes differential equation of the form
xé(t) = F(t,x(t)), where

do=tr 3 2% Feg= /U eV
{keN:ty <t} 2k1tk (x) ifte,t=t.

Then, using Theorem 5.1, one can obtain a result assuring the existence of extremal solu-
tions for impulsive differential equations.

Corollary 5.3 Counsider (5.4). Suppose that the following conditions are satisfied:
1. f is LY(I)-bounded and, for each k € N, there exists oy € R such that |I,, | < o
2. Forall k e N, the map u € R u + I, (u) is nondecreasing;

3. Either

limsupf(t,y) <f(t,x) <liminff(t,y), a.a.tel,VxeR, (5.5)
y—uxt

y—x
or there exists a_family of functions yy : [an, byl CI — R, n € N, with the following
properties:
(i) v, exists fora.a.t € I and y) € L}(]);

(ii) for all k € N, y,(tf) exists and Y ;. |vu(tf) — vu(ti)] < 00;
(iii) foralltel,

Yol = ya(0) + /[0 s Y () - ey

tr€[0,t)

(iv) fora.a.t €land all x € R\ Uy ,cn.0,<t<p,) (Vn(0)}, inequality (5.5) holds, while for
eachneNand a.a.t € [a,,b,), we have either (v,) (t) =f (¢, yu(t)) or

() (&) = f (t, yu(t))  whenever () (£) = liminf f(z,5), (5.6)
7= (yn()*
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(va) (&) <f(t, vu(t)) whenever (v,)' (£) < 111?8(11)1)3 f(&). (5.7)
y—=>(yn(t))”

4. Forall g € Q, the map f(-, q) is Borel-measurable;
5. Foralmostallt € I\ ] and all x € R,

min{ limsup /(5,),lim sup/ ¢ y)} <f(t,x) < max{liyni inf (), iminf (; y)]
Yo yoxt x S
and for all k e N and all x € R,
min{nynligp Iy O) timsupd, 0)] <1, () < max liminf 1, o), limint 1, ().
Then uins is the maximal solution of (5.4) and ly,, is the minimal one.
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