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Abstract
Consider the heteroscedastic semiparametric regression model yi = xiβ + g(ti) + εi ,
i = 1, 2, . . . ,n, where β is an unknown slope parameter, εi = σiei , σ 2

i = f (ui), (xi , ti ,ui) are
nonrandom design points, yi are the response variables, f and g are unknown
functions defined on the closed interval [0, 1], random errors {ei} are negatively
associated (NA) random variables with zero means. Whereas kernel estimators of β , g,
and f have attracted a lot of attention in the literature, in this paper, we investigate
their wavelet estimators and derive the strong consistency of these estimators under
NA error assumption. At the same time, we also obtain the Berry–Esséen type bounds
of the wavelet estimators of β and g.
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1 Introduction
Consider the following partially linear or semiparametric regression model:

yi = xiβ + g(ti) + εi, 1 ≤ i ≤ n, (1.1)

where β is an unknown slope parameter, εi = σiei, σ 2
i = f (ui), (xi, ti, ui) are nonrandom

design points, yi are the response variables, f and g are unknown functions defined on the
closed interval [0, 1], and {ei} are random errors.

It is well known that model (1.1) and its particular cases have been widely studied by
many authors when the errors ei are independent identically distributed (i.i.d.). For in-
stance, when σ 2

i = σ 2, model (1.1) is reduced to the usual partial linear model, which was
first introduced by Engle et al. [1], and then various estimation methods have been used
to obtain estimators of the unknown quantities in (1.1) and their asymptotic properties,
(see [2–5]). Under the mixing assumption, the asymptotic normality of the estimators for
β and g were derived in [6–9]. When σ 2

i = f (ui), model (1.1) becomes the heteroscedastic
semiparametric model, Back and Liang [10], Zhang and Liang [11], and Wei and Li [12] es-
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tablished the strong consistency and the asymptotic normality, respectively, for the least-
squares estimators (LSEs) and weighted least-squares estimators (WLSEs) of β , based on
nonparametric estimators of f and g . If g(t) ≡ 0 and σ 2

i = f (ui), model (1.1) is reduced to
the heteroscedastic linear model; when β ≡ 0 and σ 2

i = f (ui), model (1.1) boils down to
the heteroscedastic nonparametric regression model, whose asymptotic properties of un-
known quantities were studied by Robinson [13], Carroll and Härdle [14], and Liang and
Qi [15].

In recent years, wavelets techniques, owing to their ability to adapt to local features
of curves, have been used extensively in statistics, engineering, and technological fields.
Many authors have considered employing wavelet methods to estimate nonparametric
and semiparametric models. See Antoniadis et al. [16], Sun and Chai [17], Li et al. [18–
20], Xue [21], Zhou et al. [22], among others.

In this paper, we consider NA for the model errors. Let us recall the definition of NA
random variables. A finite collection of random variables {Xi, 1 ≤ i ≤ n} is said to be neg-
atively associated (NA) if for all disjoint subsets A, B ⊂ {1, 2, . . . , n},

Cov
(
f (Xi, i ∈ A), g(Xj, j ∈ B)

) ≤ 0,

where f and g are real coordinatewise nondecreasing functions such that their covariance
exists. An infinite sequence of random variables {Xn, n ≥ 1} is said to be NA if for every
n ≥ 2, X1, X2, . . . , Xn are NA. The definition of NA random variables was introduced by
Alam and Saxena [23] and carefully studied by Joag-Dev and Proschan [24]. Although
i.i.d. random variables are NA, NA variables may be non-i.i.d. according to the definitions.
Because of its wide applications in systems reliability and multivariate statistical analysis,
recently the notion of NA received a lot of attention. We refer to Matula [25] and Shao
[26], amongst others.

In this paper, we aim to derive the least squares estimators, weighted least squares esti-
mators of β , and their strong consistency for the wavelet estimators of f and g . At the same
time, Berry–Esséen-type bounds of their wavelet estimators of β and g are investigated for
the heteroscedastic semiparametric model under NA random errors.

The structure of the rest is as follows. Some basic assumptions and estimators are listed
in Sect. 2. Some notations and main results are given in Sect. 3. Proofs of the main results
are provided in Sect. 4. In the Appendix, some preliminary lemmas are stated.

Throughout the paper, C, C1, C2, . . . denote some positive constants not depending on
n, which may be different in various places. By �x� we denote the largest integer not
exceeding x; (j1, j2, . . . , jn) stands for any permutation of (1, 2, . . . , n); an = O(bn) means
|an| ≤ C|bn|, and an = o(bn) means that an/bn → 0. By I(A) we denote the indicator func-
tion of a set A, Φ(x) is the standard normal distribution function, and a+ = max(0, a),
a– = min(0, –a). All limits are taken as the sample size n tends to ∞, unless specified oth-
erwise.

2 Estimators and assumptions
In model (1.1), if β is known to be the true parameter, then since Eei = 0, we have g(ti) =
E(yi – xiβ), 1 ≤ i ≤ n. Hence a natural wavelet estimator of g is

gn(t,β) =
n∑

i=1

(yi – xiβ)
∫

Ai

Em(t, s) ds,
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where the wavelet kernel Em(t, s) can be defined by Em(t, s) = 2m ∑
k∈Z φ(2mt –k)φ(2ms–k),

φ is a scaling function, m = m(n) > 0 is an integer depending only on n, and Ai = [si–1, si)
are intervals that partition [0, 1] with ti ∈ Ai, i = 1, 2, . . . , n, and 0 ≤ t1 ≤ t2 ≤ · · · ≤ tn = 1.
To estimate β , we minimize

S(β) =
n∑

i=1

[
yi – xiβ – gn(t,β)

]2 =
n∑

i=1

(ỹi – x̃iβ)2. (2.1)

The minimizer to (2.1) is found to be

β̂L =
n∑

i=1

x̃iỹi/S2
n, (2.2)

where x̃i = xi –
∑n

j=1 xj
∫

Aj
Em(ti, s) ds, ỹi = yi –

∑n
j=1 yj

∫
Aj

Em(ti, s) ds, and S2
n =

∑n
i=1 x̃2

i . The

estimator β̂L is called the LSE of β .
When the errors are heteroscedastic, we consider two different cases according to f . If

σ 2
i = f (ui) are known, then β̂L is modified to be the WLSE

β̂W =
n∑

i=1

aix̃iỹi/T2
n , (2.3)

where ai = σ –2
i = 1/f (ui) and T2

n =
∑n

i=1 aix̃2
i . In fact, f is unknown and must be estimated.

When Ee2
i = 1, we have E(yi – xiβ – g(ti))2 = f (ui). Hence the estimator of f can be defined

by

f̂n(ui) =
n∑

j=1

(ỹj – x̃jβ̂L)2
∫

Bj

Em(ui, s) ds, (2.4)

where Bi = [s′
i–1, s′

i) are intervals that partition [0, 1] with ui ∈ Bi, i = 1, 2, . . . , n, and 0 ≤
u1 ≤ u2 ≤ · · · ≤ un = 1.

For convenience, we assume that min1≤i≤n |f̂n(ui)| > 0. Consequently, the WLSE of β is

β̃W =
n∑

i=1

anix̃iỹi/W 2
n , (2.5)

where ani = 1/f̂n(ui), 1 ≤ i ≤ n, and W 2
n =

∑n
i=1 anix̃2

i .
We define the plug-in estimators of the nonparametric component g corresponding to

β̂L, β̂W , and β̃W , respectively, by

ĝL(t) =
n∑

i=1

(yi – xiβ̂L)
∫

Ai

Em(t, s) ds, ĝW (t) =
n∑

i=1

(yi – xiβ̂W )
∫

Ai

Em(t, s) ds,

and

g̃W (t) =
n∑

i=1

(yi – xiβ̃W )
∫

Ai

Em(t, s) ds.

Now we list some basic assumptions, which will be used in Sect. 3.
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(A0) Let {ei, i ≥ 1} be a sequence of negatively associated random variables with Eei = 0
and supi≥1 E|ei|2+δ < ∞ for some δ > 0.

(A1) There exists a function h on [0, 1] such that xi = h(ti) + vi, and
(i) limn→∞ n–1 ∑n

i=1 v2
i = Σ0 (0 < Σ0 < ∞);

(ii) max1≤i≤n |vi| = O(1);
(iii) lim supn→∞(

√
n log n)–1 max1≤m≤n |∑m

i=1 vji | < ∞.
(A2) (i) f , g , and h satisfy the Lipschitz condition of order 1 on [0, 1], h ∈ Hv, v > 3/2,

where Hv is the Sobolev space of order v;
(ii) 0 < m0 ≤ min1≤i≤n f (ui) ≤ max1≤i≤n f (ui) ≤ M0 < ∞.

(A3) The scaling function φ is r-regular (r is a positive integer), satisfies the Lipschitz
condition of order 1, and has a compact support. Furthermore, |φ̂(ξ ) – 1| = O(ξ ) as
ξ → ∞, where φ̂ is the Fourier transform of φ.

(A4) (i) max1≤i≤n |si – si–1| = O(n–1); max1≤i≤n |s′
i – s′

i–1| = O(n–1);
(ii) There exist d1 > 0 and d2 > 0 such that min1≤i≤n |ti – ti–1| ≥ d1/n and

min1≤i≤n |ui – ui–1| ≥ d2/n.
(A5) The spectral density function ψ(ω) of {ei} satisfies 0 < C1 ≤ ψ(ω) ≤ C2 < ∞ for

ω ∈ (–π ,π ].
(A6) There exist positive integers p := p(n), q := q(n), and k := kn = � n

p+q � such that for
p + q ≤ n, qp–1 ≤ C < ∞.

Remark 2.1 Assumptions (A1), (A2), and (A5) are the standard regularity conditions com-
monly used in the recent literature such as Härdle [5], Liang et al. [6], Liang and Fan [7],
Zhang and Liang [11]. Assumption (A3) is a general condition for wavelet estimator. Ac-
cording to Bernstein’s blockwise idea, Assumption (A6) is a technical condition and easily
satisfied if p, q are chosen reasonably to show Theorem 3.3 (see, e.g., Liang et al. [15, 27]
and Li et al. [18, 20]).

Remark 2.2 It can be deduced from (A1)(i), (iii), (A2), (A3), and (A4) that

n–1
n∑

i=1

x̃2
i → Σ0; S–2

n

n∑

i=1

|x̃i| ≤ C;

C3 ≤ n–1
n∑

i=1

σ –2
i x̃2

i ≤ C4; T–2
n

n∑

i=1

∣
∣σ –2

i x̃i
∣
∣ ≤ C.

(2.6)

Remark 2.3 Let κ̃(ti) = κ(ti) –
∑n

j=1 κ(tj)
∫

Aj
Em(ti, s) ds, set κ = f , g, or h. Under assump-

tions (A2)(i), (A3), and (A4), by Theorem 3.2 in [16] it follows that

sup
t

∣∣κ̃(t)
∣∣ = O

(
n–1 + 2–m)

. (2.7)

Remark 2.4 By (A1)(ii), (2.7), and Lemma A.6 in the Appendix it is easy to obtain that

max
1≤i≤n

|x̃i| ≤ max
1≤i≤n

|h̃i| + max
1≤i≤n

|vi| + max
1≤j≤n

|vj| max
1≤i≤n

n∑

j=1

∣
∣∣
∣

∫

Aj

Em(ti, s) ds
∣
∣∣
∣ = O(1). (2.8)
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3 Notations and main results
To state our main results, we introduce the following notations. Set

σ 2
1n = Var

( n∑

i=1

x̃iσiei

)

, σ 2
2n = Var

( n∑

i=1

x̃iσ
–1
i ei

)

,

Γ 2
n (t) = Var

( n∑

i=1

σiei

∫

Ai

Em(t, s) ds

)

; u(q) = sup
j≥1

∑

j:|j–i|≥q

∣
∣Cov(ei, ej)

∣
∣,

λ1n = qp–1, λ2n = pn–1, λ3n =
(
2–m + n–1)2, λ4n =

2m

n
log2 n;

λ5n =
(
2–m + n–1) log n +

√
n
(
2–m + n–1)–2,

γ1n = qp–12m, γ2n = pn–12m, γ3n = 2–m/2 +
√

2m/n log n;

μ1n =
3∑

i=1

λ1/3
in + 2λ1/3

4n + λ5n; μ2n =
2∑

i=1

γ 1/3
in + γ

(2+δ)/(3+δ)
3n ;

υ1n = λδ/2
2n + u1/3(q); υ2n = γ δ/2

2n + u1/3(q).

Theorem 3.1 Suppose that (A0), (A1)(i), and (A2)–(A5) hold. If 2m/n = O(n–1/2), then

(i) β̂L → β a.s.; (ii) β̂W → β a.s. (3.1)

In addition, if max1≤j≤n |∑n
i=1 xi

∫
Ai

Em(tj, s) ds| = O(1), then

(i) max
1≤i≤n

∣
∣ĝL(ti) – g(ti)

∣
∣ → 0 a.s.; (ii) max

1≤i≤n

∣
∣ĝW (ti) – g(ti)

∣
∣ → 0 a.s. (3.2)

Theorem 3.2 Assume that (A0), (A1)(i), and (A2)–(A5) are satisfied. If Ee2
i = 1,

supi E|ei|p < ∞ for some p > 4 and 2m/n = O(n–1/2), then

(i) |β̂L – β| = o
(
n–1/4); (ii) max

1≤i≤n

∣
∣f̂n(ui) – f (ui)

∣
∣ → 0 a.s.;

(iii) β̃W → β a.s.
(3.3)

In addition, if max1≤j≤n |∑n
i=1 xi

∫
Ai

Em(tj, s) ds| = O(1), then

max
1≤i≤n

∣∣g̃W (ti) – g(ti)
∣∣ → 0 a.s. (3.4)

Remark 3.1 When random errors {ei} are i.i.d. random variables with zero means, Chen et
al. [3] proved (3.1) and (3.3) under similar conditions. Since independent random samples
are a particular case of NA random samples, Theorems 3.1 and 3.2 extend the results of
Chen et al. [3]. Back and Liang [10] also obtained (3.1)–(3.4) for the weighted estimators
of unknown quantities under NA samples.
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Theorem 3.3 Suppose that (A0)–(A6) are satisfied. If μ1n → 0 and υ1n → 0, then we have

(i) sup
y

∣∣∣
∣P

(
S2

n(β̂L – β)
σ1n

≤ y
)

– Φ(y)
∣∣∣
∣ = O(μ1n + υ1n);

(ii) sup
y

∣∣
∣∣P

(
T2

n (β̂W – β)
σ2n

≤ y
)

– Φ(y)
∣∣
∣∣ = O(μ1n + υ1n).

(3.5)

Corollary 3.1 Suppose that the assumptions of Theorem 3.3 are fulfilled. If 2m/n = O(n–θ ),
u(n) = O(n–(1–θ )/(2θ–1)), 1

2 < θ ≤ 7
10 , then

(i) sup
y

∣∣
∣∣P

(
S2

n(β̂L – β)
σ1n

≤ y
)

– Φ(y)
∣∣
∣∣ = O

(
n

θ–1
3

)
;

(ii) sup
y

∣
∣∣
∣P

(
T2

n (β̂W – β)
σ2n

≤ y
)

– Φ(y)
∣
∣∣
∣ = O

(
n

θ–1
3

)
.

(3.6)

Theorem 3.4 Under the assumptions of Theorem 3.3, if μ2n → 0 and υ2n → 0, then for
each t ∈ [0, 1], we have

sup
y

∣
∣∣
∣P

(
ĝ(t) – Eĝ(t)

Γn(t)
≤ y

)
– Φ(y)

∣
∣∣
∣ = O(μ2n + υ2n), (3.7)

where ĝ(t) = ĝL(t) or ĝW (t).

Corollary 3.2 Under the assumption of Theorem 3.4, if

2m/n = O
(
n–θ

)
, u(n) = O

(
n–(θ–ρ)/(2ρ–1)),

1
2

< ρ < θ < 1,

then

sup
y

∣∣∣
∣P

(
ĝ(t) – Eĝ(t)

Γn(t)
≤ y

)
– Φ(y)

∣∣∣
∣ = O

(
n– min{ θ–ρ

3 , 3(1–θ )
8 }). (3.8)

4 Proof of main theorems

Proof of Theorem 3.1 We prove only (3.1)(ii), as the proof of (3.1)(i) is analogous.
Step 1. Set g̃i = g(ti) –

∑n
j=1 g(tj)

∫
Aj

Em(ti, s) ds, ε̃i = εi –
∑n

j=1 εj
∫

Aj
Em(ti, s) ds. It easily fol-

lows that

β̂W – β = T–2
n

[ n∑

i=1

aix̃iεi –
n∑

i=1

aix̃i

( n∑

j=1

εj

∫

Aj

Em(ti, s) ds

)

+
n∑

i=1

aix̃ig̃i

]

:= A1n – A2n + A3n. (4.1)
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Firstly, we prove A1n → 0 a.s. Note that A1n =
∑n

i=1(T–2
n aix̃iσi)ei =:

∑n
i=1 cniei. It follows

from (A1)(i), (A2)(ii), (2.6), and 2m/n = O(n–1/2) that

max
1≤i≤n

|cni| ≤ max
1≤i≤n

|aix̃i|
Tn

· max
1≤i≤n

σi

Tn
= O

(
n–1/2),

n∑

i=1

c2
ni = T–4

n

n∑

i=1

aix̃2
i · aiσ

2
i = O

(
n–1).

Hence, according to Lemma A.1, we have A1n → 0 a.s. Obviously,

A2n =
n∑

j=1

( n∑

i=1

T–2
n aix̃iσj

∫

Aj

Em(ti, s) ds

)

ej =:
n∑

j=1

dnjej.

By (A2)(ii), Lemma A.6, (2.6), and 2m/n = O(n–1/2) we can obtain

max
1≤j≤n

|dnj| ≤
(

max
1≤j≤n

σj

)(
max

1≤i,j≤n

∫

Aj

∣∣Em(ti, s)
∣∣ds

)(

T–2
n

n∑

i=1

|aix̃i|
)

= O
(
n–1/2),

n∑

j=1

d2
nj ≤ CT–2

n

n∑

j=1

n∑

i=1

(∫

Aj

Em(ti, s) ds
)2

(

T–2
n

n∑

i=1

aix̃2
i

)

≤ CT–2
n

n∑

i=1

n∑

j=1

(∫

Aj

Em(ti, s) ds
)2

= O
(
2m/n

)
= O

(
n–1/2).

Therefore A2n → 0 a.s. by Lemma A.1. Clearly, from (2.6) and (2.7) we obtain

|A3n| ≤
(

max
1≤i≤n

|g̃i|
)

·
(

T–2
n

n∑

i=1

|aix̃i|
)

= O
(
2–m + n–1) → 0.

Step 2. We prove (3.2)(i), as the proof of (3.2)(ii) is analogous. We can see that

max
1≤i≤n

∣∣ĝL(ti) – g(ti)
∣∣

≤ max
1≤i≤n

{

|β – β̂L| ·
∣∣∣
∣∣

n∑

j=1

xj

∫

Aj

Em(ti, s) ds

∣∣∣
∣∣

+ |g̃i| +

∣∣∣
∣∣

n∑

j=1

σjej

∫

Aj

Em(ti, s) ds

∣∣∣
∣∣

}

:= B1n + B2n + B3n.

Together with (3.1)(i), under the additional assumption, it follows that B1n → 0 a.s. We
obtain from (A2)(ii) and Lemma A.6 that B3n → 0 a.s. by applying Lemma A.2. Hence
(3.2)(i) is proved by (2.7). �

Proof of Theorem 3.2 Step 1. Firstly, we prove (3.3)(i). We have

|β̂L – β| = S–2
n

[ n∑

i=1

x̃iεi –
n∑

i=1

x̃i

( n∑

j=1

εj

∫

Aj

Em(ti, s) ds

)

+
n∑

i=1

x̃ig̃i

]

:= C1n – C2n + C3n. (4.2)
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Note that

C1n =
n∑

i=1

(
S–2

n x̃iσi
)
ei :=

n∑

i=1

c′
niei

and

C2n =
n∑

j=1

( n∑

i=1

S–2
n x̃iσj

∫

Aj

Em(ti, s) ds

)

ej :=
n∑

j=1

d′
njej.

Similar to the proof of (3.1)(ii), we have

max
1≤i≤n

∣∣c′
ni
∣∣ ≤

(
max
1≤i≤n

|x̃i|
Sn

)
· 1

Sn
= O

(
n–1/2),

n∑

i=1

c′2
ni ≤ C

n∑

i=1

x̃2
i /S4

n = O
(
n–1),

max
1≤j≤n

∣
∣d′

nj
∣
∣ ≤

(
max
1≤j≤n

σj

)(
max

1≤i,j≤n

∫

Aj

∣
∣Em(ti, s)

∣
∣ds

)(

S–2
n

n∑

i=1

|x̃i|
)

= O
(
2m/n

)
= O

(
n–1/2),

n∑

j=1

d′2
nj ≤ CS–2

n

n∑

j=1

n∑

i=1

(∫

Aj

Em(ti, s) ds
)2

(

S–2
n

n∑

i=1

x̃2
i

)

≤ CS–2
n

n∑

i=1

n∑

j=1

(∫

Aj

Em(ti, s) ds
)2

= O
(
2m/n

)
= O

(
n–1/2).

Therefore, applying Lemma A.1 and taking α = 4, we obtain that Cin = o(n–1/4) a.s., i = 1, 2.
As for C3n, by 2m/n = O(n–1/2), (2.6), and (2.7) we easily see that

|C3n| ≤
(

max
1≤i≤n

|g̃i|
)

·
(

S–2
n

n∑

i=1

|x̃i|
)

= O
(
2–m + n–1) = o

(
n–1/4).

Step 2. We prove (3.3)(ii). Noting that f̂n(u) =
∑n

i=1[x̃i(β – β̂L) + g̃i + ε̃i]2 ∫
Bi

Em(u, s) ds, we
can see that

max
1≤j≤n

∣∣f̂n(uj) – f (uj)
∣∣

≤ max
1≤j≤n

∣∣
∣∣
∣

n∑

i=1

ε2
i

∫

Bi

Em(uj, s) ds – f (uj)

∣∣
∣∣
∣

+ 2 max
1≤j≤n

∣
∣∣
∣∣

n∑

i=1

εi

∫

Bi

Em(uj, s) ds

( n∑

j=1

εj

∫

Aj

Em(ti, s) ds

)∣
∣∣
∣∣

+ max
1≤j≤n

∣∣
∣∣
∣

n∑

i=1

∫

Bi

Em(uj, s) ds

( n∑

j=1

εj

∫

Aj

Em(ti, s) ds

)2∣∣
∣∣
∣

+ 2 max
1≤j≤n

∣∣
∣∣
∣

n∑

i=1

ε̃ig̃i

∫

Bi

Em(uj, s) ds

∣∣
∣∣
∣

+ 2|β – β̂L| max
1≤j≤n

∣
∣∣
∣∣

n∑

i=1

x̃iε̃i

∫

Bi

Em(uj, s) ds

∣
∣∣
∣∣

+ (β – β̂L)2 max
1≤j≤n

∣
∣∣
∣∣

n∑

i=1

x̃2
i

∫

Bi

Em(uj, s) ds

∣
∣∣
∣∣
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+ 2|β – β̂L| max
1≤j≤n

∣∣
∣∣
∣

n∑

i=1

x̃ig̃i

∫

Bi

Em(uj, s) ds

∣∣
∣∣
∣

+ max
1≤j≤n

∣∣
∣∣
∣

n∑

i=1

g̃2
i

∫

Bi

Em(uj, s) ds

∣∣
∣∣
∣

:=
8∑

i=1

Din.

As for D1n, we have

D1n ≤ max
1≤j≤n

∣
∣∣
∣∣

n∑

i=1

f (ui)
(
e2

i – 1
)∫

Bi

Em(uj, s) ds

∣
∣∣
∣∣

+ max
1≤j≤n

∣∣
∣∣
∣

n∑

i=1

f (ui)
∫

Bi

Em(uj, s) ds – f (uj)

∣∣
∣∣
∣

=: D11n + D12n.

Note that Ee2
i = 1, so e2

i – 1 = [(e+
i )2 – E(e+

i )2] + [(e–
i )2 – E(e–

i )2] := ξi1 + ξi2 , and

D11n ≤ max
1≤j≤n

∣
∣∣
∣∣

n∑

i=1

(
f (ui)

∫

Bi

Em(uj, s) ds
)

ξi1

∣
∣∣
∣∣

+ max
1≤j≤n

∣
∣∣
∣∣

n∑

i=1

(
f (ui)

∫

Bi

Em(uj, s) ds
)

ξi2

∣
∣∣
∣∣
.

Since {ξi1 , i ≥ 1} and {ξi2 , i ≥ 1} are NA random variables with zero means, supi E|ξij |p/2 ≤
C supi E|ei|p < ∞, j = 1, 2. By (A2)(ii) and Lemma A.6 we have

max
1≤i,j≤n

∣
∣∣
∣f (ui)

∫

Bi

Em(uj, s) ds
∣
∣∣
∣ = O

(
2m/n

)
= O

(
n–1/2)

and

max
1≤j≤n

n∑

i=1

∣
∣∣
∣f (ui)

∫

Bi

Em(uj, s) ds
∣
∣∣
∣ = O(1).

Therefore D11n → 0 a.s. by Lemma A.2. By (2.7) we have |D12n| = O(2–m + n–1), so D1n → 0
a.s.

Note that

|D2n| ≤ 2

(

max
1≤i≤n

∣∣
∣∣
∣

n∑

j=1

σjej

∫

Aj

Em(ti, s) ds

∣∣
∣∣
∣

)(

max
1≤j≤n

∣∣
∣∣
∣

n∑

i=1

σiei

∫

Bi

Em(uj, s) ds

∣∣
∣∣
∣

)

.

Similar to the proof of D11n, we obtain D2n → 0 a.s. by Lemma A.2.
Applying the assumptions, from (2.6), (2.7), (3.3)(i), Lemma A.2, and Lemma A.6 it fol-

lows that

|D3n| ≤ max
1≤i≤n

( n∑

j=1

σjej

∫

Aj

Em(ti, s) ds

)2

max
1≤j≤n

n∑

i=1

∣∣
∣∣

∫

Bi

Em(uj, s) ds
∣∣
∣∣ → 0 a.s.,
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|D4n| ≤ 2
(

max
1≤i≤n

|g̃i|
)

·
(

max
1≤j≤n

∣∣
∣∣
∣

n∑

i=1

εi

∫

Bi

Em(uj, s) ds

∣∣
∣∣
∣

)

+ 2
(

max
1≤i≤n

|g̃i|
)

·
(

max
1≤i≤n

∣
∣∣
∣∣

n∑

k=1

εk

∫

Ak

Em(ti, s) ds

∣
∣∣
∣∣

)(

max
1≤j≤n

∣
∣∣
∣∣

n∑

i=1

∫

Bi

Em(uj, s) ds

∣
∣∣
∣∣

)

→ 0 a.s.,

|D6n| ≤ (β – β̂L)2 ·
(

max
1≤i,j≤n

∫

Bi

∣∣Em(uj, s)
∣∣ds

)( n∑

i=1

x̃2
i

)

= o(1) a.s.,

|D7n| ≤ 2|β – β̂L| ·
(

max
1≤i≤n

|g̃i|
)

·
(

max
1≤i,j≤n

∫

Bi

∣∣Em(uj, s)
∣∣ds

)( n∑

i=1

|x̃i|
)

→ 0 a.s.,

|D8n| ≤
(

max
1≤i≤n

|g̃i|
)2 ·

(

max
1≤j≤n

n∑

i=1

∣∣
∣∣

∫

Bi

Em(uj, s) ds
∣∣
∣∣

)

→ 0,

|D5n| ≤ 2|β – β̂L| ·
(

max
1≤j≤n

√√√
√

( n∑

i=1

x̃2
i

) n∑

i=1

ε̃2
i

(∫

Bi

Em(uj, s) ds
)2

)

.

To prove that D5n → 0 a.s., it suffices to show that

max
1≤j≤n

n∑

i=1

ε̃2
i

(∫

Bi

Em(uj, s) ds
)2

= O
(
n–1/2) a.s. (4.3)

As for (4.3), we can split

max
1≤j≤n

n∑

i=1

ε̃2
i

(∫

Bi

Em(uj, s) ds
)2

≤ max
1≤j≤n

n∑

i=1

ε2
i

(∫

Bi

Em(uj, s) ds
)2

+ 2 max
1≤j≤n

∣∣
∣∣
∣

n∑

i=1

εi

(∫

Bi

Em(uj, s) ds
)2

( n∑

k=1

εk

∫

Ak

Em(ti, s) ds

)∣∣
∣∣
∣

+

(

max
1≤j≤n

n∑

i=1

(∫

Bi

Em(uj, s) ds
)2

)

·
( n∑

k=1

εk

∫

Ak

Em(ti, s) ds

)2

:= D51n + D52n + D53n.

By Lemmas A.2 and A.6, since 2m/n = O(n–1/2), we have

|D52n| ≤ 2

(

max
1≤i≤n

∣∣
∣∣
∣

n∑

k=1

εk

∫

Ak

Em(ti, s) ds

∣∣
∣∣
∣

)

·
(

max
1≤i,j≤n

∫

Bi

∣∣Em(uj, s)
∣∣ds

)

·
(

max
1≤j≤n

∣∣
∣∣
∣

n∑

i=1

εi

∫

Bi

Em(uj, s) ds

∣∣
∣∣
∣

)

= o
(
n–1/2) a.s.,
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|D53n| ≤
(

max
1≤i≤n

∣
∣∣
∣∣

n∑

k=1

εk

∫

Ak

Em(ti, s) ds

∣
∣∣
∣∣

2)

·
(

max
1≤i,j≤n

∫

Bi

∣∣Em(uj, s)
∣∣ds

)

·
(

max
1≤j≤n

n∑

i=1

∣
∣∣
∣

∫

Bi

Em(uj, s) ds
∣
∣∣
∣

)

= o
(
n–1/2) a.s.

Note that

|D51n| ≤ max
1≤j≤n

∣∣
∣∣∣

n∑

i=1

σ 2
i ξi1

(∫

Bi

Em(uj, s) ds
)2

∣∣
∣∣∣

+ max
1≤j≤n

∣∣
∣∣∣

n∑

i=1

σ 2
i ξi2

(∫

Bi

Em(uj, s) ds
)2

∣∣
∣∣∣

+ max
1≤j≤n

∣
∣∣∣
∣

n∑

i=1

σ 2
i Ee2

i

(∫

Bi

Em(uj, s) ds
)2

∣
∣∣∣
∣

:= D′
51n + D′′

51n + D′′′
51n,

where ξi1 = [(e+
i )2 – E(e+

i )2] and ξi2 = [(e–
i )2 – E(e–

i )2] are NA random variables with zero
means. Similar to the proof of D11n, we obtain that D′

51n = o(n–1/2) a.s. and D′′
51n = o(n–1/2)

a.s. by Lemma A.2. On the other hand,

∣
∣D′′′

51n
∣
∣ ≤

(
max
1≤j≤n

σ 2
i

∫

Bi

∣
∣Em(uj, s)

∣
∣ds

)(

max
1≤j≤n

n∑

i=1

∣∣
∣∣

∫

Bi

Em(uj, s) ds
∣∣
∣∣

)

= O
(
n–1/2),

and thus we have proved that D51n = O(n–1/2) a.s. This completes the proof of (3.3)(ii).
Step 3. Next, we prove (3.3)(iii) by means of (A2)(ii) and (3.3)(ii). When n is large enough,

it easily follows that

0 ≤ m′
0 ≤ min

1≤i≤n
f̂n(ui) ≤ max

1≤i≤n
f̂n(ui) ≤ M′

0 ≤ ∞, (4.4)

C5 ≤ W 2
n /n ≤ C6, and W –2

n
∑n

i=1 |anix̃i| ≤ C. Hence we have

|β̃n – β| ≤ n
W 2

n

∣∣
∣∣
∣
1
n

n∑

i=1

anix̃iε̃i

∣∣
∣∣
∣

+
1

W 2
n

∣∣
∣∣
∣

n∑

i=1

anix̃ig̃i

∣∣
∣∣
∣

=:
n

W 2
n

E1n + E2n. (4.5)

Together with (2.7) and (4.5), we get

|E2n| ≤
(

max
1≤i≤n

|g̃i|
)

·
(

W –2
n

n∑

i=1

|anix̃i|
)

→ 0,

|E1n| ≤
∣∣∣
∣∣

1
n

n∑

i=1

(ani – ai)x̃iε̃i

∣∣∣
∣∣

+

∣∣∣
∣∣
1
n

n∑

i=1

aix̃iε̃i

∣∣∣
∣∣

≤
∣
∣∣∣
∣

1
n

n∑

i=1

(ani – ai)x̃iεi

∣
∣∣∣
∣

+

∣
∣∣∣
∣
1
n

n∑

i=1

(ani – ai)x̃i

( n∑

j=1

εj

∫

Aj

Em(ti, s) ds

)∣
∣∣∣
∣

+

∣∣
∣∣
∣

1
n

n∑

i=1

aix̃iε̃i

∣∣
∣∣
∣

=: E11n + E12n + E13n.
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We know from Lemma A.2 that

n–1
n∑

i=1

e2
i = n–1

n∑

i=1

[(
e+

i
)2 – E

(
e+

i
)2] + n–1

n∑

i=1

[(
e–

i
)2 – E

(
e–

i
)2] + n–1

n∑

i=1

Ee2
i

= O(1) a.s. (4.6)

Applying Lemma A.2 and combining (4.4)–(4.6) with (3.3)(ii), we obtain

|E11n| ≤
(

max
1≤i≤n

|f̂n(ui) – f (ui)|
f̂n(ui)f (ui)

)
√√√
√

(
1
n

n∑

i=1

x̃2
i

)(
1
n

n∑

i=1

e2
i

)

→ 0 a.s.,

|E12n| ≤
(

max
1≤i≤n

|f̂n(ui) – f (ui)|
f̂n(ui)f (ui)

)
·
(

1
n

n∑

i=1

|x̃i|
)

·
(

max
1≤i≤n

∣
∣∣
∣∣

n∑

j=1

εj

∫

Aj

Em(ti, s) ds

∣
∣∣
∣∣

)

→ 0 a.s.

As for E13n, we have E13n = T2
n

n (|A1n + A2n|) → 0 a.s., and therefore E1n → 0 a.s. �

The proof of (3.4) is similar to that of (3.2)(i), and hence we omit it.

Proof of Theorem 3.3 We prove only (3.5)(i), as the proof of (3.5)(ii) is analogous. From
the definition of β̂L we have

S2
n(β̂L – β) =

n∑

i=1

x̃iσiei –
n∑

i=1

x̃i

( n∑

j=1

σjej

∫

Aj

Em(ti, s) ds

)

+
n∑

i=1

x̃ig̃i

:= L1n – L2n + L3n. (4.7)

Setting Zni = x̃iσiei
σ1n

, we employ Bernstein’s big-block and small-block procedure. Let
ynm =

∑km+p–1
i=km

Zni, y′
nm =

∑lm+q–1
i=lm Zni, y′

nk+1 =
∑n

i=k(p+q)+1 Zni, km = (m – 1)(p + q) + 1,
lm = (m – 1)(p + q) + p + 1, m = 1, 2, . . . , k. Then

σ –1
1n L1n := L̃1n =

n∑

i=1

Zni =
k∑

m=1

ynm +
k∑

m=1

y′
nm + y′

nk+1 =: L11n + L12n + L13n.

We observe that

L2n =
n∑

i=1

[

h̃i + vi –

( n∑

k=1

vk

∫

Ak

Em(ti, s) ds

)]

·
( n∑

j=1

σjej

∫

Aj

Em(ti, s) ds

)

=
n∑

i=1

h̃i

( n∑

j=1

σjej

∫

Aj

Em(ti, s) ds

)

+
n∑

i=1

vi

( n∑

j=1

σjej

∫

Aj

Em(ti, s) ds

)

–
n∑

i=1

( n∑

k=1

vk

∫

Ak

Em(ti, s) ds

)( n∑

j=1

σjej

∫

Aj

Em(ti, s) ds

)

:= L21n + L22n – L23n.
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So we can write

S2
n(β̂L – β)

σ1n
= L11n + L12n + L13n + σ –1

1n (L21n + L22n – L23n + L3n).

By applying Lemma A.4 we have

sup
y

∣
∣∣
∣P

(
S2

n(β̂L – β)
σ1n

≤ y
)

– Φ(y)
∣
∣∣
∣

≤ sup
y

∣
∣P(L11n ≤ y) – Φ(y)

∣
∣ + P

(|L12n| > λ1/3
1n

)
+ P

(|L13n| > λ1/3
2n

)

+ P
(
σ –1

1n |L21n| > λ1/3
3n

)
+ P

(
σ –1

1n |L22n| > λ1/3
4n

)
+ P

(
σ –1

1n |L23n| > λ1/3
4n

)

+
1√
2π

( 3∑

k=1

λ1/3
kn + 2λ1/3

4n

)

+
1√
2π

σ –1
1n |L3n|

=
8∑

k=1

Ikn. (4.8)

Therefore, to prove (3.5)(i), it suffices to show that
∑8

k=2 Ikn = O(μ1n) and I1n = O(υ1n +
λ1/2

1n + λ1/2
2n ). Here we need to the following Abel inequality (see Härdle et al. [5]). Let

A1, . . . , An and B1, . . . , Bn (B1 ≥ B2 ≥ · · · ≥ Bn ≥ 0) be two sequences of real numbers, and
let Sk =

∑k
i=1 Ai, M1 = min1≤k≤n Sk , and M2 = max1≤k≤n Sk . Then

B1M1 ≤
n∑

k=1

AkBk ≤ B1M2. (4.9)

Note that

σ 2
1n = E

( n∑

i=1

x̃iσiei

)2

=
∫ π

–π

ψ(ω)

∣∣∣
∣∣

n∑

k=1

x̃kσke–ikω

∣∣∣
∣∣

2

dω

and

Γ 2
n (t) = E

( n∑

i=1

σiei

∫

Ai

Em(t, s) ds

)2

=
∫ π

–π

ψ(ω)

∣∣
∣∣
∣

n∑

k=1

σk

∫

Ak

Em(t, s) dse–ikω

∣∣
∣∣
∣

2

dω.

By (A2)(ii), (A5), (2.6), and Lemma A.6 it follows that

C7n ≤ C1

n∑

i=1

x̃2
i ≤ σ 2

1n ≤ C2

n∑

i=1

x̃2
i ≤ C8n, (4.10)

C9

n∑

i=1

(∫

Ai

Em(t, s) ds
)2

≤ Γ 2
n (t) ≤ C10

n∑

i=1

(∫

Ai

Em(t, s) ds
)2

= O
(
2m/n

)
. (4.11)
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Step 1. We first prove
∑8

k=2 Ikn = O(μ1n). Using Lemma A.3, (2.7), and (2.8), from (A0)(i),
(A1)–(A6), (4.10), and (4.11) it follows that

I2n ≤ E|L12n|2
λ2/3

1n
≤ C

nλ2/3
1n

k∑

m=1

lm+q–1∑

i=lm

x̃2
i σ

2
i ≤ Ckq

nλ2/3
1n

≤ Cλ1/3
1n ,

I3n ≤ E|L13n|2
λ2/3

2n
≤ C

nλ2/3
2n

n∑

i=k(p+q)+1

x̃2
i σ

2
i ≤ Cp

nλ2/3
2n

≤ Cλ1/3
2n ,

I4n ≤ σ –2
1n E|L21n|2

λ2/3
3n

≤ C
nλ2/3

3n

n∑

j=1

( n∑

i=1

h̃i

∫

Aj

Em(ti, s) ds

)2

σ 2
j

≤ C
nλ2/3

3n

(
max
1≤i≤n

|h̃i|2
)

·
n∑

j=1

(

max
1≤j≤n

n∑

i=1

∫

Aj

∣
∣Em(ti, s)

∣
∣ds

)2

≤ C(2–m + n–1)2

λ2/3
3n

≤ Cλ1/3
3n ,

I5n ≤ σ –2
1n E|L22n|2

λ2/3
4n

≤ C
nλ2/3

4n

n∑

j=1

( n∑

i=1

vi

∫

Aj

Em(ti, s) ds

)2

σ 2
j

≤ C
nλ2/3

4n
max

1≤i,j≤n

(∫

Aj

∣∣Em(ti, s)
∣∣ds

)
· max

1≤i≤n

n∑

j=1

∣
∣∣∣

∫

Aj

∣∣Em(ti, s)
∣∣ds

∣
∣∣∣ ·

(

max
1≤m≤n

∣
∣∣
∣∣

m∑

i=1

vji

∣
∣∣
∣∣

)2

≤ C(2mn–1 log2 n)
λ2/3

4n
≤ Cλ1/3

4n ,

I6n ≤ σ –2
1n E|L23n|2

λ2/3
4n

≤ C
nλ2/3

4n

n∑

j=1

( n∑

l=1

vl

∫

Al

Em(ti, s) ds ·
n∑

i=1

∫

Aj

Em(ti, s) ds

)2

σ 2
j

≤ C
nλ2/3

4n
max

1≤i,j≤n

(∫

Aj

∣
∣Em(ti, s)

∣
∣ds

)
· max

1≤i≤n

n∑

j=1

∣∣
∣∣

∫

Aj

Em(ti, s) ds
∣∣
∣∣

·
(

max
1≤l≤n

n∑

i=1

∣∣
∣∣

∫

Al

Em(ti, s) ds
∣∣
∣∣ max

1≤m≤n

∣
∣∣
∣∣

m∑

i=1

vji

∣
∣∣
∣∣

)2

≤ C(2mn–1 log2 n)
λ2/3

4n
≤ Cλ1/3

4n .

As for I8n, we have

I8n = σ –1
1n

∣∣∣
∣∣

n∑

i=1

x̃ig̃i

∣∣∣
∣∣
≤ C√

n

(∣∣∣
∣∣

n∑

i=1

vig̃i

∣∣∣
∣∣

+

∣∣∣
∣∣

n∑

i=1

h̃ig̃i

∣∣∣
∣∣

+

∣∣∣
∣∣

n∑

i=1

g̃i

n∑

j=1

vj

∫

Aj

Em(ti, s) ds

∣∣∣
∣∣

)

≤ C√
n

max
1≤i≤n

|g̃i| max
1≤m≤n

∣
∣∣∣
∣

m∑

i=1

vji

∣
∣∣∣
∣

+
Cn√

n
max
1≤i≤n

|h̃i| max
1≤i≤n

|g̃i|

+
C√

n
max
1≤i≤n

|g̃i| · max
1≤j≤n

n∑

i=1

∫

Aj

∣
∣Em(ti, s)

∣
∣ds · max

1≤m≤n

∣
∣∣
∣∣

m∑

i=1

vji

∣
∣∣
∣∣

≤ C
(
2–m + n–1)(log n +

√
n
(
2–m + n–1)) = Cλ5n.

Hence from the previous estimates we obtain that
∑8

k=2 Ikn = O(μ1n).
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Step 2. We verify I1n = O(λ1/2
1n + λ1/2

2n + υ1n). Let {ηnm : m = 1, 2, . . . , k} be independent
random variables with the same distributions as ynm, m = 1, 2, . . . , k. Set Hn =

∑k
m=1 ηnm

and s2
n =

∑k
m=1 Var(ynm). Following the method of the proof of Theorem 2.1 in Liang and

Li [27] and Li et al. [20], we easily see that

I1n = sup
y

∣
∣P(L11n ≤ y) – Φ(y)

∣
∣

≤ sup
y

∣∣P(L11n ≤ y) – P(Hn ≤ y)
∣∣

+ sup
y

∣
∣P(Hn ≤ y) – Φ(y/sn)

∣
∣ + sup

y

∣
∣Φ(y/sn) – Φ(y)

∣
∣

:= I11n + I12n + I13n. (4.12)

(i) We evaluate s2
n. Noticing that s2

n = EL2
11n – 2

∑
1≤i<j≤k Cov(yni, ynj) and EL̃2

1n = 1, we can
get

∣∣E(L11n)2 – 1
∣∣ ≤ C

(
λ1/2

1n + λ1/2
2n

)
. (4.13)

On the other hand, from (A1), (A2), (4.10), and (2.8) it follows that

∣∣
∣∣

∑

1≤i<j≤k

Cov(yni, ynj)
∣∣
∣∣ ≤ Cn–1

k–1∑

i=1

k∑

j=i+1

ki+p–1∑

s=ki

kj+p–1∑

t=kj

|x̃sx̃tσsσt| ·
∣
∣Cov(es, et)

∣
∣

≤ Ckpn–1u(q) ≤ Cu(q). (4.14)

Thus, from (4.13) and (4.14) it follows that |s2
n – 1| ≤ C(λ1/2

1n + λ1/2
2n + u(q)).

(ii) Applying the Berry–Esséen inequality (see Petrov [28], Theorem 5.7), for δ > 0, we
get

sup
y

∣
∣P(Hn/sn ≤ y) – Φ(y)

∣
∣ ≤ C

k∑

m=1

(
E|ynm|2+δ/s2+δ

n
)
. (4.15)

By Lemma A.3 from (A0), (A1), (A2), (4.10), and (2.8) we can deduce that

k∑

m=1

E|ynm|2+δ =
k∑

m=1

E

∣
∣∣∣
∣

km+p–1∑

j=km

Zni

∣
∣∣∣
∣

2+δ

≤ Cσ
–(2+δ)
1n

k∑

m=1

{km+p–1∑

i=km

E|x̃iσiei|2+δ +

[km+p–1∑

i=km

E(x̃iσiei)2

]1+δ/2}

≤ C
(
kpn–1)(n–δ/2 + (p/n)δ/2) ≤ Cλδ/2

2n . (4.16)

Since sn → 1 by (4.13) and (4.14), from (4.15) and (4.16) we easily see that I12n ≤ Cλδ/2
2n .

Note that I13n = O(|s2
n – 1|) = O(λ1/2

1n + λ1/2
2n + u(q)).

(iii) Next, we evaluate I11n. Let ϕ1(t) and ϕ2(t) are the characteristic functions of L11n and
Hn, respectively. Thus applying the Esséen inequality (see Petrov [28], Theorem 5.3), for
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any T > 0, we have

sup
t

∣
∣P(L11n ≤ t) – P(Hn ≤ t)

∣
∣

≤
∫ T

–T

∣
∣∣
∣
ϕ1(t) – ϕ2(t)

t

∣
∣∣
∣dt + T sup

t

∫

|u|≤C/T

∣∣P(Hn ≤ u + t) – P(Hn ≤ t)
∣∣du

:= I ′
11n + I ′′

11n. (4.17)

From Lemma A.5 and (4.14) it follows that

∣
∣ϕ1(t) – ϕ2(t)

∣
∣ =

∣∣
∣∣
∣
E exp

(

it
k∑

m=1

ynm

)

–
k∏

m=1

E exp (itynm)

∣∣
∣∣
∣

≤ 4t2
∑

1≤i<j≤k

ki+p–1∑

s1=ki

kj+p–1∑

t1=kj

∣∣Cov(Zns1 , Znt1 )
∣∣

≤ 4Ct2u(q),

which implies that

I ′
11n =

∫ T

–T

∣
∣∣∣
ϕ1(t) – ϕ2(t)

t

∣
∣∣∣dt ≤ Cu(q)T2. (4.18)

Therefore by (4.15) and (4.16) we have

sup
t

∣∣P(Hn ≤ t + u) – P(Hn ≤ t)
∣∣

≤ sup
t

∣∣
∣∣P

(
Hn

sn
≤ t + u

sn

)
– Φ

(
t + u

sn

)∣∣
∣∣

+ sup
t

∣∣
∣∣P

(
Hn

sn
≤ t

sn

)
– Φ

(
t
sn

)∣∣
∣∣ + sup

t

∣∣
∣∣Φ

(
t + u

sn

)
– Φ

(
t
sn

)∣∣
∣∣

≤ 2 sup
t

∣
∣∣∣P

(
Hn

sn
≤ t

)
– Φ(t)

∣
∣∣∣ + sup

t

∣
∣∣∣Φ

(
t + u

sn

)
– Φ

(
t
sn

)∣
∣∣∣

≤ C
(

λδ/2
2n +

∣
∣∣
∣

u
sn

∣
∣∣
∣

)
≤ C

(
λδ/2

2n + |u|). (4.19)

From (4.19) it follows that

I ′′
11n = T sup

t

∫

|u|≤C/T

∣
∣P(Hn ≤ t + u) – P(Hn ≤ t)

∣
∣du ≤ C

(
λδ/2

2n + 1/T
)
. (4.20)

Combining (4.17), (4.18) with (4.20) and choosing T = u–1/3(q), we easily see that I11n ≤
C(u1/3(q) + λδ/2

2n ). So I1n ≤ C(λ1/2
1n + λ1/2

2n + υ1n). This completes the proof of Theorem 3.3
from Step 1 and Step 2. �

Proof of Corollary 3.1 In Theorem 3.3, choosing p = �nθ�, q = �n2θ–1�, δ = 1, when 1/2 <
θ ≤ 7/10, we have μ1n = O(n–(θ–1)/3) and υ1n = O(n–(θ–1)/3). Therefore (3.6) directly follows
from Theorem 3.3. �
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Proof of Theorem 3.4 We prove only the case of ĝ(t) = ĝL(t), as the proof of ĝ(t) = ĝW (t) is
analogous.

By the definition of ĝL(t) we easily see that

Γ –1
n (t)

(
ĝL(t) – EĝL(t)

)
= Γ –1

n (t)

( n∑

i=1

εi

∫

Ai

Em(t, s) ds

)

+ Γ –1
n (t)

( n∑

i=1

xi(Eβ̂L – β)
∫

Ai

Em(t, s) ds

)

+ Γ –1
n (t)

( n∑

i=1

xi(β – β̂L)
∫

Ai

Em(t, s) ds

)

:= J1n + J2n + J3n.

Set Z′
ni =

σiei
∫

Ai
Em(t,s) ds

Γn(t) . Similar to L̃1n, we can split J1n as J1n =
∑n

i=1 Z′
ni := J11n + J12n +

J13n, where J11n =
∑k

m=1 χnm, J12n =
∑k

m=1 χ ′
nm, J13n = χ ′

nk+1, χnm =
∑km+p–1

i=km
Z′

ni, χ ′
nm =

∑lm+q–1
i=lm Z′

ni, χ ′
nk+1 =

∑n
i=k(p+q)+1 Z′

ni, km = (m – 1)(p + q) + 1, lm = (m – 1)(p + q) + p + 1,
m = 1, 2, . . . , k.

Applying Lemma A.4, we have

sup
y

∣∣∣
∣P

(
ĝL(t) – EĝL(t)

Γn(t)
≤ y

)
– Φ(y)

∣∣∣
∣

≤ sup
y

∣
∣P(J11n ≤ y) – Φ(y)

∣
∣ + P

(|J12n| > γ 1/3
1n

)
+ P

(|J13n| > γ 1/3
2n

)

+
|J2n|√

2π
+ P

(|J3n| > γ
(2+δ)/(3+δ)
3n

)
+

1√
2π

( 2∑

k=1

γ 1/3
kn + γ

2+δ
3+δ

3n

)

=
6∑

k=1

Gkn. (4.21)

Hence it suffices to show that
∑6

k=2 Gkn = O(μ2n) and G1n = O(γ 1/2
1n + γ 1/2

2n + υ2n).
Step 1. We first prove

∑6
k=2 Gkn = O(μ2n). Similar to the proof for I2n –I8n in Theorem 3.3,

we have

G2n ≤ E|J12n|2
γ 2/3

1n
≤ C

Γ 2
n (t)γ 2/3

1n

k∑

m=1

lm+q–1∑

i=lm

(∫

Ai

Em(t, s) ds
)2

σ 2
i ≤ Ckq2m

nγ 2/3
1n

≤ Cγ 1/3
1n ,

G3n ≤ E|J13n|2
γ 2/3

2n
≤ C

Γ 2
n (t)γ 2/3

2n

n∑

i=k(p+q)+1

(∫

Ai

Em(t, s) ds
)2

σ 2
i ≤ C2mp

nγ 2/3
2n

≤ Cγ 1/3
2n .

Note that if ξn → ξ ∼ N(0, 1), then E|ξn| → E|ξ | =
√

2/π and E|ξn|2+δ → E|ξ |2+δ . By
Theorem 3.3(i) and (2.6) it follows that

|β – Eβ̂L| ≤ E|β – β̂L| = O
(
σ1n/S2

n
)

= O
(
n–1/2), (4.22)

E|β – β̂L|2+δ ≤ O
((

σ1n/S2
n
)2+δ) = O

(
n–(1+δ/2)). (4.23)
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Therefore, applying the Abel inequality (4.9) and combining (A1)(iii) and (A2)(i) with
Lemma A.6, from (4.22) and (4.23) we get

|G4n| =
1√

2πΓn(t)
· |β – Eβ̂L| ·

∣
∣∣
∣∣

n∑

i=1

xi

∫

Ai

Em(t, s) ds

∣
∣∣
∣∣

≤ CΓ –1
n (t)n–1/2

(

sup
0≤t≤1

∣
∣h(t)

∣
∣ + max

1≤i≤n

∫

Ai

∣
∣Em(t, s)

∣
∣ds · max

1≤l≤n

∣
∣∣
∣∣

l∑

i=1

vji

∣
∣∣
∣∣

)

≤ C
(
2–m/2 +

√
2m/n log n

)
= Cγ3n (4.24)

and

|J3n|2+δ = Γ –(2+δ)
n (t)E|β – β̂L|2+δ

∣
∣∣
∣∣

n∑

i=1

xi

∫

Ai

Em(t, s) ds

∣
∣∣
∣∣

2+δ

≤ CΓ –(2+δ)
n (t)n–(2+δ)/2

(

sup
0≤t≤1

∣∣h(t)
∣∣ + max

1≤i≤n

∫

Ai

∣∣Em(t, s)
∣∣ds · max

1≤l≤n

∣∣
∣∣
∣

l∑

i=1

vji

∣∣
∣∣
∣

)2+δ

≤ Cγ 2+δ
3n , (4.25)

which implies that G5n ≤ cγ (2+δ)/(3+δ)
3n . So we get

∑6
k=2 Gkn = O(μ2n).

Step 2. We verify G1n = O(γ 1/2
1n +γ 1/2

2n +υ2n). Let {ζnm : m = 1, 2, . . . , k} be independent ran-
dom variables and ζnm have the same distribution as χnm, m = 1, 2, . . . , k. Set Tn =

∑k
m=1 ζnm

and t2
n =

∑k
m=1 Var(χnm). Similar to the proof of (4.17), we easily see that

G1n = sup
y

∣
∣P(J11n ≤ y) – Φ(y)

∣
∣

≤ sup
y

∣∣P(J11n ≤ y) – P(Tn ≤ y)
∣∣

+ sup
y

∣
∣P(Tn ≤ y) – Φ(y/tn)

∣
∣ + sup

y

∣
∣Φ(y/tn) – Φ(y)

∣
∣

= G11n + G12n + G13n. (4.26)

Similar to the proof of (4.13)–(4.20), we can obtain |t2
n – 1| ≤ C(γ 1/2

1n +γ 1/2
2n + u(q)), |G12n| ≤

Cγ δ/2
2n , |G13n| ≤ C(γ 1/2

1n +γ 1/2
2n + u(q)), and |G11n| ≤ Cυ2n. Thus it follows that G1n = O(γ 1/2

1n +
γ 1/2

2n + υ2n). The proof of Theorem 3.4 is completed. �

Proof of Corollary 3.2 Letting p = �nρ�, q = �n2ρ–1�, δ = 1, when 1/2 < ρ < θ < 1, we
have γ 1/3

1n = O(n–(θ–ρ)/3), γ 1/3
2n = O(n–(θ–ρ)/3), γ 3/4

3n = O(n–3(1–θ )/8), and u1/3(q) = O(n–(θ–ρ)/3).
Therefore (3.8) directly follows from Theorem 3.4. �

Appendix
Lemma A.1 (Back and Liang [10]) Let {Xn, n ≥ 1} be a sequence of NA random variables
with zero means and α > 2. Assume that {ani, 1 ≤ i ≤ n, n ≥ 1} is a triangular array of real
numbers with max1≤i≤n |ani| = O(n–1/2) and

∑n
i=1 a2

ni = o(n–2/α(log n)–1). If supi E|Xi|p < ∞
for some p > 2α/(α – 2), then

∑n
i=1 aniXi = o(n–1/α) a.s.
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Lemma A.2 (Back and Liang [10]) Let {Xn, n ≥ 1} be a sequence of NA random variables
with zero means. Assume that {ani, 1 ≤ i ≤ n, n ≥ 1} is a function array defined on the closed
interval I of R satisfying max1≤i,j≤n |ani(uj)| = O(n–1/2) and max1≤j≤n

∑n
i=1 |ani(uj)| = O(1).

If supi E|Xi|p < ∞ for some p > 2, then

(i) max
1≤j≤n

∣∣
∣∣
∣

n∑

i=1

ani(uj)Xi

∣∣
∣∣
∣

= o
(
L(n)

)
a.s.,

(ii) max
1≤j≤n

( n∑

i=1

∣∣ani(uj)Xi
∣∣
)

= O(1) a.s.,

where L(x) > 0 is a slowly varying function as x → ∞, and
√

xL(x) is nondecreasing for
x ≥ x0 > 0.

Lemma A.3 (Liang and Li [27]) Let {Xn; n ≥ 1} be a sequence of NA random variables with
zero means and E|Xn|p < ∞ for some p > 1, and let {bi, i ≥ 1} be a sequence of real numbers.
Then there exists a positive constant Cp such that

E max
1≤m≤n

∣
∣∣
∣∣

m∑

i=1

biXi

∣
∣∣
∣∣

p

≤ Cp

{ n∑

i=1

E|biXi|p + I(p > 2)

( n∑

i=1

E(biXi)2

)p/2}

.

Lemma A.4 (Yang [29]) Suppose that {ςn, n ≥ 1}, {ηn, n ≥ 1}, and {ξn, n ≥ 1} are three
random variable sequences, {γn, n ≥ 1} is a positive nonrandom sequence, and γn → 0. If
supx |Fςn (x) – Φ(x)| ≤ Cγn, then for any ε1 > 0 and ε2 > 0,

sup
x

∣
∣Fςn+ηn+ξn (x) – Φ(x)

∣
∣ ≤ C

{
γn + ε1 + ε2 + P

(|ηn| ≥ ε1
)

+ P
(|ξn| ≥ ε2

)}
.

Lemma A.5 (Liang and Fan [7]) Suppose that Xn, n ≥ 1 is a sequence of NA random vari-
ables with finite second moments. Let {aj, j ≥ 1} be a real sequence, and let 1 = m0 < m1 <
· · · < mk = n. Define Yl =

∑ml
j=ml–1+1 ajXj for 1 ≤ l ≤ k. Then

∣
∣∣
∣∣
E exp

{

it
k∑

l=1

Yl

}

–
k∏

i=1

exp{itYl}
∣
∣∣
∣∣
≤ 4t2

∑

1≤s<j≤k

ms∑

l1=ms–1+1

mj∑

l2=mj–1+1

|al1 al2 |
∣∣Cov(Xl1 , Xl2 )

∣∣.

Lemma A.6 (Wei and Li [12]) Assume that Assumptions (A3) and (A4) hold. Then
(i) supm

∫ 1
0 |Em(t, s)|ds ≤ C;

(ii)
∑n

i=1 | ∫Ai
Em(t, s) ds| ≤ C;

(iii) sup0≤s,t≤1 |Em(t, s)| = O(2m);
(iv) | ∫Ai

Em(t, s) ds| = O( 2m

n ), i = 1, 2, . . . , n;
(v)

∑n
i=1(

∫
Ai

Em(t, s) ds)2 = O( 2m

n );
(vi) max1≤i≤n

∑n
j=1

∫
Aj

|Em(ti, s)|ds ≤ C;
(vii) max1≤i≤n

∑n
j=1

∫
Ai

|Em(tj, s)|ds ≤ C.
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