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1 Introduction
The study of multilinear integral operators was motivated not only as the generalization
of the theory of linear ones but also their natural appearance in analysis. It has increas-
ing attention and much development in recent years, such as the study of the bilinear
Hilbert transform by Lacey and Thiele [21, 22] and the systematic treatment of multilinear
Calderón–Zygmund operators by Grafokas and Torres [13, 14], Grafokas and Kalton [12].
The importance of fractional integral operators is owing to the fact that they are smooth
operators and have been extensively used in various areas such as potential analysis, har-
monic analysis and partial differential equations. As one of the most important operators,
the multilinear fractional integral operator (also known as the multilinear Riesz potential)
has also attracted more attention, see for example [3, 11, 18, 24].

It is well known that function spaces with variable exponent arouse strong interest not
only in harmonic analysis but also in applied mathematics. The theory of function spaces
with variable exponent has made great progress since some elementary properties were
given by Kováčik and Rákosník [19] in 1991. Lebesgue and Sobolev spaces with integrabil-
ity exponent have been widely studied, see [5, 8] and the references therein. Many applica-
tions of these spaces were given, for example, in the modeling of electrorheological fluids
[26], in the study of image processing [4], and in differential equations with nonstandard
growth [15]. On the other hand, the λ-central bounded mean oscillation spaces, Morrey
type spaces and related function spaces have interesting applications in studying bound-
edness of operators including singular integral operators; see for example [1, 9, 19, 27–29].
In 2015, Mizuta, Ohno and Shimomura introduced the non-homogeneous central Mor-
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rey spaces of variable exponent in [23]. Recently, Fu et al. introduced the λ-central BMO
spaces and the central Morrey spaces with variable exponent and gave the boundedness
of some operators in [10]. In [2, 6, 7, 17] and [31–34], the authors proved the boundedness
of some integral operators on variable function spaces, respectively. Meanwhile, some au-
thors gave the boundedness of multilinear integral operators and their commutators on
variable exponent function spaces, such as [16, 30, 35].

Motivated by [9, 10, 29], we will study the boundedness of the multilinear fractional
integral operators and their commutators on the central Morrey spaces with variable ex-
ponent.

Let us explain the outline of this article. In Sect. 2, we first briefly recall some standard
notations and lemmas in variable Lebesgue spaces. Then we will recall the definiton of the
λ-central BMO spaces and central Morrey spaces with variable exponent. In Sect. 3, we
will establish the boundedness for a class of multi-sublinear fractional integral operators
on central Morrey spaces with variable exponent. Subsequently the boundedness of mul-
tilinear fractional integral commutators on central Morrey spaces with variable exponent
will be obtained in Sect. 4. In Sect. 5, we will also consider the boundedness of another
multilinear fractional integral commutators.

In addition, we denote the Lebesgue measure and the characteristic function of a mea-
surable set A ⊂ R

n by |A| and χA, respectively. The notation f ≈ g means that there exist
constants C1, C2 > 0 such that C1g ≤ f ≤ C2g .

2 Variable exponent function spaces
Firstly we give some notation and basic definitions on variable exponent Lebesgue spaces.

Given an open set E ⊂ R
n, and a measurable function p(·) : E → [1,∞). p′(·) is the con-

jugate exponent defined by p′(·) = p(·)/(p(·) – 1).
The set P(E) consists of all p(·) : E → [1,∞) satisfying

p– = ess inf
{

p(x) : x ∈ E
}

> 1,

p+ = ess sup
{

p(x) : x ∈ E
}

< ∞.

By Lp(·)(E) we denote the space of all measurable functions f on E such that, for some
λ > 0,

∫

E

( |f (x)|
λ

)p(x)

dx < ∞.

This is a Banach function space with respect to the Luxemburg–Nakano norm,

‖f ‖Lp(·)(E) = inf

{
λ > 0 :

∫

E

( |f (x)|
λ

)p(x)

dx ≤ 1
}

.

The space Lp(·)
loc (Ω) is defined by Lp(·)

loc (Ω) := {f : f ∈ Lp(·)(E) for all compact subsets
E ⊂ Ω}.

Let f ∈ L1
loc(Rn), the Hardy–Littlewood maximal operator is defined by

Mf (x) = sup
r>0

1
|Br(x)|

∫

Br (x)

∣∣f (y)
∣∣dy,
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where Br(x) = {y ∈ R
n : |x – y| < r}. The set B(Rn) consists of p(·) ∈ P(Rn) satisfying the

condition that M is bounded on Lp(·)(Rn).
In variable Lp spaces there are some important lemmas as follows.

Lemma 2.1 ([7]) If p(·) ∈P(Rn) and satisfies

∣∣p(x) – p(y)
∣∣ ≤ C

– log(|x – y|) , |x – y| ≤ 1/2, (2.1)

and

∣∣p(x) – p(y)
∣∣ ≤ C

log(|x| + e)
, |y| ≥ |x|, (2.2)

then p(·) ∈ B(Rn), that is, the Hardy–Littlewood maximal operator M is bounded on
Lp(·)(Rn).

Lemma 2.2 ([20] (Generalized Hölder inequality)) Let p(·) ∈ P(Rn). If f ∈ Lp(·)(Rn) and
g ∈ Lp′(·)(Rn), then fg is integrable on R

n and
∫

Rn

∣∣f (x)g(x)
∣∣dx ≤ rp‖f ‖Lp(·)(Rn)‖g‖Lp′(·)(Rn),

where

rp = 1 + 1/p– – 1/p+.

Lemma 2.3 ([17]) Suppose p(·) ∈ B(Rn). Then there exists a positive constant C such that,
for all balls B in R

n,

1
|B| ‖χB‖Lp(·)(Rn)‖χB‖Lp′(·)(Rn) ≤ C.

Lemma 2.4 ([17]) Let p(·) ∈ B(Rn). Then there exists a positive constant C such that, for
all balls B in R

n and all measurable subsets S ⊂ B,

‖χB‖Lp(·)(Rn)

‖χS‖Lp(·)(Rn)
≤ C

|B|
|S| ,

‖χS‖Lp(·)(Rn)

‖χB‖Lp(·)(Rn)
≤ C

( |S|
|B|

)δ1

and

‖χS‖Lp′(·)(Rn)

‖χB‖Lp′(·)(Rn)
≤ C

( |S|
|B|

)δ2

,

where δ1, δ2 are constants with 0 < δ1, δ2 < 1.

Lemma 2.5 ([8]) Let p(·) ∈P(Rn) satisfies conditions (2.1) and (2.2) in Lemma 2.1. Then

‖χQ‖Lp(·)(Rn) ≈
⎧
⎨

⎩
|Q| 1

p(x) if |Q| ≤ 2n and x ∈ Q,

|Q| 1
p(∞) if |Q| ≥ 1

for every cube (or ball) Q ⊂R
n, where p(∞) = limx→∞ p(x).
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Lemma 2.6 ([8]) Let p(·), q(·), s(·) ∈P(Rn) be such that

1
s(x)

=
1

p(x)
+

1
q(x)

for almost every x ∈R
n. Then

‖fg‖Ls(·)(Rn) ≤ 2‖f ‖Lp(·)(Rn)‖g‖Lq(·)(Rn)

for all f ∈ Lp(·)(Rn) and g ∈ Lq(·)(Rn).

Now we recall that the central Morrey space with variable exponent and the λ-central
bounded mean oscillation space with variable exponent in [10] are defined as follows.

Definition 2.1 ([10]) Let q(·) ∈P(Rn) and λ ∈ R. The central Morrey space with variable
exponent Ḃq(·),λ(Rn) is defined by

Ḃq(·),λ(
R

n) =
{

f ∈ Lq(·)
loc

(
R

n) : ‖f ‖Ḃq(·),λ(Rn) < ∞}
,

where

‖f ‖Ḃq(·),λ(Rn) = sup
R>0

‖f χB(0,R)‖Lq(·)(Rn)

|B(0, R)|λ‖χB(0,R)‖Lq(·)(Rn)
.

Definition 2.2 ([10]) Let q(·) ∈ P(Rn) and λ < 1/n. The λ-central BMO space with vari-
able exponent CBMOq(·),λ(Rn) is defined by

CBMOq(·),λ(
R

n) =
{

f ∈ Lq(·)
loc

(
R

n) : ‖f ‖CBMOq(·),λ(Rn) < ∞}
,

where

‖f ‖CBMOq(·),λ(Rn) = sup
R>0

‖(f – fB(0,R))χB(0,R)‖Lq(·)(Rn)

|B(0, R)|λ‖χB(0,R)‖Lq(·)(Rn)
.

Remark 2.1 Denote by Bq(·),λ(Rn) and CMOq(·),λ(Rn) the inhomogeneous versions of the
central Morrey space and the λ-central BMO space with variable exponent, which are de-
fined, respectively, by taking the supremum over R ≥ 1 in Definition 2.1 and Definition 2.2
instead of R > 0 there.

Remark 2.2 Our results in this paper remain true for the inhomogeneous versions of λ-
central BMO spaces and central Morrey spaces with variable exponent.

3 Multilinear fractional integral operators
Let m ∈ N and K(y0, y1, . . . , ym) be a function defined away from the diagonal y0 = y1 =
· · · = ym in (Rn)m+1. We denote by �f the m-tuple (f1, . . . , fm). Now we consider that T is an
m-linear operator defined on the product of test functions such that, for K , the integral
representation below is valid:

T(�f )(x) =
∫

Rn
· · ·

∫

Rn
K(x, y1, . . . , ym)

m∏

j=1

fj(yj) dy1 · · ·dym,
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whenever fj, j = 1, . . . , m, are smooth functions with compact support and x /∈
⋂m

j=1 supp fj.
Particularly, there is a kind of multilinear operator Tα,m, which is called multilinear frac-

tional integral operator, whose kernel is

K(x, y1, . . . , ym) =
∣∣(x – y1, . . . , x – ym)

∣∣α–mn, 0 < α < mn. (3.1)

In 1999, Kenig and Stein [18] gave the boundedness of the above multilinear fractional
integral operator Tα,m on the product of Lebesgue spaces.

Theorem A ([18]) Let 0 < α < mn and Tα,m be an m-linear fractional integral operator
with kernel K satisfying (3.1). Suppose 1 ≤ p1, p2, . . . , pm ≤ ∞, 1/q = 1/p1 + · · · + 1/pm –
α/n > 0.

(1) If each pj > 1, j = 1, . . . , m, then

∥∥Tα,m(�f )
∥∥

Lq(Rn) ≤ C
m∏

i=1

‖fi‖Lpi (Rn).

(2) If each pj = 1 for some j, then

∥∥Tα,m(�f )
∥∥

Lq,∞(Rn) ≤ C
m∏

i=1

‖fi‖Lpi (Rn).

In the variable exponent case, Tan, Liu and Zhao [30] gave the following result.

Theorem B ([30]) Let m ∈ N, 0 < α < mn, q(·), p1(·), . . . , pm(·) ∈ P(Rn) satisfy conditions
(2.1) and (2.2) in Lemma 2.1 and 1/q(·) = 1/p1(·) + · · · + 1/pm(·) – α/n. Then

∥∥Tα,m(�f )
∥∥

Lq(·)(Rn) ≤ C
m∏

i=1

‖fi‖Lpi(·)(Rn).

Next we will give the boundedness of a class of multi-sublinear fractional integral oper-
ators T on the product of central Morrey spaces with variable exponent.

Theorem 3.1 Let m ∈ N, 0 < α < mn and T be a multi-sublinear fractional integral oper-
ator such that

∣∣T(�f )(x)
∣∣ ≤ C

∫

(Rn)m

|f1(y1)| · · · |fm(ym)|
|(x – y1, . . . , x – ym)|mn–α

dy1 · · ·dym (3.2)

for any integrable functions f1, . . . , fm with compact support and x /∈ ⋂m
j=1 supp fj. Suppose

λj < – α
mn , λ =

∑m
j=1 λj + α/n, pj(·) (j = 1, . . . , m), q(·) ∈ P(Rn) satisfy conditions (2.1) and

(2.2) in Lemma 2.1 and 1/q(·) =
∑m

j=1 1/pj(·) – α/n > 0. If T is bounded from Lp1(·)(Rn) ×
· · ·×Lpm(·)(Rn) into Lq(·)(Rn), then T is also bounded from Ḃp1(·),λ1 (Rn)×· · ·× Ḃpm(·),λm (Rn)
into Ḃq(·),λ(Rn).

If 0 < α < mn and Tα,m is an m-linear fractional integral operator, then the condition
(3.2) is obviously satisfied by (3.1). By Theorem B we can get the following corollary of
Theorem 3.1.
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Corollary 3.1 Let m ∈N, 0 < α < mn and Tα,m be an m-linear fractional integral operator
with kernel K satisfying (3.1). Suppose λj < – α

mn , λ =
∑m

j=1 λj + α/n, pj(·) (j = 1, . . . , m), q(·) ∈
P(Rn) satisfy conditions (2.1) and (2.2) in Lemma 2.1 and 1/q(·) =

∑m
j=1 1/pj(·) – α/n > 0.

Then Tα,m is bounded from Ḃp1(·),λ1 (Rn) × · · · × Ḃpm(·),λm (Rn) into Ḃq(·),λ(Rn).

Proof of Theorem 3.1 In order to simplify the proof, we consider only the situation when
m = 2. Actually, a similar procedure works for all m ∈ N. Let f1, f2 be functions in
Ḃp1(·),λ1 (Rn) and Ḃp2(·),λ2 (Rn), respectively. For fixed R > 0, denote B(0, R) by B. We need
to prove

∥∥T(f1, f2)χB
∥∥

Lq(·)(Rn) ≤ C|B|λ‖χB‖Lq(·)(Rn)‖f1‖Ḃp1(·),λ1 (Rn)‖f2‖Ḃp2(·),λ2 (Rn),

where C is a constant independent of R.
By the Minkowski inequality we write

∥∥T(f1, f2)χB
∥∥

Lq(·)(Rn) ≤ ∥∥T(f1χ2B, f2χ2B)χB
∥∥

Lq(·)(Rn)

+
∥∥T(f1χ(2B)c , f2χ2B)χB

∥∥
Lq(·)(Rn)

+
∥∥T(f1χ2B, f2χ(2B)c )χB

∥∥
Lq(·)(Rn)

+
∥∥T(f1χ(2B)c , f2χ(2B)c )χB

∥∥
Lq(·)(Rn)

=: I1 + I2 + I3 + I4. (3.3)

We first estimate I1. Using Lemma 2.4 and the boundedness of T from Lp1(·)(Rn) ×
Lp2(·)(Rn) into Lq(·)(Rn), we have

I1 ≤ C‖f1χ2B‖Lp1(·)(Rn)‖f2χ2B‖Lp2(·)(Rn)

≤ C‖f1‖Ḃp1(·),λ1 (Rn)|2B|λ1‖χ2B‖Lp1(·)(Rn)‖f2‖Ḃp2(·),λ2 (Rn)|2B|λ2‖χ2B‖Lp2(·)(Rn)

≤ C|2B|λ1+λ2+α/n|2B|–α/n‖f1‖Ḃp1(·),λ1 (Rn)‖f2‖Ḃp2(·),λ2 (Rn)‖χ2B‖Lp1(·)(Rn)‖χ2B‖Lp2(·)(Rn)

≤ C|2B|λ1+λ2+α/n‖f1‖Ḃp1(·),λ1 (Rn)‖f2‖Ḃp2(·),λ2 (Rn)‖χ2B‖Lq(·)(Rn)

≤ C|B|λ‖χ2B‖Lq(·)(Rn)‖f1‖Ḃp1(·),λ1 (Rn)‖f2‖Ḃp2(·),λ2 (Rn), (3.4)

where

‖χ2B‖Lp1(·)(Rn)‖χ2B‖Lp2(·)(Rn) ≈ |2B|1/p1(·)+1/p2(·) = |2B|1/q(·)+α/n ≈ |2B|α/n‖χ2B‖Lq(·)(Rn).

Next we estimate I2. Noting that |(x – y1, x – y2)|2n–α ≥ |x – y1|2n–α , by using (3.2),
λ1 < – α

2n , Lemma 2.3, the Minkowski inequality and the generalized Hölder inequality,
we have

I2 =
∥∥T(f1χ(2B)c , f2χ2B)χB

∥∥
Lq(·)(Rn)

≤
∞∑

k=1

∥∥T(f1χ2k+1B\2k B, f2χ2B)χB
∥∥

Lq(·)(Rn)
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≤ C
∞∑

k=1

∥∥∥∥

∫

2B

∫

2k+1B\2k B

|f1(y1)||f2(y2)|
|(· – y1, · – y2)|2n–α

dy1 dy2χB(·)
∥∥∥∥

Lq(·)(Rn)

≤ C‖f2χ2B‖L1(Rn)

∞∑

k=1

∥∥∥∥

∫

2k+1B\2k B

|f1(y1)|
| · –y1|2n–α

dy1χB(·)
∥∥∥∥

Lq(·)(Rn)

≤ C‖f2χ2B‖Lp2(·)(Rn)‖χ2B‖
Lp′

2(·)(Rn)

∞∑

k=1

‖χB‖Lq(·)(Rn)
(
2k–1R

)–2n+α‖f1χ2k+1B‖L1(Rn)

≤ C‖f2χ2B‖Lp2(·)(Rn)‖χ2B‖
Lp′

2(·)(Rn)
‖χB‖Lq(·)(Rn)

×
∞∑

k=1

∣∣2kB
∣∣–2+α/n‖f1χ2k+1B‖Lp1(·)(Rn)‖χ2k+1B‖

Lp′
1(·)(Rn)

≤ C‖f2‖Ḃp2(·),λ2 (Rn)|2B|λ2‖χ2B‖Lp2(·)(Rn)‖χ2B‖
Lp′

2(·)(Rn)
‖χB‖Lq(·)(Rn)|B|–2+α/n

×
∞∑

k=1

2kn(–2+α/n)‖f1‖Ḃp1(·),λ1 (Rn)
∣∣2k+1B

∣∣λ1‖χ2k+1B‖Lp1(·)(Rn)‖χ2k+1B‖
Lp′

1(·)(Rn)

≤ C‖f1‖Ḃp1(·),λ1 (Rn)‖f2‖Ḃp2(·),λ2 (Rn)|B|λ2+1–2+α/n+λ1+1‖χB‖Lq(·)(Rn)

×
∞∑

k=1

2–2kn+kα+nλ2+n+(k+1)nλ1+(k+1)n

≤ C‖f1‖Ḃp1(·),λ1 (Rn)‖f2‖Ḃp2(·),λ2 (Rn)|B|λ‖χB‖Lq(·)(Rn)

∞∑

k=1

2kn(–1+λ1+α/n)

≤ C‖f1‖Ḃp1(·),λ1 (Rn)‖f2‖Ḃp2(·),λ2 (Rn)|B|λ‖χB‖Lq(·)(Rn)

∞∑

k=1

2kn(λ1+ α
2n )

≤ C|B|λ‖χB‖Lq(·)(Rn)‖f1‖Ḃp1(·),λ1 (Rn)‖f2‖Ḃp2(·),λ2 (Rn). (3.5)

Similarly, we estimate I3. Noticing that |(x – y1, x – y2)|2n–α ≥ |x – y2|2n–α , by (3.2),
λ2 < – α

2n , Lemma 2.3, the Minkowski inequality and the generalized Hölder inequality,
we obtain

I3 =
∥∥T(f1χ2B, f2χ(2B)c )χB

∥∥
Lq(·)(Rn)

≤
∞∑

k=1

∥∥T(f1χ2B, f2χ2k+1B\2k B)χB
∥∥

Lq(·)(Rn)

≤ C
∞∑

k=1

∥∥∥∥

∫

2k+1B\2k B

∫

2B

|f1(y1)||f2(y2)|
|(· – y1, · – y2)|2n–α

dy1 dy2χB(·)
∥∥∥∥

Lq(·)(Rn)

≤ C‖f1χ2B‖L1(Rn)

∞∑

k=1

∥∥∥∥

∫

2k+1B\2k B

|f2(y2)|
| · –y2|2n–α

dy2χB(·)
∥∥∥∥

Lq(·)(Rn)

≤ C‖f1χ2B‖Lp1(·)(Rn)‖χ2B‖
Lp′

1(·)(Rn)

∞∑

k=1

‖χB‖Lq(·)(Rn)
(
2k–1R

)–2n+α‖f2χ2k+1B‖L1(Rn)

≤ C‖f1χ2B‖Lp1(·)(Rn)‖χ2B‖
Lp′

1(·)(Rn)
‖χB‖Lq(·)(Rn)
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×
∞∑

k=1

∣∣2kB
∣∣–2+α/n‖f2χ2k+1B‖Lp2(·)(Rn)‖χ2k+1B‖

Lp′
2(·)(Rn)

≤ C‖f1‖Ḃp1(·),λ1 (Rn)|2B|λ1‖χ2B‖Lp1(·)(Rn)‖χ2B‖
Lp′

1(·)(Rn)
‖χB‖Lq(·)(Rn)|B|–2+α/n

×
∞∑

k=1

2kn(–2+α/n)‖f2‖Ḃp2(·),λ2 (Rn)
∣∣2k+1B

∣∣λ2‖χ2k+1B‖Lp2(·)(Rn)‖χ2k+1B‖
Lp′

2(·)(Rn)

≤ C‖f1‖Ḃp1(·),λ1 (Rn)‖f2‖Ḃp2(·),λ2 (Rn)|B|λ1+1–2+α/n+λ2+1‖χB‖Lq(·)(Rn)

×
∞∑

k=1

2–2kn+kα+nλ1+n+(k+1)nλ2+(k+1)n

≤ C‖f1‖Ḃp1(·),λ1 (Rn)‖f2‖Ḃp2(·),λ2 (Rn)|B|λ‖χB‖Lq(·)(Rn)

∞∑

k=1

2kn(–1+λ2+α/n)

≤ C|B|λ‖χB‖Lq(·)(Rn)‖f1‖Ḃp1(·),λ1 (Rn)‖f2‖Ḃp2(·),λ2 (Rn). (3.6)

For the estimate of I4. Noting that |(x – y1, x – y2)|2n–α ≥ |x – y1|n–α/2|x – y2|n–α/2, by
(3.2), λj < – α

2n , j = 1, 2, Lemma 2.3, the Minkowski inequality and the generalized Hölder
inequality, we have

I4 =
∥∥T(f1χ(2B)c , f2χ(2B)c )χB

∥∥
Lq(·)(Rn)

≤
∞∑

k1=1

∞∑

k2=1

∥∥T(f1χ2k1+1B\2k1 B, f2χ2k2+1B\2k2 B)χB
∥∥

Lq(·)(Rn)

≤ C
∞∑

k=1

∞∑

k2=1

∥∥∥∥

∫

2k2+1B\2k2 B

∫

2k1+1B\2k1 B

|f1(y1)||f2(y2)|
|(· – y1, · – y2)|2n–α

dy1 dy2χB(·)
∥∥∥∥

Lq(·)(Rn)

≤ C
∞∑

k=1

∞∑

k2=1

∥∥∥∥∥

2∏

j=1

∫

2kj+1B\2kj B

|fj(yj)|
| · –yj|n–α/2 dyjχB(·)

∥∥∥∥∥
Lq(·)(Rn)

≤ C
2∏

j=1

( ∞∑

kj=1

(
2kj–1R

)–n+α/2
∫

2kj+1B

∣∣fj(yj)
∣∣dyj

)

‖χB‖Lq(·)(Rn)

≤ C‖χB‖Lq(·)(Rn)

2∏

j=1

( ∞∑

kj=1

∣∣2kj B
∣∣–1+ α

2n ‖fjχ2kj+1B‖Lpj(·)(Rn)‖χ2kj+1B‖
L

p′
j(·)

(Rn)

)

≤ C‖χB‖Lq(·)(Rn)

2∏

j=1

‖fj‖Ḃpj(·),λj (Rn)

∞∑

kj=1

∣∣2kj B
∣∣λj–1+ α

2n ‖χ2kj+1B‖Lpj(·)(Rn)‖χ2kj+1B‖
L

p′
j(·)

(Rn)

≤ C‖χB‖Lq(·)(Rn)

2∏

j=1

‖fj‖Ḃpj(·),λj (Rn)

∞∑

kj=1

∣∣2kj B
∣∣λj–1+ α

2n
∣∣2kj B

∣∣

≤ C‖χB‖Lq(·)(Rn)

2∏

j=1

‖fj‖Ḃpj(·),λj (Rn)|B|λ
∞∑

kj=1

2kjn(λj+ α
2n )

≤ C|B|λ‖χB‖Lq(·)(Rn)‖f1‖Ḃp1(·),λ1 (Rn)‖f2‖Ḃp2(·),λ2 (Rn). (3.7)
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Combining the estimates of (3.3)–(3.7), we have

∥∥T(f1, f2)χB
∥∥

Lq(·)(Rn) ≤ C|B|λ‖χB‖Lq(·)(Rn)‖f1‖Ḃp1(·),λ1 (Rn)‖f2‖Ḃp2(·),λ2 (Rn),

that is,

∥∥T(f1, f2)
∥∥
Ḃq(·),λ(Rn) ≤ C‖f1‖Ḃp1(·),λ1 (Rn)‖f2‖Ḃp2(·),λ2 (Rn).

This completes the proof of Theorem 3.1. �

4 Multilinear fractional integral commutators
Let m ∈ N, �b = (b1, b2, . . . , bm) and bi ∈ CBMOui(·),vi (Rn), i = 1, . . . , m. Then the multilinear
commutators of fractional integral operator are defined by

[�b, Tα,m](�f )(x) =
∫

(Rn)m

∏m
i=1(bi(x) – bi(yi)fi(yi)

|(x – y1, . . . , x – ym)|mn–α
dy1 · · ·dym. (4.1)

Theorem 4.1 Let 0 < α < mn, 0 < vi < 1/n, λi < – α
mn , λ =

∑m
i=1 vi +

∑m
i=1 λi + α/n, vi + λi <

–α/n, pi(·) (i = 1, . . . , m), q(·) ∈ P(Rn) satisfy conditions (2.1) and (2.2) in Lemma 2.1
1/p(·) =

∑m
i=1 1/pi(·) – α/n > 0 and 1/q(·) =

∑m
i=1 1/ui(·) +

∑m
i=1 1/pi(·) – α/n. Then [�b, Tα,m]

is also bounded from Ḃp1(·),λ1 (Rn) × · · · × Ḃpm(·),λm (Rn) into Ḃq(·),λ(Rn) and the following
inequality holds:

∥∥[�b, Tα,m]�f ∥∥Ḃq(·),λ(Rn) ≤ C
m∏

i=1

(‖bi‖CBMOui(·),vi (Rn)‖fi‖Ḃpi(·),λi (Rn)
)
.

Proof Without loss of generality, we still consider only the situation when m = 2. Let f1, f2

be functions in Ḃp1(·),λ1 (Rn) and Ḃp2(·),λ2 (Rn), respectively. For fixed R > 0, denote B(0, R)
by B. We have the following decomposition:

[�b, Tα,2]�f (x) =
[
b1 – {b1}B

][
b2 – {b2}B

]
Tα,2(f1, f2)(x)

–
[
b1 – {b1}B

]
Tα,2

[
f1,

(
b2(·) – {b2}B

)
f2

]
(x)

–
[
b2 – {b2}B

]
Tα,2

[(
b1(·) – {b1}B

)
f1, f2

]
(x)

+ Tα,2
[(

b1(·) – {b1}B
)
f1,

(
b2(·) – {b2}B

)
f2

]
(x)

=: J1 + J2 + J3 + J4. (4.2)

Thus, by the Minkowski inequality we write

∥∥[�b, Tα,2]�f χB
∥∥

Lq(·)(Rn) ≤
4∑

i=1

‖JiχB‖Lq(·)(Rn) =:
4∑

i=1

Li. (4.3)

Because of the symmetry of f1 and f2, we can see that the estimate of L2 is analogous to
that of L3. Then we will estimate L1, L2 and L4, respectively.

Next we will decompose fi as fi(yi) = fi(yi)χ2B + fi(yi)χ(2B)c , for i = 1, 2.
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(i) For L1, by using the Minkowski inequality we can write

L1 ≤ ∥∥[
b1 – {b1}B

][
b2 – {b2}B

]
Tα,2(f1χ2B, f2χ2B)(·)χB(·)∥∥Lq(·)(Rn)

+
∥∥[

b1 – {b1}B
][

b2 – {b2}B
]
Tα,2(f1χ2B, f2χ(2B)c )(·)χB(·)∥∥Lq(·)(Rn)

+
∥∥[

b1 – {b1}B
][

b2 – {b2}B
]
Tα,2(f1χ(2B)c , f2χ2B)(·)χB(·)∥∥Lq(·)(Rn)

+
∥∥[

b1 – {b1}B
][

b2 – {b2}B
]
Tα,2(f1χ(2B)c , f2χ(2B)c )(·)χB(·)∥∥Lq(·)(Rn)

=: L11 + L12 + L13 + L14. (4.4)

Firstly we estimate L11. Noticing that 1
p(·) =

∑2
i=1

1
pi(·) – α

n , then 1
q(·) =

∑2
i=1

1
ui(·) + 1

p(·) . By
Lemma 2.6 and using the boundedness of Tα,2 from Lp1(·)(Rn) × Lp2(·)(Rn) into Lq(·)(Rn) in
Theorem B, we get

L11 ≤ C
∥∥Tα,2(f1χ2B, f2χ2B)(·)χB(·)∥∥Lp(·)(Rn)

2∏

i=1

∥∥[
bi – {bi}B

]
χB

∥∥
Lui(·)(Rn)

≤ C
2∏

i=1

‖fiχB‖Lpi(·)(Rn)

2∏

i=1

∥∥[
bi – {bi}B

]
χB

∥∥
Lui(·)(Rn)

≤ C|B|λ1+λ2+v1+v2‖χB‖Lp1(·)(Rn)‖χB‖Lp2(·)(Rn)‖χB‖Lu1(·)(Rn)‖χB‖Lu2(·)(Rn)

×
2∏

i=1

(‖fi‖Ḃpi(·),λi (Rn)‖bi‖CBMOui(·),vi (Rn)
)

≤ C|B|λ1+λ2+v1+v2+α/n+1/q(·)
2∏

i=1

(‖fi‖Ḃpi(·),λi (Rn)‖bi‖CBMOui(·),vi (Rn)
)

≤ C|B|λ+1/q(·)
2∏

i=1

(‖fi‖Ḃpi(·),λi (Rn)‖bi‖CBMOui(·),vi (Rn)
)
, (4.5)

where

‖χB‖Lp1(·)(Rn)‖χB‖Lp2(·)(Rn)‖χB‖Lu1(·)(Rn)‖χB‖Lu2(·)(Rn) ≈ |B|1/p1(·)+1/p2(·)+1/u1(·)+1/u2(·)

= |B|1/q(·)+α/n.

Now we estimate L12. Noticing that |(x – y1, x – y2)|2n–α ≥ |x – y2|2n–α . By λ2 < – α
2n ,

Lemma 2.3 and the generalized Hölder inequality, we obtain

∣∣Tα,2(f1χ2B, f2χ(2B)c )(x)
∣∣

=
∣∣∣∣

∫

(Rn)2

[f1(y1)χ2B(y1)][f2(y2)χ(2B)c (y2)]
|(x – y1, x – y2)|2n–α

dy1 dy2

∣∣∣∣

≤ C
∫

2B

∣∣f1(y1)
∣∣dy1

∫

(2B)c

|f2(y2)|
|x – y2|2n–α

dy2

≤ C‖f1χ2B‖Lp1(·)(Rn)‖χ2B‖
Lp′

1(·)(Rn)

∞∑

k=1

∫

2k+1B\2k B

|f2(y2)|
|x – y2|2n–α

dy2

≤ C‖f1‖Ḃp1(·),λ1 (Rn)|2B|λ1‖χ2B‖Lp1(·)(Rn)‖χ2B‖
Lp′

1(·)(Rn)
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×
∞∑

k=1

(
2k–1R

)–2n+α

∫

2k+1B

∣∣f2(y2)
∣∣dy2

≤ C‖f1‖Ḃp1(·),λ1 (Rn)|2B|λ1+1
∞∑

k=1

∣∣2kB
∣∣–2+α/n‖f2χ2k+1B‖Lp2(·)(Rn)‖χ2k+1B‖

Lp′
2(·)(Rn)

≤ C‖f1‖Ḃp1(·),λ1 (Rn)‖f2‖Ḃp2(·),λ2 (Rn)|B|λ1+1–2+α/n+1+λ2
∞∑

k=1

2kn(–2+α/n+λ2+1)

≤ C‖f1‖Ḃp1(·),λ1 (Rn)‖f2‖Ḃp2(·),λ2 (Rn)|B|λ1+λ2+α/n
∞∑

k=1

2kn( α
2n +λ2)

≤ C|B|λ1+λ2+α/n
2∏

i=1

‖fi‖Ḃpi(·),λi (Rn).

Let 1
u(·) = 1

u1(·) + 1
u2(·) , by the fact 1/p(·) =

∑2
i=1 1/pi(·) – α/n > 0 and 1/q(·) =

∑m
i=1 1/ui(·) +

∑m
i=1 1/pi(·) – α/n, then u(·) > q(·). Thus by Lemma 2.5 and Lemma 2.6 we get

∥∥[
b1 – {b1}B

][
b2 – {b2}B

]
χB

∥∥
Lq(·)(Rn)

≤ C
∥∥[

b1 – {b1}B
]
χB

∥∥
Lu1(·)(Rn)

∥∥[
b2 – {b2}B

]
χB

∥∥
Lu2(·)(Rn)‖χB‖Lp(·)(Rn)

≤ C‖b1‖CBMOu1(·),v1 (Rn)|B|v1‖χB‖Lu1(·)(Rn)

× ‖b2‖CBMOu2(·),v2 (Rn)|B|v2‖χB‖Lu2(·)(Rn)‖χB‖Lp(·)(Rn)

≤ C|B|v1+v2+ 1
u1(·) + 1

u2(·) + 1
p(·)

2∏

i=1

‖bi‖CBMOui(·),vi (Rn)

≤ C|B|v1+v2+ 1
q(·)

2∏

i=1

‖bi‖CBMOui(·),vi (Rn).

This yields

L12 ≤ C|B|λ1+λ2+α/n+v1+v2+ 1
q(·)

2∏

i=1

(‖bi‖CBMOui(·),vi (Rn)‖fi‖Ḃpi(·),λi (Rn)
)

≤ C|B|λ+ 1
q(·)

2∏

i=1

(‖bi‖CBMOui(·),vi (Rn)‖fi‖Ḃpi(·),λi (Rn)
)
. (4.6)

Similarly, we have

L13 ≤ C|B|λ+ 1
q(·)

2∏

i=1

(‖bi‖CBMOui(·),vi (Rn)‖fi‖Ḃpi(·),λi (Rn)
)
. (4.7)

Now for the estimate of L14. Note that |(x – y1, x – y2)|2n–α ≥ |x – y1|n–α/2|x – y2|n–α/2.
Using λj < – α

2n , j = 1, 2 and the generalized Hölder inequality, we have

∣∣Tα,2(f1χ(2B)c , f2χ(2B)c )(x)
∣∣

≤ C
∫

Rn

∫

Rn

|f1(y1)χ(2B)c (y1)||f2(y2)χ(2B)c (y2)|
|(x – y1, x – y2)|2n–α

dy1 dy2
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≤ C
∞∑

k1=1

∞∑

k2=1

∫

2k2+1B\2k2 B

∫

2k1+1B\2k1 B

|f1(y1)||f2(y2)|
|(x – y1, x – y2)|2n–α

dy1 dy2

≤ C
∞∑

k1=1

∞∑

k2=1

2∏

i=1

∫

2ki+1B\2ki B

|fi(yi)|
|(x – yi)|n–α/2 dyi

≤ C
2∏

i=1

∞∑

ki=1

(
2ki–1R

)–n+α/2
∫

2ki+1B

∣∣fi(yi)
∣∣dyi

≤ C
2∏

i=1

∞∑

ki=1

∣∣2kj B
∣∣–1+ α

2n ‖fjχ2kj+1B‖Lpj(·)(Rn)‖χ2kj+1B‖
L

p′
j(·)

(Rn)

≤ C
2∏

i=1

‖fj‖Ḃpj(·),λj (Rn)

∞∑

ki=1

∣∣2kj B
∣∣–1+ α

2n +λj+1

≤ C|B|λ1+λ2+α/n
2∏

i=1

‖fi‖Ḃpi(·),λi (Rn).

Similar to the estimates for L12, we have

L14 ≤ C|B|λ+ 1
q(·)

2∏

i=1

(‖bi‖CBMOui(·),vi (Rn)‖fi‖Ḃpi(·),λi (Rn)
)
. (4.8)

By the estimates of L1j, j = 1, 2, 3, 4, we get

L1 ≤ C|B|λ+ 1
q(·)

2∏

i=1

(‖bi‖CBMOui(·),vi (Rn)‖fi‖Ḃpi(·),λi (Rn)
)
. (4.9)

(ii) For L2, we obtain

L2 ≤ ∥∥[
b1 – {b1}B

]
Tα,2

[
f1χ2B,

(
b2(·) – {b2}B

)
f2χ2B

]
χB

∥∥
Lq(·)(Rn)

+
∥∥[

b1 – {b1}B
]
Tα,2

[
f1χ(2B)c ,

(
b2 – {b2}B

)
f2χ2B

]
χB

∥∥
Lq(·)(Rn)

+
∥∥[

b1 – {b1}B
]
Tα,2

[
f1χ2B,

(
b2 – {b2}B

)
f2χ(2B)c

]
χB

∥∥
Lq(·)(Rn)

+
∥∥[

b1 – {b1}B
]
Tα,2

[
f1χ(2B)c ,

(
b2 – {b2}B

)
f2χ(2B)c

]
χB(·)∥∥Lq(·)(Rn)

=: L21 + L22 + L23 + L24. (4.10)

Let 1
q(·) = 1

u1(·) + 1
q1(·) , 1

q1(·) = 1
p1(·) + 1

g(·) – α
n , 1

g(·) = 1
p2(·) + 1

u2(·) . By λj < – α
2n , j = 1, 2 and bound-

edness of Tα,2 from Lp1(·)(Rn) × Lg(·)(Rn) into Lq1(·)(Rn), we get

L21 ≤ C
∥∥[

b1 – {b1}B
]
χB

∥∥
Lu1(·)(Rn)

∥∥Tα,2
[
f1χ2B,

(
b2(·) – {b2}B

)
f2χ2B

]
χB

∥∥
Lq1(·)(Rn)

≤ C
∥∥[

b1 – {b1}B
]
χB

∥∥
Lu1(·)(Rn)‖f1χ2B‖Lp1(·)(Rn)

∥∥[
b2 – {b2}B

]
f2χ2B

∥∥
Lg(·)(Rn)

≤ C
∥∥[

b1 – {b1}B
]
χB

∥
∥

Lu1(·)(Rn)‖f1χ2B‖Lp1(·)(Rn)‖f2χ2B‖Lp2(·)(Rn)

× ∥∥[
b2 – {b2}2B + {b2}2B – {b2}B

]
χ2B

∥∥
Lu2(·)(Rn)

≤ C‖b1‖CBMOu1(·),v1 (Rn)|B|v1‖χB‖Lu1(·)(Rn)‖f1‖Ḃp1(·),λ1 (Rn)|2B|λ1‖χ2B‖Lp1(·)(Rn)
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× ‖f2‖Ḃp2(·),λ2 (Rn)|2B|λ2‖χ2B‖Lp2(·)(Rn)‖b2‖CBMOu2(·),v2 (Rn)|2B|v2‖χ2B‖Lu2(·)(Rn)

≤ C|B|v1+v2+λ1+λ2+ 1
u1(·) + 1

u2(·) + 1
p1(·) + 1

p2(·)
2∏

i=1

(‖bi‖CBMOui(·),vi (Rn)‖fi‖Ḃpi(·),λi (Rn)
)

≤ C|B|λ+1/q(·)
2∏

i=1

(‖bi‖CBMOui(·),vi (Rn)‖fi‖Ḃpi(·),λi (Rn)
)
, (4.11)

where

∣∣{b2}2B – {b2}B
∣∣ ≤ 1

|B|
∥∥(

b2 – {b2}2B
)
χ2B

∥∥
Lu2(·)(Rn)‖χ2B‖

Lu′
2(·)(Rn)

≤ C
∥∥(

b2 – {b2}2B
)
χ2B

∥∥
Lu2(·)(Rn)

1
‖χ2B‖Lu2(·)(Rn)

.

For the estimate of L22, we have |(x – y1, x – y2)|2n–α ≈ |x – y1|2n–α . Using 1
p′

2(·) = 1
g′(·) + 1

u2(·) ,
λ1 < – α

2n , Lemmas 2.3, 2.6 and the generalized Hölder inequality, we have

∣∣Tα,2
[
f1χ(2B)c ,

(
b2(·) – {b2}B

)
f2χ2B

]
(x)

∣∣

≤ C
∫

Rn

∫

Rn

|f1(y1)χ(2B)c (y1)||f2(y2)χ2B(y2)||b2(y2) – {b2}B|
|(x – y1, x – y2)|2n–α

dy1 dy2

≤ C
∫

(2B)c

|f1(y1)|
|x – y1|2n–α

dy1

∫

2B

∣∣f2(y2)
∣∣∣∣b2(y2) – {b2}B

∣∣dy2

≤ C‖f2χ2B‖Lp2(·)(Rn)
∥∥[

b2 – {b2}B
]
χ2B

∥∥
Lp′

2(·)(Rn)

∞∑

k=1

∫

2k+1B\2k B

|f1(y1)|
|x – y1|2n–α

dy1

≤ C‖f2χ2B‖Lp2(·)(Rn)
∥∥[

b2 – {b2}B
]
χ2B

∥∥
Lu2(·)(Rn)‖χ2B‖Lg′(·)(Rn)

×
∞∑

k=1

∫

2k+1B\2k B

|f1(y1)|
|x – y1|2n–α

dy1

≤ C‖f2‖Ḃp2(·),λ2 (Rn)|2B|λ2‖χ2B‖Lp2(·)(Rn)‖b2‖CBMOu2(·),v2 (Rn)|2B|v2‖χ2B‖Lu2(·)(Rn)

× ‖χ2B‖Lg′(·)(Rn)

∞∑

k=1

(
2k–1R

)–2n+α
∫

2k+1B

∣∣f1(y1)
∣∣dy1

≤ C‖f2‖Ḃp2(·),λ2 (Rn)|2B|λ2+v2+1‖b2‖CBMOu2(·),v2 (Rn)

×
∞∑

k=1

∣∣2kB
∣∣–2+α/n‖f1χ2k+1B‖Lp1(·)(Rn)‖χ2k+1B‖

Lp′
1(·)(Rn)

≤ C‖f2‖Ḃp2(·),λ2 (Rn)‖f1‖Ḃp1(·),λ1 (Rn)|B|λ2+v2+1–2+α/n+1+λ1

× ‖b2‖CBMOu2(·),v2 (Rn)

∞∑

k=1

2kn(–2+α/n+λ1+1)

≤ C‖f1‖Ḃp1(·),λ1 (Rn)‖f2‖Ḃp2(·),λ2 (Rn)|B|λ1+λ2+v2+α/n‖b2‖CBMOu2(·),v2 (Rn)

∞∑

k=1

2kn( α
2n +λ1)

≤ C|B|λ1+λ2+v2+α/n‖b2‖CBMOu2(·),v2 (Rn)

2∏

i=1

‖fi‖Ḃpi(·),λi (Rn).
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Thus, from 1
q(·) = 1

u1(·) + 1
q1(·) and Lemmas 2.5, 2.6, we get

L22 ≤ C|B|λ1+λ2+v2+α/n‖b2‖CBMOu2(·),v2 (Rn)

2∏

i=1

‖fi‖Ḃpi(·),λi (Rn)

∥∥[
b1 – {b1}B

]
χB

∥∥
Lq(·)(Rn)

≤ C|B|λ1+λ2+v2+α/n‖b2‖CBMOu2(·),v2 (Rn)
∥∥[

b1 – {b1}B
]
χB

∥∥
Lu1(·)(Rn)

× ‖χB‖Lq1(·)(Rn)

2∏

i=1

‖fi‖Ḃpi(·),λi (Rn)

≤ C|B|λ1+λ2+v2+α/n‖b2‖CBMOu2(·),v2 (Rn)‖b1‖CBMOu1(·),v1 (Rn)|B|v1‖χB‖Lu1(·)(Rn)

× ‖χB‖Lq1(·)(Rn)

2∏

i=1

‖fi‖Ḃpi(·),λi (Rn)

≤ C|B|λ+1/q(·)
2∏

i=1

(‖bi‖CBMOui(·),vi (Rn)‖fi‖Ḃpi(·),λi (Rn)
)
. (4.12)

For L23, noticing that |(x – y1, x – y2)|2n ≥ |x – y2|2n and 1
p′

2(·) = 1
g′(·) + 1

u2(·) . By Lemmas 2.3,
2.6, v2 + λ2 + α/n < 0, the generalized Hölder inequality and the Minkowski inequality, we
get

∣∣Tα,2
[
f1χ2B,

(
b2(·) – {b2}B

)
f2χ(2B)c

]
(x)

∣∣

≤ C
∫

Rn

∫

Rn

|f1(y1)χ2B(y1)||f2(y2)χ(2B)c (y2)||b2(y2) – {b2}B|
|(x – y1, x – y2)|2n–α

dy1 dy2

≤ C
∫

2B

∣∣f1(y1)
∣∣dy1

∫

(2B)c

|f2(y2)||b2(y2) – {b2}B|
|x – y2|2n–α

dy2

≤ C‖f1χ2B‖Lp1(·)(Rn)‖χ2B‖
Lp′

1(·)(Rn)

∫

(2B)c

|f2(y2)||b2(y2) – {b2}B|
|x – y2|2n–α

dy2

≤ C|B|λ1+1‖f1‖Ḃp1(·),λ1 (Rn)

( ∞∑

k=1

∣∣2kB
∣∣–2+α/n

×
∫

2k+1B

∣∣f2(y2)
∣∣∣∣b2(y2) – {b2}2k+1B + {b2}2k+1B – {b2}B

∣∣dy2

)

≤ C|B|λ1+1‖f1‖Ḃp1(·),λ1 (Rn)

[ ∞∑

k=1

∣∣2kB
∣∣–2+α/n‖f2χ2k+1B‖Lp2(·)(Rn)

× (∥∥(
b2 – {b2}2k+1B

)
χ2k+1B

∥∥
Lp′

2(·)(Rn)
+

∣∣{b2}2k+1B – {b2}B
∣∣‖χ2k+1B‖

Lp′
2(·)(Rn)

)
]

≤ C|B|λ1+1‖f1‖Ḃp1(·),λ1 (Rn)

( ∞∑

k=1

k
∣∣2kB

∣∣–2+α/n+λ2+v2‖f2‖Ḃp2(·),λ2 (Rn)

× ‖χ2k+1B‖Lp2(·)(Rn)‖b2‖CBMOu2(·),v2 (Rn)‖χ2k+1B‖Lu2(·)(Rn)‖χ2k+1B‖Lg′(·)(Rn)

)

≤ C|B|λ1+1–2+α/n+λ2+v2+1‖f1‖Ḃp1(·),λ1 (Rn)‖f2‖Ḃp2(·),λ2 (Rn)
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× ‖b2‖CBMOu2(·),v2 (Rn)

∞∑

k=1

k2kn(–2+α/n+λ2+v2+1)

≤ C‖f1‖Ḃp1(·),λ1 (Rn)‖f2‖Ḃp2(·),λ2 (Rn)|B|λ1+λ2+v2+α/n‖b2‖CBMOu2(·),v2 (Rn)

∞∑

k=1

k2–kn

≤ C|B|λ1+λ2+v2+α/n‖b2‖CBMOu2(·),v2 (Rn)

2∏

i=1

‖fi‖Ḃpi(·),λi (Rn),

where

∣∣{b2}2k+1B – {b2}B
∣∣ ≤

k∑

j=0

∣∣{b2}2j+1B – {b2}2jB
∣∣

≤
k∑

j=0

1
|2jB|

∫

2jB

∣∣b2(y) – {b2}2j+1B
∣∣dy

≤ C
k∑

j=0

1
|2jB|

∥∥(
b2(·) – {b2}2j+1B

)
χ2j+1B

∥∥
Lu2(·)(Rn)‖χ2j+1B‖

Lu′
2(·)(Rn)

≤ C
k∑

j=0

1
|2jB|

∥∥(
b2(·) – {b2}2j+1B

)
χ2j+1B

∥∥
Lu2(·)(Rn)

|2j+1B|
‖χ2j+1B‖Lu2(·)(Rn)

≤ C‖b2‖CBMOu2(·),v2 (Rn)

k∑

j=0

∣∣2j+1B
∣∣v2‖χ2j+1B‖Lu2(·)(Rn)

1
‖χ2j+1B‖Lu2(·)(Rn)

≤ C‖b2‖CBMOu2(·),v2 (Rn)(k + 1)
∣∣2k+1B

∣∣v2 ,

for v2 > 0.
Hence,

L23 ≤ C|B|λ+1/q(·)
2∏

i=1

(‖bi‖CBMOui(·),vi (Rn)‖fi‖Ḃpi(·),λi (Rn)
)
. (4.13)

For L24, using Lemmas 2.3, 2.6, v2 + λ2 + α/n < 0 and the generalized Hölder inequality, we
obtain

∣∣Tα,2
[
f1χ(2B)c ,

(
b2(·) – {b2}B

)
f2χ(2B)c

]
(x)

∣∣

≤ C
∫

Rn

∫

Rn

|f1(y1)χ(2B)c (y1)||f2(y2)χ(2B)c (y2)||b2(y2) – {b2}B|
|(x – y1, x – y2)|2n–α

dy1 dy2

≤ C
∫

(2B)c

|f1(y1)|
|x – y1|n–α/2 dy1

∫

(2B)c

|f2(y2)||b2(y2) – {b2}B|
|x – y2|n–α/2 dy2

≤ C
∞∑

k1=1

∣∣2k1 B
∣∣–1+ α

2n

∫

2k1+1B

∣∣f1(y1)
∣∣dy1

×
∞∑

k2=1

∣∣2k2 B
∣∣–1+ α

2n

∫

2k2+1B

∣∣f2(y2)
∣∣∣∣b2(y2) – {b2}2k2+1B + {b2}2k2+1B – {b2}B

∣∣dy2
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≤ C
∞∑

k1=1

∣∣2k1 B
∣∣–1+ α

2n
∣∣2k1 B

∣∣λ1+1‖f1‖Ḃp1(·),λ1 (Rn)

×
∞∑

k2=1

k2
∣∣2k2 B

∣∣v2+λ2+ α
2n ‖b2‖CBMOu2(·),v2 (Rn)‖f2‖Ḃp2(·),λ2 (Rn)

≤ C|B|λ1+λ2+v2+α/n‖b2‖CBMOu2(·),v2 (Rn)

2∏

i=1

‖fi‖Ḃpi(·),λi (Rn).

Thus

L24 ≤ C|B|λ+1/q(·)
2∏

i=1

(‖bi‖CBMOui(·),vi (Rn)‖fi‖Ḃpi(·),λi (Rn)
)
. (4.14)

Combining the estimates of L2j, j = 1, 2, 3, 4, we can deduce that

L2 ≤ C|B|λ+1/q(·)
2∏

i=1

(‖bi‖CBMOui(·),vi (Rn)‖fi‖Ḃpi(·),λi (Rn)
)
. (4.15)

(iii) For L4, we have

L4 ≤ ∥∥Tα,2
[(

b1 – {b1}B
)
f1χ2B,

(
b2(·) – {b2}B

)
f2χ2B

]
χB

∥∥
Lq(·)(Rn)

+
∥∥Tα,2

[(
b1 – {b1}B

)
f1χ2B,

(
b2 – {b2}B

)
f2χ(2B)c

]
χB

∥∥
Lq(·)(Rn)

+
∥∥Tα,2

[
b1 – {b1}B

][
f1χ(2B)c ,

(
b2 – {b2}B

)
f2χ2B

]
χB

∥∥
Lq(·)(Rn)

+
∥∥Tα,2

[(
b1 – {b1}B

)
f1χ(2B)c ,

(
b2 – {b2}B

)
f2χ(2B)c

]
χB(·)∥∥Lq(·)(Rn)

=: L41 + L42 + L43 + L44. (4.16)

For L41, let 1
hi(·) = 1

pi(·) + 1
ui(·) , i = 1, 2, then 1/q(·) =

∑2
i=1 1/hi(·) – α/n. Using Lemmas 2.3,

2.5, 2.6 and the boundedness of Tα,2 from Lh1(·)(Rn) × Lh2(·)(Rn) into Lq(·)(Rn), we have

L41 ≤ C
2∏

i=1

∥∥(
bi(·) – {bi}B

)
fi(·)χ2B(·)∥∥Lhi(·)(Rn)

≤ C
2∏

i=1

∥∥fi(·)χ2B(·)∥∥Lpi(·)(Rn)

∥∥[
bi – {bi}2B + {bi}2B – {bi}B

]
χ2B

∥∥
Lui(·)(Rn)

≤ C|B|v1+v2+λ1+λ2+ 1
u1(·) + 1

u2(·) + 1
p1(·) + 1

p2(·)
2∏

i=1

(‖bi‖CBMOui(·),vi (Rn)‖fi‖Ḃpi(·),λi (Rn)
)

≤ C|B|λ+1/q(·)
2∏

i=1

(‖bi‖CBMOui(·),vi (Rn)‖fi‖Ḃpi(·),λi (Rn)
)
. (4.17)
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For L42, using Lemmas 2.3, 2.6, v2 + λ2 + α/n < 0 and the generalized Hölder inequality, we
get

∣∣Tα,2
[(

b1(·) – {b1}B
)
f1χ2B,

(
b2(·) – {b2}B

)
f2χ(2B)c

]
(x)

∣∣

≤ C
∫

(2B)c

∫

2B

|b1(y1) – {b1}B||f1(y1)||b2(y2) – {b2}B||f2(y2)|
|(x – y1, x – y2)|2n–α

dy1 dy2

≤ C
(∫

2B

∣∣b1(y1) – {b1}B
∣∣∣∣f1(y1)

∣∣dy1

)(∫

(2B)c

|b2(y2) – {b2}B||f2(y2)|
|x – y2|2n–α

dy2

)

≤ C‖f1χ2B‖Lp1(·)(Rn)
∥∥(

b1 – {b1}B
)
χ2B

∥∥
Lp′

1(·)(Rn)

∫

(2B)c

|b2(y2) – {b2}B||f2(y2)|
|x – y2|2n–α

dy2

≤ C|B|λ1+v1+1‖f1‖Ḃp1(·),λ1 (Rn)‖b1‖CBMOu1(·),v1 (Rn)

( ∞∑

k=1

∣∣2kB
∣∣–2+α/n

×
∫

2k+1B

∣∣b2(y2) – {b2}B
∣∣∣∣f2(y2)

∣∣dy2

)

≤ C|B|λ1+v1+1–2+α/n+λ2+v2+1‖f1‖Ḃp1(·),λ1 (Rn)‖b1‖CBMOu1(·),v1 (Rn)‖f2‖Ḃp2(·),λ2 (Rn)

× ‖b2‖CBMOu2(·),v2 (Rn)

∞∑

k=1

k2kn(–2+α/n+λ2+v2+1)

≤ C|B|λ
2∏

i=1

(‖bi‖CBMOui(·),vi (Rn)‖fi‖Ḃpi(·),λi (Rn)
)
.

This implies that

L42 ≤ C|B|λ+1/q(·)
2∏

i=1

(‖bi‖CBMOui(·),vi (Rn)‖fi‖Ḃpi(·),λi (Rn)
)
. (4.18)

Similarly,

L43 ≤ C|B|λ+1/q(·)
2∏

i=1

(‖bi‖CBMOui(·),vi (Rn)‖fi‖Ḃpi(·),λi (Rn)
)
. (4.19)

For L44, using Lemmas 2.3, 2.6, vi + λi + α/n < 0, i = 1, 2 and the generalized Hölder in-
equality, we get

∣∣Tα,2
[(

b1(·) – {b1}B
)
f1χ(2B)c ,

(
b2(·) – {b2}B

)
f2χ(2B)c

]
(x)

∣∣

≤ C
∫

(2B)c

∫

(2B)c

|b1(y1) – {b1}B||f1(y1)||b2(y2) – {b2}B||f2(y2)|
|(x – y1, x – y2)|2n–α

dy1 dy2

≤ C
2∏

i=1

(∫

(2B)c

|bi(yi) – {bi}B||fi(yi)|
|x – yi|n–α/2 dyi

)

≤ C
2∏

i=1

( ∞∑

ki=1

∣∣2ki B
∣∣–1+ α

2n

∫

2ki+1B

∣∣bi(yi) – {bi}B
∣∣∣∣fi(yi)

∣∣dyi

)
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≤ C|B|λ
2∏

i=1

‖bi‖CBMOui(·),vi (Rn)‖fi‖Ḃpi(·),λi (Rn)

( ∞∑

ki=1

ki2kin(vi+λi+ α
2n )

)

≤ C|B|λ
2∏

i=1

(‖bi‖CBMOui(·),vi (Rn)‖fi‖Ḃpi(·),λi (Rn)
)
.

So

L44 ≤ C|B|λ+1/q(·)
2∏

i=1

(‖bi‖CBMOui(·),vi (Rn)‖fi‖Ḃpi(·),λi (Rn)
)
. (4.20)

From the estimates of L4j, j = 1, 2, 3, 4, we have

L4 ≤ C|B|λ+1/q(·)
2∏

i=1

(‖bi‖CBMOui(·),vi (Rn)‖fi‖Ḃpi(·),λi (Rn)
)
. (4.21)

Furthermore, we obtain

∥∥[�b, Tα,2]�f χB
∥∥

Lq(·)(Rn) ≤ C|B|λ+1/q(·)
2∏

i=1

(‖bi‖CBMOui(·),vi (Rn)‖fi‖Ḃpi(·),λi (Rn)
)
.

Thus, we have

∥∥[�b, Tα,2]�f ∥∥Ḃq(·),λ(Rn) ≤ C
2∏

i=1

(‖bi‖CBMOui(·),vi (Rn)‖fi‖Ḃpi(·),λi (Rn)
)
.

This completes the proof of Theorem 4.1. �

5 Multilinear fractional integral commutators of the second kind
There is another kind of multilinear commutators [�b, Tα], which was introduced by Pérez
and Trujillo-González [25] in 2002, with the vector symbol �b = (b1, b2, . . . , bm) defined by

[�b, Tα]f (x) =
∫

Rn

∏m
i=1(bi(x) – bi(y))f (y)

|(x – y)|n–α
dy, (5.1)

where bi ∈ CBMOui(·),vi (Rn), i = 1, . . . , m. We have the following result.

Theorem 5.1 Let 0 < α < n, 0 < vi < 1/n, λ =
∑m

i=1 vi + μ + α/n < 0, p(·), q(·) ∈P(Rn) satisfy
conditions (2.1) and (2.2) in Lemma 2.1 1/p(·) > α/n and 1/q(·) =

∑m
i=1 1/ui(·) + 1/p(·) –α/n.

Then [�b, Tα] is bounded from Ḃp(·),μ(Rn) into Ḃq(·),λ(Rn) and the following inequality holds:

∥∥[�b, Tα]f
∥∥
Ḃq(·),λ(Rn) ≤ C‖f ‖Ḃp(·),μ(Rn)

m∏

i=1

‖bi‖CBMOui(·),vi (Rn).

Proof Without loss of generality, we can assume that m = 2. For any fixed R > 0, denote
B(0, R) by B and B(0, kR) by kB for k ∈N. Let {b}E denote the integral average of the func-
tion b over the set E. For f ∈ Ḃp(·),μ(Rn) and any x ∈ R

n, we write

f (x) = f (x)χ2B + f (x)χ(2B)c =: f1(x) + f2(x),
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and then we may decompose [�b, Tα]�f (x) into four parts as follows:

[�b, Tα]f (x) =
[
b1 – {b1}B

][
b2 – {b2}B

]
Tα(f )(x)

–
[
b1 – {b1}B

]
Tα

[(
b2(·) – {b2}B

)
f
]
(x)

–
[
b2 – {b2}B

]
Tα

[(
b1(·) – {b1}B

)
f
]
(x)

+ Tα

[(
b1(·) – {b1}B

)(
b2(·) – {b2}B

)
f
]
(x)

=: M1(x) + M2(x) + M3(x) + M4(x). (5.2)

Now we will give the estimates of four functions above, respectively.
(i) For M1(x), using the Minkowski inequality we write

‖M1χB‖Lq(·)(Rn) ≤ ∥∥[
b1(·) – {b1}B

][
b2(·) – {b2}B

]
Tαf1(·)χB(·)∥∥Lq(·)(Rn)

+
∥∥[

b1(·) – {b1}B
][

b2(·) – {b2}B
]
Tαf2(·)χB(·)∥∥Lq(·)(Rn)

=: M11 + M12. (5.3)

Firstly we estimate M11. Let 1
r(·) = 1

p(·) – α
n , then 1

q(·) =
∑2

i=1
1

ui(·) + 1
r(·) . By Lemmas 2.3, 2.6

and the boundedness of Tα from Lp(·)(Rn) into Lr(·)(Rn) in Theorem 1.8 of [2], we have

M11 ≤ C
∥∥Tαf1(·)χB(·)∥∥Lr(·)(Rn)

2∏

i=1

∥∥[
bi – {bi}B

]
χB

∥∥
Lui(·)(Rn)

≤ C|B|λ+1/q(·)‖f ‖Ḃp(·),μ(Rn)

2∏

i=1

‖bi‖CBMOui(·),vi (Rn). (5.4)

Since

∣∣Tαf2(x)
∣∣ =

∣∣∣∣

∫

Rn

f2(y)
|x – y|n–α

dy
∣∣∣∣

≤
∞∑

k=1

∫

2k+1B\2k B

∣∣f (y)
∣∣dy

≤ C
∞∑

k=1

∣∣2kB
∣∣–1+α/n‖f χ2k+1B‖Lp(·)(Rn)‖χ2k+1B‖Lp′(·)(Rn)

≤ C|B|μ+α/n‖f ‖Ḃp(·),μ(Rn),

using Lemma 2.6 and the generalized Hölder inequality, we obtain

M12 ≤ C|B|λ+1/q(·)‖f ‖Ḃp(·),μ(Rn)

2∏

i=1

‖bi‖CBMOui(·),vi (Rn). (5.5)



Wang and Xu Journal of Inequalities and Applications        (2019) 2019:311 Page 20 of 23

(ii) For M2(x), let 1
q1(·) = 1

u2(·) + 1
p(·) – α

n and then 1
q(·) = 1

u1(·) + 1
q1(·) . Using Lemma 2.5 and

Lemma 2.6 we get

‖M2χB‖Lq(·)(Rn) ≤ C|B|v1+ 1
u1(·) ‖b1‖CBMOu1(·),v1 (Rn)

∥∥Tα

[
b2 – {b2}B

]
f (·)χB(·)∥∥Lq1(·)(Rn)

≤ C|B|v1+ 1
u1(·) ‖b1‖CBMOu1(·),v1 (Rn)(M21 + M22), (5.6)

where

M21 =:
∥∥Tα

[
b2 – {b2}B

]
f1(·)χB(·)∥∥Lq1(·)(Rn)

and

M22 =:
∥∥Tα

[
b2 – {b2}B

]
f2(·)χB(·)∥∥Lq1(·)(Rn).

Let 1
l(·) = 1

u2(·) + 1
p(·) , then 1

q1(·) = 1
l(·) – α

n . Using the (Ll(·), Lq1(·))-boundedness of Tα ,
Lemma 2.5 and Lemma 2.6 we have

M21 ≤ C
∥∥(

b2(·) – {b2}B
)
f1

∥∥
Ll(·)(Rn)

≤ C
∥∥(

b2(·) – {b2}B
)
χ2B

∥∥
Lu2(·)(Rn)‖f χ2B‖Lp(·)(Rn)

≤ C|B|μ‖χ2B‖Lp(·)(Rn)‖f ‖Ḃp(·),μ(Rn)
∥∥[

b2 – {b2}2B + {b2}2B – {b2}B
]
χ2B

∥∥
Lu2(·)(Rn)

≤ C|B|μ‖χ2B‖Lp(·)(Rn)‖f ‖Ḃp(·),μ(Rn)‖b2‖CBMOu2(·),v2 (Rn)|2B|v2‖χ2B‖Lu2(·)(Rn)

≤ C|B|μ+v2‖χ2B‖Ll(·)(Rn)‖f ‖Ḃp(·),μ(Rn)‖b2‖CBMOu2(·),v2 (Rn). (5.7)

For M22, by using 1
u′

2(·) = 1
l′(·) + 1

p(·) , μ + v2 + α
n < 0, Lemmas 2.3, 2.5, 2.6 and the generalized

Hölder inequality, we get

∣∣Tα

(
b2(·) – {b2}B

)
f2(x)

∣∣

≤ C
∫

(2B)c

|b2(y) – {b2}B||f (y)|
|x – y|n–α

dy

≤ C
∞∑

k=1

∫

2k+1B\2k B

|b2(y) – {b2}B||f (y)|
|x – y|n–α

dy

≤ C
∞∑

k=1

∣∣2kB
∣∣–1+α/n∥∥(

b2(·) – {b2}B
)
χ2k+1B

∥∥
Lu2(·)(Rn)‖f χ2k+1B‖Lp(·)(Rn)‖χ2k+1B‖Ll′(·)(Rn)

≤ C‖f ‖Ḃp(·),μ(Rn)‖b2‖CBMOu2(·),v2 (Rn)

∞∑

k=1

k
∣∣2kB

∣∣α/n+μ+v2

≤ C|B|α/n+μ+v2‖f ‖Ḃp(·),μ(Rn)‖b2‖CBMOu2(·),v2 (Rn)

∞∑

k=1

k2kn(α/n+μ+v2)

≤ C|B|α/n+μ+v2‖f ‖Ḃp(·),μ(Rn)‖b2‖CBMOu2(·),v2 (Rn).
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Thus

M22 ≤ C|B|α/n+μ+v2+ 1
q1(·) ‖f ‖Ḃp(·),μ(Rn)‖b2‖CBMOu2(·),v2 (Rn)

≤ C|B|μ+v2+ 1
u2(·) + 1

p(·) ‖f ‖Ḃp(·),μ(Rn)‖b2‖CBMOu2(·),v2 (Rn). (5.8)

Combining the estimates for (5.6)–(5.8), we obtain

‖M2‖Lq(·)(Rn) ≤ C|B|λ+1/q(·)‖f ‖Ḃp(·),μ(Rn)

2∏

i=1

‖bi‖CBMOui(·),vi (Rn). (5.9)

(iii) Observing that M3 is symmetric to M2, we have

‖M3‖Lq(·)(Rn) ≤ C|B|λ+1/q(·)‖f ‖Ḃp(·),μ(Rn)

2∏

i=1

‖bi‖CBMOui(·),vi (Rn). (5.10)

(iv) Finally, we split M4 as follows:

‖M4‖Lq(·)(Rn) ≤ ∥∥Tα

[
b1(·) – {b1}B

][
b2(·) – {b2}B

]
f1(·)χB(·)∥∥Lq(·)(Rn)

+
∥∥Tα

[
b1(·) – {b1}B

][
b2(·) – {b2}B

]
f2(·)χB(·)∥∥Lq(·)(Rn)

=: M41 + M42. (5.11)

Let 1
t(·) = 1

u1(·) + 1
u2(·) + 1

p(·) , then by the (Lt(·)(Rn), Lq(·)(Rn))-boundedness of Tα we have

M41 ≤ C
∥∥(

b1(·) – {b1}B
)(

b2(·) – {b2}B
)
f1

∥∥
Lt(·)(Rn)

≤ C
∥∥(

b1(·) – {b1}B
)
χ2B

∥∥
Lu1(·)(Rn)

∥∥(
b2(·) – {b2}B

)
χ2B

∥∥
Lu2(·)(Rn)‖f χ2B‖Lp(·)(Rn)

≤ C|B|μ+v2‖f ‖Ḃp(·),μ(Rn)

2∏

i=1

‖bi‖CBMOui(·),vi (Rn). (5.12)

For M42, using μ + v1 + v2 + α/n < 0, Lemmas 2.3, 2.5, 2.6 and the generalized Hölder
inequality, we get

∣∣Tα

(
b1(·) – {b1}B

)(
b2(·) – {b2}B

)
f2(x)

∣∣

≤ C
∫

(2B)c

|b1(y) – {b1}B||b2(y) – {b2}B||f (y)|
|x – y|n–α

dy

≤ C
∞∑

k=1

∫

2k+1B\2k B

|b1(y) – {b1}B||b2(y) – {b2}B||f (y)|
|x – y|n–α

dy

≤ C
∞∑

k=1

∣∣2kB
∣∣–1+α/n∥∥(

b1(·) – {b1}B
)
χ2k+1B

∥∥
Lu1(·)(Rn)

∥∥(
b2(·) – {b2}B

)
χ2k+1B

∥∥
Lu2(·)(Rn)

× ‖f χ2k+1B‖Lp(·)(Rn)‖χ2k+1B‖Lt′(·)(Rn)

≤ C‖f ‖Ḃp(·),μ(Rn)‖b1‖CBMOu1(·),v1 (Rn)‖b2‖CBMOu2(·),v2 (Rn)

∞∑

k=1

k2∣∣2kB
∣∣α/n+μ+v1+v2
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≤ C|B|α/n+μ+v1+v2‖f ‖Ḃp(·),μ(Rn)‖b1‖CBMOu1(·),v1 (Rn)‖b2‖CBMOu2(·),v2 (Rn)

×
∞∑

k=1

k22kn(α/n+μ+v1+v2)

≤ C|B|λ‖f ‖Ḃp(·),μ(Rn)

2∏

i=1

‖bi‖CBMOui(·),vi (Rn).

Thus

M42 ≤ C|B|λ+ 1
q(·) ‖f ‖Ḃp(·),μ(Rn)

2∏

i=1

‖bi‖CBMOui(·),vi (Rn). (5.13)

In combination with the estimates of M41 and M42, we have

‖M4‖Lq(·)(Rn) ≤ C|B|λ+1/q(·)‖f ‖Ḃp(·),μ(Rn)

2∏

i=1

‖bi‖CBMOui(·),vi (Rn). (5.14)

To sum up, combining the estimates of (i)–(iv),

∥∥[�b, Tα]f
∥∥
Ḃq(·),λ(Rn) ≤ C‖f ‖Ḃp(·),μ(Rn)

2∏

i=1

‖bi‖CBMOui(·),vi (Rn). �
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