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1 Introduction

The study of multilinear integral operators was motivated not only as the generalization
of the theory of linear ones but also their natural appearance in analysis. It has increas-
ing attention and much development in recent years, such as the study of the bilinear
Hilbert transform by Lacey and Thiele [21, 22] and the systematic treatment of multilinear
Calder6n—Zygmund operators by Grafokas and Torres [13, 14], Grafokas and Kalton [12].
The importance of fractional integral operators is owing to the fact that they are smooth
operators and have been extensively used in various areas such as potential analysis, har-
monic analysis and partial differential equations. As one of the most important operators,
the multilinear fractional integral operator (also known as the multilinear Riesz potential)
has also attracted more attention, see for example (3, 11, 18, 24].

It is well known that function spaces with variable exponent arouse strong interest not
only in harmonic analysis but also in applied mathematics. The theory of function spaces
with variable exponent has made great progress since some elementary properties were
given by Kovacik and Rakosnik [19] in 1991. Lebesgue and Sobolev spaces with integrabil-
ity exponent have been widely studied, see [5, 8] and the references therein. Many applica-
tions of these spaces were given, for example, in the modeling of electrorheological fluids
[26], in the study of image processing [4], and in differential equations with nonstandard
growth [15]. On the other hand, the A-central bounded mean oscillation spaces, Morrey
type spaces and related function spaces have interesting applications in studying bound-
edness of operators including singular integral operators; see for example [1, 9, 19, 27-29].
In 2015, Mizuta, Ohno and Shimomura introduced the non-homogeneous central Mor-
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rey spaces of variable exponent in [23]. Recently, Fu et al. introduced the A-central BMO
spaces and the central Morrey spaces with variable exponent and gave the boundedness
of some operators in [10]. In [2, 6, 7, 17] and [31-34], the authors proved the boundedness
of some integral operators on variable function spaces, respectively. Meanwhile, some au-
thors gave the boundedness of multilinear integral operators and their commutators on
variable exponent function spaces, such as [16, 30, 35].

Motivated by [9, 10, 29], we will study the boundedness of the multilinear fractional
integral operators and their commutators on the central Morrey spaces with variable ex-
ponent.

Let us explain the outline of this article. In Sect. 2, we first briefly recall some standard
notations and lemmas in variable Lebesgue spaces. Then we will recall the definiton of the
A-central BMO spaces and central Morrey spaces with variable exponent. In Sect. 3, we
will establish the boundedness for a class of multi-sublinear fractional integral operators
on central Morrey spaces with variable exponent. Subsequently the boundedness of mul-
tilinear fractional integral commutators on central Morrey spaces with variable exponent
will be obtained in Sect. 4. In Sect. 5, we will also consider the boundedness of another
multilinear fractional integral commutators.

In addition, we denote the Lebesgue measure and the characteristic function of a mea-
surable set A C R” by |A| and y4, respectively. The notation f ~ g means that there exist
constants C, C, > 0 such that C1g < f < Cyg.

2 Variable exponent function spaces
Firstly we give some notation and basic definitions on variable exponent Lebesgue spaces.
Given an open set E C R”, and a measurable function p(-) : E — [1,00). p/(-) is the con-
jugate exponent defined by p'(:) = p(-)/(p(-) - 1).
The set P(E) consists of all p(-) : E — [1, 00) satisfying

p = essinf{p(x) (X € E} >1,

pr=ess sup{p(x) 1x € E} < 00.

By L")(E) we denote the space of all measurable functions f on E such that, for some
A>0,

(%)
/([f(x)|>p dx < o0
AU

This is a Banach function space with respect to the Luxemburg—Nakano norm,

p(x)
1l ro gy =inf{k >0/E<lf(;)|> dx < 1}‘

The space Lfo('c)(.Q) is defined by Lfo('c)(.Q) == {f : f € [PV(E) for all compact subsets
EcC Q).
Letf € L} (R"), the Hardy-Littlewood maximal operator is defined by

loc

Mf (x) = sup

d )
r>0 |Br(x)| Br(x)lf(y)| i’
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where B,(x) = {y € R" : |x — y| < r}. The set B(R") consists of p(-) € P(R") satisfying the
condition that M is bounded on LZO(R").
In variable L? spaces there are some important lemmas as follows.

Lemma 2.1 ([7]) Ifp(-) € P(R") and satisfies

p@) -py)| < ————, x-yl <1/2, 2.1)
—log(lx - y[)
and
p) P = i bz 0.2)
og(|x| +e)

then p(-) € B(R"), that is, the Hardy-Littlewood maximal operator M is bounded on
LPOR™M).

Lemma 2.2 ([20] (Generalized Holder inequality)) Let p(-) € P(R"). If f € L’)(R") and
g € LP'O(R"), then fg is integrable on R" and

f V(x)g(x)| dx < ’"p”f||[}7(-)(Rn) IIgIILp/(-)<Rn),
R}‘l

where
r,=1+1/p~-1/p".

Lemma 2.3 ([17]) Suppose p(-) € B(R"). Then there exists a positive constant C such that,
for all balls B in R",

1
ﬁ||XB||LP(~)(]Rn)||XB||U/(-)(Rn) <C.

Lemma 2.4 ([17]) Let p(-) € B(R"). Then there exists a positive constant C such that, for
all balls B in R" and all measurable subsets S C B,

”XB”Lp(-)(]Rn) - |B| ||XS||Lp(-)(Rn

)
Ixsllzpo@n —  IS] Ixsllpo@n —  \IB

and

X120 ) g %
X u’()(R)SC(ﬂ) ’
X810 gy |B|

where 81, 82 are constants with 0 < 81,89 < 1.

Lemma 2.5 ([8]) Let p(-) € P(R") satisfies conditions (2.1) and (2.2) in Lemma 2.1. Then

1
Q7™ if|Q| <2"andx € Q,
I xQll po) wry = 1

IQI7™if|Ql =1

for every cube (or ball) Q C R", where p(00) = limy_, o0 p(%).
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Lemma 2.6 ([8]) Let p(-),q(-),s(-) € P(R") be such that

Lo 1
sx)  p)  gqx)

for almost every x € R". Then
|lfg||LS<->(Rn) = 2”f||Lp(-)(Rn) g1l 240 ®n)
forall f € [PV (R") and g € L1 (R").

Now we recall that the central Morrey space with variable exponent and the A-central
bounded mean oscillation space with variable exponent in [10] are defined as follows.

Definition 2.1 ([10]) Let g(-) € P(R") and A € R. The central Morrey space with variable
exponent B10*(R") is defined by

BIOM®R") = {f € L) (R")  f ll sars ny < 00}

where

|lf|| o sup ”fXB(O,R)”Lq(-)(]Rn)
BaOMRH) = .
B 20 1BO,R) M x0.0) Il 240 @y

Definition 2.2 ([10]) Let g(-) € P(R") and A < 1/n. The A-central BMO space with vari-
able exponent CBMO?0*(R") is defined by

CBMO™*(R") = {fe Lq(')(Rn) 1 Nl cpmonr @my < 00}

loc
where

I(f = fB0,2)) xBO.R) | .40 Ry
sup - .
70 B, R)* | xB0,R) |l 1a0) rr)

”f” CBMOYOA (R7) =

Remark 2.1 Denote by B1V*(R") and CMO0*(R") the inhomogeneous versions of the
central Morrey space and the A-central BMO space with variable exponent, which are de-
fined, respectively, by taking the supremum over R > 1 in Definition 2.1 and Definition 2.2
instead of R > 0O there.

Remark 2.2 Our results in this paper remain true for the inhomogeneous versions of A-
central BMO spaces and central Morrey spaces with variable exponent.

3 Multilinear fractional integral operators

Let m € N and K(y0,y1,...,¥m) be a function defined away from the diagonal yo = y; =
-oo = 9, in (R")"*1, We denote by]‘ the m-tuple (f1,...,fn). Now we consider that T is an
m-linear operator defined on the product of test functions such that, for K, the integral
representation below is valid:

T(f)(x):/n.../Rnl((x,yl,...,ym)Hﬁ(y]«)dyl...dym,
j=1
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whenever f;, j = 1,...,m, are smooth functions with compact support and x ¢
(=1 suppf-

Particularly, there is a kind of multilinear operator 7, ,,,, which is called multilinear frac-
tional integral operator, whose kernel is

o—mn

K(x,yl,...,ym):|(x—y1,...,x—ym)| , O<a<mn. (3.1)

In 1999, Kenig and Stein [18] gave the boundedness of the above multilinear fractional
integral operator T, ,, on the product of Lebesgue spaces.

Theorem A ([18]) Let 0 < « < mn and T,,, be an m-linear fractional integral operator
with kernel K satisfying (3.1). Suppose 1 < p1,p2,...,pm <00, 1/g=1/p1 + -+ + 1/psm —

a/n>0.
(1) Ifeachp;>1,j=1,...,m, then

m
| T gy < C T Wfilliscen.
i=1

(2) Ifeach p; =1 for some j, then

m
” Ta,m(}:)”Lq,m R” = C |m||Lpi(R”)'
(R™)
i=1

In the variable exponent case, Tan, Liu and Zhao [30] gave the following result.

Theorem B ([30]) Let m e N, 0 < o < mn, q(-), p1(-), ..., pm(-) € P(R") satisfy conditions
(2.1) and (2.2) in Lemma 2.1 and 1/q(-) = 1/p1(-) + - - + 1/p,(-) —a/n. Then

m
|| Ta,m(f) ||Lq(~)(Rn) = Cl_[ "ﬁ'”LPi(J(Rn)'
i=1

Next we will give the boundedness of a class of multi-sublinear fractional integral oper-
ators T on the product of central Morrey spaces with variable exponent.

Theorem 3.1 Let m € N, 0 <« < mn and T be a multi-sublinear fractional integral oper-
ator such that

T(F)@)| < C/ DL ) - dym (32)

Y1
@y [ = Y1500 0s %= Yp) |7

for any integrable functions fi,...,f, with compact support and x ¢ ﬂ;ﬁl suppf;. Suppose
Aj< =t ko= Z;Zl A+ aln pi(r) (j=1,...,m), q(-) € P(R") satisfy conditions (2.1) and
(2.2) in Lemma 2.1 and 1/q(-) = Z/"zl 1/pj(:) —a/n>0.If T is bounded from I O(R?) x
oo x LPnO(R?) into L1O(R™), then T is also bounded from BPrOA (R™) x - - . x BemOhm(R™)
into BIO(R"),

If 0 <@ < mn and T,,, is an m-linear fractional integral operator, then the condition
(3.2) is obviously satisfied by (3.1). By Theorem B we can get the following corollary of
Theorem 3.1.
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Corollary 3.1 Letm e N, 0 <« <mn and T,,, be an m-linear fractional integral operator
with kernel K satisfying (3.1). Suppose A; < —%, A= Z;Zl r+almpi(-) (j=1,...,m),q(-) €

P(R™) satisfy conditions (2.1) and (2.2) in Lemma 2.1 and 1/q(-) = 2;21 1/pj(-) —a/n > 0.

Then T,y is bounded from BPrOM(RY) x . x BemOAm(R™) jnto BIO*(R?),

Proof of Theorem 3.1 In order to simplify the proof, we consider only the situation when
m = 2. Actually, a similar procedure works for all m € N. Let f}, f, be functions in
BrrOA(R") and BP2072(R"), respectively. For fixed R > 0, denote B(0, R) by B. We need

to prove

” T(fl: Z)XBHLq(A)(Rn) = C|B|)\ ||XB||Lq(-)(]Rn) A ”Bm(»),h(]Rn)”fZ”BPz(-Mz(]Rn):

where C is a constant independent of R.
By the Minkowski inequality we write
” T(fhfZ)XB ||Lq(')(]R") = ” T(leZBerXZB)XB ||Lq(')(R”)
+ ” T(fl X(ZB)C’ﬁXZB)XB ||Lq(')(]R”)
+ | T(f x28: foxemye) xs ||Lq(~)(]Rn)
+ “ T(fl X(2B)C;f2 X(ZB)")XB ||Lq(-)(Rn)
2111 +12 +13 +I4. (33)
We first estimate I;. Using Lemma 2.4 and the boundedness of T from L#10)(R") x
LP720)(R") into L1O)(R"), we have
L < C”fl X2B ”[}H(')(]Rn) ”fZXZB ||Lp2(')(]RVl)
= C”fl ”Bm(-),kl (]Rn)|zB|)Ll ||XZB||[}71(-)(Rn) |[f2||5p2(->.)\2 (]R")|2B|)L2 ”XZB”[}’z(-)(Rn)
< C|ZB|)‘1+)"2+O[/"|ZB|7O‘/"”]C1 ||BP1(-M1(]Rn) ”f2||[§172(~)v)~2(]R”)||XZB||L!71(')(RH) ||XZB||LP2(~)(]Rn)
= C|2B|M+x2+a/n”fl ||B‘171<-)'k1(]Rn) ”fZ||Bﬂ2(-)yA2(Rn)||XZB||Lq(»)(1Rn)

< CIBIMMlx28l a0 @y i Il gor 021 oy 2l g0z ey (34)
where
11281 11 ey | X2l o gy 2 [2B]MPHOFHP2C) = |2 BRI 2 9 BI*M | x| 4y oy
Next we estimate I,. Noting that |(x — y1,% — y2)[*"™ > |x — y1/*"™%, by using (3.2),

A1 < —5-, Lemma 2.3, the Minkowski inequality and the generalized Holder inequality,

we have

b = | T(fixesy.fox2s) x5 a0 gy

)
< Z ” T(fl X2k+13\2/<3r_f2x23))(3 ||Lq(')(R”)
k=1

Page 6 of 23
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|
/ / i) lfz()’zzn —dy dyasl)
2B J2k+1p\2kB I =51, = y2) L90)(R")
)|
< C|[sz2B||L1(Rn) % dy xs(")
oy 12k 1B\2kB |- =1l L40)(Rn)

o0
k— —2n+a
SC|[f2X23||Lp2(-)(Rn)||X23||Lp’2(‘)(R,,)E %81l a0 @y (27" R) /2 X k151l L2 ey
k1

< Cllfax2s ”Lpz( )(R) | 28 ”Lp2 ®") x5 ”Lq(-)(]Rn)

oo
k| —2+aln
X D12 B Ifi ot i 1 Xt g0 g

k=1
A —2+a/
< Cllfall gratria ey [2B1 " 1 28| ooy gory X281l iy @ 1 %8l a0 @) | Bl e
o0
kn(-2 k+lp|*
x 22 n( +O[/n)||,fi||8pl(')’)‘1(ﬂ§”) 2 + B| ||X2k+lB||Lp1(')(R")||X2k+lB||Lp/](‘)(]RV1)
k=1

A+1-2+a/n+r1+1
= C|Lﬁ”l§m(~),h(Rn)|[}3||sz(~),12(Rn)|B| primeralmAL ”XB”]}I(‘)(RH)

o)
% 2 2—2kn+/<a+nkz+n+(k+1)nkl +(k+1)n

k=1

oo
kn(—
< Cllfillgon21 ony Vo ll g oy |BI* 1 X8 o oy ) 27 H 17170
k=1

[o¢]
< CIfillgor o1 oy W2l ot oy |BI X8 | oy 2701730
k=1

=< C|B|A ”XB”M(')(]R*!) ”fl ”Bm(»),)q(]Rn)”f2||5172(~),)»2(]]gn)- (3'5)

Similarly, we estimate I3. Noticing that |(x — y1,x — %2)|?™* > |x — ,|*""%, by (3.2),
Ao < —20‘—”, Lemma 2.3, the Minkowski inequality and the generalized Holder inequality,

we obtain

13 = H T(fl XZB’ﬁX(ZB)C)XB ”Lq(’)(lR”)

[o¢]
= Z ” T(ﬁXZBerszHB\sz)XB ”Lq(-)(Rn)

k=1
/ / ml)mmn iy dyasl)
2k+1B\2kB 28 I(:

1 —y2)|2 190) (Rm)
oo
[202)|
< Cllfix28ll g1 (g e A2 x5(")
oq I/ 2k+1B\2kB |- =2l L40)(RM)

o0
k=1 1\ —2n+a
< Clfix2sll 10 gny 1 X281 ) gy D 1XE N 2000 (27 R) ™" Wfaxaksnlla ey
k=1

< Clfix28ll a1 X281l 1) gy 128 20 7

Page 7 of 23
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o0
k| —2+aln
x ) 2B Wfataketsll a0 ko181 o g

k=1
A —2+a/
< Cllfill gr6ra ey [2B1 1 x28 1l o1 0 gony I 2811100 Rn)HXBHLq()(Rn |B|~=r "
)
kn(—2+a/ k+1 p|*2
X 22 n(=2+a n)”fZ”lépz(-):?nz(]Rn) 2% B| ||X2k*lB”L1’2(')(]R")||X2k*1B||LP/2(‘)(Rn)
k=1

A +1-2 A+l
< CIA N o1 oy 2 | a2 amy | BIH72 54022 g gt oy

9]
x 2 2—2kn+ka+n)q +n+(k+1)nio+(k+1)n

k=1
o0
Jn(=
< CIVfill o eomy U2 | o002 oy | BI 1 X8l oy D 2971 #227%0)
k=1
= C|B|)\ x5 ||Lq(‘)(]Rn) ”fl ”Bm(‘),h (R") ”f2 ||B‘172(‘)J2(Rn)' (3~6)

For the estimate of /5. Noting that |(x — y1,% — 92)|2"™% > |x — y1|""“%|x — y,|"~*2, by
(3.2), Aj < —3.,j = 1,2, Lemma 2.3, the Minkowski inequality and the generalized Hélder
inequality, we have

14 = H T(le(ZB)C’sz(ZB)C)XB||Lq(»)(]Rn)

o0 oo
= Z Z | T(fi Xoa 1\0k1 o J2 Xoko+1 p ok B) XB ”Lq(»)(w)

k1=1ky=1
o0 o0
LAGD)IARG2)I
<C / / dyr dy> xs(")
k;,; aka+1p\okap Joki+ipyokip (- = Y1, - = y2)| 2 L0 (R

2
[l
— mara Dyxs()
1:1[/2](1'“3\2](/3 | -—yj|i’lfot/2 Vi XB

L4} (Rm)

2

H(Z 2k IR —n+o/2 k+1 lf()//)idyl) ”XB”L‘I ) (R™)

j=1

2 (o]
-1
< Clixell st 1‘[(2\2@\ N o110 o X151 W))

j=1 1
2 00

<C : 2kt 5

= Cllxallzao @ | | Vil g0 gy |28 1551 gl 2700 oy 1 X 15 +1B||Lp/<<.>(Rn)
j=1 k/'=1

2 oo
< Clixsll 140 @n) 1_[ |lfj||8"i('>”\i(]1§n) 2‘2]("3’}\/71+W |2k/B‘
j=1 k=1

2
< Cllxsll o [ TIN50 guny 1B sz" 7+

j=1 ki=1

< CIBIM X8l 240 oy Wi 1l o121 oy 2l a0 ey - (3.7)
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Combining the estimates of (3.3)—(3.7), we have

17, 2)XB||M<4)<R”) < CIBI* | 8l Laoy @my W | g1 001 oy 2l a0 gy
that is,

| TGP o gy < CWAN o001 oy ol a2 ey
This completes the proof of Theorem 3.1. O
4 Multilinear fractional integral commutators

LetmeN, b= (b1,by,...,b,,) and b; € CBMO”"(‘)'V"(]R”), i=1,...,m. Then the multilinear

commutators of fractional integral operator are defined by

[T = bi(y)fi()

[b, T () x) = / . (4.1)
wrllf oy 1= 71,y — e 1T
Theorem 4.1 Let O<a <mn, 0<v;<1/mAi<—2, A= " vi+ Y o hi+alnm vi+Ai<

—a/n, pi(-) (i =1,...,m), q(-) € P(R") satisfy condmons (2.1) and (2.2) in Lemma 2.1
Up() =" Upi() —aln >0 and 1/g(-) = X7 Vui(-) + 37 1/pi(-) — aln. Then [b, T ]
is also bounded from BPYOM(R?) x ... x BPnOrm(R") into BIO*(R") and the following
inequality holds:

m

” [Z: Ta,m]f”Bq(-),A(Rn) = CH(HbiHCBMoui('),vi(Rn) "fi”gm(-),Ai(Rn))«

i=1

Proof Without loss of generality, we still consider only the situation when m = 2. Let f1, f
be functions in 821041 (R") and BP20*2(R7), respectively. For fixed R > 0, denote B(0, R)
by B. We have the following decomposition:

(B, Toalf @) = [b1 — (b1)5][b2 — (B2)8] Tun (o fo) )
—[b1 = (b1)8] Tan[fis (2() - {b2)5) 2]
~[b2 = (B2)8] Taa[ (010 — 1B1)8) A0 o
+ Tua[(B10) = {b1)e)for (B2() — {bz}B)fz](x)
=h+h+]3+/4 (4.2)

Thus, by the Minkowski inequality we write

4 4
1B, Tealf X8| ot gony < D Wiksllpaorny = Y Li- (4.3)
i=1 i=1

Because of the symmetry of f; and f,, we can see that the estimate of L, is analogous to
that of Ls. Then we will estimate L;, L, and Ly, respectively.
Next we will decompose f; as f;(y;) = fi(y:) x28 + fi(¥:) X(2B)c, for i = 1, 2.
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(i) For Ly, by using the Minkowski inequality we can write

Ly < [[[b1 = (b1)5][b2 = {b2}] Ta (i x28: 2 x28) D X8 ) | a0 o
+ [ [b1 = (B1)8] [b2 = (B2)8] Ta (i xom: fo X3 ) X8O | 000 ey
+ | [B1 ~ (b1)s][bs — (b)) Tuafi xmenfs a8 D250 | ot
# 1 [Br — (bu)s][bs — (b)) Tualf xemen s xes) 18 C) | oo

=:Ly1 + L1g + L13 + Lya. (4.4)

. . . 1 _ 2 1 2 1 1
Firstly we estimate L;;. Noticing that 70 = Do 750~ =, then () =) i w0 T By

(
Lemma 2.6 and using the boundedness of T, 5 from L710)(R”) x LP20(R") into L1V (IR") in
Theorem B, we get

2
Ly <C| Ta,2(ﬁX2Brf2XZB)(‘)XB(')”U;(-)(Rn) 1_[” [b: — {bi}s] x5 140 Ry
i-1

<CH|VXB||Z}7L )(R) 1_[” _{b }B XB“Lu, )(R7)
= C|B|A1+}Lz+v1+v2||XB||LP1(-)(]RH)”XB”LPz(-)(]Rn)"XB”Lu](-)(Rn)||XB||Lu2(-)(Rn)

2
X l_[(”fl ”BP,‘(-):M(Rn) lI5: ”CBMO”i(')"’i (]Rn))

i=1

2
Al+A 1/q(
< C|B| 1+A2+vy+vota/n+ /q()l_[(”ﬁ”Bpi(.)_;\i(Rn)”bi”CBMOui(-)NL‘(Rn))
i=1

2
= C|B|M1/q l_[ |lﬁ||8pi(-)v)~i(R”)”bl’”CBMO”i('):V;‘(Rn))r (4.5)
i=1

where

18111210 gy 1 X811 1200 oy 1 X8I 1 gy 1 X a0 gy A [BIHPHO# V2031012

— |B|1/q(-)+oz/n.
Now we estimate L;;. Noticing that |(x — y1,x — y2)[*"™® > |x — y2[**™*. By A3 < -5,
Lemma 2.3 and the generalized Holder inequality, we obtain

| Toop(Fi X28: o X 2B)) ()|
[fl ()’1)X2B(Y1)] [ﬁ(}’z)X(zB)C()/z)]

- ’ (Ry2 [(x = y1,% — y2) |2+

SC/ZBlﬁ(YI)|dy1‘/( %dyz

2By X =2

dy1 dy>

okr1p\okp | & — ya |21

S a(y2)]
202
< Clfital ool o D [
k=1

< Cllfill gor (11 oy |2BI 28l 1o @ | X281 g0 gy
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= k=1 1\ —2n+a
x ;(2 R) /ZkHBlfz()fz)Wyz

0

—2+a/

< C”fl”Bﬁl(‘%h(R")'ZBl)‘”l Z|2kB| +ou/n
k=1

/2 Xok+15 ”U’Z(')(]R”) Il X1 ||Lp/2(')(R”)
[e¢]

r1+1-2 1+, kn(-2 Ao+l
< C”.fl”B‘pl(‘)'}‘l(R")||fé||B.p2(')»}"2(Rn)|B| 1+1-2+a/n+1+Ag 22 n(=2+a/n+iy+1)
k=1

o0
A1+A / kn(Z 4+
< CIUfill gor s oy U2 | oy oy | BIP 270 ) ™ 23 22)

k=1
2
< C|B|)L]+)n2+ot/n 1_[ ||f; ||B’PL'<'>’M(]R”)'
i=1
Let 115 = gy * oy by the fact 1/p(-) = X7, Upi(-) —a/n > 0 and 1/q() = 373 V() +

Yo pi() - a/n, then u(-) > q(-). Thus by Lemma 2.5 and Lemma 2.6 we get

[[&1 = (B1)8][B2 = {52} 8] x5 a0 g

<C||[br - {b1)s] x5 [b2 - {b2)B] x5

Lul(-)(Rn) L”Z(')(R”) ” XB ”LP()(]R”)
<Clb: |l cemom Om (]Rn)|B|v1 ”XB”L”I(')(RYI)

X ||b2||CBMQM2(-):V2(RH)|B|V2 ”XB”LMZ(‘)(RVI)”XB”LP(‘)(]RV!)

2
V1+vo+ i
<" TIOMTOMTe) H”b lepomOm @
i1

2
V1V o
< C|B| 10 1_[ ”bi”CBMO”i(')"’i(Rﬂ)'
i=1

This yields

2
A +ro+a/n+vi+vo+ 1
Ly < C|B| R H 1541 et gy Uil 310 ey

i=

1 2
= C|B| Tae 1_[ ”bi”CBMoui(-),vi(Rn)Hfi”gm(-)rli(kn))' (4-6)
i=1
Similarly, we have
Atk =
L13 =< C|B| a0 H(”bi”CBMOui(-).vi(Rn)||ﬁ”B‘Iﬂi(‘)v*i(Rn))' (47)
i=1

Now for the estimate of Li4. Note that |(x — y1,% — y2)[2"™% > |x — y1|""*/2|x — y,|"~%/2,
Using A; < —3-, j = 1,2 and the generalized Holder inequality, we have

| Top (i X @B o X 2B)) )|

—c / lfl(yl)X(zBV(Vl)llfz(yz)QXeB)C(”)' dy, dy,
n Jgn (e = y1, = y2) [

Page 11 of 23
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< CZ f / lfl()’l)llfz()’z)J dy dys
ko+lg\ake g Joki+1p\ok g |(X — y1,% — y2) |21

k1=1ko=1

[fi(:)
= CZZH/k+13\2sz [(x = yi) |72 bi

k1=1ky=1 i=1

<CHZ (2t1R) n+a/2/ 1)y

i=1 k=1

2 oo
< CTT D 125BI 2 Wity 1y gy i £l 10

i=1 kj=1

2 00 )
ki |~ 1+ 2, +Aj+1
< CT TN gy gy 29812
i=1 pot

2
A1+h
< C|BJ** 2+a/n1_[ Hfz’”[éﬂi(')’*i(]R”)'

i=1
Similar to the estimates for L;,, we have

2
L
Ly < C|B| at) l_[ ”bi”CBMoW(-)»W(Rn)”ﬁ”g'ﬁi(-)v)»i(ﬂgn))- (4'8)
i=1
By the estimates of Lyj, j = 1,2, 3,4, we get
1 2
L < C|B| a0 1_[ ”billchoui(‘)vV;‘(RVl)”ﬁ”BI’i(-):)Li(R”))' (4.9)

i=1

(ii) For L5, we obtain

Ly < |[[b1 = (b1)8] Taa[fi xam, (b20) = b2} 8)foxo8] X8| oo e
+ [[[B1 = (B1}s] Tunlfi xmys (B2~ (B2}e)foxon] X | 1t g
+ [ [b1 = (b1)s] Ta[fixas, (b2 = (b2)8)fo X2 ] X8 | a0 o
+ [ [B1 = (B0 s] Tac fixesy, (b2 = (B2}s)faxene | xs() | a0 @y

=: Lot + Ly + Laz + Loa. (4.10)

11 1 1 1« 1 _
Let (5=wo0*t a0 7 <) 1() g() " (-)‘

edness of T, from Lpl J(R™) x LEY(R") into

Byk < —2‘"—n,j: 1,2 and bound-

1
m
)(R”) we get

Ly < C|[b1 - {b1}5] x5

<C||[br - {b1)s]xs

1010 @) || Top2 [f1X2B, (ba() - {bZ}B)fZXZB] XB || L010/®n)

110 (R I1f1 x28 ”Lm(‘)(Rn) ” [bZ - {bZ}B]fZXZB ” 180 (R7)

< CH [bl - {bl}B]XB Lul(z)(Rn)|lﬁX2B|ILP1(-)(Rn) HfZXZB”[ﬂz(-)(Rn)
X || [B2 = {B2}ap + {b2)as = (b2)8] x28 | s ey

= C”bl ”CBMO”I(')»"I (R™) |B|V1 ”XB”Lu](‘)(Rn) ”fl ||Bp1(¢).?»1 (R7) |ZB|)\1 ||XZB||1}71(4)(]Rn)
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where

|{b2}25 — {b2)s| <

For the estimate of Ly, we have |(x — y1,% — y)[*"™* & |x — y1|*"~*. Using p%) =
2
)\,1 < —20(—",

X ”f2||5'172(‘)-l2(Rn)|23|k2 ”XZB“LPz(‘)(Rn) ||b2”CBMou2(~):V2 (R") [2B]" ”XZB"Luz(')(Rn)

1

2
V1+Vo+A1+Ao+
=< C|B| ul( ( P10 l_[ ”bi”CBMoul‘(-),V,’(Rn)"ﬁ'”gpi(*),li(Rn))
i=1

2
A+1/g(
< CIBP* V1O TT (116 cpmontrmi n Vil goicrs )
i=1

|| (b2 — {b2}28) x28

|B| 1420 (Rm) ”XZB” “2( )

1

< C|/(b2 - {b2}28) x28 M'

L420)(Rn)

Lemmas 2.3, 2.6 and the generalized Holder inequality, we have

| To2[fi x@Byes (b2() = {B2}B)fa x28] (%)

5 Cf [fl(yl)x(zg)c(ymLﬁ@z)XzB()/23||_b2()’2) —{b2}8l dy, dy,
n JRn |(x_y1’x_y2)| e

SC/ Md}q/ [ﬁ(yz)Hbz()/z)—{bz}B}dh
) 28

@By [x—y1 |2

V1

= C”f2XZB||L.Dz(-)(]Rn) ” [b2 - {bZ}B]XZB ||Lp/2(')(Rn) Z/ [fl()’l)|
k=1

oke1p\okp % — yp |21

= C”fZXZB”Lpz(-)(Rn) ” [bZ - {bZ}B]X2B”Lu2(')(Rn) ”XZB“[g’(J(Rn)

o0

N
ok+1p\okp |X — y1]*"*

k=1

= C”fZ ”8172(»),)»2 (]R”)|23|A2 ”XZB”Lpz(')(]Rn) ||b2”CBMoM2(~)vV2 (]Rn)|2B|V2 ”XZB”LIQ(-)(RW)

oo
X || X281l 1) ey Z(ZHR)_W ./2k+1 BM@1)| dy,
k=1

A 1
=< CHfZ||B'172(~)J~2(Rn)|2B| 2t ”szCBMO”Z(')’VZ(]R")

o0
k| —2+a/n
x 2’2 B’ |lf1X2k+1B||LP1(->(Rn)||X2k+13||Lp’1(~)(Rn)
k=1

A 1-2+a/n+1+A
= CHfZ”B'pz(-)M(Rn)“fl||BP1(-):A1(Rn)|B| prvprimeraln it
o0

kn(-2 A+l
X ||b2||CBMO”2(')"’2(]RV’) 22 n(—2+a/n+iy+1)
k=1

o]

(4.11)

ISERS / kn( A
= C”fl”gm ()r1 Rﬂ)”fZ”ng )42 (R7) |B| LrhavaTe n||b2||CBMoM2(-),vz(Rn ZZ (35 +31)

k=1
2

AL+A /
< C|B| 1+A2+Vo+a "||b2||CBMO"2(')’V2(R") l_[ ”ﬁ”BPi(')')‘i(]R”)‘
i=1
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Thus, from = = 1~ 4+ L and Lemmas 2.5, 2.6, we get
q() — wi() T q1()

2

A1+ /
Ly < CIBP 272 by | i gy | [ Wil goion
i=1

< C|B|A1+A2+v2+a/n 123 | cemon2(Iv2 ®") “ [b1 - {bl}B]XB

[b1 {bl}B]XB”Lq(')(]R")

141 ()(RR)

2
s 1xsll o [ [ 1Al gpios:

i=1

A1+A /
< C|B| L e n||b2”CBMoM2(»),V2(RM)”bl”CBMoM(-)m (]RH)|B|V1 ”XB”LMN-)(]Rn)

2
sl g [ [ gois

i=1

2
<C|B|A+1/q 1_[ ”bi”CBMOui(-),Vi(]Rn)”ﬂ”g‘ﬂi(‘),)ﬁ(Rn))- (4'12)
i=1

For Ly3, noticing that |(x — y1,x — y2)[*" > |x — y5[*" and -}~ = -1+ + -1~ By Lemmas 2.3,
JZ O AO 7 10]

2.6, vy + Ay + @/n < 0, the generalized Holder inequality and the Minkowski inequality, we
get

| Toalfixam (b2() — {b2}5)faxemy | ()]

< C/ lfl()’1))(23()’1)|[ﬁ(yz)X(zB)C(Vz)ll_bz(yz)—{bz}B|
n Jn [(x = y1, — yp) |21

SC/ A0 dy o (y2)l162(y2) _{b2}B|
2B

(2B)¢ o — yq |21

f
= Clfinlonoen sl o [
2B)¢

d_)/l dyz

D ba(y2) - {b2}3|

|x y2|2n o

oo
—2+a/
< C|B|M+1|lfl||8'l’l(‘)"\1(R”)(Z‘szi +a/n

k=1

x \/2k+lBLf2(y2)| |b2(y2) - {b2}2k+1B + {b2}2k+lB — {b2}3| dy2)

[o¢]

—2+a/

< CIB|“+1|lﬂ||8m<m(Rn)|:§ 2B o xaken g1l oty ey
k=1

(” (b2 - {b2}2k+13) Xok+lp ||Lp2 |{b2}2k+lB - {b2}3| ”X2k+lB”LP2 ))}

00

A+l k | —2+0/n+i+vy

< C|B| 1+ ”fl”gpl(').h(]gn)(} k|2 B| |lf‘2||BP2(l).kz(Rn)
k=1

X ||X2/<+113||Lﬂ2(-)(Rn)||b2||CBMOM2(-),V2(Rn)||X2k+13||Lu2(-)(Rn)||X2/<+13||Lg’(-)(Rn)>

A +1-2+a/n+i 1
< C|B| 1+1-2+a/n+rp+vo+ ”fl||Bp1(-):*1(]R")|m|l8p2(')‘A2(R”)
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oo
kn(=2+a/n+A 1
X ||b2||CBMO”2(‘)"’2 &M Zk2 n(=2+a/n+iy+vo+1)

ko1
oo
A1+A / —k
< CllA N gor O gom W l grara gomy BI25 72 1y | cpnta0omn gy D K27
k-1

2
Al+A /
< C|B|l1+h2tvare ”||b2||CBMO“2(')'V2(R") 1_[ ||.ﬂ||B'p[(»),)»i(Rn)y
i=1
where

k
{ba}okerg — {ba}s| < Z|{b2}2/+13 — (b2}
j=0

k
=Y 55 [, 100 Eabyrs|ay
j=0

CZ |ZB| ” bZ() {bZ}?/*'lB)X?/”BHLWZ ]R”)”X?/HBH ”2() )

X )
1 |2*1B|

< C _— b <) = b j+ j+ uy(-) (en

< ; 7B 1(20) = {B2Yyyor5) 18| st X1l o

k
1
1 1%
S C”b2”CBM0M2(-),V2(Rn Z|2’+ B| 2”XQ}+IB"LM2() (R7) _—
j=0 ” 2/*13||Lu2 )(R")
1%
< Cllball cppmom 0w @k + 1)[2541B|"?,
for vy > 0.
Hence,
2
A+l
Loz < CIBI™™ 1 T T (164 cpnonm gy Wil goitrs ) (4.13)
i=1

For Ly4, using Lemmas 2.3, 2.6, vo + Ay + ao/n < 0 and the generalized Holder inequality, we
obtain

| To2[fixese (b2() = (b2}6)foxnye | )|

- Cf V101 xesr DI 02) xey (72)1162(y2) — (b2} 8]
T Jre Jre [(x — y1, — yp) |21

dyl dyz

f Al 22)l1b2(y2) — {b2} 8]
< —————dy
@By % —y1/"%? (@2B)¢ |x — yp |2

C 3 2B ‘1*2"7/ d
< hZ:l! ! 2k1+13lﬁ(y1)! y1

dy>

X Z‘ZIQB} i / [a2)||b22) = (b2} g1 g + (b2} i1 g — (b2} s| dya

ko=1
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0
< CZ|2le|_l+%'
k=1

k A1+l
29B™ Al gor 0 gy

o0
ke VoA + o
X Y ka| 2B 1ol cpgontimn g e ll st gy

ko=1
2
< C|B|M+)‘2+V2+a/n||b2”CBMO“2(‘)"’2(R”) 1_[ W;”Bl’i(')’)‘f(]R”)'
i=1
Thus
2
La < CIBI MO T T (15 cptmi i g Vil i1 ) - (4.14)
i=1

Combining the estimates of Ly, j = 1,2, 3,4, we can deduce that

2
L2 =< C|B|A+1/q(') H(||b5||CBMO"i('):Vi(RH)|[ﬂ||8'1’i(‘)vki(]1§n))' (4'15)

i=1

(iii) For L4, we have

Ly < | To2[ (b1 — {b1)8)f1 X285 (b2() — {b2)B)fo x28] X8 ||Lq(-)(Rn)
+ | Tua[ (b1 = {B1)e)fi xo, (b2 = (b2} 6) o X2 ] x| a0 o
+ || Ta2[b1 = {B1}6][fix@py> (b2 = {B2}e)foxon ] x5 HLq(-)(Rn)

+ || Ta[ (b1 = {b1)8)fixByes (B2 — (B2}8)fax28) | xB() ||Lq(-)(Rn)

=:Lgy + Lap + Ly3 + Laa. (4.16)
For Ly, let ﬁ = ﬁ + u( 7 i=1,2, then 1/¢(-) = 21‘2:1 1/h;(-) — a/n. Using Lemmas 2.3,

2.5, 2.6 and the boundedness of T, 5 from L )(R”) x L20)(R") into L10)(R"), we have

Ly < CH” () = {bi}B)fi() X2 i )R

[bi — {bi}as + {bi}as — {bi}s] X28 ”Lui(~)(Rn)

2
= Cl_[ Hfl()X2B() ”LI’i(')(]R”)
i=1

2
V]+Va+A]+Ag+ 1( + L L
§C|B| ) "uy P10 7 P20 1—[ |bi||CBMOM,'(<).Vl‘(]Rn)”ﬁ”gpi('),)ni(]Rn))
i=1

2
= C|B|A+1/q l_[ ”bl'”CBMO”L’(');Vi(]RVI)Ilf;"B'pi(-)vAi(Rﬂ))' (4"17)
i=1
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For Ly, using Lemmas 2.3, 2.6, v, + A» + o¢/n < 0 and the generalized Holder inequality, we

get
| Taa[ (£1() = {b1}8)fi x28, (2() = {b2)B) o xam)e | ()
b -{b b —{b
SCf [b1(y1) — (b1}l 2()’23 { 2}B|lf2()/2)|dyldy2
@By J2B [(x — 1,20 — y2) |2
|b —{b2} sl
< C(/ |b1(y1) — {b1)s| || dy1> </ 202) 2;, D[]?(yz dy>
2B (2B)° | — ¥2|
|ba(y2) — {ba2} Bl |2 (2)]
< Cllfi X281l o160 oy | (51 - {bl}B)X2B||Lpl )/(23)C oyl dy,
= —2+a/n
< C|B/mt IIfi ||Bp1(‘),k1(Rn)||bl | cBMmom Ot (R") <Z|2k3| ’
k=1
<[ |bz(yz)—{bz}3|lfz(yz)|dyz)
2k+13
< C|B|A1+v1+1—2+a/n+k2+v2+1 ”fl HB'PI(‘)"\l ®") b1 ”CBMO”l(')"’l ®") ||fz”81’2<')’)‘2 ®")
o0
X ||by ||CBMOM2(-),V2 0] Zk2kn(72+a/n+k2+v2+l)
k=1
2
< CIBI* T T(1bill cppaorsms my Wil oo )
i=1
This implies that
2
Lyp < CIBI MO T T (15 et g Vil it o) - (4.18)
i=1
Similarly,
2
Lyz < C|B|A+l/q 1_[ ”b ”CBMO“z )i (R") ”f||3pz())~,(Rn)) (4"19)
i=1

For Ly4, using Lemmas 2.3, 2.6, v; + A; + «/n < 0, i = 1,2 and the generalized Holder in-

equality, we get
| To2[ (1) = {b1}8)fix By (B2(-) — {b2)B)fo X2 | (%)

_ Cf / [b1(y1) = {b1}BIA()Ib2(y2) — (b2} sl 2(r2)]
= Jesy Jebye |(x = y1,% — y2) |1«

(/ |bi()’i)_{bi}_BHfi(yi)| dyi>
(2B)° |x _yl,ln /2

(S

dyl dyg

2

IA
@)

H:m lam

| /\

B / R {bi}slbi@i)ld%)
2 i*lB
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2 oo
kin(vi+hi+ 5,
= C|B|)L l_[ ”bi“CBMO”i(‘)'Vi(R”) ”fi”B'p,'(‘),'ﬂi(Rn) <Z ki2 itk +2”)>

i=1 ki=1
2
< CIBI" [ T (115l cpptors i gaomy Vil goicos )
i=1
So
2
Laa < CIBP*V1O TT (15l cppontrm n Vil goicrs - (4.20)

i=1

From the estimates of Ly, j = 1,2, 3,4, we have

2
Ly < C|B|A+1/q(-) l_[(”bi”CBMoui(-),vi(Rn)”fi”g'm(-),h(Rn))o (4'21)
i=1

Furthermore, we obtain
2
” (b, Ta,zleB ”Lq<')(]R”) < C|B|}L+1/qm H(”bt ”CBMO“i(')"’i (R™) ”fz“lllépi(-)y)»,' (Rn))'
i=1

Thus, we have

2
118, T a1f | 000 ey < C T [ (101 cpnaornstrn: om Vil oo )
i=1

This completes the proof of Theorem 4.1. g

5 Multilinear fractional integral commutators of the second kind
There is another kind of multilinear commutators [Z, T,], which was introduced by Pérez
and Trujillo-Gonzalez [25] in 2002, with the vector symbol b = (b1, b, ..., by,) defined by

[T (Bi(x) — bi()f () J (5.1)

R |(x — y) | ’

(b, T, |f (x) =

where b; € CBMO*OVi(R"), i = 1,...,m. We have the following result.

Theorem 5.1 LetO<a<n,0<v;<l/mA=) o vi+u+a/n<0,p(-),q() € P(R") satisfy
conditions (2.1) and (2.2) in Lemma 2.1 1/p(-) > a/nand 1/q(-) = 31 u;(-) + 1/p(-) —a/n.
Then [1;, T,] is bounded from BPO(RM) into BIO*(R") and the following inequality holds:

m
18, Talf | a0y < CI N somncmy [ [ 160 cpnomoms
i=1

Proof Without loss of generality, we can assume that m = 2. For any fixed R > 0, denote
B(0,R) by B and B(0, kR) by kB for k € N. Let {b}r denote the integral average of the func-
tion b over the set E. For f € B?V#(R") and any x € R”, we write

S &) = f (%) x28 +f (%) x@p)e =:fi(%) + fo(%),
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and then we may decompose [Z), T, ]]?(x) into four parts as follows:

[B, Tl (%) = [b1 — {B1}8] (b2 — (b2} 5] Tu(F) ()
~[b1 ~ {61)8] Tu[ (B2() — (B2)5)f] (%)
—[b2 = {2)8] Tu[ (1) - (b1} 5)f ] (%)
+ Tu[(510) = (B1)8) (B20) — (B2)5)f] )
=: M (x) + Mo (x) + M3(x) + My(x). (5.2)

Now we will give the estimates of four functions above, respectively.

(i) For M;(x), using the Minkowski inequality we write

1My x5l a0 @y < [[[B1() = {b1)8][D2() = (B2}8] Tafi () x5() ||Lq(»)(]Rn)
+ | [£1() = {b1}8][B2() = (b2} 8] Tafo () x5() ||Lq(-)(]Rn)

=ZM11 +M12. (53)

Firstly we estimate M;;. Let % = 1% -, then % =37, ML() + % By Lemmas 2.3, 2.6

)
and the boundedness of T, from L?O(R") into L) (R") in Theorem 1.8 of [2], we have

=

My < C| Tofi()xs()

2
LO®Y) H I[5: - {bi}e] x5
i-1

140 (R
2
< CIBP* 1O\ 1| ot oy [ | 1811l et oy (5.4)
i=1
Since
)
10| - | [ LD
rr [ =yl
o0
< )| dy
szlz -/2’“13\2](3 Lf |

o0
k| —1+a/n
SCE ’2 B| ¢ ||.fX2k+1B||LP(')(Rﬂ)||X2k+1B||Lv/(-)(]Rn)
k=1

< CIBI"* " If | ooy
using Lemma 2.6 and the generalized Holder inequality, we obtain

2

My < CIBP* 1O\ |l gt oy [ [ 1811l et - (5.5)
i=1
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. 1L _ 1 .1« R NN B o
(ii) For M(x), let A0 =m0t 0 " and then =m0t a0 Using Lemma 2.5 and

Lemma 2.6 we get

1
||M2XB||Lq(v)(]Rn) = C|B|VI+ul(‘) 161 HCBMO"I(')"’I (R) ” To [bZ - {b2}B]f(‘)XB(') ”qu(«)(]Rn)

v+

<CIB|" M0 b, |l ceaptom O (Rn)(MM +May), (5.6)
where

M21 =: || Ta [b2 - {bz}Blﬁ()XB() ”qu(‘)(R”)

and
My =: || To[ba — {b2}8]f(-) x5() “qu(-)(Rn)'
Let % = ﬁ + 1%, then ﬁ = % — =. Using the (L0, L10)-boundedness of T,

Lemma 2.5 and Lemma 2.6 we have

Moy < C[[(520) = (B2}s)Aa ]| oy gy
< C[[(B2() = (B2}8) x28 | st gy I X281l 10 o
< CIBI" I x28l 1ot @@y IIf | oo oy || [ B2 = (B2} 28 + {B2}25 — {B2}8] x28 ”Luz(l)(Rn)
< CIBI" | X2l o oy I Wl 50 oy 1 02| cppaomatwn gy 1217 1 X2l a0 gy
< CIBI"™ | X2l 1o @y I Il e ey 162 Ml cpaioea w2 ey (5.7)

For My;, by using u%() = % + 1%’ L+ vy + % <0, Lemmas 2.3, 2.5, 2.6 and the generalized
2
Holder inequality, we get

| To (b2(-) = {b2}) o)
SC/ |b2(y) — {ba2}8IIf ()] dy
(2B)¢

lx — y[—

oo

|b2(y) — (B2} BIIf ()] dy

<C
- ; /2’<+1B\2/<B lx =y

oo
<C Z|2k3|_l+a/n ” (bz(') - {bz}B)X2k+IB ”Luz(-)(Rn) ”szkHB”Lp(‘)(]Rn) ||X2k+1B||Ll/(‘)(]Rn>

k=1
00
= CHf”B‘pF),M(Rn) 123 ”CBMO“Z(')»VZ ®) Zk|2k3|a/n+ﬂ+v2
k=1
o0
= C|B|0t/n+”'+v2 |V||BP('),M(RM) ”bZHCBMO“Z(')er ®") Z k2kn(a/n+p,+1/2)
k=1

/
< C|B| vy |lf||Bp(')'“(R") ||b2||CBMOu2(A),V2 ®")-
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Thus

a/n+/4+v2+#

My, < C|B| a0 ”f”Bp(-),M(]Rn) ”bZHCBMO"Z(')”’Z(Rﬂ)

1.1
RVt o
< C|B| 120) " p0) ”f”Bp(J.u(Rn) ”bZ”CBMOuZ(»):‘Q(R")‘ (5.8)

Combining the estimates for (5.6)—(5.8), we obtain
2
1Ml a0y emy < CIBI IO 1l ot ey [ | 1611l et gy (5.9)
i=1
(iii) Observing that M3 is symmetric to M,, we have
2
1M a6 gy < CIBI IO N gotoraqny | | 1811l oot aony (5.10)

i=1

(iv) Finally, we split M, as follows:

1Ml gty < | Tu[B10) = (B1)8] [D2() = 152} 8 )i (8O | Lot ey
+ || Tu[B1(:) = {b1)8] [2() — (b2} 5] () x5 (") ”Lq(-)(Rn)

=ZM41 +M42. (511)

Let Tl) = ﬁ + uzl(,) + 1%’ then by the (L“)(R"), L70(R"))-boundedness of T, we have

May < C||(B1() = {b1}) (b20) = (b2} s)A ] 1) oy

=C|(b() - {bl}B)X2BHLu1(~)(]Rn)
2
< CIBI**2||f ll goton oy | | 161l cpnomstrns gmy- (5.12)

i=1

(b2() = {b2}5) x28 HLu2(~)(]Rn) If X281l o0 oy

For My, using i + v1 + v5 + a/n < 0, Lemmas 2.3, 2.5, 2.6 and the generalized Holder

inequality, we get

| Te (£1() = {b1}8) (b2() = {Ba2}B) o (W)
< C/ 1b1(y) — {b1}Bl1b2(y) — {ba2} Bl If W) dy
(2B)*

o — y[—e

Sci/;k |b1(y)—{b1}3||bz()/)—{bz}BHf(J’Ndy
k=1

+1B\2B o =y

[e¢]
< CY 2B (b1() ~ 1B1)8) xore15
k=1

1410)(Rn) “ (b2(') - {b2}B) Xok+lp L#20) (R

X ||_fX2k+lB||LP(‘)(RV1)||X2k+lB||Lt/(-)(Rn)

oo
2|k |2/ A+ AV +V)
< CIf 1l oo 151 | cpatomOm g 162l cpponatrms @y D K2|2°B]
k=1
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/
= C|B|a M ”f”BP(‘),N (R") ||b1 ”CBMO"I(‘)'VI (R") ||b2 ”CBMO’Q('):VZ (R")

)
x Z k22kn(oc/n+u+v1 +v9)
k=1

2
< CIBIMIf l goowe ey [ | 100l cppontom: emy-
i=1

Thus

2

At L
Maz = CIBI™ 3 1 g0 oy [ 11l cpmaorsms oy (5.13)
i=1

In combination with the estimates of My; and Mj,, we have

2

IMall a0 ny < CIBI*YAOUF N oo emy H 161l cpnorstr - (5.14)
i=1

To sum up, combining the estimates of (i)—(iv),

2
118, TalF || a0 emy < CUF N gotoneony [ [ 1B cpptormstrms - .

i=1
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