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1 Introduction

Statistical test depends greatly on sampling, and the random sampling without replace-
ment from a finite population is negatively associated (NA), but it is not independent. The
concept of NA was introduced by Joag-Dev and Proschan [1] in which the fundamental
properties were studied. Limit behaviors of NA have received increasing attention recently
due to the wide applications of NA sampling in a lot of fields such as those in multivariate
statistical analysis and reliability. Scholars have also achieved some results. For example,
Shao [2] for the moment inequalities, Su and Wang [3] for Marcinkiewicz-type strong law
of large number. Specifically, the definition of NA random variables is as follows.

Definition 1 Random variables X3, X>,..., X}, n > 2, are said to be NA if, for every pair of
disjoint subsets A; and A, of {1,2,...,n},

Cov(fi(X1;i € A1), 5(X),j € A2)) <0,

where f; and f; are increasing for every variable (or decreasing for every variable) such
that this covariance exists. A sequence of random variables {X;,i > 1} is said to be NA if
every finite subfamily is NA.

Starting with Arnold and Villasefor [4], asymptotic properties of the products of par-
tial sums were investigated by several authors in the last two decades. Arnold and Vil-
lasefior [4] discussed sums of records and gave the result that the products of i.i.d. posi-
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tive, square integrable random variables are asymptotically log-normal. After that, Rem-
pata and Wesotowski [5] removed the condition with exponential distribution in Arnold
and Villasefior [4] and introduced central limit theorem (CLT) for the product of par-
tial sums. Miao [6], in different perspective, gave a new form of the product of partial
sums. Later, Xu and Wu [7] generalized the result of Miao [6] from the case of i.i.d. ran-
dom variables to NA random variables and obtained the following result. Let {X,,,n > 1}
be a strictly stationary negatively associated sequence of positive random variables with
EX; = p, 02 =EX; — u)* +2) 10, E(X; — ) (Xx — p) > 0. Then

o R
((/l:[‘ i)skl > 4 eV ask — oo, (1)

where Si; = Z}’le X; — X;, and N is a standard normal random variable.

During the past two decades, several researchers also focused on the almost sure central
limit theorem (ASCLT) for the partial sums Si/oy of random variables which was started
by Brosamler [8] and Schatte [9]. For the product of partial sums, Gonchigdanzan and
Rempala [10] and Miao [6] obtained some results related to (1). Xu and Wu [7] also gener-
alized the result of Miao [6] not only from the case of i.i.d. random variables to NA random
variables but also from weight dy = 1/k to dy = log(ck,1/ck) exp(log® k), 0 < @ < 1/2, where
0 < ¢ — 00, limy_, 0 Cks1/ck = ¢ < 00. That is, for any real x,

/oK)
nll)rgo— de <<(/1(_[t i)i )M §x) =F(x) a.s., (2)

where D, = >} _, di, 1(-) denotes the indicator function and F(x) is the distribution func-
tion of the random variable ¢V Since then, scholars have generalized these results for
weight sequence or/and the range of random variables. For instance, Wu [11] extended
weight sequence from 1/k to di = k™1™ %, 0 < & < 1. Tan et al. [12] extended the range
of random variables from i.i.d. random variables to p~-mixing sequences and Ye and Wu
[13] extended i.i.d. random variables to strongly mixing random variables. We refer the
reader to Berkes and Csdki [14], Hérmann [15], Wu [16], Xu and Wu [17], and Tan and
Liu [18] for ASCLT.
A more general version of ASCLT was proved by Cséki et al. [19] who proved

1 Xn: I(ar < Sk < by) _
k]P(dk < Sk < bk) -

im a.s., (3)
n—00 l()g n P

under the conditions —0o < a; <0 < b < 00, E[X; |3 < 00, and

n

Z logk O(logn) — 00
= n as n .
L PP < Se<b)

The result above may be called almost sure local central limit theorem. Gonchigdanzan
[20] and Jiang and Wu [21] extended (3) to the case of p-mixing sequences and NA se-
quences, respectively. Weng et al. [22] proved the almost sure local central limit theorem
for the product of partial sums of independent and identically distributed positive random
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variables. Recently, Jiang and Wu [23] extended the result in Weng et al. [22] from i.i.d. to
NA sequences.

In this paper, our objective is to give the almost sure local central limit theorem for the
product of some partial sums of NA sequences related to (2).

This paper is organized as follows. The exact result is described in Sect. 2. In Sect. 3
some auxiliary lemmas are provided. Proofs are presented in Sect. 4.

2 Main result

In the following, let ¢ be a positive constant to vary from one place to another. a, ~ b,
denotes lim,,_, o a,/b, = 1. Assume that {X,,,n > 1} is a strictly stationary sequence of NA
random variables with EX; = i, 0 < Var X; < co. Denote

k k
Sk,i=ZXj—Xi forl <i<k, Yi=X;—pn forj>1, §k=ZY‘1
j=1

Jj=1

and the covariance structure of the sequences

u(k) = sup Z |C0v(X,»,X,)
JEN icji=k

, keNU{0}.L
For a stationary sequence of NA random variables, we point out

o0
u(k)=-2 " Cov(Xy,X;), keN.
j=k+1

By Lemma 8 of Newman [24], we know #(0) < co and limi_, (k) = 0. From Newman
[25], 0% := EY? +2) 1o, EY: Y, always exists and o2 € [0, Var Y;]. Further, if 6% > 0, then
Var Sy := o} ~ ko

Let {ax, k > 1} and {by, k > 1} be two sequences of real numbers satisfying

0<ax<1=<br<o0, k=12,... (4)
Set
a«/l?)
1—[15:151“. )M( )
:]ID < 2=l 7R b
o (“"‘((k—l)mk <
and

K Sk .
Lllay = (HEPpmeVR <y, it pi A0,
1, if pr=0.

O =

Our main result is as follows.

Theorem 1 Let {X,,,n > 1} be a strictly stationary negatively associated sequence of posi-
tive random variables with EX; = 1, EX3 < 00, and 02 > 0. ay, by, satisfy (4). Assume that

oo

Z u(k) < oo, (6)

k=1
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and for some 0 < § < 1/4,

pr = 1/(logk)’. @)
Then
im 1 Xn: % 1 as, (8)
n—oo0 logn P k
where oy is defined by (5).

Remark 1 Let a; = 0 and by = x in (4). By the central limit theorem (1), we have p; =
IP’((]_[{-(:1 Skl (k- l)kuk))”/(”*fk) < x) — F(x) and (7) holds, then (8) becomes (2) with weight
sequence dy = 1/k, which is the almost sure global central limit theorem, where F(x) is the
distribution function of the random variable V. Thus the almost sure local central limit

theorem is a general result which contains the almost sure global central limit theorem.

3 Lemmas
Let Ci; = Ski/((k — 1)), k = 1,2,.... By the following logarithm Taylor expansion
2
x
1 )=x-———,
ogle +1) =x 2(1 + 6x)?
where 6 € (0,1) depends on x € (-1, 1). Denote

k
Sk

k
W w
U, = E lo = E log Cy,;
R A SV TR/ s

i=1

k
2 (Cri— 1) >
N Cri—1)———t 7
ok Z<( b S oG- D
LI
= ——8 + T},
ok g ‘
where
(Cri — 1)

"
Ty = , 0,€(0,1).
‘ 20\/Ei=21(1+9i(ck,i—1))2 ©.1)

In order to prove the main result, the following lemmas play important roles in the proof
of our theorem. The following result is due to Weng et al. [22].

Lemma 1 Assume that {&x, k > 1} is a sequence of random variables such that E& = 1 for
k=1,2,...,n. Then

1 n
lim E g—k =1
noologn \ = k
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Furthermore, if & > 0 for k > 1 and
Var i %) < c(logn)*>=<
k|~

k=1
for some € > 0 and large n, then

n

lim —=1 as.
n—o0 logn = k

The following Lemma 2 is Marcinkiewicz-type strong law of large numbers given by Su
and Wang [3] for identically distributed NA sequences.

Lemma2 ([3]) Let{X;,i > 1} be identically distributed NA sequences. Denote S, =y -, X;,
then for 0 < p < 2, such that

S, —nb

T -0 as,n— 00 9)

isvalid ifand only if E| X1 |P < 00; and b can be any real number for0 <p < 1l;when1 <p <2,
b=EX;.

Lemma 3 is from Corollary 2.2 in Matula [26] due to NA random variables which are
linearly negative quadrant dependent (LNQD). Of course it is the Berry—Esseen inequality
for the NA sequence random variables, which is also studied in Pan [27].

Lemma 3 ([26]) Let {X,,n > 1} be a strictly stationary sequence of NA random variables
withEX; = 0,02 > 0,E| X1 |3 < 00 and the covariance structure of the sequence satisfying (6).
Then one has

sup ‘]P’(ﬁ <x) -Px)| <

<c—-r.
—00<X<00 an nl/S

The following Lemma 4 is obvious.

Lemma 4 ([22]) Assume that the nonnegative random sequence {&x, k > 1} satisfies

and the sequence {ny, k > 1} is such that, for any ¢ > 0, there exists ko = ko(&) for which
Q-8 <m <(1+8&)&, k>ko,a.s.

Then
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Lemma 5 Under the conditions of Theorem 1, assume that there exists 8 such that 0 <
8 <8y < 1/4. Let &, = 1/(log])®t, where | = 3,4, ...,n. Then the following inequality relations

hold:
2— e
2 ; ozt = loen (10)
Z Z klPkPl (‘ VI = 81) = cllog ™, an
=1 k=1
> Z P(ITi > &) < c(logn)*™, (12)

= klPsz
where € = min(8; — 8,1 — 2(8 + 61)).

Proof By elementary calculations, it is easy to know that

n -1

; (log)® (log 1)>~1
Z Z klp,(log nh — Z Z ki(log )1 — Z 7 log!/

=1 k=1

< c(log m)** 5-01) < c(logn)*><.

It proves (10). By using Markov’s inequality, o> ~ ko%, and &; = 1/(log)’!, we get

n

Z Z (10gl 25lk

1 kPpipi

Xn: 21: kipip: (

=1 k=1

3
oIt

SIED )y

oo Kepieio®

n 281 s -1
- CZ (logl)**1(log i) Z(logk)5

2
I=1 ! k=1
n log ! 28+281
<c) (og ™7™ )1 < c(logn)**.
I=1

It proves (11). Now we prove (12).
For 1 <i</[and Ve >0, we have

. X;
8} = lim ]P’H—
l—o00 l

So, by a.s. convergence criteria (see [28, Theorem 1.5.2]), we get

ooXl
lim P —| >
Jim, {U ml>

m=l

ZE} =1£T0P{|X1| zsl} =0.

X;
— —0 as.,l— oo

l

By Lemma 2 of the strong law of large numbers, it follows that

ICpi— 1|_’Z]1(1 M)‘_'_‘( X;

= l—l)u‘+‘m‘_>0 a.s.,[ — oo.

Page 6 of 12
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So by a.s. convergence criteria (see [28, Theorem 1.5.2]), we get

LlingoP( U (|c,,,.—1|zx))=o for V2. > 0.

I=L,1<i<l]

That is,

lim IP( sup |C1,,«—1|2A):0 for VA > 0.

L—o0 I>L,1<i<l

Hence, for any A > 0, 3L such that

IP( sup |Ci—1 3)\) <A
1<i<lI>L

On the other hand, as |x| < 1/2, we have x%/(1 + 6x)* < 4x* for 6 € (0,1). Thus, by
Markov’s inequality, we have

l 2
Cri— 1
P i Z (G- 1) 21( sup |CM—1|<—> > g
20«/Z (1+6; (Clz -1)) IsL1<i<l 2

21 d
SP(G—\/ZZ(CM_I)ZZSZ) = J\[SIZ]E(C“_I)

1 ’ Ly P
—e———YE A R —
“Tii-17e & (,ZY) = V- 17,

1,j#i

Hence, taking A < min(1/2, 1/+/1), we get

]P’(|T1|>81):P<|Tl|>el, sup |c,,i—1|zx)+]P<|Tl|>sl, sup |c,,i—1|<x)

1<i<li>L 1<i<lI>L
2 2
<c
VI-1)2e, — VII-1)%

<A+c

So, based on the fact log/ < 1 for [ > 1, we have

n n lZ
szlp P(ITil> &) szklpkpz Vil -1)2

=1 k=1 )

I1=1 k=1
- Z Vi(log ) X (logk)®
<c
I=1 (I-1) k=1 k
n \/Z(logl)%“sl n (10g1)28+51
SOy Y= Ty

=1 =2

< C(logn)1+28+81 < C(lOg}’l)sz

This completes the proof of Lemma 5. g
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4 Proof

Proof of Theorem 1 Let
ay =logay, 1;,( =loghy, k=>1.
Hence, —00 < d; <0 < by < 00 by (4). Note that py = P(ay < Uy < by) and

L@y < Ui <by), pr#0,
ap = {7

1, pi=0.
First, assume that
ék—&k <ckV?, k=1,2,.... (13)

Note that
Var z": i) 2": i Var(oy) + 2 Z l Cov(ay, a;) (14)
k=1 k k=1 k2 ‘ 1<k<l<n ki o

It is easy to know that Var(ay) = 0 if px = 0 and

n

> Var(o) = Z“‘Pk<n L1 S L oghy < cllogn) (15)
ar(o - —_ — Uog K cllogn .
= K - i S oY=

Now, we estimate the second term in (14). Let 1 < k </ and & = 1/(log[)*1, we have
1 n A N A
COV(Olk,Oll) = — COV(I(ﬂk <Ui< bk),I(a[ <U< b[))
Dbipi

1 . S, .
= —{P<&k§uk<bk»&l§—l+Tl<bl)
)292 o1

. Si A)}
—-pilPla,<—+T;<b
pk(l_aﬂ 1<b

1 " S-S -
< —{P(&k <Ui<bi,a;—2e < L7 ok <b1+281> +2]P)(
o/l

Prpi o

§;<>)
——|>e
iz

.S -
P(IT1| = &1) —pk[ﬁ”<ﬂl <2 i Ti<b,ITil< 81) -P(IT| = 81)“
a«/z

1 3
= {PkIP’<ﬂz 281 < < < b; + 281) + 2]P’< > g,)
Prpi 0«/_

. 1~
+P(1Ty| = &) —Pk[P(ﬂz +e < —=8<b —81) -P(ITy = 81)]}
o/l

1 S
= — {PkP<&1 3¢ < L by + 381) + 3IP’< > gl)
y29%) O‘\/Z

+P(|T1| > &) —Pk[IF’<fll+81<—Sl<bl—81) P(IT)| > & :|}

Page 8 of 12
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1 . 1 ~ .
5];[1@( 38[<ﬁ51<bl+381> P<al+8l§a—ﬂ51<bl_81)]

%)

1 1
= —Bl + —(2B2 + 333) (16)
pi PiPk

1 1 ~
+ — | 2P(|T}| = & +3P<’—Sk
pkpz[ ( ) o/l

By Lemma 3, the inequality |®(x) — @ (y)| <c|x —yl|, %,y € R, and (13), we obtain

5 < [P(g _ o/l + 381)) B ¢<aﬂ(2, - 381))}

o] o1 o]

) ()

N (D(O'\/Zb1+381)> <aJa,l 35,))}

0

~

(o))

(ﬂ a«/(az +81)) (0\/7(511 +81)>}
o] (e}

~ q)(a«/z bz—81)> _(p((fxfl(flﬁé?l))]
o

< C(ﬁ + (bl ap) +51>

I
=

+
~

< c(i + 1 + ! )
-\ /1 (loghh
1
(log 1)

n I-1
1
—< B+ —(2B2 + 333)) < (logm)*<. 17)
b y23%

Hence, combining with (14)—(17) yields

k=1

Var(z %) < c(logn)*=.

Applying Lemma 1, our theorem is proved under the restricting condition (13).

Now we drop the restricting condition (13). Fix x > 0 and define

dx = max(ax, —x), by = min(by, %), P = P(a < Uy < by).

Page 9 of 12
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Obviously, px < pk. Assuming Py # 0, then one has py # 0, and thus

K o\ wlevB
iI ay < —Hi:l Ski < by
Pk =\ (k= 1)kpk

1 ~ 1. N - .
< = 1@ < Uy < by) + —[Wax < Ur <) + (b < Ui < by) ]
Pk Pk

! 3 Uk <~ (U
< 1@ < Ui <by) + (U < %) (Ur > x)

. 18
Pk P(—x < U < 0) * PO < Ui <x) (18)

By the central limit theorem for the product of some partial sums (1), that is,

k /(oK)
( Hi:lSkvi >I 4 N

K- Df — e as k — oo,

we have

k]im P(—x < Uy < 0) = ®(0) — &(—x), (19)

lim PO < Uy <) = 0 (x) - & (0). (20)

By the terminology of summation procedures (see [29]), we know that ASCLT is valid
for the large weight sequences, then ASCLT is still valid for the small weight sequences.
Hence, for weight sequence dj = 1/k, the almost sure central limit theorem for the product
of some partial sums (2) for NA sequence is still valid. That is,

. 1 1 T, Ses \v0
1 —1 o=l e < -F . 91
ity 10gnk2:1:k <<(k—1)kﬂk =X (x) as (21)

Combining Lemma 4 and (19)—(21), we obtain

n

1 (U < —x) D (—x)
1 = .S., 22
noo0 logn ; kP(-x < U <0) @(0)—P(—x) as @2
and
1 & LU>0) 1-d(x)
li = .S. 23
nggologn;k]}”(Oka<x) P -0 @3)
Since by — i < min(2x, ck~'/2) satisfy (13), hence
1 n ~
lim g 1 as, (24)

n—oo logn P k-
where

- ;,Lkl(ﬁk <U<by), pi#0,
1, Pk =0.
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Combining (18) and (22)—(24), we get

1 < 1-9
lim sup —— Tk - )

— —— as. 25
e logn =k = " Tow-o0 °° @5)
On the other hand, if 7; # 0, then we have
1 k g\ wlevR)
_I<ak < (71_[[1 kk'lk> < bk)
Pk (k=1)*n
1 B o
> 1@ < uk<bk)(1_pk pk)
Pk Pk
1 ~ P - P
> =@ < U <b)| 1 - — (U < ~x) + F(L > ) .
Pk min(P(—x < Uy < 0),P(0 < Uy < x))

By the central limit theorem (1) and Lemma 4, we get

P(Uy < —x) + P(Uy > x) o, 1-2()

no min(P(—x < Ur < 0),P(0 < U <))~ ®x) - D(0)

So,

n

Z LI 2—1 il a.s. (26)

_— o
oo % =T o) - 9(0)

n— 00 log n

Combining (25) and (26), we have

1-9 1 < 1 <
129 1220 ing 3% < lim %k
®(x) —P(0) — n—oo logn k T n—oclogn k
k=1 k=1
. - (2973 1- ¢(x)
<lims — <1+2— 27
- ly,_mgp logn = k — @D (x) — D(0) 27)
By the arbitrariness of x, let x — oo in (27), we obtain
1 n
lim % _1 as (28)
n—oo0 logn k
k=1
This completes the proof of Theorem 1. g
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