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1 Introduction
As is known, the Stirling numbers of the first kind are defined by

@n =Y Si(mDx'  (n>0) (see[1,2,4,7-25]), (1)
=0

where (x)o=1, (), =x(x—-1)---(x—n+1) (n>1).

For any real number A, the A-analogue of (x), is defined as
@ox =1 @y =xx-)x=-21)---(x=(n-11) (n=1). (2)

Note that lim; _, 1 (x),, = (x),, (1 > 0) (see [2, 11, 13, 16, 19]).
The A-analogues of the Stirling numbers of the first kind are given by

@)= Y S1a(mk)a* (see [13]). (3)
k=0

We recall that the A-binomial coefficients are defined by the generating function

o0 o /
a+rf =% (’l‘) /= Z(x)m% (see [13, 16]). @)
=0 A =0 )
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From (4), we note that

n\ (n);. _ (M -
(k)k SRk ko EkEO )

where
(m);, =n(n-2)(n—-21)--- (n —(n- l)k) =(n)y, (see[13])

and

() G2) = (0), o ©
m),\n-mj, n J,

m=0

For r € N, the unsigned r-Stirling numbers of the first kind are defined by

k+r

(x+r)(x+r+1)---(x+r+n—1)=Z |:n+ri| x* (see[10, 13, 16]). 7)
k=0 r

In [16, 18], the r-Stirling numbers of the first kind are given by

w+r)n=Y S k" (12 0). ®)

k=0

By (7) and (8), we get

n+r

(-r) _ (_1\nk
S8 (n k) =(-1) |:k+r

} (n>k=>0). 9)
It is known that A-analogues of r-Stirling numbers of the first kind are given by

x4+ )np = Y ST (m k)" (see [16]). (10)
k=0

From (3), (6), and (10), we note that
S (n,k) = Zk (Z)sl,um,k)(r)n_m,k (n,k > 0). (11)

If X is a discrete random variable taking values in the nonnegative integers, then the

probability generating function of X is defined as follows:

G(t) =E[t] =) p@)t* (see[7,24]), (12)
x=0

where p(x) is the probability mass function of X.
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Let X = (X3, Xy,...,Xk) be a discrete random variable taking values in the k-dimensional
nonnegative integer lattice. Then the probability generating function of X is defined as
follows:

G(t) = Glti, tay ., 1) = E[6, 652, ..., 8]
o0

= Y pnx,. xR £ (13)

X1,%25.0 %X =0

where p(x1, %3, . .., %) is the probability mass function of X. The power series converges ab-
solutely at least for all convex vectors t = (t1,t, ..., tx) € C* with max{|t|, |t],..., ||} < 1.

The logarithmic random variable X with parameter « € (0, 1) is a discrete random vari-
able on N with probability mass function p(x) given by

PIX=r]=pn) e —— % (neN), (14)
logl-«a) n
Note that
o0 1 "
;p( )=- log(1 — @) ;7 N
and

it " 1 o
Zp(n) " log(1- oz)Za T Tlogl-a) 1-o

In probability and statistics, the logarithmic distribution (also known as the logarithmic
series distribution) is a discrete probability distribution derived from the Maclaurin series

expansion

2 Ols

o
—logl-o)=a+ Zt3

In probability theory and statistics, the negative binomial distribution is a discrete prob-
ability distribution of the number of successes in a sequence of independent and identically
distributed Bernoulli trials before a specified number of failures (denoted by r) occurs. The
negative binomial random variable is sometimes defined in terms of the random variable
Y = the number of failures before the rth success. The probability mass function of the
negative binomial random variable with parameters r and p is given by

PLX = 3] = () = (y o 1)1»(1 _p). (15)

In this paper, we consider A-Stirling polynomials of the first kind and truncated A- Stir-
ling polynomials of the first kind rising from the A-analogues of the falling factorial se-
quence and investigate some properties for these polynomials. In particular, we give some
identities, recurrence relations, and explicit expressions for the A-Stirling polynomials of
the first kind and the truncated A-Stirling polynomials of the first kind. Further, we show
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that both of them appear in an expression of the probability mass function of a suitable
discrete random variable, constructed from A-logarithmic and negative A-binomial distri-
butions.

2 A-Stirling polynomials of the first kind
Let ¢ be a real variable, x be a real number, and let # be a nonnegative integer. The Taylor

expansion of the function (¢),,, is given by

(Onp. = E"O l[—dk (®) ] (t—x)* (16)
"Ll '
Let
@ 1] d~
Sl,)h(}’l,k) = E |:dtk (t)n,A] (n,k=>0). (17)

Then, by (16) and (17), we get

(Bhnp= Y SRt -x)F (12 0). (18)

k=0

Here Sﬁ)\(n, k) will be called the A-Stirling polynomials of the first kind.
It is easy to show that

Oni1a = =) (O + (8 = 1) (D1 (19)

From (18), we can derive the following equation:

n+l

D SH 1+ LR =0 = (s = (€= 2) () + (6= 1))
k=0

=Y S k) -2 + (6= m) Y ST (m, )¢ - )
k=0 k=0

n+l n

= S 0m k= 1)(E -0k + (x—m2) > S (m, k)t - x)
k=1 k=0
n+l

=Y (ST0m,k = 1) + (= mA)ST (11, K)) (¢ — )F. (20)
k=0

Therefore, by comparing the coefficients on both sides of (20), we obtain the following

theorem.

Theorem 2.1 For n,k > 0 withn >k — 1, we have

SOk =1) + (6 = n2)S) (1, k) = ST (m + 1, k).
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Note that
$90,0=1,  SH01,0)= @i S0,6)=0 (k>0).

From (18), we easily note that Sg’a(n, ky=0ifk>n.Letustaket=x+1landt=x—11in
(18). Then we have

n
(x+ 1) = ZS(ff;(n, Dx+1-x)~= Sg’fi(n, k)
k=0

T
o

and

=Dz = Y ST (1, )(-1)~.

k=0

By (3), we get

1 o _
[ o )M} RS0

‘ l
- ; Sua(m,0) (k> Xk, (21)

From (17) and (21), we obtain the following theorem.

Theorem 2.2 For n > k, we have

k)= S1,(m1) (;{);&-’i

1=k
Note that Sfi(n, k) = S1,.(n,1).

Now, we give an explicit expression for the polynomials Si’f,)\(n, k) and their relations with

A-Stirling numbers of the first kind. First we observe that

1+ =Z(y)“k,

SE

n=0

Z(Zsu(k n)— ) —x)". (22)

n=0 \k=n
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On the other hand,

(1 +)\.t)% _ e%log(lﬁut)

o]

1/1 g % log(1+At) k
:ZE Xlog(l+)»t) ek (y—x)
k=0 "

(o]

k
Z ( log(1 +kt)> (1+20)% (y - x)k. (23)

From (22) and (23), we obtain the generating function for Sg’fi(n, k) given by

I g x
%(M) (1+20)F = ZSM(n,k) (24)

where k is a nonnegative integer.
Indeed, we note that

1 (log(1 + 20\ * 5 % 1 COAW
E(f) (1+)nt Zx)mk ( ;( Z 1112"'lk)t

m=0 11+12+--~+lk:l

n

! Ll
I=k halysilp= 172

(25)
Therefore, by (24) and (25), we obtain the following theorem.

Theorem 2.3 For n > k, we have

1< n 1
(%) _ _} : _y\-k
Sl'x(”,k) Tk I=k (=4) l!<l>(‘x)"‘lv}‘ Z .. 'lk’

i+l -+l =1 hby

where the inner sum runs over all positive integers Iy, ly,..., L with [y + [, + -+ [ = 1.

It is known that
1 ko £
k'( 1og(1+u) =Z];Sl,,\(n,k)z (see [13, 16]). (26)

From (24) and (26), we have

258(11: k); = Z(x)“l_y ZSI,A(erk)%
=0 m=k

n=k

- Z( Wt (}Z>Su(l; k)) a3 27)
I

o0 1 _ n 1 tn
=Z<F > (=n) kl!(l)(x)n_m > ...zk>ﬁ
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Comparing the coefficients on both sides of (27), we obtain the following theorem.

Theorem 2.4 Let n, k be nonnegative integers. Then we have

p k( ) &)1 S0 (LK), ifk <,

S (n, k) =
0, ifk > n.

Corollary 2.5 Let n, k be nonnegative integers. Then we have

YL k( ) (%) le x(l k), ifk<n,
0, ifk>n.

Sl,x(n,k) =

We now consider the r-truncated A-Stirling numbers of the first kind.
For x € R and r € N, the r-truncated A-Stirling polynomials of the first kind are defined
by

log(1+Af) <A e ¢
(1+r)i= (Og( i —Z( Ayl ]) = DS nkin—. (28)

n=rk

Remark 2.6 The definition of A-Stirling polynomials of the first kind and that of r-
truncated A-Stirling polynomials of the first kind are similar to the non-central Stirling
numbers of the first kind and the generalized non-central Stirling numbers of the first
kind, respectively (see [20]). In fact, one replaces o by x and (x),, by (x),,, as in [3] and [6],
or replaces « by x with setting o; = i1, i=0,1,...,n -1, as in (1.8) of [5].

From (28), we have

r-1 k
1+ At)' <log(1+kt) Z (ay12 )

j=1

o SRRV
_Z(x)m,x%ﬁz< Z lllz"'lk>t

m=0 I=rk My+lp+-+l=l
(X)n-11 AR
e 29
Zk( Z I’l l)' Zﬁk#lllz.“lk n! ( )

Therefore, by (28) and (29), we obtain the following theorem.

Theorem 2.7 For n > rk, we have

g @i (=2)"*
S (n,klr) = = ' .
1. KI7) k!;(n—l)! 2. LIy

ll +---+lk=l

In particular, if # < kr, we have

Sg’fi(n,/dr) =0.

Page 7 of 14
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When x =0, 5(1(,2(”’ k|r) = S1,.(n, k|r) are called the r-truncated \-Stirling numbers of the
first kind.
It is not difficult to show that

SOkl =Y" ('l’) WSt kIr) i n > kr

I=kr

and
Sg’fi(n,k|r) =0 ifn<kr

Let

. k
r 11 1 1(_)\)}—1‘
y(kv)*“'x)z‘“““?{ R & 0

From (30), we can derive the following differential equation:

d r 7 r=1,r-15r-1_17,
(L4 A0)— 9 () = 290, (el) + (<1710, (). (31)

By (28) and (31), we get

1+ kt)—y  (tlx)

= xy{) (t1x) + (1) ()

¢ ¥ £
:xZSg’fi(n,/qr);+(—1)’-1t’-lxr-1 > Simk-1n—

n=rk : n=r(k-1)

n

—xZS nk|r)—+ ’lkrlex n—r+1,k-1r)

n=rk n=rk-1 (}’1—7'+1)!
o0 t”
— Z (xsu(” le) +( 1)r lkr—l(r 1)'( 1) gx))L(n—V+ 1,k— 1|7’)>—' (32)
’ n!
n=rk-1
On the other hand,
n 1
(1+kt)— (tx)— S 2 (n, kr) (1 +Ap)
i (el 2}:( 6=
= Z SO n+1, k|r)— + ZnASM(n,kV)—
n=rk-1 n=rk
= Z ( A(n+ 1,k|r) + nAS A(n klr)) . (33)
n=rk-1

Therefore, by (32) and (33), we obtain the following theorem.

Page 8 of 14
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Theorem 2.8 Let n, k be nonnegative integers, and let r be a positive integer. Then we have

-n+r—2
N - 1)!( " rl )ngi(n —r+1Lk=1|r)
e :

S(1 (n+1,k|r) + (A — x)S (n,k|r) (n>kr-1).

It is easy to show that
1 . i1
(r+1) x .
y“ (t|x) =(1+A)*— |:X log(1 + At) — ;(—A)’ 17:|

r-1 3 t] . k
—(1+At)k—|:—log(1+kt) > =yt 7+( 1)"A 1’}

j=1

. 1 k & 1 r-1 g t] . )»rl l
=<1+“>’E%(z)(i“g(““"z(‘”11‘) A

j=1
o, 1 1og(1+u) - 1t “
= Z ey )’ A
1=0 j=1
k
( l)rl)\’rll ;
= Z —t lyk 1. (E1). (34)
I
1=0
By (34), we get
00 " 00 t"
ZS( (nk|r+1 Z Sx nk|r+1)
n=kr n=k(r+1)
( l)rlkrll - o
_Z = ! Z S (n,k - l|r+1)—
=(k=Dr
S k rl n
A t
= Z (Z xi(n —Ir,k - llr)(rl)lr) —. (35)
I L n
n=kr \ =0
Comparing the coefficients on both sides of (35), we have
® k (- l)rl)\’rll
ST mklr+1) =y S8 (1 = Ir,k = [|r) (), (36)

Iyt
=0
where n > kr.

For X € (0,1), X is arandom variable with the A-logarithmic distribution with parameter
a € (0,1) if the probability mass function of X is given by

A O{k)\k—l

PX =K = Pyk) = s =

(37)

where k is a positive integer.
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We easily see that
= 1 A
Y p(=1  EX]=- iy
= log(1-aX) 1-ai

Y is the random variable with negative A-binomial distribution with parameters r, « if
the probability mass function of Y is given by

P[Y = k] = P, (k) = (f +//:_

1) () (1 - 2a)%,
where 7, k, o are respectively the number of failures, the number of successes, and the
probability of successes.

Let X3, X,..., X be independent random variables with A-logarithmic distribution with
parameter o, and let Y be the random variable with negative A-binomial distribution with
parameters » and «. If Y is independent of X = Xj + - - - + X, then we have

E[£] = E[¢"]E[£"] = (f[E[tXf]) -E[t"]. (38)

Now, we observe that

E[txl] = ZPA [X] =x]t* = log(l%xk) -log(1 — aAt) (39)
x=1
and
E[f]=) Py =y Z( e 1>(Aa)y(1 )i e
y=0 y=0 J
=(1-2a)(1-Aat) 7. (40)

From (38), (39), and (40), we have
- (o)

k
) (mg(l%m) (log1 - ar8))* (1 - ) (1 —ar)y

h(log(l—ak))k(l ak)z%(M>k(l—akt)‘;
:kz(log(l%m) (1-an)f ZSM (1, k) (= ); )
On the other hand,
E[£+Y] = ZP*[XJrY nlt". )

n=k
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Therefore, by (41) and (42), we obtain the following theorem.

Theorem 2.9 Let X1, X, ..., Xk be independent random variables with \-logarithmic dis-
tribution with parameter «, and let Y be the random variable with negative A-binomial
distribution with parameters r and «. If Y is independent of X = X1 + Xp + - - - + Xy, then
the probability mass function of X + Y is given by

PX+Y =n] =k #)k(l —an)s 500 )
* \log(1 —ar) nt A

forn>k.

For r € N, X is the random variable with r-truncated A-logarithmic distribution with
parameter « if the probability mass function of X is given by

A ax)\’x—l
PrX =x] =Py (x) = r—1 Mgl
—log(l—ad) =) i) =~ x
xqx—1
= Cy(a,7) (x=rr+1,..),
where

A

C)L(Ol, r)

- ~log(1 - ) = 37} 2 '

=1

Note that ) o2 Py [X =x] = 1.

Let X3, X5, ..., Xk be independent random variables with the r-truncated A-logarithmic
distribution with parameter p, and let Y be the random variable with negative A-binomial
distribution with parameters «, p. If Y is independent of X = X; + X5 + - - - + Xj, then we
have

E[¢*Y] =E[¢"]E[t"] = (ﬁE[ﬁ])E[tY]. (43)

j=1

Now, we observe that

E[t9] =) Py [X; =]

S )Lx—lpx
=Gen). t*

X

X a1, x

r-1
A )Lx—l X
:C;(p,r)( i) D t")
x=1

x=1

1 r-1 )Lx—lpx
=Cup,7) (7 log(1-Apt) - Y . t"), (44)
x=1

Page 11 of 14
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and
E[t']=) ( e 1)(Wﬂ —ap)te
o 7
= (1-Apt) % (L-2p)*. (45)

From (43), (44), and (45), we have

k

1 [log(l-apt) = >t » .

+Y] _ k k X (X % _ %

E[¢*Y] = KICi(p, ) (-1) E(f +;Tp ) (1-Apt) 5 (1-Ap)

k @ k = (~a) =»)"
= KICi(p,r)* (1 = 2p) T (1)K D ST (m, k) ——1". (46)
n=rk ’ n!
On the other hand,
E[t*Y] =) PX+Y=nlt". (47)
n=rk

Therefore, by (46) and (47), we obtain the following theorem.

Theorem 2.10 Forr € N, let X1,X5,..., Xy be independent random variables with the r-
truncated \-logarithmic distribution with parameter p, and let Y be the random variable
with negative h-binomial distribution with parameters o, p. If Y is independent of X =
X1+ Xa + -+ + Xi, then the probability mass function of X + Y is given by

P [X +Y =n] =KIC,(p, )" (1 - Ap)* (-1)"*k5§j;)(n,k|r)% (n > kr),

where

A
—log(1—ah) = YTk et

l

Cyla,r) =

3 Conclusion
Stirling numbers of the first kind appear frequently in combinatorics and number theory.
Recently, A-analogues of Stirling numbers of the first kind were studied in [10].

In this paper, we introduced A-Stirling polynomials of the first kind which appear as the
coefficients in the Taylor expansion of A-falling factorial sequence and reduce to the Stir-
ling numbers of the first kind when x = 0 and A = 1. We obtained recurrence relations,
explicit expressions, some identities, and connections with other special polynomials for
these polynomials. We showed that they appear in an expression of the probability mass
function of a suitable discrete random variable, constructed from A-logarithmic and neg-
ative A-binomial distributions. Thereby we demonstrated that these polynomials are not
out of nowhere but arise naturally.

We also considered r-truncated A-Stirling polynomials of the first kind whose generat-
ing function is obtained from that of the A-Stirling polynomials of the first kind by trun-
cating first r — 1 terms in the Taylor expansion of the logarithmic function. We derived
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several basic properties about these polynomials just in the case of A-Stirling polynomials
of the first kind. Then we showed that they also appear in an expression of the proba-
bility mass function of a suitable discrete random variable, constructed from r-truncated
A-logarithmic and negative A-binomial distributions. Once again, this demonstrates that
r-truncated A-Stirling polynomials of the first kind arise naturally.

As one of our future projects, we would like to continue to find many applications of
A-Stirling polynomials of the first kind and r-truncated A-Stirling polynomials of the first

kind in mathematics, sciences, and engineering.
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