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1 Introduction

Schur-convexity was introduced by Schur in 1923. Since then many researchers have de-
voted their efforts to it; see for example [6, 8,12, 17, 19]. Schur-convexity has many impor-
tant applications in analytic and geometric inequality, combinatorial analysis, numerical
analysis, matrix theory, and so on. We recall some definitions.

Definition 1.1 ([2]) Suppose thatx = (x1,%3,...,%,), ¥ = (y1,¥2,...,¥,) € R". x is said to be
majorized by y (with symbol x < y) if

k k
Zx[i] < Zy[;], k=1,2,...,n-1,
i=1 i=1

and

n n
Z X = Zym,
i=1 i=1
where xp;, denotes the ith largest component in x.

Definition 1.2 ([2]) Let E C R”,f: E — Rissaid to be Schur-convex function on Eifx < y
on E implies f(x) <f(y). f is said to be Schur-concave if and only if —f is Schur-convex.

Chu in [4, 5, 7, 18] defined the concept of Schur-harmonically convex function.

Definition 1.3 ([5]) A set E C R” is said to be harmonically convex if (242, 222
X1tY1° x2+)2

2%nYn

Xn+Y¥n

) € E, for every x = (%1,%2,...,%4), ¥ = V1, Y2,---,¥n) € E.
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Definition 1.4 ([5]) A function f: E — R, is said to be Schur-harmonically convex on E,
L L Ly< (4,2 ..,yin)impliesf(x)ff(y).

X1 %277 X yl,)’Z”

for every x,y € E, if (

Definition 1.5 ([2, 14])
(i) A set EC R”is called symmetric, if x € E implies Px € E for every n X n
permutation matrix P.
(i) A function f: E — R is said to be a symmetric function if f(Px) = f(x) for every
permutation matrix P, and for every x € E.

Recall that a n x n square matrix P is said to be a permutation matrix if each row and
column has a single unit entry, and all other entries are zero. The following theorem, called
the Schur condition, is very useful for specifying Schur-convexity or Schur-concavity of
functions.

Theorem 1.1 ([2]) Let E C R" be a symmetric convex set with nonempty interior (E° is the
interior of E), and f : E — R be a symmetric continuous function on E. If f is differentiable
on E°, then f is Schur-convex (Schur-concave) on E° if and only if

(61 —xz)(i - 1) >0 (<0),

8x1 3962
for every x = (x1,%3,...,%,) € E°.

In [5] Chu proved the following result, which is useful for determining Schur-harmonic
convexity or Schur-harmonic concavity of functions.

Theorem 1.2 ([5]) Let E C R” be a symmetric and harmonically convex set with nonempty
interior (E° is the interior of E), and f : E — R, is a symmetric continuous function on E. If f
is differentiable on E°, then f is Schur-harmonically convex (Schur-harmonically concave)
on E° if and only if

L

- L 2L )>0 (<0),
(%1 xz)(xlaxl 23x2>_ (=0)

for every x = (x1,%2,...,%,) € E°.
By Definition 1.4 the following simple fact is obvious.

Lemma 1.1 ([5]) The function f : E — R* is Schur-harmonically convex (Schur-
11
x17 a7

harmonically concave ) if and only if f(
% = {i :x € E}.

. xi) is Schur-convex (Schur-concave ) on
n

In [1] harmonical convexity was introduced by Anderson et al. and in [13] Iscan gave
the following definition.

Definition 1.6 Let/ C R—-{0} be aninterval. A function f : I — R is said to be HA-convex

or harmonically convex, if

xy
f<m> <tf(y)+ 1 -1)f (%), "
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for every x,y € I and t € [0,1]. If the inequality in (1) is reversed, then f is said to be
harmonically concave.

IfI C (0,00) and f is a convex and nondecreasing function then f is harmonically convex.
If f is an harmonically convex and nonincreasing function then f is convex. If [a,b] C I C
(0, 00) then the function g : [%, i] — R, defined by g(¢) =f(%), is convex if and only if f is
harmonically convex on [a, b] (see [10]).

The following Hermite—Hadamard type inequality for harmonically convex functions
was obtained by Iscan [13] and Dragomir [10] in different ways.

Theorem 1.3 Letf :1 C R - {0} — R ba a harmonically convex function and a,b € I with
a<b. Iff € Lla, b] then the following inequalities hold:

b
f(?.ab)fﬂ_b/f(x)dxfw’ a,bel,a<b.

a+b b-a

The above inequalities are sharp.

In [9], Dragomir defined convex function on the co-ordinates (or co-ordinated convex
functions ) on the set [a, 5] x [¢,d] in R? with a < b and ¢ < d as follows.

Definition 1.7 A function f: [4,b] X [c,d] — R is said to be convex on the co-ordinates
on [a,b] x [c,d] if for every y € [c,d] and x € [a, b], the partial mappings

fila,bl = R, f,(u) =f(u,y),

and

ﬁC: [c,d] - R, fx(V) :f(x’ V),

are convex. This means that, for every (x,), (z,w) € [a,b] X [¢,d] and t,s € [0,1],

fltx+ 1 -0)z,sy+ (1 -s)w) <tsf(x,y) + s(L - 1)f (z,y)
+H1-s)f(x,w) + (1 -1 - s)f (2, w).

Clearly, every convex function is co-ordinated convex. Furthermore, there exist co-
ordinated convex functions which are not convex. The following Hermite—Hadamard type

inequality for co-ordinated convex functions was also proved in [9].

Theorem 1.4 Suppose that f : [a, b] X [c,d] — R is convex on the co-ordinates on [a, b] x
lc,d]. Then

a+b c+d 1 1 b c+d 1 d fa+b
(555 =l [ 157 e g [ (%5 0) ]
1 b pd
<oaaa ) [ renva

i I 1
Sz[b_a/ﬂf(x,c)dx+ E/ﬂf(x,d)dx
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1 1
vt [ranar 2 [Crena]

<f(a,c) +f(a,d) +f(b,c) +f(b,d)
< 2 .

The above inequalities are sharp.

In [16] Set and Iscan defined an harmonically convex and an harmonically convex func-
tion on the co-ordinates on the set [a, 5] x [c,d] in R? with a < b and ¢ < 4 as follows.

Definition 1.8 Let A = [a,b] x [¢,d] C (0,00) x (0,00) with a < b and ¢ < d. A function
f:+ A — Rissaid to be harmonically convex on A if the following inequality holds:

Xz yw B 1 1
f(tz+(1—t)x'tw+(1—t)y> _f(?tc"'%’ +%>

t
y

< tf(xy) + (1 - 1)f (z,w), (2)

for every (x,%),(z,w) € A and t € [0, 1]. If the inequality in (2) is reversed, then f is said to
be harmonically concave on A.

Definition 1.9 Let A = [a,b] x [¢,d] C (0,00) x (0,00) with a < b and ¢ < d. A function

f A — Rissaid to be harmonically convex on the co-ordinates on A if for every y € [c, d]
and x € [a, b], the partial mappings,

Silabl >R, f,w)=f(uy),

and

f;c: [C; d] - Rr f;c(v) :f(x’ V))
are harmonically convex.

Clearly, every harmonically convex function is harmonically convex on the co-ordinates.
Furthermore, there exist co-ordinated harmonically convex functions which are not har-
monically convex. Note that if f; and f, are convex and nondecreasing functions then f,
and f, are harmonically convex. The following Hermite—Hadamard type inequality for
harmonically co-ordinated convex functions was also proved in [16].

Theorem 1.5 Let f: A = [a,b] x [c,d] C (0,00) x (0,00) = R is harmonically convex on
the co-ordinates on A. Then

2ab 2cd\ 1 b f(x, 24) 4f(20,y)
f(m’m)fi[b_af S / 2 y]
abcd fx)
dydx
(b a)(d - /f (xy)?

T
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cd (“flay) cd [“f(by)
+d—c/c 7 dy+d—c_/c 72 dy]

<f(a,c) +f(a,d) +f(b,c) +f(b,d)
< 2 .

The above inequalities are sharp.

In [11] Elezovi¢ and Pecari¢ investigated the Schur-convexity on the upper and the lower
limit of the integral for the mean of convex function and proved the following important
result by using the Hermite—Hadamard inequality.

Theorem 1.6 Let f be a continuous function on an interval I, and

y%x [f@)yde, xyelx+y,

F(x:)’)=
fx), x=yel

Then F(x,y) is Schur-convex (Schur-concave) on I if and only if f is convex (concave) on I.

Let I C R be an open interval and f € C2(I). In [6] Chu et al. proved the following theo-

rems.

Theorem 1.7 Letf :1 — R be a continuous function. The function

s [ fOdt—f(F), xyelx#y,
0; x:ye],

F(x’y) =

is Schur-convex (Schur-concave) on I? if and only if f is convex (concave) on I.

Theorem 1.8 Letf :I — R be a continuous function. The function

f@HO) 1 Yy dt, x,yel,x+#vy,
Fay= ] 3 [ f@® y 7y
0, x=y€1,

is Schur-convex (Schur-concave) on I? if and only if f is convex (concave) on I.
We recall the following lemma from [3], which is known as Leibniz’s formula.

Lemma 1.2 Supposethatf : A = [a,b] x [¢,d] - Rand g—ft :[a, b] x [c,d] — R are contin-
uous and oy, : [¢,d] — [a, b] are differentiable functions. Then the function ¢ : [c,d] — R
defined by

as(t)
p(t) = / fx,t)dx,
ay(t)
has a derivative for each t € [c,d], which is given by

() g
@' (t) = f (a2 (), £) 025 (£) —f(al(t),t)a;(t)+/ " ai;(x,t)dx.
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Moreover, in [15] we proved the following lemma which will be useful in the sequel.
A version of the following lemma was proved in [17].

Lemma 1.3 Let F(u,v) = f: f: f(x,y)dxdy, where f(x,y) is continuous on the rectangle
la,p] x a,q], u = u(b) and v = v(b) are differentiable with a < u(b) < p and a <v(b) <gq.

Then
_ ( [ s [ f(uy)dy)v’(b)—( [ reirass [ f(u,y)dy>u’(b).

2 Main result
In this section we prove new theorems like Theorem 1.6 and Theorems 1.7 and 1.8 for
harmonically convex functions and co-ordinated harmonically convex functions.

Theorem 2.1 Let I C (0,00) be an open interval, and the function f : I — R, be continu-
ously differentiable on 1. Suppose that the function F : I* — R, is defined by

VIO gt x,yelxy,
F(x,y):= = f Y 7
fx), x=yel.

®3)

Then F is Schur-harmonically convex on I? if and only if f is harmonically convex on I.

Proof According to Lemma 1.1 it is sufficient to show that the function F (}c, %) is Schur-

convex on 1

7 X % From (3) we have

F(u)ﬁ @, 1 &

x'y _%—9—16 1o x—y 2

y

forevery x,y € I, withx #y. Using the change of variable s = + thenF f 4 S (L)ds.
Thus by Theorem 1.6 the function

F(l’l): y%xfxyf(%)dt! x,yel,x £y,
* y f(%)) x:yel,

is Schur-convex if and only if the function f (%) is convex on % This implies that the func-
tion f(¢) is harmonically convex on /. Therefore by Theorem 1.6 the result follows. O

The proofs of the following two theorems are similar to the one for Theorem 2.1, hence
we omit them.

Theorem 2.2 LetI C (0,00) be an open interval, and the functionf : I — R has continuous
second order derivatives on I. Suppose that the function G : I> — R, is defined by

2 ar-f(2), xyelxty,
0, x=yel.

G(x,9) :=

Then G is Schur-harmonically convex on I* if and only if f is harmonically convex on I.



Safaei and Barani Journal of Inequalities and Applications (2019) 2019:297 Page 7 of 13

Theorem 2.3 Let C (0,00) be an open interval, and the function f : I — R has continuous
second order derivatives on I. Suppose that the function H : I> — R, is defined by

+f0’
y_xf dt, x,yelLx#y,
0, x=y€el

H(x,y):=

Then H is Schur-harmonically convex on I* if and only if f is harmonically convex on I.
To reach our main results, we need the following two lemmas.

Lemma 2.1 Let D = [ay,b1] x [a1,b1] be a square in R? — {(0,0)} with a, < b1, and the
function f : D — R be continuous, and have continuous second order partial derivatives
onD°. Choose a,b € (a1,by), witha < b, and let A = [a, b] X [a, b]. Suppose that the function
F: A — Risdefined by

_x)zfyfyftzt; dtds, x+y,xy¢€ la,b],

F(x,y) :=
S, %), x=yxY € [a,b].
Then
oF _OF
dox (to.t0) dy (to.t0)

= % [2to (g(to, to) + h(to, tO))

AL

og
2 g1 (to, to) + ko, o) + — (¢, ¢
+ O(gl(o 0) + hi(to 0)+8t( ) Y

b e

to

for all ty € [a, D), where

f(u to + t)

gutg+t)=———

to+ ¢,
]’l(to + E,V) :f(sz),
1%

and

0 oh
gl(u»t0+t): %(u,t0+t): hl(tO"'t)V): a_t(t0+t:v)'

Proof Fix ty € [a, b]. By using L'Hopital’s rule and Lemmas 1.2, and 1.3 we see that

JoF

F(ty + t,t9) — F(to, to)
m
ox

t—0 t

1 to+t to+t ,
mt—g[tg(ton)z / / f;‘vz) dudv—th(to,to)}

o+t t0+tf u V
|:2t0(t0 n / / u2v2

2
0 u 0

(t0,t0)
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Again, using L'Hopital’s rule we obtain

oF fott  plot f£(y v) 212 o+t £(u, to + t)
= lim — | 2¢ av+ —— ———du
dx  1>06t |: 0 / / u2V2 to+t (/ u?

to

to+t to+t
+/ Mdv)+t§<g(to+t,to+t)+/ a—g(u,to+t)du
£ £

2
0 % o Ot

to+t ah
+h(ty+t,to+1t) + / E(to +t,7v) dv> - 2f(t0,t0)].

to
By a similar computation it follows that

OF . 1[ 2£ 0+ £ (1, to + t) 0 £ty +t,v)
— = lim ———du+ ———dv
dx 1506 (to + £)? u? P v2

0

2t2 to+t g
+—29 g(t0+t,t0+t)+/ —(u,ty + t)du + h(ty + t, £y + )
fo +t Y

to+t ag
+/ a—t(to+t,v)dv>+tg<¥(to+t,t0+t)+g1(t0+t,t0+t)

to

to+t gl ah
+/ E(u,to+t)du+E(to+t,t0+t)+h1(t0+t,t0+t)

to

to+t 3h
+/ —1(t0+t,v)dv>:|
t ot

1 a
=3 |:2L‘0 (g(t0, to) + hlto, o)) + 13 (g1(to, to) + h1(to, to) + a—g )

+ — 5
a

Jl

By changing the role of x by y in (5), we obtain the required results in (4). O

The proof of the following lemma is similar to the one in Lemma 2.1, hence we omit it.
Lemma 2.2 Let D = [ay,by] x [a1,b1] be a square in R? — {(0,0)} with a, < by, and the
function f : D — R be continuous, and have continuous third order partial derivatives

onD°. Choose a,b € (a1, by), witha < b, and let A = [a, b] X [a, b]. Suppose that the function
G: A — Risdefined by

EL ) [P drds (22,22, xdy,xy€la bl

G(x,y):=
x=y,x9 € [a,b].
Then
0G _0G
dx (to.t0) dy (to.t0)
_ 1T 4f (20, )
6 to

0 oh
o <g1 (tt0) + It 1) + 56,0+ (6

of
to) 6 (1)

|
to

to
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for all ty € [a, b], where

ytho+ 1t to+1¢,
g(u,t0+t)=]L(;+), h(t0+t’v):f(L2v),
u %
and
a oh
g1(u,tg +1t) = a—‘i(u, to + 1), hi(tg +t,v) = E(to +t,V).

We now derive the next results for co-ordinated harmonically convex functions.

Theorem 2.4 Let D = [a1,b1] x
f:D — R, be continuous, and have continuous second order partial derivatives on D°.
Choose a,b € (a1,b1), with a < b, and let A =
convex on the co-ordinates on A, then the function F : A — R, defined by

la1,b1] be a square in Rf with a; < by, and the function

la, D] x [a,b]. Suppose that f is harmonically

poy |5 R s, wdnnyelan),
fx %),

(6)
X :y,x,y c [ﬂ, b]y

is Schur-harmonically convex on A.

Proof Case 1:if x,y € [a, b], with x = y. Then Lemma 2.1 implies that

LOF ,oF
(y_x)< oy xa):

Case 2: if x,y € [a, b], with x # y. Then by Lemma 1.3 we have
) Y f(t,
_ xy//f(ts)dtds
8y (y 22

x? Y f(ty) 7 f(y,9)
+ T (/x 2 dt+/x © ds)

and

71, S)
x)3/ _/ 252
5 7 f(t,x) 7 f(x,s)

- e (/X 2 dt+‘/x © ds).

Thus,

,0F ,0 —4x3y3 T (e, s)
55 oo [ [
x’y </yf(t,x +f(t,y) gt

+ (y_x)Z t2

/xyfx, s+f(ys >

Page9of 13
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20F _ ,29FY: .
Then (y - x)(y*3; — %" 5;) is nonnegative if

x)2/ /f(ts)dtds

< ([ gy 1092109 )
10

2 52

The last inequality follows from Theorem 1.5. Therefore by Theorem 1.2 the function F

is Schur-harmonically convex. O
The following theorem also holds.

Theorem 2.5 Let D = [ay,b1] X [a1,b1] be a square in Rf with a; < by, and the function
f: D — Rbecontinuous, and have continuous third order partial derivatives on D°. Choose
a,b € (a1, b1), with a < b, and let A = [a,b] x [a,b]. Suppose that f is harmonically convex
on the co-ordinates on A, then the function G : A — R, defined by

2,2
%fxyf”tzt; dtds f(i’g i’g x#y,%,y € a,b], o)

0, x=y,%Yy € [a,b],

G(x,y):=

is Schur-harmonically convex for A.

Proof Case 1:If x,y € [a, b], with x = y. Then Lemma 2.2 implies that

LG ,0G
(y_x)< By Bx)

Case 2: If x,y € [a,b], with x # y. Then by Lemma 1.2 we have

8x

ay
if
x)2 / / f(t,s)dtds
< 4@1 </yf(t¢y)t+2f(t,x) dHf(%S);f(x,S) ds).
The result follows from Theorem 1.2 and Theorem 1.5. O

In the following examples we show that the converses of Theorems 2.4 and 2.5 are not

true in general.

Example 2.1 Consider the non-harmonically co-ordinated convex function,

1
f(t,s):=t*— §52, t,s€[1,2].
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It is easy to see that for the function F as defined in (6) we have F(x,x) = %xz, for every
x €[1,2], and

Vg2 - 2
(x,y)— ¥y // 23 dtds=§xy,

$2

for every x,y € [1,2], with x # y. Thus,

F(x,y) = xy,

for everyx,y € [1,2]. Clearly F is symmetric, continuous and differentiable on [1,2] x [1,2].
If %,y € [1,2], with x #y, we have

aF L OF\ 2
_ 200 297\ _ 2 _
O x)<y 3y x 3x> 3xy(y

Therefore by Theorem 1.2 the function F is Schur-harmonically convex.

Remark 2.1 It is easy to see that for the function f as defined in Example 2.1 we have

2xy  2xy yf(t,i%) yf(%,s)
(55305) —[y L e [
y
x)2//
1 yf(tx) xy [V f(ty)
=3 [y x/ t? +y—x/x 2

y y
P [y  PI0
y-xJy & y-xJy &

S0 +fxy) +f 0, %) +£ ()
— 4 ’

for every x,y € [1,2], with x # y. This means that each of the inequalities in Theorem 1.5

is valid while f is not harmonically convex on co-ordinates.

Example 2.2 Consider the non-harmonically co-ordinated convex function:
f(t,s):= 22— 5%, t,s€[1,2].

It is easy to see that for the function G as defined in (7) we have G(x,x) = 0, for every
x €[1,2], and

Y 21% — §? 2y \
G(x)y) x)2/ f t2 by - <x+y)

—x 2xy
=X x+y)’
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for every x #y, with x,y € [1,2]. Thus,

2
Gx,y) = xy — (ﬂ) ,

xX+Yy

for every x,y € [1,2]. Clearly G is symmetric, continuous and differentiable on [1,2] x
[1,2].
If x,y € [1,2], we have

G G
(y—x)(y2 —xz) =xy(y —x)? > 0.
ay 0x

Therefore by Theorem 1.2 the function G is Schur-harmonically convex.
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