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1 Introduction and the main results

Fractional integral operators and the associated maximal functions are very useful tools
in harmonic analysis and PDE, especially in the study of differentiability or smoothness
properties of functions. Recall that, for 0 < A < n, the fractional integral operator I, of a

locally integrable function f defined on R” is given by

Lf(x) :=/ S0 dy.

re X —y*

And the fractional maximal function M, is defined by

1
M;f(x) := P o /Qlf(y)| dy,

where the supremum is taken over all cubes Q in R” with sides parallel to the axes. We
refer to [1-5] for more results on fractional integral operators.

For 1 < p,q < 0o, we call alocally integrable positive function w(x) defined on R” a weight
belongs to A, ,(R") if

/ /
Wla,, = sgp(ﬁ/()w(x)qu> (6‘/;w(x)‘”/ dx)qp < 00.

In [6], Muckenhoupt and Wheeden showed that, for 1 < p < n/(n— 1) and 1/q + 1/p’ =
Aln, the fractional integral operator [ is bounded from L?(w”) to L1(w?) if and only if w
belongs to A,,. They also proved that the fractional maximal function M) is bounded
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from L?(w”) to L9(w?) under the same conditions on the weights. Lacey, Moen, Pérez and
Torres [7] proved the sharp weighted bound for fractional integral operators. Specifically,

A max(1 2
max{1, q}

I llzo ey L1y < CuplWly,

And the sharp weighted bound for the fractional maximal function was proved by
Pradolini and Salinas [8], i.e.,

P
1M 2wy Laway < Cp W]y Z (1.1)

Hytonen and Lacey [9] introduced a different approach to improving the sharp A, es-
timates for Calderén—Zygmund operators using a mixed A,—A,, condition. Cruz-Uribe
and Moen [4] studied the corresponding problem for fractional integral operators. Recall
that w is said to be a weight in A if

[Wlay, = stép @ /;M(IQW)(JC) dx < 00,

where M is the Hardy-Littlewood maximal function and w(Q) := fQ w(x) dx. There are
several equivalent definitions of the A, weights. For example w € A__ if

Wlar, —sgpexp(pl/—log(w(x))dx>(|Q|/w(x)dx) <00

In [10], Fujii proved that w € A, if and only if w € A/ . It is well known that w € A if
and only if w € A, for some p > 1, here A, denotes the class of Muckenhoupt weights for
which

1 1 - )P‘l
(Wla,, : sup<|Q|/w(x)dx><|Q|/w(x) dx < 00.

Sbordone and Wik [11] showed that

Wla, = lim [w]a,
p—>00
Hyt6nen and Pérez [12] showed that [w]a,, < [w]ar_,and in fact [w]s,, canbe substantially
smaller.
In this paper, we introduce a new class of weights, called the A; o, weights, which is

defined with the fractional maximal function.

Definition 1.1 Given 0 < X < n, A, o consists of all locally integrable functions w(x) on
R” for which

[W]A,\,w' sup “MA(WIQ) lQ”n/A

(Q)

We show that A is a subset of A; . Specifically, we have the following results.
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Theorem 1.2 Forany 0 <A <nand w € A, we have w € A; o and
Wl < Conlwlas
With A; - weights, we give a mixed two-weight estimate of fractional integral operators.

Theorem 1.3 Let ), p and q be constants such that 0 < . <nand 1/q+ 1/p' = L/n. For any
weA,,setn=wlando = wt' . Then

”IX('U)HM(UHM(M) S ]Z ([,U«] [G]Awo)

The above theorem suggests us to generalize the A, condition for a pair of weights.
Given 1 < p,q < 00, we say that a pair of weights (i, o) is in the class A, if

aly
(1,0]a,, = sup(|Q|/ (x)dx)(|Q|/ (x)dx) < 00.

With this notation, we can generalize Theorem 1.3 as follows.

Theorem 1.4 Let A, p and q be constants such that 0 < . <nand 1/q+1/p’ = A/n. For any
pair of weights (u,0) € Apg With 1, 0 € Aj o, we have

n_

1
“11("7)”&((7)_%4(“) S [N’O]/qxp, ([“]AMO +[o ]sz)

The paper is organized as follows. In Sect. 2, we collect some preliminary results. And
in Sect. 3, we give proofs for the main results.

2 Preliminaries
In this section, we introduce some preliminary results.

2.1 General dyadic grids
Let 9 be a set consisting of cubes in R”. Recall that & is said to be a general dyadic grid if
it satisfies the following three conditions:

1. forany Q € Z, its side length /(Q) is of the form 2* for some k € Z;

2. Q1N Qye{Q1,Qq, 0} forany Q,Q; € Z;

3. the cubes of a fixed side length 2% form a partition of R”.

Given a general dyadic grid 2, we call a subset S C Z a sparse family in & if it satisfies

1
| < 5|Q|, VQeS.

Qes5,Q¢Q

For any Q € S, denote

EQ:= Q\( U Q’).

QeS,Q%Q

We see from the definition of the sparse family that |E(Q)| > %|Q| forany Q€ S.
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Below we will make extensive use of the dyadic grids
o -k n k n 12]"
9 ::{2 ([0,1) +m+(=1) a):keZ,meZ}, o€ 0,§,§ .

Hytonen, Lacey and Pérez [13] proved the following result.

Lemma 2.1 (Three-lattice lemma) For any cube Q C R”, there exists a shifted dyadic cube
Re 2*={27%([0,1)" + m + (-1)*a) : k € Z,m € Z"}

for some o € {0, %, %}”, such that Q C R and £(R) < 6£(Q).
2.2 Dyadic lattice
Let Q be any cube in R”. A dyadic child of Q is any of the 2” cubes obtained by partitioning
Q by n “median hyperplanes” (i.e., the hyperplanes parallel to the faces of Q and dividing
each edge into two equal parts).

Passing from Q to its children, then to the children of the children, etc., we obtain a
standard dyadic lattice D(Q) of subcubes of Q.

We refer to Lerner and Nazarov [14] for more properties of the dyadic lattice.

2.3 Dyadic fractional integral operators
Given 0 < A < n and a general dyadic grid Z in R”, we define the dyadic fractional integral
operator I” by

; 1
Ff0= Y o /Q FO)dy- 1g(x).

Qe

For a sparse family S € Z, the sparse dyadic fractional integral operators I are defined
similarly. Cruz-Uribe and Moen [4] proved the following two propositions.

Proposition 2.2 Given 0 < A < n and a nonnegative function f, then I, f is pointwise equiv-
alent to a linear combination of dyadic fractional integral operators, i.e.,

Lfw=~ Y 7).

aef0,1/3,2/3}"

Proposition 2.3 Given a bounded, nonnegative function f with compact support and a
dyadic grid 9, there exists a sparse family S such that, for all . with 0 < A < n, we have

IZf(x) S I3 ().

2.4 Testing condition

Let A, p and g be constants such that 0 < X < # and 1 < p < g < co. Lacey, Sawyer and
Uriarte-Tuero [15] reduced the proof of the boundedness for If (-0) from L? (o) to L7(u)
to the boundedness of the testing condition

S S(R)
2 112 (0 1) 1240 5 1121 (1) )
@/L,a ‘= Sup v ’ @Uylt := sup 7
ReD G(R) » ReD /L(R) 1

’
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where the operator If(R) is defined by

1
D S fQ Fy- 1o,

QeS,QcCR

Proposition 2.4 ([15, Theorem 1.11]) Suppose that X, p and q are constants such that
O<i<nandl<p<gq<oo.Let P bea dyadic grid and let S be a sparse subset of 9. For
any pair of weights (i1,0), we have

||I;\S('U)||l}7(a)—>Lq(ﬂ) = @fa + Q?u'

3 Proofs of the main results

First, we show that a weight in A, is associated with a weight in some 4, ...

Theorem 3.1 Suppose that A, p and q are constants such that 0 < A <n and 1/q + 1/p’ =
An.Letw e Ay g and set . = wi. Then |1 € Ay o and

[M];k,oo < Cn,p [W]Ap,q-

i -1
Proof Since w € A, ,;, we have w™' € Ay,y and

1 / 1 Plq v
(v, - S‘é"(@ fQW_p ® d’“) <@ fQ wi(x) dx) S

Using (1.1), this gives us

A A
,1 n -
IMoll 1o d ) 1’ oy = Cn,p[w ]A, ;= n,p[W]/Z,, .

=2 we see from Holder’s inequality that

n’

Fix some cube Q € R”. Since 1% + é

| M(110) 1], = [Milulo) - w - wig],,

< | Mi(n1o) - w1q

-l

= HMA(HIQ) ) 1Q||LP’(w—p’) (Y
A

=< Cn,p[W]Aflp’q ||M1Q||Lq/(w—q’) : /’L(Q)l/q

= Coplwl], 1(Q).
Hence
(W)}, < Wl
This completes the proof. d

Next we show that A is contained in A; o forany 0 < A < n.
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Proof of Theorem 1.2 Fix some cube Q C R”. Let

@ =qrup pel-2-Lol2l
o= ) 3’ 3, b 3) 3 .

By translations and dilations, we see from Lemma 2.1 that for any cube K C Q there exists

some R € D(QF) for some g € {~%,-1,0,1,%}" such that R € D(QF) and £(R) < 6¢(K).

Hence

My, (Wlg)(x) - 1o(x) < Cyp m >(i) M, pgsy(wlg)(x) - 19(x),

where

1

M wlo)(x):= sup ——— | wx)lox)dx.

»pHWQ)) = sup IKW”/K () 1o(x)
KeD(QP)

So it sufficient to estimate

1

W(Q)”M

2 1 12"
37 3’ ’

\/“MA,'D(Qf‘)(WlQ)(x)V/)L dxl ﬂ € {__ 0’ gr g
Q

Among each D(QP), a subset of principal cubes 2% = [ J* 2% is constructed as follows:
ﬂoﬁ = {Q”}, and then inductively 9’51 .1 consists of all maximal P’ € D(QP) such that

w(P' N Q) o 3Aw(Pﬁ Q)
|P’|}“/” > ’ |p|A/n

for some P € 25 with P> P'.
Since A/n < 1, we see from the definition of 2# that, for any P € 25,

ﬂ Mn - |P/|)»/n
Z |P| = Z VIRE

Pez? pcp Pez? pcp

/

- 1 Z w(P N Q)

— QM. 3 w(PN Q)
Pepb pcp

1

< —.
— 2A/n . 3A

That is,

1
> Pl= TG (3.1)
Pez? | pcp

For any P € 2, we denote

E(P) := P\ Uy »r.

PebPCP
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By (3.1), we have

E@)| = ( 13,1)|P|.

By the definition of Qf and D(Q’), for any R € D(Q”) with RN Q # ¥, we have [RN Q| >
B%IRI. For any P € %, it is easy to see that P N Q # . Combining with |E(P)| > (1 —
557)|P|, we obtain

|E(P)NQ| >
Hence
1 n
WL|MA,D(Qﬁ)(W1Q)(x)| " dx
n 1 n/x
<2-3 Wp%ﬁW(PﬂQ)
<2.3" Q)m Y wMPNQ - w(QF
Pe 2P
[EP)N QI
22.3% PN
<2 P L e

1
<2*.3"—— / M(wlg)(x)dx
w(Q) Q @
<22-3"[wlay,
Now we get the conclusion as desired. O

Given a locally integrable function f,a Borel measure v and a cube Q, we denote
Q= \_<13| fo(x) dxand {f)g = fo ). The following result is used in the proof
of Theorem 1.4.

Proposition 3.2 ([16, Proposition 2.2]) Let 1 < s < 00, v be a positive Borel measure and

o= Z aglo, ¢o = Z agly.

Qe QcQ

Then we have

1/s
||¢||Ls<v):(ZaQ(¢Q o) v(Q)) :

Qe
To prove Theorem 1.4, we also need the following lemma.
Lemma 3.3 ([17, Lemma 5.2]) Forall y €[0,1), we have } ;. p(w WILI S (w)h|P).

We are now ready to give a proof of Theorem 1.4.
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Proof of Theorem 1.4 By Propositions 2.2, 2.3 and 2.4, it suffices to show that

S®)
115 (0 1) | za(w) <

e7 .=
o g Sl
S(R)
ILRL (u 1) 1 o
92 ._ LP (o) < 7 AP
O Iilelg w(R)Ve ~ [M’J]Ap,q [M]A»\,oc'
There are two cases.
Case 1: g > 2. By Proposition 3.2, we have
q
112510 |7y,
o(Q( 1 L oo
=~ g X g Q@) @
QeS QI \H QeS8
QCR QcQ
Q[ 1 7 % - q—i a1
ST T wgegn Q) u@
ges QI AU 55
QCR QdcQ

A
g Q) n@

%/( -1) ( 1 1-4
S [MrU]Ap,Z Z i Qﬁ) (M(Q) ZS(M)QI
Qe

Q€S|Q|”
QCR Q/CQ
1 -z A
= [M:o]Ap_qZ 6(%) (— Z(/’L);/ 0)Q/p }Q/|p> M(Q)
ges 17 \MQ) 52
QCR QcQ
o(Q 1 A
el D29 (L (Tt Vel
A (§9|Q|z mQ QZE;S Q
QcR QcQ
a-2) NP\
(L el)) n@
QeS
QcQ

/
Since % > 1, this give us

\\_.
=

(S 1l?) = (Tl er)”
QeS QeS
QcQ Q'cQ

Note that g > 2. We have

05q’<1—1)<1, o<p(1—1><1
q Iz

It follows from Lemma 3.3 that

(= 1-4)
Swh RIS ws il

QeS
QcQ
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and

pa-7) p1-2)
Y o)y T QIS 00, QL
QeS
QcQ

Hence

“ lRI)‘LS(R)(O 1g) qu,q(ﬂ)

'eS
QCR S’EQ
/ 1
pa-%) NP \T!
x(ZmQ/ g |Q|) ) w(Q)
QeS
QcQ
o(Q 1 70-%)
Slwola —<— (o "lQl
”QXE;,|Q|% M(Q)( Q
QcR
q
= (1,04, Y o (Q)?
QeSS
QcR
Notice that
q » ¢q (1 1)_ q-p
===t )=1+——>1
p n p \q9 pP pp
This gives us £ > .

Since § is a sparse family and |E(Q)| > %|Q|, we have

Y 0(QF <o®i Y o (QF

QeS QeS
QCR QCR

<2.0®1 1Y [EQ]- “fgx
QeS

QCR

So

S 5 1
1157 C @105, S 11,0, - [0]5, o (R)7.

Taking the supreme over all cubes R € &, we obtain

o
rq

1
N q
Ono S [M,U]Am . [o]AmO.

Page9of 11
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Case 2: 1 < g < 2. In this case, we have 0 < 1 - 1% < 1. Using Proposition 3.2 and

Lemma 3.3, we get

|| IRI;"‘““wlR)HL

1 1 ; ) q-1
Z (MQ%WU(Q)M(Q)) - 1(Q)

S’
QCR QcQ
I% -y r12-% -t
=Q§S|an (Q)(M(Q)Z Walo)y (o) ) 1Q
QCR Q/CQ
<ol 3 l.a«z)('QHZ<a>l‘§|a/|)q_l-u(o)
e L 1Q Q) = Q
QCR QcQ
IQII“ =5 o\
< 4 .
<l ]AMQXE;SlQ'n (Q)< R IQI) )
QCR
4(2-q) q
S ol Y R0y o(QF
QeS
QCR
Slwola,, Y o(Q?.
QeS
QCR

We see from the arguments in Case 1 that

3 0(QF <200} _o®)?.

QeS
QCR

Hence
S Y 1
1125 P 010 |4y S 110,014, - 015, o R)?.

Taking the supreme over all cubes R € &, we obtain

1 n
q rq
;,L(f ~ [/’L’ ]Zp,q : [U]Az,oo.

The estimates of ()@ can be proved with the symmetry. This completes the proof.
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