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1 Introduction

Consider the following unconstrained optimization problem:
minf(x), xeR", (1)

where f : R” — R is a continuously differentiable function, bounded below and its gradient
is denoted by g(x) = Vf(x). Conjugate gradient methods characterized by simplicity and
low storage are efficient for solving (1), especially when the dimension # is large.

Starting from an initial guess xo € R”, the conjugate gradient methods use the recur-
rence

Xks1 =Xk + okdy, k>0, (2)

where xy,1 is the current iterate, ok > 0 is the step-length, which is obtained by some line

search, and dj is the search direction determined by

dO = —4o, dk+1 =—gk+1 t+ ,Bkdk’ k= 0,12,..., (3)
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where g = g(xx). The scalar f is called the conjugate gradient parameter. There are many
formulas to construct the scalar S, such as ,B,I:RP [28, 29], ,B,]({S [19] and ﬁ,fR [16].

The line search in conjugate gradient methods is usually based on the general Wolfe
conditions [33, 34],

S+ awdi) — f(xx) < paugy di (4)

Gindk = ogldr, (5)

where dy is a descent direction and the constants p, o satisfy 0 < p < o < 1. However, in
order to establish the convergence and enhance the stability, the strong Wolfe conditions
given by (4) and

86| < o |gg di] ©)

are needed.

Recently efforts have been made to modify conjugate gradient methods for minimiz-
ing unconstrained optimization. In a natural way, Dai and Liao [8] extended the classical
conjugate condition y,fd/ﬁl =0to

d/’f+1yk = _tg;([;lsk’ (7)

where s; = X1 — %k, Yk = Zkv1 — gk and £ is a positive parameter. Based on the Dai-Liao
conjugacy condition (7), [8] introduced the conjugate gradient parameter ﬂ,]?L as follows:

DL _ keadk _ e
B == — —t=1— (8)
i Yk A Yk

Having applied modified secant equations, many researchers have derived various con-
jugate gradient methods [7, 17, 21, 22, 25, 26, 30, 35, 44]. Moreover, combining with a
quasi-Newton updating technique, conjugate gradient methods can be considered as a
special type of quasi-Newton methods. From (3), (7) and Perry’s point of view in [27], we
can rewrite the search direction as follows:

dk+1 = _Qk+lgk+1; (9)
where

T T
kY tSkSk

T

= : (10)
S Ve SiVk

Qk+1 =1-

Obviously, the Dai—Liao method can be considered as a special type of quasi-Newton
method in which the matrix Qg,; is used to approximate the inverse Hessian of the ob-
jective function. Since the matrix Q.1 is nonsymmetric and does not satisfy the secant
condition, (9) cannot be regarded as a quasi-Newton direction from a strict point of view.

To overcome the above shortcomings and improve the numerical performance of con-
jugate gradient methods, Andrei [1, 2] proposed the following matrix Q% ;:

T T T
SkVi — ViSk SkS

(11)
Visk Visk

A
Qk+1 =1-
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to replace the matrix Q.1 in (10). The parameter t in the last term on the right-hand side is
calculated with £ = 1 + ”yy"S”k andf=1+ 2 ”y « ” , corresponding to the THREECG method [1]
and the TTCG method [2 [ ], respectively. The search directions satisfy not only the descent
condition but also the conjugacy condition, independent of the line search. Both of the
methods can be regarded as modifications of the classical HS or of the CG_DESCENT
conjugate gradient methods. Numerical results support this claim.
Motivated by [1] and [2], Deng and Wan [14] presented a symmetric matrix to estimate

the inverse Hessian approximation as follows:

T T T
yksk +y/(Sk + tSkSk

, (12)
)’Zsk yzsk

QEH =I-

where £ =1 - ”yykk 12 . The search direction in this method (MTHREECG) is close to the
Newton direction and satisfies the Dai—Liao conjugacy condition. Then they restricted
t =1 - min{l, ”y" I } and obtained the descent property. Numerical results show that
the MTHREECG method outperforms the THREECG method and the CG_DESCENT
method.

More recently, Yao and Ning [37] suggested the following symmetric matrix:

T
yksk + ykSk Sksk

e (13)
yksk Yic Sk

Qk+1 =1- tk

where the positive parameter ¢ is determined by minimizing the distance of Qfﬂ and the
self-scaling memoryless BEGS matrix in the Frobenius norm. In this method (NTAP), they

lisi 112 11y 112 SkJ’k .
let ay = o Trar” il }. The sufficient descent

property of the search direction depends neither on the line search, nor on the convexity
of objective function. For relevant research see [3-6, 10-13, 20, 23, 24, 31, 32, 36, 38—43].

By focusing on the above research, we are interested in developing a new accelerated

then # can be expressed as #; = min{—L

conjugate gradient method (NACG) for large-scale unconstrained optimization. The gen-
erated search direction satisfies both sufficient descent condition and Dai—Liao conjugacy
condition. The parameter in the given method provides more useful information and adds
no extra computational and storage burden. In addition, the proposed method has an ob-
vious improvement in computational performance, especially in dealing with large-scale
unconstrained optimization problems.

The rest of this paper is organized as follows. In the next section, we will describe the
framework of the new method and the choice of parameter in generated search direction.
Global convergence results of the obtained method will be established under appropriate
conditions in Sect. 3. Section 4 is devoted to numerical experiments and comparisons with
some other efficient conjugate gradient algorithms for solving unconstrained optimization

problems with different dimensions. Conclusions are drawn in Sect. 5.

2 The NACG method
In this section, we state our new accelerated conjugate gradient method exploiting BEGS
updating technology, for which at each step both the sufficient descent condition and the

Dai-Liao conjugacy condition are satisfied, independent of the line search.
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It is well known that the BFGS method is one of the most efficient quasi-Newton meth-

ods. By introducing two adaptive parameters for adjusting, we give the following matrix:

T T T
SkVi t+ Vi, SkS
Quet =1 — tig —2 75 4 gy, =%, (14)
Yi Sk Vi Sk

where the parameters f;, and #, are determined in the following.
In a sense, the method of form (9) and (14) could be considered as a self-adaptive mem-
oryless BEGS method. Substituting (14) into (9), we get

T T T
SkVi t YiS, SkS
dk+l = _(1 - tkl % + tkz T—k>gk+l
Vi Sk Vi Sk
T T T
i 8k+1 i 8k+1 Si 8k+1
= —gr1 + (t/q L ) Sk g o Y (15)
Vi Sk Vi Sk YieSk
Let
J/Zglm S18k+1
ay =ty . Ly O (16)
Vi Sk Vi Sk
T
Sk 8k+1
by = ti, ===, (17)
Vi Sk
then (15) takes the form of three-term conjugate gradient,
A1 = =gk + AxSk + by (18)

In what follows, we discuss the choices for the two parameters f, and #,. The parame-
ters are selected in such a manner that the Dai—Liao conjugacy condition and the sufficient
descent condition are satisfied from iteration to iteration.

Consider the Dai-Liao conjugacy condition (7) with £ = 1, i.e.,

yzdkﬂ = _Szgk+1~ (19)

Substituting (15) into (19), by simple calculation, we obtain

T
Si 8k+1
VA g1 + Vi Gk — tipSigi + Ly ;T—; VYK = =S Gks1s
k ok
which yields
T T T
by = bl U2 4 gy 2L JiShL g (20)

kT T
Yi Sk S$i 8kl Si8k+1
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Since the descent property of the search direction, g, ,d.1 <0, is crucial for the con-

vergence analysis. It is easy to see

T
gk+ldk+1

T T T 2
Vic8k+1 " Bri15k f (15¢)

2
= —|lgll” + 2tk1 T 5 T
VicSk Vi Sk
T T 2
2 Y815k (,150)
< =l lI® + 2tk |gror || =5 — | =ty — 5
xSk Vi Sk
T o\2 T 2
2 2 @S r (G, 150)
< —llgksI” + iy [||gk+1|| o Wk | et —
i sx) Vi Sk

T 2
8415k
= —(1-ti) gk I - <—k}1 ) (teok Sk =t Vi k)
Vi Sk

If we restrict |#, | < 1 and take

T
k

by = by ykT—y, (21)

Vi Sk

then g,aldku < 0 holds. Substituting (21) into (20), we have

by =1-

)’/ngu

T
S 8k+1

. (22)

T
If|1- %l > 1, weset t, = 0. This implies a restarted scheme. Taking into consideration
I 8k+1

the acceleration technique, the new accelerated conjugate gradient method (NACG) can
be suggested.

Algorithm 1 (NACG)

Step 0. Choose an initial point xyg € R”, & > 0, and compute fy = f(x0), go = Vf(x0). Set
do:=—go and k:=0.
If ||lgx|l < &, stop, else go to Step 2.

Step 1.
Step 2.
Step 3.

Step 4.
Step 5.
Step 6.

Compute a step-length o, by Wolfe line search (4) and (5).

Compute x4,1 by the acceleration scheme,

3.1.
3.2.
3.3.

Compute z = xi + axdy, g, = Vf(z) and y, = gk — g5

Compute ay = oekngdk and by = —otky,fdk;

Acceleration scheme. If by > 0, then compute & = —ax/by and update the
variables as xx,1 = x¢ + Exaxdy, otherwise update the variables as

Xk+1 = Xk + Olkdk.

Compute fi1 = f(¥kr1), Ger1 = &Xke1), Sk = X1 — Xk and yx = gee1 — &k
Compute s{ gk+1, ¥ +1, Y3 Sk and y; yx, respectively.

Compute f, and &, by

1 S]?glﬁ-l 0 Szglﬁ-l 2
I ) <t <4
tkl - Vic&k+1 Vic&k+1 (23)

0, else,
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and

ViVk
J’zsk

Uiy = tiy ’ (24')
respectively.

Step 7. Compute ay and by by (16) and (17), respectively.

Step 8. Set dii1 = —gks1 + AkSk + bryk. Set k := k + 1 and go to Step 1.

In Algorithm 1, Step 3 corresponds to the acceleration scheme. In Step 6, the parameter
tr, defined by (23) satisfies |, | < 1, and the parameter #;, could be determined by the
equality with #, . Furthermore, the main computational cost lies in s} gk+1, ¥; gk+1, ¥4 Sk and
¥iyk in Step 5. It costs O(47) operations to compute the values of #, and #,, and further
get the values of a; and ;. No additional storage cost is required during the calculation.
Compared with the existing effective algorithms TTCG [2], MTHREECG [14] and NTAP
[37], the TTCG and the MTHREECG require O(4n) operations, while the NTAP requires
O(5n) operations. In one word, our algorithm NACG is competitive in computational cost.

The sufficient descent condition and Dai-Liao conjugacy condition of the generated
search direction holds independent of line search, a concept we discuss next.

Lemma 2.1 Suppose that the search direction dy,, is generated by Algorithm 1. Then dy.,1
shows sufficient descent, i.e., g,ald/ﬁl < —cl|gk+111?, where the constant c > 0.

Proof From (16)—(18), we have

T T T
T 2 Vi 8k+1 S 8k+1 T Sk8k+l T
Gier1%k+1 = —llgke1 lI” + (t/q T — o “Gier1Sk by 7 * L1 Yk
Vi Sk VicSk VicSk
T 2
815k
< -(1-ti) g l® - (—;;; ) (o sk — tio Vi Vi)
k ok

Combining with (23) and (24), it follows that g,<T+1dk+1 < —cl|gk+1]1? with c:= 1 -, > 0. The
proof is completed. d

Lemma 2.2 Suppose that the search direction dy., is generated by Algorithm 1. Then dy.,;
satisfies the Dai—Liao conjugacy condition (19).

Proof From (16)—(18), we have

T T T
T T Vi 8k+1 S18k+1 T $k8k+1 T
Vi Akl = =Y 81 + (t/q T ~ bt ViSk g~ — - Vi Vk

Vi Sk i Sk Vic Sk
T
S 8k+1
T T T k8k+l T
= =Y 8k+1 + U Vi 8k+1 — Ly Si kvl + Uiy T Vi Yk
k°k

Substituting (23) and (24) into the above equality yields

Si ksl i VK
Yidis1 = Vi Qi1 + (1 - ]} - > Vg1 — by ]}— S Gke1
Vi 8k+1 Vi Sk
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T T T
= Vi 8k+1 + Vi 8k+1 — Si Zk+1

= _Szngrlr
which completes the proof. d

3 Convergence analysis
In this section, under appropriate assumptions, the global convergence of Algorithm 1 is
established. Without loss of generality, we make the following basic assumptions.

Assumption (i) The level set

2={xeR":f(x) <f(x0)} (25)
is bounded, i.e., there exists a constant B > 0 such that

lx|| <B, Vxe 2. (26)

Assumption (ii) The function f : R” — R is continuously differentiable and its gradient
is Lipschitz continuous in a neighborhood N of 2, i.e., there exists a constant L > 0 such
that

le@) -g®|| <Llx-yl, VxyeN. (27)

Under the above assumptions, we can easily see that there exists a constant I" > 0 such
that

lew| =T, vxes. (28)

Although the search direction di,; generated by Algorithm 1 is always a descent direc-
tion, in order to obtain the convergence of Algorithm 1, we need to derive a lower bound
for the step-length o.

Lemma 3.1 Suppose that Assumption (ii) holds and {dy} is generated by Algorithm 1. Then
the step-length oy satisfies

- (0 - 1)gldk

oy > (29)
=Ll

The following lemma is called the Zoutendijk condition [45], which is often used to
prove global convergence of conjugate gradient methods.

Lemma 3.2 Suppose that the assumptions hold. Consider the algorithm (2) and (18), where
dy is a descent direction and oy is obtained by a Wolfe line search (4) and (5). Then

(gldi)?
il

< 00. (30)
k>0
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The next lemma shows the sequence of gradient norms ||gi| is bounded away from
zero only if Y, 1/||di|| < +oo for any conjugate gradient methods with strong Wolfe
line search (4) and (6).

Lemma 3.3 Suppose that the assumptions hold. Consider the algorithm (2) and (18), where
dy. is a descent direction and oy is obtained by a strong Wolfe line search (4) and (6). If

Z TN (31)
2 - )

=g ekl

then
liminf gl = 0. (32)

The proofs of Lemmas 3.1-3.3 refer to [1, 2], which are omitted here.
For uniformly convex functions, we establish the following global convergence result of
Algorithm 1.

Theorem 3.1 Suppose that the assumptions hold. Let {x;} and {di} be generated by Al-
gorithm 1. If f is a uniformly convex function on 2, i.e., there exists a constant (1 > 0 such

that

(Vf@) - Vf) (6 -9) = ullx -y VxyeN, (33)
then

Jim_ gl = 0. (34)

Proof From (27), it follows that

I7ill < Lllskll- (35)

From (33), we have
yesk = wllsell?. (36)

By the use of the Cauchy inequality and (36), it is obvious that u||s¢]|? < y{sk <yl lls«ll,

ie.,

wlisell < llyll (37)
We get from (23) and (24)

T
|y Vi
|y skl
L?||s]?
= plsell?

LZ
=2 2 M,. (38)
n

|t/<2| =< |tk1|
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On the other hand, from the definition of a; and by in (16) and (17), we obtain

yigks1l Isg ke
lax] < Ik, | - =5 + Lty | =
[y Skl i skl
I'L 1 Mol 1
< — —+ R
wo sl wo sl
I'L+MyI’ 1 1
e e (39)
M llsl llsll
and
IS Gks1]
bkl < |ty | - =55
[y skl
- Ikl
wllsell?
'L 1 1
<—. éMz—, (40)
wo el [yl
Therefore, using (39) and (40) in (18), we get
drsll < lgrsall + laxlliskll + [Brl Lyl
<T +M;+My 2 M, (41)

showing that (31) holds. From Lemma 3.3, it follows that (32) is true, which for uniformly
convex functions is equivalent to (34). The proof is completed. d

4 Numerical results

In this section, we report the numerical results for some unconstrained problems from
[9] to show the efficiency of Algorithm 1 (NACG). All codes are written in Matlab R2013a
and ran on PC with 1.80 GHz CPU processor and 8.00 GB RAM memory.

We compare NACG against TTCG [2], MTHREECG [14] and NTAP [37], which have a
similar structure in search direction and have been reported to be superior to the classical
PRP method, HS method and CG-DESCENT [18] method, etc.

The iteration is terminated by the following condition:

lgel <& or |f(xk1) —f(x)| < e max{1.0,[f(x)|}. (42)

All algorithms have the same stopping criteria. We set the parameters as ¢ = 107 in (42),
and p = 0.0001, o = 0.8 in a Wolfe line search (4) and (5). The other parameters are set as
default. Table 1 lists the test problems and their dimensions.

According to a comparison of four algorithms for the 300 test problems with different di-
mensions, we can see that there is only one problem that the NACG and the MTHREECG
cannot solve, while the TTCG does 98 percent of problems and the NTAP does 84.2 per-
cent of problems, respectively.

We employ the profiles by Dolan and Moré [15] to analyze the efficiency of the NACG. In
a performance profile plot, the horizontal axis gives the percentage () of the test problems
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Table 1 The test problems and their dimensions

No. Prob dim

1. Penalty function Il 500,...,900, 1000

2. Chebyquad function 500, ...,900, 1000, 2000, ...,5000

3. Nearly separable function 500,...,900, 1000, 2000, ...,5000

4. Integral equation function 500, ...,900, 1000, 2000, ...,5000

5. Penalty function | 500,...,900,1000,...,9000, 10,000, ...,90,000, 100,000

6. Extended Powell singular function 500,...,900, 1000, ...,9000, 10,000,...,90,000, 100,000

7. Variable dimension function 500,...,900,1000,...,9000,10,000,...,90,000, 100,000

8. Schittkowski function 302 500, ...,900,1000,...,9000, 10,000,...,90,000, 100,000

9. Generalized Rosebrock function 500, ...,900, 1000, ...,9000, 10,000,...,90,000, 100,000
10. Extended Rosenbrock function 500, ...,900, 1000, ...,9000, 10,000,...,90,000, 100,000
1. Boundary value function 500,...,900,1000,...,9000, 10,000,...,90,000, 100,000
12. Broyden tridiagonal function 500, ...,900, 1000, ...,9000, 10,000,...,90,000, 100,000
13. Separable cubic function 500,...,900,1000,...,9000, 10,000,...,90,000, 100,000
14. Yang tridiagonal function 500, ...,900,1000,...,9000, 10,000,...,90,000, 100,000
15. Allgower function 500,...,900,1000,...,9000,10,000,...,90,000, 100,000

Figure 1 The number of iterations

variable y

0.9F

0.8f

0.7F

0.4

TTCG

MTHREECG

NACG TTCG MTHREECG NTAP

k 129

48 66 57

5 6
variable ©

7 8 9 10

Figure 2 The CPU time

variable y

091
081
071
0.6

05

0.4

NACG TTCG MTHREECG NTAP

t 171

55 51 23 4

5 6
variable ©

for which a method is the fastest (efficiency), while the vertical side gives the percentage

(¥) of the test problems that are successfully solved by each of the methods. Consequently,

the top curve is the method that solved the most problems in a time that is within a factor

of the best time.

Figures 1-4 plot the performance profiles for the number of iterations (k), the CPU time

(¢), the number of function evaluations (nf) and the number of gradient evaluations (ng),

respectively.

Page 10 0of 13
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Figure 3 The number of function evaluations 1 : . ==
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=071 /
3 TTCG
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'/ MTHREECG
/)
o5 7,/
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Figure 4 The number of gradient evaluations 1 ———
09l T
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NTAP
> 07
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S o6t

MTHREECG

o
o
N

NACG TTCG MTHREECG NTAP

o
~

ng 152 43 63 42 ]

1 2 3 4 5 6 7 8 9 10
variable ©

From Fig. 1, it is obvious that the NACG exhibits the best performance subject to
the number of iterations. For example, the NACG outperforms in 129 problems, the
MTHREECG outperforms in 66 problems, while the other two methods outperform in
48 problems and 57 problems, respectively.

We see from Fig. 2 that the curve “MTHREECG” and “TTC” are very close, which are
worse than the “NACG”. The NACG occupies the first place, which solves about 57% of
the 300 test problems with the least CPU time.

Figures 3 and 4 show that if the values of v are controlled in the range of 1 to 4, the
curve “NACG” is always on the top, which means that our new algorithm is competitive
relative to function evaluations and gradient evaluations, respectively. Until we expand
the tolerance, the performance of the MTHREECG and TTCG are almost as same as that
of the NACG, while the curve “NTAP” is at the bottom all the time.

In one word, all numerical performances indicate that the efficiency and stability of the
NACG is promising, even if the dimensions of the test problems exceed 5000. Moreover,
we conclude that the restarted scheme is called rarely from the numerical results.

If program runs failure, or the number of iterations reaches more than 500, or precision
exceeds the optimal precision in the same test problem 10 times or more, regarded as
failed. Then we denote the number of iterations, function evaluations, gradient evalua-
tions by 500 and CPU time by 10 seconds, respectively. In this way, the numerical results
indicate that the algorithm NACG is encouraging.



Chen et al. Journal of Inequalities and Applications (2019) 2019:300 Page 12 0f 13

5 Conclusions

Conjugate gradient methods are widely used for solving large-scale unconstrained opti-
mization problems, due to their simplicity and low storage. We employed the idea of BEGS
quasi-Newton method to improve the performance of conjugate gradient methods. With-
out affecting the amount of calculation and storage, the choice of the parameter in the pro-
posed method provides more useful information. The generated search direction is close
to a quasi-Newton direction and fulfills not only the sufficient descent condition, but also
the Dai-Liao conjugacy condition. Furthermore, under proper conditions, we prove the
global convergence of the proposed method with Wolfe line search. For a set of 300 test
problems, compared with the existing effective methods, the performance profiles show
that the proposed method is promising for large-scale unconstrained optimization.

It is worth emphasizing that conjugate gradient methods combining with BFGS updat-
ing technique represent an interesting computational innovation which produce efficient
conjugate gradient algorithms. Our future work will be concentrated on developing some
new methods to obtain superlinear convergence and extending the convergence results to
general functions.
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