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1 Introduction
In [12], Sun initiated the concept of g-frame as follows. Let J be a finite or countable index
set. Let A; € B(H, H;), where H; is a separable Hilbert space for any i € J. If there exist two

constants a, b such that
allfI> < Y IASI” <bIfIP,  Vf €H,
i€]

we call {A;};cj a g-frame for H. {A;};ey is called a tight g-frame for H if a = b. Specially, if
a =b =1, we say that {A;},cj is a Parseval g-frame for H. If only the right-hand inequality
holds, then {A;};cy is called a g-Bessel sequence for H. If span{A’H;};cy = H, we say that
{A;}icy is g-complete in H. If {A;},cy is g-complete such that
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we call {A;}icy a g-Riesz basis for H. As we know, if {A;};cy is a g-frame for H, we define
Saf = ZiEJAj‘AJ for any f € H, then S4 is a well-defined, bounded, positive, invertible
operator by [12]. We call S4 a frame operator of {A;};c;. Another basic fact is that {Z,« :
Zli = A;S; }iey is a g-frame for H, we call it a canonical dual g-frame of {A;};c;. Extensively,
by [10], if {Bi}icy is a g-frame for H such that f = ) . _; BfA/f for every f € H, we say that
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it is a dual g-frame of {A;};c;. Actually, g-frames and operator valued frames (see [9, 10])
are equivalent. Recently, g-frames or operator valued frames in Hilbert spaces have been
studied intensively; for more details, see [1, 2, 7, 8, 10-12] and the references therein.

In order to understand the structured g-frames more deeply, Guo studied the wander-
ing generators for a unitary system in [6]. In [10] and [9], the authors studied the frame
generators for group representations. In [11] the author studied the frame generator for a
group-like unitary system. These researchers showed that such an abstract way to study
the structured g-frames is very feasible and fruitful. We denote a unitary representation
7 for a countable group G by (G, 7, H), which is a mapping g — 7 (g) from G into the set
of unitary operators on a Hilbert space H such that 7 (g)x (h) = w(gh) for any g,h € G. In
this paper, we focus on the dilation problem on frame generator dual pairs for a unitary
representation in Hilbert spaces. Firstly, in order to establish our techniques, we give a
direct proof for the existence of a Riesz generator dilation dual pair of a frame generator
dual pair in Hilbert spaces. As there may be more than one dual frame generator of a given
frame generator in general, there may be different pairs of frame generator dual pairs. Our
main result characterizes the relations between the dilations of all these pairs. We illus-
trate that all the dilations can be mutually transformed by a type of special structured
lower triangular operator matrices.

Throughout this paper, H, Hy denote separable Hilbert spaces. Let B(H, Hy) denote all
the bounded linear operators from H to Hy and B(H) := B(H, H). If M, N are closed sub-
spaces of H, H = M 4+ N denotes that M + N = H and M N N = {0}. We use M* to de-
note the orthogonal complement of a closed subspace M contained in H. For an operator
T € B(H, Hy), we letker T denote the null space of T and ran T denote the range space of 7.
Forasubset S C B(H), S’ denotes the commutant of S. We denote by A (G) := {Am (g)}geg
for A € B(H, Hy).

Definition 1.1 ([10]) Let (G, 7, H) be a unitary representation of the countable group G
on a Hilbert space H. Suppose A € B(H, Hp). Then
(1) A is called a Bessel generator of (G, ,H) if Aw(G) is a g-Bessel sequence for H.
(2) A is called a (resp. Parseval, tight) frame generator of (G, 7, H) if Aw(G) is a (resp.
Parseval, tight) g-frame for H.
(3) Ais called a Riesz (resp. orthonormal) generator of (G, n,H) if An(G) is a g-Riesz

(resp. g-orthonormal) basis for H.

Let A € B(H, Hy) be a Bessel generator of (G, , H). For any f € H, the analysis operator
of A is defined as

0a:H—>PG)®Hy,  Oaf =Y X ®AT(Q)f,
geg

where {x,}geg is the orthonormal basis for 2(G). And the frame operator of A is defined

as

SatH—H,  Spif=) m(gA*An(g)'f.

geg



Li and Li Journal of Inequalities and Applications (2019) 2019:258 Page 3 of 14

By [10], for any k € Hy, the left regular representation of G on I*(G) ® H, is defined as
A@Q)(xe ®K) = (Ag®IH0)(Xe®k)=Xg®kv Vg € G,k € Ho,

where A denotes the left regular representation of G on [*(G), Iy, is the identity operator
on Hy, e € G is the unit element.
For every g € G, define Q, : I*(G) ® Hy — Hy as

Qe(xn ® k) = 8g1k, Vhe G,k e Hy,
where 8., =1for h=gand é,, =0forh #g.
Lemma 1.2 ([11]) Qy, is an orthonormal generator of (G, A,I*(G) ® Hy) forany h € G.

Definition 1.3 Let (G, 7, H) be a unitary representation of G on H.If A, B € B(H, Hp) such
that Bz (G) is a (canonical) dual g-frame (resp. g-Riesz basis) of the g-frame (resp. g-Riesz
basis) An(G), we call B a (canonical) dual frame (resp. Riesz) generator of A (with the
same structure). In this case, (4, B) is called a pair of dual frame (resp. Riesz) generators

of (G, 7, H) or a frame (resp. Riesz) generator dual pair.

Lemma 1.4 Let (G, 7, H) be a unitary representation of G on H, A, B be any Bessel gener-
ators of (G, 0, H). Then 0,65 € A(G)'.

Proof Forany g,h € G, k € Hy, we have

0405 (A@Q)(xn ® k) = 6amr (gh)B*k = Y xy ® A (¢) "7 (gh)B*k
g'eg

=Y AQ(xg ® An(¢) 7 (h)BK)

geg

= A@)046; (1 ® K. O

Theorem 1.5 Let (G, 7, H) be a unitary representation of G on H. Then the following are
equivalent:
(1) (A,B) is a frame generator dual pair of (G, w,H), where A, B € B(H, Hp).
(2) There exist a Hilbert space K D H, a unitary representation (G,0,K) of G on K, and
a Riesz generator dual pair (C,D) of (G,0,K) such that CP=A, DP =B, H is
o -invariant and w = o |y, where C,D € B(K, Hy), P is the orthogonal projection from
K onto H.

Proof Suppose that (4, B) is a frame generator dual pair of (G, 7, H). Let M =ran6y, N =
ranf, P4, Pg be the orthogonal projection from 2(G) ® Hy onto M, N respectively. We
can easily get that

Pa=6 _10% | =045.'6%.
A8, 45,2
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And then P403 = GAS;,}. It follows that P4|y : N — M is invertible. Let Ip be the identity
operator on [*(G) ® Hy. Since

RN N\_ (M
7\ o pt) N M)

P;: N+ — M* is invertible. Similarly, Py : M+ — N is invertible.
Let K = H ® N+, o(g) = n(g) ® A(g) forany g € G, C = A ® Q.P5 € B(K,Hp). Thus
o(g)C* = w(g)A* ® A(g)P5 Q! for any g € G. Hence, by Lemma 1.4, we have

o(g)C* = n(g)A* @ Pz A(g)Q}.
Therefore, for every x € H, y € N4, we get

OcxDy) = Z X ® Co(@) (xDy)
geg

=Y X ® (AT(©)"x + Q. A(Q)*P3y)

geg

= 0ax + Pgy.

Let T = 0405. Then T2 = T. We get [*(G) ® Hy = M + N*. It follows that 6 is invertible.
Hence C is a Riesz generator of (G,0,K). Obviously, A = CP, where P is the orthogonal
projection from K onto H, and H is o -invariant.

Since p := P+Py: N* — M™ is invertible, there exists T € B(M*, N*) such that 7p = Pj.
Let D=B& erj‘r* € B(K, Hy).

Let A1(g) = Py A(9)Py, A2(g) = Py A(g)Py for any g € G. Then, for arbitrary u € N*,

pAs(Q)u = pPy A(g)Pyu = Py Py Py A(g)Pyu
= A(@)PiPzu = Py A(g)Py pu
= A1(g)pu.

Hence, T A1(g)v = Ay(g)Tv for every v € M+,
Therefore, forany g € G,

o(9)D* =7 (g)B* ® A(g)tP; Q! = 7(9)B* ® TPy A(9)Q:.

Obviously, Q. A(G)P;T* = {Qe A(g)P; T*}geg is a g-frame for N-*. It follows that QP t* is
a frame generator of (G, A, N*1).
Hence, for arbitraryx €e H,y e N L, we have

Op(x®y) =Y X ® Do (@) (x D)
g€9

=3 1 ® (Br(@x + QPiT" AQ)")

g€g

= Opx + P5T*y.

Page 4 of 14
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Similarly, since 12(G) ® Hy = M+ + N, 6p is invertible. Then D is a Riesz generator of
(G,0,K) and B = DP.
For any x,x, € H, 5,91 € N*,

> (e@C Do(g)x ® y,x:1 ® 1)

g€g

=Y ((r@A" ® Pz AQ)Q}) (B ()" & QeAR)*PyT™)(x B ), %1 & 31)

g€g

= Z((Bn(g)* @ QeA(g)*Pjr*)(x ®y), (A7 (@) & QEA(g)*Pé)(xl €By1)>

g€g

= Z(Bn(g)*x + Qe A(Q)* Py T*y, A (g)*x1 + Qe A(g)*Py)

gc9

= (Br(@)xAm(g)'x)+ Y (Br(g)*x, Q.A(Q)"Py1)

g€g g€g

+ Z(QeA; jr*y,An(g)*x1)+Z<QeA(g)* Ty, QeA(g)*P§y1>.

geg g€g
= (Opx,04%x1) + <(93x, Péyl) + (Pj{r*y, GAxl) + (Pjt*y, P§y1>

= (x’xl) + (J’;yl) = (x @%xl @yl),

which implies (C, D) is a Riesz generator dual pair of (o, G, K).
The converse is obvious. O

Remark 1.6 (1) From the proofabove, the isomorphism of N, M is critical. In the following
we provide an easier way of the proof.

In fact, as above, C € B(K, Hy) is a Riesz generator of (G,0,K). So S¢ € 0(G)’. And then,
CSZ' € B(K, Hy) is a Riesz generator of (G, 0, K) evidently.

Let CS¢! = Dy @ D,, where Dy € B(H,Hy), D> € BIN*, H). Then D; = CSZ'P. We need
to show D; = B.

Identify H with H @ {0}. For arbitrary x,x; € H,

(x,%1) = (x P 0,%, B 0)

= Z (o@C*CScto(g)x @ 0,x, @ 0)
g€g

=Y {(r@A" ® Pz AQ)Q) (D17 (9)* & D2 AR)") (x © 0),%1 & O)

geg

= Z (D17 (@)* ® D2 A(g)*)(x ®0), (A7 (9)* ® Q. A(g)* Py ) (x1 ® 0))

g€y

- Z (Dln (@)%, Am (g)*x1>,

geg

which means D; € B(H, Hy) is a dual frame generator of A.
Moreover, for any x,x, € H, y; € N+

(x,21) = (x D 0,x1 D y1)
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=Y [o@C CSo(g)'x @ 0,31 @ 1)
g€y

= Z(Dln(g)*x,An(g)*xl + Q.Py A(Q)*y1)

g€y

= (x,%1) + Z(Dln (@)%, Q.Py A(g)*y1).

g€g

Then

> (D17 (g)*x, QePy A@)*y1) = (6, %,31) = 0.

geg

We get ran6p, € N =ran6g. Hence, for every x € H, there exists x; € H such that Op,x =
Opx1. Then

x=050p,x =05;0px1 = x1.

Therefore, for any x € H, we obtain 0p,x = 0px, which implies B = D;.
(2) We can also have another way to prove B = D; as follows.

Foranyx,x; € H,y, € N+, on the one hand,

(%, %1) = (x D 0,x1 D y1)

= (e@CCSo(g)'x @ 0,21 B y1)
g€g

= Z(Dln(g)*x, Co(g)*(x1 @J’l))~

geg

On the other hand,

> (Br(g)*x, Co(g)*(x1 &)

geg

=) _(Br@'xAn (@) + QiP5 A@) )

geg

= (x,21).

Hence, 030px = 650p, x. Since ¢ is invertible, it follows that 6zx = 6p, x, which means B =
D;.

Definition 1.7 Let (G, 7, H), (G, 71, N7) be unitary representations of G on H, N respec-
tively, (A, B) be a pair of dual frame generators of (G, 7, H), where A, B € B(H, Hp). If there
exist Cq,D; € B(N;1, Hy) such that (E,E) is a Riesz generator dual pair of (G,o1,H & N1),
where o1 =7 @ m1, E=A® Cy, E = B® D;. We call (E,E) a dilation of (A,B). (Cy,D) is
called a complementary generator pair of (A, B). Particularly, C; is called a complementary

generator of A.

Theorem 1.5 illustrates that there exists a dilation for any pair of dual frame generators.
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In the next we show that the dilation of a dual frame generator pair is unique in the sense
of “similarity”.

Theorem 1.8 Let(G,n,H),(G,m1,N1), (G, 2, Ny) be unitary representations of G on H, Ny,
N, respectively, (A, B) be a pair of dual frame generators of (G, w, H), where A, B € B(H, Hp).
Suppose that (E, E) is a Riesz generator dual pair of (G, o1, H ® Ny) which is also a dilation
of (A,B), where 01 = @ w1, E=A & Cy, C, € B(N1,Hy), E is the canonical dual Riesz
generator of E. If there exist C, € B(N,, Hp) and an invertible operator T € B(Ny, N;) such
that Cym1(g) = Como(g)T for every g € G, then F is a Riesz generator of (G,02, H @ Ny),
where oy =1 @ 72, F = A ® C, € B(H & N», Hy). Moreover, (F, T-") is a Riesz generator dual
pair of (G, 02, H ® Ny) which is also a dilation of (A, B), where E is the canonical dual Riesz
generator of F.

Proof Since Cy1(g) = Comy(g)T for any g € G, we have
Foy(g) = An(9) @ Cuma(@) =An (@) @ Cim Q)T =Eor(@)(I® T7Y),

which implies F is a Riesz generator of (G, 05, H @ N,) and A = FP,, where P, is the or-
thogonal projection from H & N, onto H.
Denote T =1& T. As F = FS7', it follows that, for every g € G,

Foy(g) = Fou(9)S;" = Eoy (@) TS5 = Eoy(g)SeT 1S5,
Besides, we can get Sp = 0;0F = (T*)1SgT-L. Then
Foy(g) = Eo1(@)T* = Eou(9)(I & T¥).
Evidently, Fo,(g)P; = Br (g). Specially, we have FP, = B. O

In the following we exhibit that two different complementary generators of a given frame
generator are “similar”.

Theorem 1.9 Let(G,n,H),(G,m1,N1), (G, w2, Ny) be unitary representations of G on H, Ny,
N, respectively, (A, B) be a pair of dual frame generators of (G, w, H), where A, B € B(H, Hy).
Suppose that (E, E) is a Riesz generator dual pair of (G, 01, H ® Ny) which is also a dilation
of (A,B), where oy = @y, E=A® Cy, C; € B(Ny, Hp), E is the canonical dual Riesz gener-
ator of E. If (F, E)isa Riesz generator dual pair of (G, 09, H @ Ny) which is also a dilation of
(A,B), where oy =1 @1, F = A® Cy, Cy € B(N,, Hp), F is the canonical dual Riesz genera-
tor of F, then there exists an invertible operator T € B(Ny, Ny) such that Cym1(g) = Coma(g) T
for every g € G. In particular, Tm1(g) = m2(g)T.

Proof Let E=B®D;,EF=B® D, where D, € B(N1,Hy), Dy € B(N3, Hp). Then, for every
x,y € H, %1 € N1, we get
(%) = (x D0,y D x1) = (050(x D 0),y D x1)

= Z(Bn(g)*x,An(g)*y + Clrrl(g)*xl)

g€g

= (%,9) + (%, 050c, %1 ).
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Thus 656¢, = 0, which implies ranf¢, < (ran 03)*. Since E is a Riesz generator of (G, o1, H ®
N1), by [2, Proposition 2.3] we have

I*(G) ® Hy = ranf, + ranfc, .

Hence, for any u € (ran)™*, there exist x € H, x; € N such that u = O4x + Oc,x1. Then,
0 = 0pu = 0;04x + 030c, %1 = x, therefore, u = 6c,x1 € ranfc,, equivalently, (ranfp)* C
ranfc, . Therefore, we obtain ran6c, = (ran6z)*.

Similarly, we obtain ranfc, = (ranfp)*. Then ranfc, = ranfc,. Hence, by [10, Proposi-
tion 4.3], there is an invertible operator T' € B(N;,N,) such that Cy71(g) = Coma(g)T for
arbitrary g € G.

Specially, for every x; € N7, we have x = deg 11(g)Cy Cim (¢)*x, where C e B(N1, Hp)
is the canonical dual frame generator of C;. Besides, for any 7 € G,

m)(T*) "x =Y m(h)(T%) " mi(g)CCimi(g)*x

geg

=Y ma(hg)C3 Cromy (hg) ()
geg

= (1) () C; Cuma (hg) ()
geg

= (%) ' (),
which implies T'71(g) = 72(g)T for every g € G. O

By the proof of Theorem 1.8 and Theorem 1.9, two complementary generator pairs of
a frame generator dual pair are “similar” by the operator pair (7, T*), which implies that

complementary generator pairs are unique in the sense of “similarity”.

2 Characterization of all the dilations of a frame generator dual pair
The following is a result which describes the dilation of the frame generator canonical dual

pair.

Theorem 2.1 Let (G, 7, H) be a unitary representation of G on H, (A,Z) be a pair of dual
frame generators of (G, w,H), where A € B(H, Hy), A is the canonical dual frame generator
of A. Denote E= A ® QP+, E = A ® QP+ € B(H® M",Hy), where M = ran0y, P4 is the
orthogonal projection from I>(G) ® Hy onto M. Then (E, E) is a pair of dual Riesz generators
of (G,0,H ® M*) which is a dilation of(A,Z), where o .= @ A, (G, A, I2(G) ® Hy) is the
left regular representation of G.

Proof Let C = Q.Px € B(M*, Hy). By Lemma 1.4, CA(G) is a Parseval g-frame for M and
ranf4 =ran6y = M, ranQC:ML.

Since O (x @ y) = O4x +6cy forany x € H, y € M+, we have 6. is invertible, which means E is
a Riesz generator of (G, 0, H e M™t). Similarly, Eisalsoa Riesz generator of (G,0,H e M™t).
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For arbitrary x,y € H, x,,y; € M+,

<Za(g)E*Ea(g)*(x B x1),y D y1>

geg

= <Z(”(g)A* ® A@P; Q) (An(g)* ® QPL Ag)") (x D x1),y eBy1>

<G

= Z(Zn (@)% + QePy A(g)* %1, A (9)*y + QePy A(g)*y1)

g9
= Z(Zn’ (g)*x,An(g)*y) + Z(Zn(g)*x, QerA(g)*yl)
g€g =Y
+ ) (QePs A %1, AT(g)*y) + D _(QePx AQ)*x1, QePy AQ)" 1)
geg g9
= Z(Zn (@)%, A (g)*y) + Z(QerA(g)*xh QP A(@) )
g€g gs9

= (%, ) + (x1,91) = (x D X1,y D 1),
which means (E, E) is a pair of dual Riesz generators of (G,o, H & M»). O

We call the dilation (E, E) in Theorem 2.1 the natural dilation of (A,Z). If A € B(H, Hy) is
a frame generator of (G, 7, H), let M =ran64, 0 = w & A, P4 be the orthogonal projection
from [?(G) ® Hy onto M. We can characterize all the dilations of frame generator dual pairs
in terms of the natural dilation by a type of special lower triangular operator matrices.

Theorem 2.2 Let (G, n,H) be a unitary representation of G on H, (A, B) be a frame gener-
ator alternate dual pair of (G, 7w, H), where A, B € B(H, Hy). Then there exists a pair of dual
g-Riesz bases (E',E') which is a dilation of the g-frame dual pair (A7 (G), B (G)) such that
E':={E, = Eo(g)T"}geg, where E = {Eé}geg is the canonical dual g-frame of E/,

T= (1” 0 ) € B(Hao M),

T Iy
T’ € B(H, M?1). (Note that (E, f—?) is the natural dilation of(A,Z) in Theorem 2.1.)
Proof Let I' = A-Be B(H, Hy). Obviously, I' is a Bessel generator of (G, 7, H). Then

97«0,4 = —HEQA + 0;9,4 = 0,

which implies ran 8 L ran64. So T” := 6 € B(H,M™). Besides, T = (Iﬁ 1/;1

is invertible. Hence, for any g € G,

) € B(H & M*)

Eo@)T" = (A7(©) © Q.A@)P}) (151 " ’)*)
ML

=An(g) ® (An(@)(T")" + Q.A(g)Py).
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Evidently, £’ := {E; = Eo(g)T"}4eg is a g-Riesz basis for H ®M+ and An () = Eo(g) T*P for
every g € G, where P is the orthogonal projection from H @ M* onto H. We can directly
get E = {Eé .= Eo (@) T '}4eg is the canonical dual g-Riesz basis of E'. Moreover, for any
g€y,

Eo@T" = (An(9) @ Q.AQPY) (1’; 10 )
o,

= (An(@) - QAQ)PLT') ® Q. A(Q)Py.

Obviously, (T")*Py = (T')*, where P, is the orthogonal projection from /*(G) ® H, onto M.
And then, for every g € G, k € Hy, we obtain

(T')" P A(Q)Qik = -7 (9)B*k + m(9)A*k.

Hence, Br(g) = An () — QeA(@)P+ T’ which means IN:; =Br(g) ® Q.A(g)P; and B (g) =
E.P. O
{4

The next conclusion is more general than Theorem 2.2.

Theorem 2.3 Let (G, 7w, H), (G, 2, N) be unitary representations of G on H, N respectively,
(A, B) be a frame generator alternate dual pair of (G, 7, H), where A, B € B(H, Hy). If there
is an invertible operator T € B(M*,N) such that ’TA(g) = nz(g)i" for every g € G, then
there exists a pair of dual Riesz generators (E/,E’) of (G, 09, H ® N) which is also a dilation
of (A, B) such that E'o,(g) = Eo (g)T* for any g € G, where oy = w @ 1y, E/ is the canonical
dual frame generator of E', T = (sz{ ;) e BH®MY, H®N), T' € B(H,N). (Note that (E, E)
is the natural dilation of (A, A) in Theorem 2.1.)

Proof LetI” =-B +A € B(H, Hy). It is easy to verify that I is a Bessel generator of (G, v, H).
Denote T" := T € B(H,N). Then T is invertible and 7~ = (ﬁIfIlT, T‘L).
Let E, = Eo (g)T™ for every g € G, thus

, . Iy (T')"
E, = Eo(@)T" = (An(¢) ® Q.A@)P%) (g - )

=An(g) @ (An(@)(T)" + Q.A(Q)P; T*)

=An(9) ® (An(©)0;:T* + Q. T*m(g))

=An(9) ® ((A0LT* + Q. T*)m2(9))

= (A® (A0:T* + Q.T%)) (7(9) ® ma(g)).
Denote E' := A @ (A6} T* + Qei"*) € B(H ® N, H,), 05 = m ® m,. Therefore, E’ is a Riesz
generator of (G, 09, H ® N) and A = E'P, where P is the orthogonal projection from H @ N

onto H. Denote Eé .= Eo ()T forany g € G. It is easy to examine {E:/g}geg is the canonical
dual g-frame of {E, },eg. Then it is also a g-Riesz basis for H & N. Moreover, forany g € G,

Eo(g)T™' = (An(g) ® Q.A(g)Py) T
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- Li 0
= (An(e) ® Q.AQ)P;) (_Tﬁ T 7_1>

= (A7(©) - QAP T'T') ® QAQPL T
(A7 (g) - QA@P;6r) ® QAQ)P; T
(Am(9) - (An(g) - Br(g)) ® QeA@P; T
Br(9) ® Q.A(Q)T™

Br(g) ® Q. T 'my(g).

Denote E' = B @ Qe?‘l. Hence, E' is a Riesz generator of (G, 0y, H @ N) which is a dual
frame generator of E’ and such that B = E'P. d

The following result illustrates that if a dilation g-Riesz basis pair of a frame generator al-
ternate dual pair and that of the frame generator canonical dual pair are “similar” by a pair
of operators, then one of the corresponding operators is in the form of 7" in Theorem 2.3.

Theorem 2.4 Let (G, 7, H) be a unitary representation of G on H, (A, B) be a frame gener-
ator alternate dual pair of (G, 7w, H), where A, B € B(H, Hy). If there exists a pair of dual g-
Riesz basis (E/, E’)forHeBN which is also a dilation of the dual g-frame pair (A (G), B (G))
such that E' := {E, = Eo (§)T"}geg for any g € G, where N is a Hilbert space, E' is the canon-
ical dual g-Riesz basis of E', T € B(H ® M*,H @& N) is invertible. Then T has the following

form:

1
=" 9,
T T
where T' € B(H,N), T € B(M*,N). (Note that (E,E) is the natural dilation of (A,Z) in
Theorem 2.1.)

Proof As in the proofs of Theorem 2.2 and Theorem 2.3, let I = -B + Ae B(H, Hy).
Then I' is a Bessel generator of (G, 7, H). Let Ty = (éﬁ IN([)L) € B(H @ M™). Denote F :=
{Fg = Eo(2)T§}geg- By Theorem 2.2, (F, IT") is a dual g-Riesz basis pair for H & M+, which
is a dilation of (A7 (G), Bn(G)), where E = {Fg = Eo(g)Tgl}geg is the canonical dual g-
Riesz basis of F. Since (E/f/) is a g-Riesz basis dual pair for H & N, which is a dilation
of (A (G), B (G)), for arbitrary g € G, denote Eé =An(g) ® Cy, Fy = An(g) @ C‘;, where
C, € B(N, Hy), C‘é € B(M*, Hy). By the proof of Theorem 1.9, there is an invertible opera-

tor T € B(M*,N) such that C, = C;j”‘. Therefore,

F, <1(’)" %)*>:(An(g)®(f;) (1(,; ;*>:E;:Ea(g)T*.
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Since Eo (G) is a g-Riesz basis for H @ M*, it is g-complete. Then

Ii 07\ (I O\ _(In 91*;7“* o
0 LuJ\o T* 0o T '

Hence,
Iy O
Tor T)’

where T’ = T6r € B(H,N). O

The following is our main result which shows that if the dilation Riesz generator dual
pair of a frame generator alternate dual pair has a relationship with that of another frame
generator alternate dual pair by a pair of operators, then one of the corresponding opera-

tors is in the form of a lower triangular matrix.

Proposition 2.5 Let (G, 7, H), (G,71,N1), (w2, G, Na) be unitary representations of G on
H, N1, N, respectively, (A, B), (A, B') be frame generator alternate dual pairs of (G, n,H),
where A,B,B € B(H,Hy). Suppose that there exist pairs of dual Riesz generators (E,E),
(F, 1?) of (G,01, HB®N1), (G, 02, H® Ny) which are also dilations of (A, B), (A, B') respectively,
where 61 =T ® 71,00 =T ® 7, E,E € B(H & N1, Hy), F,Fe B(H @ Ny, Hy). If there is an
invertible operator T € B(H ® Ny, H ® N,) such that Fo,(g) = E'o1(g)T* foranyg € G. Then
T is in the form of the following:

1, 0
T=(" 2],
T T
where T' € B(H,N,), T € B(N1,N).
Proof Let I" -A-Be B(H,Hy), I'’! -A-Be B(H, Hy). We can easily examine I, I'" are

Bessel generators of (G, 7, H) and ran 0, ranf C (ran 04)".
Similar to the proof of Theorem 2.3, we can construct

Li O\ (I O Ly 0
=" )" =(~" L |eBHOM HON)
T1 91" [MJ_ T19p Tl

(=)

and

(=)

I 0 1 0 I 0
=" 2" (=7 <~ )eBHOM HON,),
T2 91" IMJ_ T291"/ T2

where %1 € B(M*+,Ny), 7"2 € B(M™*,N) are invertible. (In fact, we can let E' = A & C,
F = A @& C,, where C; € B(N1,Hp), C, € B(N,, Hp). By Theorem 1.9, there are invertible
operators T; € BM*L,Ny), Ty € B(M*, N») such that C‘é T* = Cymi(g) and ngff"g‘ = Cymy(g),

Iy 0 Iy 0
where E} = Eo (¢)(T3)*, EZ = Eo (g)(T3)* for every g € G, Tj = (g, - ), Ta = (9’; ,ML) €
B(H ® M™).)

Page 12 of 14
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Evidently, T}, T, are invertible, Eo (¢) T} = E'o1(g), Eo(g) T = Foy(g) forany g € G.

Denote T} = T16; € B(H,N,), T} = T»0;+ € B(H,N).

Then Foy(g) = Eo(g)T; = E'o1(g)(TF) 1T for any g € G. Because T»(T1)™! € B(H @
N1,H ® N,) and

- (0 Iy 0 _ I 0
2 , T,)\-T'r, 77 T0r —0r) T,T71)°

Denote 1" := Tz(@]ﬂ - 91") € B(H,Nz), T = Tz%{l € B(NI,N2).
Since Foy(g) = E'o1(g)T* for any g € G and E'01(G) is g-complete, it follows that T =
To(Ty) ™. O

From the above result, we have another illustration that there is an operator which is
in the form of a lower triangular matrix to construct a relationship between the dilation
Riesz generator pair of a frame generator alternate dual pair and that of another frame

generator alternate dual pair.

Corollary 2.6 Let (G,7,H), (G,m1,N1), (712, G, N3) be unitary representations of G on H,
Nj, N, respectively, (A, B), (A, B') be frame generator alternate dual pairs of (G, 7w, H), where
A,B,B' € B(H, Hy). Suppose that there exist pairs of dual Riesz generators (E’,E’), (F, 1’3) of
(G,01,H® N1), (G, 02, H ® N») which are also dilations of (A, B), (A, B) respectively, where
o1=T®m, o= ®my, EE € B(H & N1, Hy), F,Fe B(H @ N>, Hy). Then there is an
invertible operator T € B(H @& Ny, H & Ny) such that Fo,(g) = E'o1(g)T* for any g € G,

where

I
7= 0 )
T T
T' € B(H,N,), T € B(Ni,N>).

Proof 1t is direct by the proof of Theorem 2.5. O
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