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1 Introduction
In this paper, we consider the following 2n-order p-Laplacian neutral differential equation

with a singularity:
(6 (x(0) — cxlt = 1)) + £ (6,4 ®)) + g (& %(t - 0 (1)) = (), (1.1)

where ¢, : R — R is given by ¢,(s) = |s|P~2s, and p > 1 is a constant, ¢, T are constants and
lc| #1, 7 € [0, T), o € C}(R,R) is a T-periodic function, f : R x R — R is a continuous T-
periodic function about £ and f(£,0) = 0, e € C(R, R) isa T-periodic function, # is a positive
integer, g : R x (0, +00) — R is a L>-Carathéodory function, and g(t,-) = g(¢ + T, -). It is said
that equation (1.1) is singularity of attractive type (resp. repulsive type) if g(t,x) — +00
(resp. g(t,x) - —o00) asx — 0" for t € R.

Zhang [21] in 1995 first introduced the property of neutral operator (Ax)(t) := x(¢) —

¢x(t — t) and discussed a kind of neutral differential equation
(%) —cx(t = 1)) = —ax(t—r + y (L x(t +))) + (D). (1.2)

The author has given some properties of the neutral operator A, i.e., if |c| # 1, then A has
continuous inverse on C7 := {x | x € C(R,R),x(t + T) = x(¢t),Vt € R},

() IA"x]| < =L, ¥x € Cr, here |lx]| := max.ew [#(0)];

(i) fy (A™)()lde < 2= [ 180 dt, Vx € Cr.
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Afterwards, using the above properties of the neutral operator A, a priori estimation and
Leray—Schauder degree theory, Zhang proved that equation (1.2) has at least one periodic
solution. Zhu and Lu [23] in 2007 discussed the existence of periodic solution for the

following p-Laplacian neutral differential equation:

(¢p (x(8) = ex(t - 7)) +g(t,x(t - 8(2))) = p(D).

Since (¢,(x'(¢)))" is a nonlinear term (i.e., quasilinear), coincidence degree theory [5] does
not apply directly. In order to get around this difficulty, Zhu and Lu translated the p-
Laplacian neutral differential equation into a two-dimensional system

(Ax1)'(£) = ¢q(02(£)) = [22()72x2(2),
xy(t) = —g(t,x1 (¢ = (1)) + p(2),

where }7 + é = 1, for which coincidence degree theory can be applied. Based on the works
of Zhang and Lu, the Krasnoselskii fixed point theorem [1-3, 6], topological degree theory
[4, 14, 15, 20], and the fixed point in a cone [12, 13, 17, 18], fixed point theorem of Leray—
Schauder type [10] have been employed to discuss the existence of a periodic solution of
neutral differential equations.

Nowadays, the existence of periodic solutions for neutral differential equations with sin-
gularity has been researched (see [7-9, 19]). Among these, a good deal of work has been
performed on the existence of a positive periodic solution of fourth-order neutral Liénard
equation with a singularity of repulsive type. Kong and Lu [7] in 2017 studied the following
singular Liénard equation:

(6p(x(®) = cxt = 0))") + f(x(O)¥' (D) + g(t.x(t - 0 (1)) = e(D), (1.3)

where ¢ is a constant with |c| < 1, g(t,x(t — §(£))) = go(x(2)) + g1(t, x(t — 8(¢))), go €
C((0, +00), R) has a strong singularity of repulsive type at x = 0, and fOT e(t)dt = 0. By ap-
plying coincidence degree theory, they proved that equation (1.3) has at least one positive
T-periodic solution.

Inspired by the above paper [7], in this paper, we further consider the existence of a
positive T-periodic solution for equation (1.1) with strong singularities of attractive and
repulsive type. Applying coincidence degree theory, we obtain the following conclusions.

Theorem 1.1 Assume that the following conditions hold:
(H1) There exists a positive constant N such that

[f(t, u)| <N, for(t,u)e[0,T] xR.
(Hy) There exist two positive constants Dy, Dy with Dy < Dy such that g(t,x) — e(t) < =N
forall (t,x) € [0, T] x (0,D1), and g(t,x) — e(t) > N for all (t,x) € [0, T] X (D, +00).

(H3) There exist positive constants a, b, p and 1 < p < +00 such that
V4 V4 V4

gt,x) <ax’ +b, forall(tx)e[0,T] x (0,+00).
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(Hy) g(t,x) = go(x) + g1(¢t,x), where go € C((0,00);R) and g, : [0, T] x [0,00) — R is an
L2-Carathéodory function.
(Hs) (Strong singularity of repulsive type)
li
x—0* x—0

1
lim go(x) = —oco0, and m+/ go(s) ds = +oo.

Then (1.1) has at least one positive T-periodic solution if

a(l+|c)T < T )”1"1
<1,

(L=o)1=ellP \ 7,
_o (Db __d T
where 7, =2 [, (1_%)1/10 = Sy O = Maxeeo,r o ()]
=

Remark1.2 Itis worth mentioning that the friction term f (x)«'(£) in equation (1.3) satisfies
fOT fx(2)x'(¢) dt = 0, which is crucial to estimating a priori bounds of a positive T-periodic
solution for equation (1.3). However, in this paper, the friction term f (£, #") may not satisfy
fOTf(t, x/(t)) dt = 0. For example, let

f(t, x/) = (sin2(2t) + 5) cosx’' ().

Obviously, fOT(sin2(2t) +5) cosx/(t) dt # 0. This implies that our methods to estimate a pri-
ori bounds of a positive T-periodic solution for equation (1.1) are more difficult than equa-
tion (1.3).

Remark 1.3 From [7], the condition composed on e(¢) is fOT e(t) dt = 0. However, the pa-
per is unnecessary. For example, let e(t) = e"***, Obviously, fOT iesmz’” # 0. Moreover,
coefficient ¢ of neutral operator A satisfies |c| < 1 in [7]; in this paper, coefficient ¢ satis-
fies |c| < 1 and |c| > 1. At last, the singular term gy of equation (1.3) has not a deviating
argument (i.e., 0 = 0). The singular term gy of this paper satisfies time-dependent devi-
ating argument (see condition (Hy)). It is easy to verify that the work on estimating lower
bounds of a positive periodic solution for equation (1.1) is more complex than equation

(1.3). Therefore, our result can be more general.

Remark 1.4 If equation (1.1) satisfies singularity of attractive type, i.e., lim,_, o+ go(x) = +00
and lim,_, o+ fxl go(s) ds = —0o. Obviously, attractive condition and (H>), (H3), (Hs) are con-
tradictions. Therefore, the above method and conditions are no longer applicable to prove
the existence of a positive periodic solution for equation (1.1) with singularity of attractive
type. Next, we have to find another way and conditions to get over these problems.

Theorem 1.5 Assume that conditions (H1) and (Ha) hold. Suppose the following conditions
are satisfied:
(He) There exist two positive constants D3, Dy with D3 < Dy such that g(t,x) —e(t) > N for
all (t,x) € [0, T] x (0,Ds), and g(t,x) — e(t) < —N for all (¢,x) € [0, T] x (D4, +00).
(H7) There exist positive constants a', b’ such that

—g(t,x) <dx’ +b, forall (t,x)€[0,T] x (0,+00).



Xin et al. Journal of Inequalities and Applications (2019) 2019:259

(Hg) (Strong singularity of attractive type)

1
lirggo(x) =+00, and lir&/ go(s)ds = —oo.

Then (1.1) has at least one positive T-periodic solution if

al+|c)T ( T )”1"1
— <1.

PR S il
(L=0")1-lcllP \7p

2 Preparation
We first recall the coincidence degree theory.

Lemma 2.1 (Gaines and Mawhin [5]) Suppose that X and Y are two Banach spaces, and
L:D(L) C X — Y is a Fredholm operator with index zero. Let §2 C X be an open bounded
setand N : 2 — Y be L-compact on 2. Assume that the following conditions hold:

(1) Lx #ANx, ¥x € 32 N D(L), » € (0,1);

(2) Nx¢ImL,Vx € 082 NKerlL;

(3) deg{JQON, 2 NKerL,0} #0, where ] : Im Q — KerL is an isomorphism.
Then the equation Lx = Nx has a solution in 2 N D(L).

Lemma 2.2 (see [11]) If |c| # 1, then (Ax)(f) := x(t) — cx(¢t — t) has continuous bounded
inverse on Cr:={x € CR,R) | x(¢t + T) — x(¢) = 0} and

T 1 T
/O (A7) @) dt < TP /0 lx@)|” dt, VxeCr.

Lemma 2.3 (see [22]) Ifv e C'(R,R) and v(0) = v(T) = 0, then

T i T T i
b / P
(/0 [v(®)| dt) S(ﬂ?)(/o [v'(8)] dt) )

Similar to Zhu and Lu [23], we rewrite (1.1) in the form:

€ (8) = A7y (x2(2)))
) = ~f (6, 2,0) - gt 21t — o (1)) + e(2).

(2.1)
Let
X = {x= (21(0),%(0) € C*(R,R?) :x(t + T) — x(¢) = 0}
with the norm ||x|| := max{|x1 ]|, |x2]};

Y:= {x = (xl(t),xg(t)) € C"(R,Rz) x(t+ T)—x(t) = 0}

with the norm ||x||c := max{||x||, |||} Clearly, X and Y are both Banach spaces. Mean-

while, define

o
L:DI)CX—Y, byLx)()-= (iﬁ%) (2.2)
2

Page 4 of 16
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where D(L) = {x = (x1,%,)" € C"(R,R?) : x(t + T) — x(t) = 0,¢ € R}. Define a nonlinear
operator N : X — Y as follows:

(2.3)

(Nx)(¢) = ( A7 (e (0))) ) |

(&%, (®)) - g(t, (£ — 0 (2))) + e(t)

Then (2.1) can be converted to the abstract equation Lx = Nx.
From the definition of L, one can easily see that

e, mebers [ (20) - ()}
0 2

So L is a Fredholm operator with index zero. Let P: X — KerLand Q: Y — ImQ C R? be
defined by

0 1 [T
Pr i x1(0) ; Qy = _/ y1(s) s,
%2(0) T Jo \yas)
then ImP = KerL, KerQ =ImL. Let K denote the inverse of L|kerpnp(z)- It is easy to see
that Ker L = Im Q = R” and

[Ky](2) = col((Gy1)(®), (Gy2)(®)),

where

n-1
(67l = Y (0 +

i=1

1
(n-1)!

/t(t —8)"lyi(s)ds, k=1,2. (2.4)
0

3 Proofs of Theorems 1.1 and 1.5

Proof of Theorem 1.1 Consider the following operator equation:
Lx=ANx, A€(0,1),

where L and N are defined by equations (2.2) and (2.3). Set
2y = {x:Lx=ANx,» € (0,1)}.

If x() = (x1(2),%2(2)) " € £21, then

() = AAT (¢ (22 (2)))

(3.1)
x5 (8) = —Af (6, %, (£)) = 2g(t, 1 (¢ — o (£))) + re(t),

since (Ax(ln))(t) = (Ax1)"(¢). Substituting x,(£) = %(@(Axl)(”)(t)) into the second equa-
tion of equation (3.1), we get

(6,(Ax)) @) + 22 (£, %,(8) + g (t,21 (£ - 5 (0))) = APe(2). (3.2)
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Integrating both sides of equation (3.2) over [0, T], we have

T
/0 (F(6,5%,(0)) + g (61 (0 (1)) - e®)) de =0, (33)

since fOT(¢>p(Ax1)”(t))” = 0. From equation (3.3) and condition (H;), we deduce

T
-NT < / (g(tx1(t -0 (2))) —e(t)) dt < NT.
0
Then, by condition (H>), we know that there are two points &, 7 € (0, T) such that
x1(§ - 0(5)) > Dy, x1(n) < Ds. (3.4)

Then, from (3.4), we have
1
x1(t) = 3 (x1() + %1 (= 1))
1 f d
=3 (xl(n) + /W X1 (s) ds + x(n) - /;_Tx’l(s) ds)
1 (T
<Dy + 3 /0 ‘x’l(t)’ dt. (3.5)

Multiplying both sides of equation (3.2) by (Ax;)(¢) and integrating over the interval
[0, T], we get

T T
f 0, ((Ax) ™ (0) " (Ax)(0) dt + 27 / (6%, (0)Ax)@©) de
0 0
T
+)J”/ gt x1 (¢ -0 (1)) (Axy) () dt
0
T
=)J’/ e(t)(Ax)(¢) dt. (3.6)
0

Substituting f; ¢,((Ax1)" ()" (Ax))(@) dt = (-1)" [} [(Ax,) (2P dt into equation (3.6),
we see that

T T
v [ o de=-2 [ e so)anod
T
—)J’/ g(t,x1 (¢ — o (1)) (Axy)(0) dt
0
T
+)\p/ e(t)(Ax1)(¢) dt.
0

Furthermore, we obtain

T T
|(_1)" / |(Ax1)<">(t)|”dt’=’-m / F(&x,(0)(Ax1)(8) dt
0 0
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T
—AP/ g(t,x1 (6 -0 (1)) (Ax1)(2) dt
0
T
2P A dt|.
. Ae@(nW)4

Therefore, from condition (H;), it is clear that

T
| lasyar d
0
T T
5/ V(t,xi(t))||(Ax1)(t)|dt+/ lg(t,x1(t = o (0)))||(Ax1)(8)| dt
0 0
T
A d
[ Jetw] amo ar

T
< (1 +lel) e INT + (1 + ICI)Ilell_/(; gt x1 (¢ -0 (0))] dt

+ (L lel)lxallllell T (3.7)

where | e|| := maxc[o,1] |€(?)]. From conditions (H;), (H>) and equation (3.3), we obtain

T
/0 lg(t,x1 (6 - o ()] dt
=/ g(t,xl(t—o(t)))dt—/ g(tx1(t-0(0))de
4(tx1)=0

g(tx1)=<0

T T
o2 /gmxl)zog(t’xl (t-o®))dr+ /0 f(6x () de - /0 e(t)dt

T T T
- p—l /
gza/O |x1(¢ =0 (0)] dt+2bT+/0 [f(t,xl(t))|dt+/o le(t)| dt

2a T p-1
= |x10)"" dt +2bT + NT + |le|| T, (3.8)
1-0/ 0
from %(%)2}”1 > 0, we obtain ¢’ < 1. Substituting equations (3.5) and (3.8) into
(3.7), and we have

T
| lasyo) a
0

2a T p-1
— |x1(0)" dt +2bT + NT + |le| T

< (1+[e)NT el + (1 + ICI)Ilell(

+ (L + lel)llel Tllan

T
<2(1+ |c|)NT(D2+%/O \x;(t)ydt)

2a(1 1T T -
+%<D2+5/0 |x’1(t)|dt)f0 s (8)]7 "

T T
+2b(1+|c|)T(D2+%/O |x’1(t)|dt) +2(1+|c|)||e||T<D2+%/o |x;(t)|dt)
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1+|C|)/ E 1(t)|alt/ loer (8)|" " it + 7“'0' DZ/ a (6) [P e

+(L+c)(N+b+ ||e||)T/ |x1 ()| dt +2(1 + |c|) (N + b + |le]l) TDs.
0
Using the Holder inequality, we deduce

T T 1 T p;l
(AP 7 < a(l + |C|)T< N )P( » ) »
/O |(Ax1)")(2)] dt_il_a/ /|x1(t)| dt /0 ENGIE

p-1

, 2a(l+]c)D,T? 2a(1 + |c|)D2TP (f i |pdt)p

+PyT1 < / [ @) dt) +2P1D,, (3.9)

where Py := (1 + |c|)(N + b + |le||)T. Let v(¢) = x1(¢ + n) — x1(n), here x1(n) < D, is as in
equation (3.4), and then v(0) = v(T) = 0. By Lemma 2.3 and Minkowski’s inequality [16],

we have

T b
( /0 |x1(t)|pdt> ( |v(t)+x1(n)|”dt)
» r p é
d d
<([lra) o[ o)
T 5 .
( )( / |x;(t)ypdt> +D,T7, (3.10)
0

since fo |V (£)|P dt = fo |« (£)|7 dt. On the other hand, in view of x1(0) = x1(T'), there exists
a point #; € (0, T) such that x}(¢) = 0. Let vl(t) =« (t + t1), it is easy to see that v;(0) =
vi(T)=0. Applymg inductive method, from x1 (0) x=2)(T), there exists a point ¢,_; €
(0, T) such thatx (tn 1)=0.Letv,_1(¢t) = x(" b (t+1t,-1), then we get v,_1(0) = v,_1(T) =
0. By Lemma 2.3,

([isora)’-([ mora)
(LT

TN (7 Lo )
5<n—p> ([0 |x1" (0] dt) . (3.11)

Substituting equations (3.11) into (3.10), we arrive at

’ )P )| 1
(/0 e m) g(n) (/| \dt) +D,T+. (3.12)

IA

Page 8 of 16
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Furthermore, substituting equations (3.11) and (3.12) into (3.9), it is easy to verify that

T
| 1w op a
0
al+|c)T -l »
_ﬁ(np) (/ ‘xl t)| dt)
T n T ; }7 1 p-1
x((n—p) (/0 |x§>(t)|1”dt) +D2TP>
2a(1 +1eDDT? ({ T\"( (T, o ’ 1\
(1Y ura) o)
n-1
+P1Tq< ) (f |x t)|pdt) + 2P D,

p -1 T
_ (1 + |C|) ( T) (1 D2T . >17 / |x(1n)(t)|17 dt
-0 \x Lyl 1w deyp /o

2a(1 + |c|)D, T? ( T)"’”_z( D,T# )P‘l
t— | — 1+
l1-0 Ty fo le |pdt)1’
p-1
p
(/ | t){pdt)
n-1 1
1(T »
+P1Tq(—) (f \xl @ dt) + 2P Dy, (3.13)
Tp

Next, we introduce a classical inequality, there exists a positive constant k(p) > 0 (de-
pendent on p),

1+x)<1+(1+px forxe [O,k(p)]. (3.14)

Then, we consider the following two cases.
1

Case 1. If Ll > k(p), then it is obvious that
(s 1 o ey

T \P Do (TN
(f wrora) <35 (5)
From equations (3.5) and (3.11), by using the Ho6lder inequality, we deduce
1
() <Dy + %T% (/T|x’(t)|p dt)p
<D+ ;Tq( ) (/ [t (t)V’dt)

<Dy+ D, (1> = M. (3.15)
2k(p) \

Page9of 16
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Page 10 of 16

1
Case 2. If Dy TP - < k(p), from equations (3.13) and (3.14), we obtain
U W ww dnp

T
| 1wy op a
0
np-1 1 T
SLHCPT(Z) (1+ ZTDZT”’ 1)/ (0| dt
1=o" A\ Sy @ dyr/ Jo
X 2a(1 + |c|)D,T? ( T)”p‘2<1 N Dy T7p )
T » 1
1-0 4z (r(fy W@l doy?
T 5
( / |x§”>(t)|”dt>
0

n-1

+P1Tq< ) (/ |} t)|”dt> +2P1 Dy

1 T =1 a(l TPDy [ T\ T
() [roras 8 () ()

1-0’ Ty

-1
' /T|"(")(t)|’”dt 7, 2a(l+[e)T7Dip ( T\
o 1 17 I
' 1%2 T n-1 1
1
</ |x(ln)(t)|pdt> +P1TZI<_> ( / " () I”dt) +2PD,.  (3.16)
0 -

Since (Ax;)™(¢) = (Ax(ln))(t), from Lemma 2.2 and (3.16), we see that
T
/ | 0)|F at
0

T
- /0 |(A7Ax") )| dt

1 T
1 |c||"/ sy 0 de
- 0

61(1 + |C|)T np-1 (Vl) P (,Z(1+ |C|)T%’D2(%)HP73(TP+2(%))
=a- a’)|1—|c||1’( ) / b @ d + (1—0)1—c|]P

p-1

T 5 2a(l1 )TPD (L )”1/"4 T =
( /0 |x§"’(t)|”dt) bbb (/0 !xﬁ”’(t)l‘“dt>

~]
]

(I-0I1- ICIIP

Py % 1 ol T (n) % 2P1D,
n p /
* |1—|c|? (n ) (/ | ! (t)‘ t)
P 0

11— lellP

Since

a(l+|c|)T T\"”! )
_altieht <1,
(1-o)1—|c||P \ 7,
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obviously, there exists a positive constant M} such that

/ | ()| dt < M. (3.17)
0
From equations (3.5), (3.11), and (3.17), applying the Holder inequality, we deduce
1 T
x1(5) <D + —/ % (8)| dt
2 Jo
1 n-1
<D, + 2T < ) (/ |x1 t)|1’dt>
1 T 1
<D, + 2T <_) (M})? =M. (3.18)
2 Tp
From equations (3.5), (3.11), and (3.17), we get
1 T
Jsi <o+ 5 [ lato]ar
2 Jo
1
1L/ (" b
< _Ti (f o) dt)
2 0
1,1/ T\ 2( (T ’
< _Ti (—) </ |x(1")(t)|pdt)
2 7Tp 0
1 1 T n-2 /l
<-Ti| — M? =M, (3.19)
2 Ty

smce x1(t1) = 0. From x(" 2)(0) = x” 2)(T) there exists a point #; € (0,T) such that
(tz) = 0. From the second equation of (3.1), equations (3.8), (3.18), (3.19), and condi-
tion (H7), we obtain

R Y e
e < 2 o) ar
0

A T T r
§§</0 [f(t,x/l(t))|dt+/0 ‘g(t,xl(t—o))‘dt.,./o |e(t)|dt)

<A(NT +aTM™ + bT + T|lel|) := AMs. (3.20)

Integrating the first equation of (3.1) over [0, T'], we have fOT xo(2) dt = fOT ¢p((Ax1)"(2)) dt =

0, which implies there is a point £ € (0, T) such that x,(t;) = 0. So, from equations (3.5)
and (3.20), applying the Holder inequality and equation (3.11), it is easy to see that

T
||x2||5% / | (0)| dt
1 l
55 q(/ |x2 }pdt)
1 l n-2 n-
2 q(”p) </ ‘ 1 ‘pdt)

IA

Page 11 of 16
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IA
N =

T n-2 ~
() 1

n-2
T
T(—) M3 := AM,. (3.21)
Tp

IA
N>

On the other hand, from equation (3.2) and condition (Hy), we see that

(6 ((Ax1)P(0))) " + WPF (£,%,(8)) + M (go (21 (£ — 0 (£))) + g1 (21 (¢ = o (1))
= Me(?). (3.22)

Let £ € [0, T] be as in equation (3.4) for any ¢ € [£, T']. Multiplying both sides of equation
(3.22) by x} (£ — o (t))(1 — 0/ (¢)) and integrating over [£, £], we get

x1(t-0 (1)) t
AP / o) du =21 / go(x1(s=0(5))x) (s =0 () (1-0'(s))ds
x1(6-0(8)) £
= - fg (6, ((A%1)"(5))) ", (s - o (9)) (1 = 0'(5)) dis

e /E Flo(9)%, (s - 0 ) (1~ 0(5) ds

-3 L a(sx1(s—0(9))x) (s —o(s)(1-0'(s)) ds

+2F /t e(s)x} (s — o (s)) (1 - 0'(s)) ds. (3.23)

§

Furthermore, by equations (3.16), (3.18), (3.19), and (3.20), we have

x1(t-o(t))
/ go(u) du
x1(6-0(£))

)"p

/s (95((4x)7(5)) ", (s - 7 (5)) (1 - 0”(6)) ds
- /E S(s,5(9)x) (s—o(s))(1-0'(s)) ds
— A /g a(sxi(s—0(s))x (s—a(s)(1-0'(s)ds

+ AP /t e(s)x} (s - o(s)) (1-0'(s))ds
&

T T
< (o) [ () O) | ds 22 (o) [ 13 00)
T T
+ A (1+0") || / lg1 (s, %1 (s — 0 (s))) | ds + 22 (1 +0”) | x| /0 le(s)| ds
0

T T T
M(1+0" )M X d : d d
<M(1+0') 2(/0 [f(sx(s))>| s+/0 lg(s,x1(9))] s+/0 |e(s)| ds)
+ A (1+0")(MNT + My llg, IT + Ma e T)
<M(1+0")My(M;3 +NT + llgag, IIT + llel| T),
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where g, = maxo<x<a, 1g1(£,%)| € L*(0,T) is as in condition (H,). According to singular
condition (Hs), we know that there exists a positive constant M5 such that

x1(t) = M5, Vielg,T]. (3.24)

The case ¢ € [0,£] can be treated similarly.
From equations (3.16), (3.18), (3.19), (3.20), and (3.24), we let

Q={x=(x,x) :E <x1(t) < By,

x| < Es, llxall < Es, and || < Es, Ve €10, T1),

where 0 < E; < min(Ms, D,), E; > max(Mq,D,), E3 > My, E4 > My, and Es5 > M3. §25 = {x:
x €082 NKerL}, thenVx € 92 NKerL

T -1
ave-L [ A7 (yal0) W
T Jo \~f(£x1(2) —g(t,x:1(t -0 (2))) +e(t)
If QNx = 0, then x,(¢) = 0, x1 = E5 or E1. But if x1(¢) = E,, we know

T
0=/0 {g(t.Ey) —e(t)} d.

From condition (H;), we have x;(t) < D, < E;, which yields a contradiction. Similarly, if
x1 = E1, we also have QNx # 0, i.e., Vo € 92 NKerL, x ¢ Im L, so assumptions (1) and (2)
of Lemma 2.1 are both satisfied. Define the isomorphism J : Im Q — Ker L as follows:

J(x1,2) " = (%2, —x1) "
Let H(u,x) = —ux + (1 — £)JQNx, (u,x) € [0,1] x 2, then V(u,x) € (0,1) x (02 NKerL),

H(u, %) = (‘Wl - ) gt x) - e(t))dt) '

—pxy — (1= ) A (gy(x2))
From condition (H>), we get x T H(i1,x) #0, ¥(u,x) € (0,1) x (352 N KerL). Hence

deg{JON, 2 NKerL,0} = deg{H(O,x), 2N KerL,O}
=deg{H(1,x), 2 NKerL,0}
=deg{l, 2 N KerL,0} #0.
So assumption (3) of Lemma 2.1 is satisfied. By applying Lemma 2.1, we conclude that

equation Lx = Nx has a solution x = (x1,%,)" on £ N D(L), i.e., (2.1) has a T-periodic
solution x1(£). (]

Next, we study the existence of a positive T-periodic solution for equation (1.1) with
singularity of attractive type.

Proof of Theorem 1.5 We follow the same strategy and notation as in the proof of Theo-
rem 1.1. From equation (3.3) and condition (Hg), we know that there are points u, v € (0, T')
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such that
X1 (M - U(M)) > D3, x1(v) < Dy. (3.25)

Next, we consider fOT |g(t,%1(¢ — o (£)))| dt. From equation (3.8) and conditions (H1), (H7),
we obtain

T
/0 lg(x1 (£ - o (2)))| dt
_ / gt (E- o)) di - / a(ti (£ - o(0))) de
g(tx1)=0

g(tx1)<0

T T
=—Z/g(t’xl)sog(t,xl(t—a(t)))dt—/0 MEAG)) dt+/0 e(t)dt

T T T
/ p-1 / /
<2a /o |x1(t—o(®)]7 dt +2b T+/0 [f(t,xl(t))|dt+/0 le(t)| dt

2a (T _
- a / oy (6)[P " dt + 25T + NT + le| T. (3.26)

=<

The proof left is the same as that of Theorem 1.1. d
Finally, we present an example to illustrate our result.

Example 3.1 Consider the fourth-order neutral Rayleigh equation with singularity of re-

pulsive type:

(d)p (x(t) - %x(t - t)) ) + (sin2(2t) + 5) cosx'(t) + %(sin 4¢ + 3)x3 (t - é sin 4-t>

T

1 .
- =", (3.27)
x*(t — § sin4t)
where k > 1and p=4, tisaconstantand 0 <t < 7.

It is clear that T' = 7, o(t) = %sinélt, o' = % < 1, f(t,u) = (sin®(2t) + 5)cosu, g(t,x) =
1 1
- _1)4 1
ﬁ(cos4t+3)x3— x—lk,a: %,m: % = % =7 X (%)4.Tal<eN:6,a: %,b: 1.
It is obvious that conditions (H;)—(Hs) hold. Now we consider

al+|c)T (1)2"‘1

(1-0)1—|c||P\ 7,
:%X%X%( 5 >7
G \zx(@)s
~0.3104 < 1.

Therefore, applying Theorem 1.1, we know that equation (3.27) has at least one positive

7 -periodic solution.

Page 14 of 16



Xin et al. Journal of Inequalities and Applications (2019) 2019:259 Page 150f 16

Example 3.2 Consider the following fourth-order neutral Rayleigh equation with singu-
larity of attractive type:

1 1
(x(t) —101x(t - r))(4) - (cos2 t+ 100) sinx’(t) — —(sin2¢ + 5)x (t 1 cos 2t>
T

5

+ . - — ecosZt, (328)
x¢ (t — 3 cos 2t)

where k' >1andp=2,7isaconstantand0 <t < T.

It is clear that T = 7, o/(¢) = ; cos2¢, 0’ = § < 1, f(£,u) = —(cos* £ + 100) sinu, g(, %) =
1

1
1/ 5 1 _2n(p-1)P _ 2m(2-1)2 _ _ _ 6 _ .
—;(stt +5)x + S A= 5 M= ey = T o = T Take N =6, a = o b=1.1tis

easy to verify that conditions (H;), (Ha4), (Hs)—(Hs) hold. Now we consider

al+|c)T ( T )Zp‘l

(1-0)1—|c|lP\ 7,
g x 102 x 7 <n>3
= — (=
3 x 1002 T
153
=——x<1
1250

Therefore, applying Theorem 1.5, we know that equation (3.28) has at least one positive
7 -periodic solution.

4 Conclusions

In this article, we introduce the following existence of a positive T-periodic solution for
2n-order p-Laplacian neutral differential equation with singularities of attractive and re-
pulsive type. Due to the friction term, f(£,x’) may not satisfy fOT f(t,x'(¢))dt = 0. This im-
plies that the work on estimating a priori bounds of periodic solutions for equation (1.1) is
more difficult than the corresponding work on equation (1.3) in [7]. In this paper, by using
coincidence degree theory and conditions (H;)—(Hs), we prove the existence of a positive
T-periodic solution for equation (1.1) with singularity of repulsive type; applying condi-
tions (H1), (Ha), (He)—(Hs), we obtain that equation (1.1) with singularity of attractive type
has at least one positive T-periodic solution.
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