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1 Introduction

Consider the compound renewal risk model where the claim sizes {X;;,j > 1} caused by
the ith (i > 1) accident form a sequence of nonnegative random variables (r.v.s) with finite
mean. The interarrival times of the accidents {6;,i > 1} are positive independent identi-

cally distributed (i.i.d.) r.v.s with finite mean A~!. Then the renewal counting process is

N(t):sup{nz lzt,,:ZGift}, t>0,

i=1

with a mean function A(¢) = EN(¢), t > 0, such that A(¢)/At — 1 as t — oo. Let {Y;,i > 1}
be the claim numbers caused by the successive accidents, which are a sequence of i.i.d.
positive integer-valued r.v.s with finite mean v. We assume that the r.v.s {Y;,i > 1} are
bounded, that is, there exists a finite integer number /4 > 0 such that ¥; < 4, i > 1. Thus

the aggregate claims accumulated up to time ¢ > 0 are expressed as

N Y

S®) =YD X;. (1.1)

i=1 j=1

In this paper, we investigate the precise large deviations for the random sums S(&).
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Throughout this paper, all limit relationships hold as ¢ — oo unless stated otherwise.
For two positive functions a(x) and b(x), we write a(x) < b(x) if limsup,._, ., a(x)/b(x) < 1,
a(x) 2 b(x) if liminf,_, o, a(x)/b(x) > 1, a(x) ~ b(x) if both a(x) < b(x) and a(x) 2 b(x), and
a(x) = o(b(x)) if lim,_, o a(x)/b(x) = 0. For a real number y, its integer part is denoted by
ly], and 15 denotes the indicator function of an event B.

1.1 Heavy-tailed distribution classes

In this subsection, we introduce some related heavy-tailed distribution classes. For a
proper distribution V' on (-00,00), let V =1 — V be its (right) tail. A distribution V on
(—00,00) is said to be heavy-tailed if

o0
f e*V(dx)=oo forallx >0,

o]

thatis, if V has no any positive exponential moment. Otherwise, V is said to be light-tailed.
The dominated variation distribution class is an important class of heavy-tailed distri-
butions, denoted by &. A distribution V' on (—00,00) belongs to the class Z if for any

y€(0,1),
1%
lim sup _(xy)
x—>00 V(x)

A slightly smaller class is the consistent variation distribution class, denoted by €. A dis-
tribution V on (—00, 00) belongs to the class 4 if

1% vV
lim lim sup _(xy) =1 or, equivalently, limliminf _(xy) =1.
/1 x50 V(%) N1 w00 V(%)

Another related distribution class is the long-tailed distribution class, denoted by .Z.
A distribution V on (—00, 00) belongs to the class .Z if for any y > 0,

m ‘_/(_x +y)
X—00 V(x)

A special distribution class is called the extended regularly varying tailed distribution
class, denoted by ERV'. A distribution V on (-o00,00) belongs to the class ERV (-«a,—f)
for0<a<B<ooifforanyy>1,

v Vv
5 < timinf 2 < limsup L) < e

It is well known that the following relationships hold:
ERVCECZNIC.

See, for example, Embrechts et al. [9], Foss et al. [10], and Denisov et al. [7]. For a distri-
bution V on (-00, 00), denote its upper Matuszewska index by

logV, — 1%
og—(y), with V,(y) := liminf _(xy)’ fory>1.
y=oo  logy x>0 V(x)
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Another important parameter Ly is defined by
Ly =1im V. (y).
v NI )
From Chap. 2.1 of Bingham et al. [2] we get the following equivalent statements:
(i) Veg; (i) O0<Ly<1; (iii) J§ < oo.

1.2 Dependence structures
In the studies of dependent risk models, many works consider a general dependence struc-
ture, namely upper tail asymptotically independent (UTAI).

Definition 1.1 We say that r.v.s {&,i > 1} are upper tail asymptotically independent
(UTAI) if for all i #j > 1,

Clim P& > 08> %) = 0.
min{ax; xj}— 00
The UTALI structure was proposed by Geluk and Tang [12] when they investigated the
asymptotics of the tail of sums with dependent increments. There are some papers inves-
tigating the UTALI structure, such as Asimit et al. [1], Liu et al. [22], Gao and Liu [11], Li
[20], and so on. In this paper, we consider a related dependence structure with the UTAI

structure, which was introduced by He et al. [14] as follows:

lim sup sup xP(§;>x[§>x)=0 foralla>0. (1.2)

n=>00 y>an 1<i<j<n

Another dependence structure is the widely (upper/lower) orthant dependent (WUOD/
WLOD) r.v.s, which was introduced by Wang et al. [29] when they investigated a depen-
dent risk model.

Definition 1.2 For the rv.s {&,i > 1}, if there exists a sequence of positive numbers
{gu(m), m > 1} satisfying

P(ﬂ{éi > xi}) <gu(m) [ [ P& > )

i=1 i=1

for each integer m > 1 and all x; € (—00,00), 1 <i < m, then we say that the r.v.s {§;,i > 1}
are widely upper orthant dependent (WUOD) with dominating coefficients gi;(m), m > 1;
if there exists a sequence of positive numbers {g; (m), m > 1} satisfying

P(((& =) =gt [ P& <)

i=1 i=1

for each integer m > 1 and all x; € (—00,0), 1 < i < m, then we say that the r.v.s {§;,i > 1}
are widely lower orthant dependent (WLOD) with dominating coefficients g; (m), m > 1;
and if they are both WUOD and WLOD, then we say that the r.v.s {§;,i > 1} are widely
orthant dependent (WOD).
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Obviously, if r.v.s {X;,i > 1} are WUOD or satisfy relation (1.2), then r.v.s {X;,i > 1} are
following the UTAI structure. In addition, Liu et al. [22] noted that there exist random
variables that are UTAI but do not satisfy WUQOD structure; see Example 3.1 of Liu et al.
[22]. He et al. [14] pointed out that if {X;,i > 1} are identically distributed and WUOD
random variables with finite means, then {X;,i > 1} satisfy (1.2).

In this paper, when investigating the asymptotic upper bound of the precise large de-
viations of the aggregate claims, we also consider the claim sizes that have a pairwise
negatively quadrant dependence structure. This structure is stronger than the upper tail

asymptotically independence structure.

Definition 1.3 We say that r.v.s {§,i > 1} are pairwise negatively quadrant dependent

(pairwise NQD) if for all real numbers x and y,
P&i>x,8>y) <PE>x)P&>y) foralli#j>1.

The negatively quadrant dependence structure was introduced by Lehmann [19]. Many
researchers have studied the negatively quadrant dependence structure, such as Ebrahimi
and Ghosh [8], Block et al. [3], Chen and Ng [4], Yang et al. [32], and so on.

For the dependence structure between the interarrival times of accidents and the claim
numbers, Liu et al. [21] adopted a general dependence structure via the conditional tail
probability of the accident interarrival time given the claim number caused by the subse-
quent accidents being fixed, which was based on Chen and Yuen [5]. In the following, we
briefly restate the definition of the above dependence structure between the interarrival
times of accidents and the claim numbers and some other related quantities.

Assume that {(6;,Y;),i > 1} are i.i.d. We denote by (0, Y) the generic r.v. of {(9;, Y;),i > 1}
and assume that 6 and Y are such that for all t € [0,00) and any 1 <k < &,

PO >t|Y =k) < P(0* > t), (1.3)

where 6* is a nonnegative r.v. independent of other sources of randomness.
Let 65 be a positive r.v. independent of all sources of randomness and such that for all
t€[0,00)andranyl <k <h, P(6] > t) = P(6) > t|Y; = k).Denote t{ = 65,7 =07+ ", 6;,

n > 2, which constitute the delayed renewal counting process
N*(t)=sup{n>1:1, <t}, ¢>0. (1.4)
Then, for all integer n > 1and 1 <k <4,

P(N*(t)=n) = P(t} <t,7,,, > 1)
0 n n+l
f P(Z@i <t-uy 6 >t—u>P(ef € du)
0 i=2 i=2
oo

n+l

n
=/ P(Zei <t-uy 6 >t—u>P(91 € dulY, = k)
0 i=2 i=2
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n n+l
:P(Z@i <Y 6, >t‘Y1 =k>

i=1 i=1

= P(N(£) = n|Y; =K). (1.5)

1.3 Motivation and main results

It is well known that for the standard renewal risk model, when the claims sizes and in-
terarrival times are all i.i.d. r.v.s, the precise large deviations for the aggregate claims and
the ruin probability have been widely studied; see Kliippelberg and Stadtmdiller [15], Tang
[25], Wang [28], and Hao and Tang [13], among others. Actually, the independence as-
sumption does not apply to most practical problems. Based on this situation, many re-
searchers started to pay their attention to the risk model with dependent assumptions; we
refer to Chen and Ng [4], Konstantinides and Loukissas [18], Wang et al. [29], Peng and
Wang [23], Peng and Wang [24], Yang et al. [33], and some others.

There are many works investigating the compound renewal risk model. When the claim
sizes are i.i.d. r.v.s with common distribution F, Tang et al. [26] investigated the large de-
viations for the aggregate claims with F € ERV; Konstantinides and Loukissas [17] also
considered the i.i.d. claim sizes and extended the results of Tang et al. [26] from F € ERV
to F € €’; Zong [34] established an asymptotic formula for the finite-time ruin probabil-
ity of compound renewal risk model in which claims sizes and interarrival times are all
identically distributed but negatively dependent; Chen et al. [6] considered the claim sizes
that are a sequence of negatively dependent heavy-tailed r.v.s with common distribution
F € ¢; Yang and Wang [31] investigated the precise large deviations for dependent ran-
dom variables and assumed that the claim sizes are extended negatively dependent r.v.s
with common distribution F € 2.

In the researches mentioned, the assumption of independence oft the interarrival times
of the accidents and the corresponding claim numbers was always used. Recently, Liu et
al. [21] considered the dependent case (1.3) between the interarrival times of the accidents
and the corresponding claim numbers. They investigated the case where {Xj;,i > 1,j > 1}
are nonnegative r.v.s with common distribution F, {6;,i > 1} and {Y;,i > 1} are all i.i.d. r.vs,
but for every i > 1, 6; and Y; follow the dependence structure (1.3). Liu et al. [21] obtained
the asymptotic lower bound of the precise large deviations of the aggregate claims when
Fe NP and {Xy,i> 1,j > 1} satisfy the dependence structure (1.2). Strengthening the
condition to that F € ¢ and {Xj;,i > 1,j > 1} are WUOD r.v.s with EXf < oo forsome 8 > 1,
they derived the asymptotic upper bound of the precise large deviations of the aggregate
claims.

In this paper, we still consider the dependent case (1.3) between the interarrival times of
the accidents and the corresponding claim numbers and investigate the precise large devi-
ations of the aggregate claims (1.1). We mainly study the case where the claim sizes caused
by the different accidents are dependent and have different distributions belonging to the

dominated variation distribution class. To proceed, we impose the following assumptions.

Assumption 1.1 All the claim sizes {Xj;,j > 1,i > 1} are nonnegative r.v.s satisfying rela-

tion (1.2), that is, for any « > 0,

lim sup sup sup xP(Xj;>x[Xy>x)=0

=0 y>an1<i<n1<j<l<h
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and

lim sup sup sup  wP(Xj; > x| Xy >x) =0.

=00 y>an 1<izk<n1<j<h<l<h
For each i > 1, {Xj;,j > 1} are identically distributed r.v.s with common distribution F;.

Assumption 1.2 The interarrival times of the accidents {0;,i > 1} are positive r.v.s with
finite mean A7!; the claim numbers {Y;,i > 1} are a sequence of positive integer-valued
r.v.s with finite mean v; {(6;, Y;),i > 1} is a sequence of i.i.d. r.v.s with generic r.v. (9,Y)
satisfying the dependence structure (1.3). In addition, {Xj;,i > 1,j > 1} are independent of
{6;,i > 1} and {Y;,i > 1}.

Firstly, we investigate the asymptotic lower bound of the precise large deviations for the
aggregate claims. For this case, we will use the following assumption on the distributions
F,i>1.

Assumption 1.3 There exists a distribution F such that the distributions F;, i > 1, satisfy
the relation
Fi(x)

F;
0<Mp:= liminfinfﬁ <limsupsup =—— =: My < 0co.
x—>00 izl F(x x—o0 i1 F(x

From Assumption 1.3 we know that if F; € &, i > 1, then F € ¥, and for any y > 1 and

i>1,
M — — My —
mFi*(y) <F.(y < EE’*(}’)'

Therefore we have that J} = ];5[_ and %LH <Lp< %—LLILFZ. for all i > 1. Under Assumptions
1.1, 1.2, and 1.3, we can obtain the asymptotic lower bound of the precise large deviations

of the aggregate claims.

Theorem 1.1 Counsider the aggregate claims (1.1). Suppose that Assumptions 1.1, 1.2, and
1.3 are satisfied. If F; € 9, i > 1, then for any y > 0,

At
P(S(£)>x) 2 v ) LrFi(x) (1.6)
i=1

uniformly for all x > yt, which is equivalent to

. P(S(t) > x)
liminf inf . = =1L
t—o00 x>yt Zi:l Lp,Fi(x)

When {X;;,i > 1,j > 1} are identically distributed r.v.s, we obtain the following corollary
directly from Theorem 1.1.

Corollary 1.1 Counsider the aggregate claims (1.1). Suppose that Assumption 1.2 is satis-
fied and the claim sizes {X;;,i > 1,j > 1}, are nonnegative r.v.s with common distribution F
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satisfying Assumption 1.1. If F € 9, then for any y > 0,
P(S(t) > x) Z vAtLEF (x)

uniformly for all x > yt, which is equivalent to

P(S(t
liminf inf 200>
t—00 xzyt yAtLpE(x)
Next, we will investigate the asymptotic upper bound of the precise large deviations for
the aggregate claims. In this case, we consider the case where the claim sizes {Xj;,i > 1,j >
1} follow the pairwise negatively quadrant dependence structure.

Assumption 1.4 All the claim sizes {Xj;,j > 1,i > 1} are nonnegative r.v.s and follow the
pairwise negatively quadrant dependence structure, that is, for allx > 0 and y > 0,

P(Xji>x, Xy >y) <PXy>x)P(Xy>y) forallijl>1,j<I
and
P(Xjj > %, Xy >y) < P(Xy>x)P(Xy>y) foralli,j,k,l>1,i #k.
For each i > 1, {Xj;,j > 1} are identically distributed r.v.s with common distribution F;.

Furthermore, we will use the following assumption, which was given by Yang and Wang
[31] when they investigated the precise large deviations for extendedly negatively depen-
dent random variables. Wang et al. [30] also used this assumption when they studied the
precise large deviations for widely orthant dependent random variables.

Assumption 1.5 Forall i > 1, F; € 9. Furthermore, assume that for any ¢ > 0, there exist
some wy = wy(e) > 1 and x; = x;(g) > 0, irrespective to i, such that foralli > 1,1 < w < wy,
and x > xq,

or, equivalently, for any ¢ > 0, there exist some 0 < wy = wy(g) < 1 and %y = x,(¢) > 0, irre-
spective to i, such that forall i > 1, wo <w <1, and x > x,,

FL'(WQC) < L_l

— -+ E.
Fx —F

As noted in Remark 1(ii) of Wang et al. [30] Assumption 1.5 actually requires the distri-
butions of Xj;, i > 1, j > 1, do not differ too much from each other. In particular, if there
exists a positive integer iy such that F; = F;; for all i > iy, then since F;; € &, we know that
Assumption 1.5 is satisfied.

We will derive the asymptotic upper bound of the precise large deviations of the aggre-
gate claims under Assumptions 1.2, 1.3, 1.4, and 1.5.



Wang and Chen Journal of Inequalities and Applications (2019) 2019:257 Page 8 of 25

Theorem 1.2 Counsider the aggregate claims (1.1). Suppose that Assumptions 1.2,1.3, 1.4,
and 1.5 are satisfied and EX?ml <00, i,j > 1, for some p > Ji. Then there exist constants
y1 >0 and ¢, > 0 such that for any y > y,

At

P(S(t)>x) Scav Y Lp'Filx) (1.7)
i=1

uniformly for all x > yt, which is equivalent to

i P(S(t) > x)
msupsSup —————=—— =
teoopxzft v Zf\:tl L;l,lFi(X) '

If {X;,i >1,j > 1} are identically distributed r.v.s with common distribution F € &, then
Assumptions 1.3 and 1.5 are satisfied. Thus from Theorem 1.2 we can obtain the following
corollary.

Corollary 1.2 Counsider the aggregate claims (1.1). Suppose that Assumption 1.2 is satis-
fied and the claim sizes {X;,i > 1,j > 1} are nonnegative r.v.s with common distribution F
satisfying Assumptions 1.4 and EX? < o0, i,j > 1, for some p > Ji. If F € 9, then there

ij
exist constants yy > 0 and ¢; > 0 such that for any y > y1,

P(S(t) > x) < crvAtLp F(x)
uniformly for all x > yt, which is equivalent to

. P(S(f) > x)
limsup sup ——=—=<¢;
t>o00 xzyt VALLE F(x)

The rest of the paper is organized as follows. Section 2 includes some lemmas. In Sect. 3,
we collect the proofs of our main results.

2 Some lemmas

This section presents some lemmas, which are useful in proving the main results of this
paper. The following lemma can obtained from Proposition 2.2.1 of Bingham et al. [2] and
Lemma 3.5 of Tang and Tsitsiashvili [27].

Lemma 2.1 IfV € 9, then
(1) foreach p > J};, there exist positive constants A and B such that

M <A<?_c>p
Vi)~ \y

forallx >y > B;
(2) foreach p>J,

xP = O(V(x)).

Consider the aggregate claims (1.1). For the delayed renewal counting process in (1.4),
we have the following conclusion.
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Lemma 2.2 In addition to (1.3), assume that EQ = ™! > 0. Then for every 0 < § < 1,

N*(t)
lim sup P -1{>4)=0.
At

t—00 1<k<h

The proof of this lemma is similar to that of Lemma 2.1 of Chen and Yuen [5]. For the

completeness of the proof, we give the following proof with some modifications.

Proof Foralll <k<handt>0,

A5 -)s) =
At

*(t) > At(1 +8)) + P(N*(¢) < At(1 - 3))

IA

P(N
P(T5 5045y < t) + P(]is1-5)41 > £)

t(1+ [A£(1-8)]+1
P( Z ; < )+ ( Z 0; >t)
=2
[A£(1+8) ] [A£(1-8)]+1
§P( Z 9i5t>+P<9* Z o9>t>

i=2

where in the last step, we used (1.3) and P(0] > t) = P(6; > t|Y; = k) for any 1 < k < h. By

the law of large numbers for the partial sums ), 6;, n > 1, we have

w1+5
tl_l)nolo At1+8 Z 0; = A as.

Thus
LAE(1+6)]
tl_i)rglot’1 Z 6;=1+6 a.s.
i=2
Similarly,
LAt(1-8)]+1
tlirglot Z 0;=1-6 a.s.
Therefore
LAE(1+6)]
imp( 3 0=t)
i=2
and

[At(1-8)|+1 s
E&P< 2 6> (1—5>f) -0

i=2

Page 9 of 25
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Since for all £ > 0,

[AE(1=8) ] +1
( Z 0>t)
[AE(1-8) | +1 [AE(1-8)]+1 5
( Z 0,>t0<0* < )+p<9* Z 0;>t,0%> — )

[At(1-8)]+1 s P
<P 0; 1-- )¢t PlO* > —t ,

we have

l\)l%

[A£(1-8)]+1
tlggP(@ + Z 4; >t> =
This completes the proof of Lemma 2.2. g

The following lemma gives asymptotic lower and upper bounds for the tail of the partial

sums with UTAI increments.

Lemma 2.3 Let n be any positive integer, and let {&x,1 < k < n} be nonnegative and UTAI
rv.s with distributions Vi, 1 < k < n, respectively. If Vi € 9,1 < k < n, then, as x — 00, we

have

Zka Vix) S (Z &> x) < ZL Vie(x).

Proof When n =1, by V; € 2 we know that Lemma 2.3 obviously holds. We further as-
sume that # > 2. Denote S, = Y _;_; &. Firstly, we estimate an asymptotic upper bound for

P(S,, > x). For arbitrarily fixed 0 < € < 1 and any x > 0,

P(S,>x) < P(U(“g‘k >(1- s)x)) + P(S,, > X, ﬂ(ék <(1- s)x))
k=1 k=1
=L (x) + L(x). (2.1)

For I;(x), we have that for any x > 0,

Lx) <) Vi((1-e)x).

For any 1 < k < n, from the definition of Ly, we have

i Ve v\
limtim sup %) _ <limliminf M) - Ly
M oo Vilx) il x>0 Vi(xy) ‘
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Thus, for any &; > 0, there exist some 0 < 8; = §1(¢1,7) < 1 and x; = x;1(g1, 1) > 0 such that
forall§; <y<1l,x>x;,and 1 <k <n,

Vie(xy)
Vi)

< L{,i +6; (2.2)

and forall1 <i#j<mand x> x;,

P<E; > |&; > f) <2 (2.3)
n-1 n n

Therefore, for the above ¢, taking 0 <& <1-6; in (2.1),since0< Ly, <1,1 <k <nu, by

(2.2), for all x > x1, we have

n

L(x) < Z(L}i + 81)Vk(x)

k=1

<(1+e1)) Ly Vi),
k=1

Hence

I
limsup # < llm(l + 81) =1. (24')
x— 00 Zk:l L;/k Vk(x) €110

For I,(x), by (2.3) we have that, for x > x1,

Lx) < ZP<5n >x,6 > ;—C,ﬂ(ék < —8)x)>
i=1

k=1

= XH:P(?E» E,Sn—fpsx)
i=1
< Z Z P<§i> §:§j> ns_xl)

i=1 1<j#i<n

i ex x x
= Z Z P<El>n_1|€l>E)P<$l>;)

i=1 1<jdi<n
<812n:7k 1), (2.5)
a k=1 n

Since Vx € 9, 1 < k < n, by Lemma 2.1(1), for any p > max {]{;k, 1 < k < n}, there exist
constants A > 0 and B > x; such thatforalll1 <k <wmandx>y>B,

Vi) SA(’—C)p. (2.6)
Vie(x) y

It follows from (2.5) and (2.6) that for all x > uB,

hx) <e1An” Y Vilx) < e14n° Y Ly Vi)
k=1 k=1

Page 11 of 25
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Therefore

I
lim sup # <limg;An” =0. (2.7)
x*—>00 Zk:l ka Vi(x) — e1l0

By (2.1), (2.4), and (2.7) we get that
P(Sy>x) S YLy, Vi)
k=1

Now we prove the asymptotic lower bound for P(S, > x). Since {§;,1 <i < n} are UTAI,

for any 0 < &; < 1, there exists x; = x3(¢2,7) >0 such that for all 1 <i#j <nand x > x5,

P& > 2> 2) < 2.
n

Hence, for all x > x5,

Y. PEsxE>R) = Y PE>lE>0)PE > )

1<i<j<m 1<i<j<n
n
=& Z V().
k=1

Therefore, since {&, 1 < k < n} are nonnegative, for all x > x,,

P(Sy>%) = P(U{sk > x})
k=1

n

> Viw)- Y PE>xE>w)

k=1 1<i<j<m

> (1-8) ) Vilw),
k=1

which means that

P(S, .
liminfg > lim(1 -¢y) =1.
Xx— 00 Zk:l Vk(x) £210

Since 0 <Ly, <1,1 <k < n, we have

P(S,>x) 2y Vilw) = Y Ly Vi),
k=1 k=1

This completes the proof of the lemma. O

The following lemma presents an upper bound of the tail of the partial sums with dom-
inated variation increments.
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Lemma 2.4 Let {&,k > 1} be a sequence of real-valued rv.s with distributions Vi € 9,
k > 1, respectively. Suppose that there exists a distribution V satisfying the relation

Vi V;
0 < My :=liminfinf — ») < lim sup sup ()

*¥—>00 izl X x—>00  >1 Vx)

=: My < 0. (2.8)

Then for any p > J},, there exists a constant M > 0 such that for all x > 0 and n > 1,

P(Z £ > x) <M’ Vi(x)
k=1 k=1

Proof Since Vi € 9,k > 1,by (2.8) we know that V € &. Hence by Lemma 2.1(2) and (2.8)
we get that for any p > J;,
xP X Vix)

lim sup —— = lim —— - limsupsup _(
X=0 f>1 Vk(x) x—>00 V(x) x—00 k>1 k(x)

Thus, for some constant C; > 0, there exists ¢ > 0 such that forallx > g and k > 1,

— < (. (2.9)

Since V € 92, by Lemma 2.1(1), for any p > J,, there exist constants A and B such that
forallx >+ > B,
‘_/(x)

< An?.
V(x)

By (2.8) there exists a constant By > B such that for all x > B; and k > 1,

1 M, < ?(x)
2 V(x)

< 2My;.

Thus, for all x > ﬁ > By,

Vileln) _ Vilelm) Vixin) V(@) <aMu oo, (2.10)
Vi)  Vix/n)  V(x) Vi(x) M

By (2.9) and (2.10), for all x > ¢, k > 1, and n > 1, we have

Vie@/n) < Vie<xanpy) + Vi(®/n) L= s,
< (nB1/x)! + Con? Vi(x)
< (B C1Vi(x) + Con? Vi(x)

= (B’fCl + Cg)npvk(x). (2.11)

Thus forallx >gandn>1,

(ng >x) < Zp(gk > —) (BYCi + G, nPka(x). (2.12)

k=1
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When 0 <x < ¢, for p in (2.9), we have that for all n > 1,

It follows from (2.12) and (2.13) that forallx > 0 and # > 1,

Vl(x)—l’. £ Vi ppn_
) %o =¢ 0 Vi(x) < Creln gvk(x). (2.13)

P(Zsk > x) <Mn”y Vi)
k=1 k=1

where M = max{B’fCl + Cy, Cye?}. This completes the proof of the lemma. O
The following lemma shows the closure property of r.v.s satisfying (1.2).

Lemma 2.5 Consider the aggregate claims (1.1). Suppose that Assumptions 1.1 and 1.3 are
satisfied. Also assume that F; € 9, i > 1. If the sequences {Y;,i > 1} and {X;;,i > 1,j > 1}
are mutually independent, then {Z; = Z] 1 Xij»i > 1} also satisfy relation (1.2).

Proof For any integer number n > 2,1 <i<j <n,and x > 0, we have that

P(Z;>x,Z; > x)
Y; Yj
=P(2Xik >x,ZXﬂ>x>
k=1 I=1
<> ZP(ZXk >x,ZX1 >x>P(Y k)P(Y; = ky)

k1=1ky=1

h ki k

<ZZZZP< k> —— kk X > P )p(y k1)P(Y; = ky). (2.14)

k1=1ky=1 k=1 I=1

By (2.11) we know that for any p > J}, there exist constants Cs > 0 and ¢ > 0 such that for
allj>1,k>1,i=1,2,k>1,and x > ¢, we have that

P(Xy> =) < GRIRP(X > ).
kiks

So, for the above p > J, we have that forallj > 1,k >1,i=1,2, k> 1,and x > ¢,

Yj

1
P(Z; >x)=p(2Xjk >x>zp()(,k>x) AT (X,k>klk2> (2.15)
3

k=1

Therefore by (2.14) and (2.15), for the above p > J} and any « > 0, we have that
lim sup sup xP(Z; > x|Z; > x)
=00 y>an 1<i<j<n

. xP(Zl'>x)Zj>x)
= lim sup sup —————«—
=0 x>an 1<i<j<n P(Zl > x)

Page 14 of 25
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oL R aP(X > 2 X > )
. / kik’ M7 Tk - - _
< nlirglo sup sup E E E E P(Y; = k1)P(Y; = ko)

x=an 1§i<j§nk1=1k2=l kel i-1 P(Z] > x)

LI W xk‘fkgp(Xik>ﬁ,Xﬂ>ﬁ)

< Cs lim sup sup ZZZZ P(Xji > %)
1K2

n—00 i
FZORLZIGEN Y g g1 k=1 1=1

- P(Y; = ki)P(Y; = ky)
hoh ok ok x x
=C3 nli)rrgo sup sup Z ZZZ/(?/(;JCP(XM > F’Q‘X]l > sz)

RZAM SIS 1 k=1 k=1 =1

- P(Y; = ky)P(Y) = ks)

ki ke

bk
. x x
< CgZZZZk’fkgnlggo sup sup sup xP(Xik> @‘)(/l> @)

Kioligel kel i1 x>anl<icj<n 1<k<h,1<I<h
-P(Y; = k1)P(Y; = ko)

= O,
where in the last step, we used Assumption 1.1. This completes the proof of the lemma. (]

Consider the compound renewal risk model mentioned in the introduction and let
n Y
Se=>_Y Xpn=1, (2.16)
i=1 j=1

which express the aggregate claims caused by the first # accidents. The following lemma
gives the asymptotic upper bound for the precise large deviations of S, as n — oo.

Lemma 2.6 Consider the aggregate claims (2.16). Suppose that Assumptions 1.2, 1.3, 1.4,
and 1.5 are satisfied and EX;‘”+1 <09, i,j > 1, for some p > J}. Then there exist constants
vo > 0 and ¢y > 0 such that for any y > yy,

n
P(S, > x) Scov ZL;ill?,-(x)
i-1

uniformly for all x > yn as n — oo, which is equivalent to

. P(S, > x)
limsup sup ———=—— = co.
n—oo x>ynV Zi:l L;;L Fl(x)

Proof By Assumption 1.5, for any 0 < €3 < 1, there exist some 0 < @, = wy(e3) < 1 and x3 =
x3(e3) > 0, irrespective to i, such that foralli > 1, wp <w < 1, and x > x3,

Fi(wx) < (L;il + eg)l?i(x). (2.17)

Take any constant § such that w, < § < 1. By Assumption 1.3 there exist 0 < M < oo,
0 <M;j; <00, and x4 > 0 such that for all i > 1 and x > x4,

M F(8h™'x) < F;(8h™'x) (2.18)
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and foralli>1and x>0,
Fi(8h'x) < My F(8h'x). (2.19)

Since F € 9, by (2.11), for p > J{, there exist x5 > x4 and By > 0 such that for all x > x5 and
k>1,

Er(8h7'x) < BohFi(8%). (2.20)

For all x > 0 and # > 1, we have the decomposition

h
P(S, > x) Z ZP(ZZX,,>9¢>HPY k;)
1=1 kn=1 i=1 j=1
h h n ki
= ZZ{p(Z ZXU > x, U { Xy > 8h™" %, X >8h_1x})
k1=1 kn=1 i=1 j=1 1<i<nm1<j<k<k;
ki
+ P(i ZXU- > X, U {Xi,» > 8htx, X, > 8h1x}>
i=1 j=1 1<i<l<n1<j<k;1<r<k;

+p<iixi,>x, N {XUESh‘lx})

i=1 j=1 1<i<nml<j<k;

n ki
+ P(Z D Xysx | (K> ohx Xa < 8h7x X, < 807k,

i=1 j=1 1<i<nm1<j<k;

1§/<#j§ki,1sl#iSn,lfrskz}”]_[P(lﬁ=ki)

4
=Y Lixn). (2.21)
=1

For I (x, n), by Assumption 1.4 we have that for all # > 1 and x > y#,

n

h
o Z i Z P(Xij > 8h 1w, Xy > Sh_lx) P(Y; = k;)

kn=1 i=1 1<j<k<k; i=1

ZZ > (Fi(sn'x) ]_[P(Y k)

kn=1 i=1 1<jck<k;

Lix,n) <

Mx-

=~
2
Il

—

Ms

ey
It
5

M»

h n n
S REEH ) [T -k
i=1

kn=1 i=1

ol
2
1l

—_

—EYZZ (5h7'x))



Wang and Chen Journal of Inequalities and Applications (2019) 2019:257 Page 17 of 25

By (2.20), (2.17), (2.19), and Ly} > 1, i > 1, we obtain that

i I (x,n)
msup Sup ———————=—_
n%oopxzypil v Z?:l L;"ile’(x)

EY?Boh? L F(8x)F,(sh™"
< == % limsup sup Lt n( x)l_( il
v n—>00 x>yn Zi:l L;:l Fz(x)
, Sl (L + e3)Fi(x)Fi(8h'x)
lim sup sup e
n—o00 x>ymn Zz’:l LFi Fz(x)

EY?Byh?
S R

EY?Byi’M Ly (LE! + e3)Fi(x) -
< == 207 U fimsup sup i ln fi 1_3 = lim F(8h'x)
v n—oo azyn )i Ly, Fi(x) x>0

= 0. (2.22)

For Ir(x,n), similarly to I;(x,n), by Assumption 1.4 we have that for all » > 1 and

xX=yn,
Ly(x,n)
h h n
=D P> kT Xy > i x) [ [ P(Yi = ki)
k=1 kn=11<i<l<n1<j<k;1<r<k; i=1
h h n
< Z e Z Z Z E(Sh_lx)E(Sh_lx) HP(Yi =k;)
ki=l  ky=11<i<i<nl<j<k;1<r<k i=1
h h n
=Y 0> kikE(sh x)Fi(sh7x) [ [ P(Y: = k)
ki=1  ky=11<i<l<n i=1
n n
<EY? (Z E((Sh%)) (Z E((Sh%)).
i=1 =1

Thus from (2.20), (2.17), and (2.19) we get that

i I (x,n)
msSsup Sup ————————
n—>oopx2£1 v Z:lzl L;}F,(x)

lim sup sup i Fi(aj))(zyil Fi(onx)

n—00 x>yn Zi:l LI_:ilFi(x)

, (XL (L + e @) (), Fi(dh'%)
lim sup sup

n—00 x>yn v Z:’q:l Ll_ﬁlfl(x)

EY?Byh?
S R

EY?Boh?
< -

- EY?Boh? My,

— _
" (L7 + &3)Fi(x) _

lim sup sup Zl'ln b 1_3 -lim sup xF (84" x)

yv n—00 x>yn Zi:lLl_:i F,(x) X—>00

=0. (2.23)
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For I53(x, n), by Assumption 1.4 we have that for all # > 1 and x > yn,

13(.76,}’[)
h h n n n
= p(ZX,,> = ZZXZ, ZX,,> (1 - ksh™ )HP(Y,-:ki)
ki=l  ky=1 i=1 =1 j=1 i=1

h h ki 1
<3 3 AT d S B [

i=1

ki ki

(1 kiSh!
1P( Xl, % )HP(Y k)

1-8
P(X,,> — Xir > ((HJ)HPY k)

Sy kikiE; B 19 T oy -k
EZZ KL l’lh (l’l—l)h 1_[ (z'— i)
j i=1
2 =( * \= 1-98)«
- 3 ()l

1<i#l<n

Furthermore, from Lemma 2.1(1) we know that for p > J{, there exist positive constants
C, and C;s such that for allx > y > Cs,

— X p_
F(y) < C4(;) F(x). (2.24)

Thus, by (2.18), (2.19), (2.24), and EX;”*" < 00, i,j > 1, taking o > hC5(1 - 89)"", we have
that for any y > yy,

I3(x, n) EY2M?, nF(Z)F(E3
lim sup sup = < limsup sup ——————
n—o00 x>yn UZ! lL Fi(x) — VM n—00 x>yn F(x)
EY*M}, C2h% —
U1 imsup sup n? 1 F(x)
VMp1(1-8)P  usoo xzyn
=0. (2.25)

For I4(x, n), by (2.20) and (2.17), for any y > 0 and x > yn, as n — oo, we have that

14(x, n)

h h
< Z . Zp( U Xy > 807 o, Xy < Sh7 ', Xy <8h7 ', 1 <k #j < ki,
k=1 ky=

1<i<n1<j<k;

1sl#ifn,lfrsz})]_[P(Kﬂq)
i=1

n ki

> F(sh xl_[P(Y k)

i=1 j= i=1

g

*..M»
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h n
=y ZZkP (8h" ]‘[ P(Y; = k)

k=l k=1 i=1 i=1

=03 F(sh ')

i=1

n
< VBl ) Fi(sw)
i=1

< VB> "(Lg +e3)F()

i=1

< VB (1 +&3) ZL;}E(x).

i=1

Taking cy = Bo/” and letting £3 — 0, we get

Lu(x, )
lim sup sup

2B <o, (2.26)
n—oo x>ynV Zl ILI_-"L' Fl(x)

Then Lemma 2.6 holds by substituting (2.22), (2.23), (2.25), and (2.26) into (2.21). The

proof of the lemma is completed. O
The following lemma is a restatement of Theorem 1(i) of Kocetova et al. [16].

Lemma 2.7 Let the interarrival times of the accidents {0;,i > 1} be a sequence of positive

and i.i.d. rv.s with common mean ).~L. Then for every a > ). and some b > 1,

lim b"P(t, <t)=0.
t—00
n>at

3 Proofs of main results
3.1 Proof of Theorem 1.1
Forany 0 <§ <1 and y >0, we have that for allx > yt and ¢ > 0,

n Y
P(S(t) >x) > Z P(Z ZXij >x,N(t) = n>

(1-8)at<n<(1+8)rt  \i=1 j=1

= > (O{ZXL, >x,N(t) = nD

(1-8)rt<n=<(1+8)rt j=1

> > :ZP(ZX,,>x, )

(1-8)at<n<(1+8)rt U i=1

- (ZXz, >x,ZXm] > x,N(t) = ) }

1<l<m=<n

= J1(x,2) = Ja (%, £). (3.1)

Page 19 of 25
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Firstly, by Lemma 2.3 we have that for each i > 1 as x — oo,

Y; h k
P(ZXU >x> = ZP(ZX,'; > x)P(Yi =k)
j=1 k=1 \j=1

h
<Y KEi(x)LE P(Y; = k)

k=1
vL; Fy(x)

and

Y; h
P(ZXij >x> ZP(ZX,, > x)P(Y k)
j=1 k=1
h
2 Y KEi(x)L,P(Y; = k)
k=1

= ULFiE(x)'

For J1(x,£), by (1.5), (3.3), and Lemma 2.2,

Jilx, t) = Z ZZP<2X‘1>x’ =nlY; = k) (Y;=k)

(1-8)rt<n<(1+8)rt i=1 k

- Z ZZPN(t) n|Y; = k)P (ZX,,>x>P(Y k)

(1-8)At<n<(1+8)rt i=1 k=1 j=1

= > iip(}\f*(t): (ZX,,>x> (Y; =k)

(1-8)rt<n<(1+8)rt i=1 k=1

(1=t
: N*(t)
zlirlghP” At _1‘ }Z (ZX”M)

i=1

(1-8)At

<5} Z LrFi(x)

N*
> inf PH ®) -1
1<k<h At

(1-8)At

~v ZLFF

uniformly for all x > yt as t — oo.
Since 7k Ly, < Lp < 5Ly, i > 1, by (2.19) we have that

. Z(l S)At<i<At L, F(x) M?,S
lim sup sup T < — .
t—oo xzyt Z Lr F(x) M;(1-90)

Letting § | 0, we have

lim sup sup Z(l S)At<i<it LF,_‘( ) _
t—00 x>yt Z (1-8) MLFF(JC)

(3.4)

Page 20 of 25
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Thus
(1-8)1rt
Lp.F;
liminf inf u (3.5)
t—00 x>yt Zz lLFzF (x)
Therefore from (3.4) it follows that
,
liminf inf L >1. (3.6)

t—00 x>yt y Zl 1L1:F (x)

For J5(x, t), from Lemma 2.5 we know that for any « > 0,

lim sup sup xP(ZX;, >x‘ZXm,>x> 0.

n=>0 x>an1<l<m<n =1 j=1

Thus, for any ¢ > 0, there exists N > 0 such that forall n >N, x> an,and 1 </<m <n,

Yl Yim
P(ZXU >x‘ Zij>x> <ex L. (3.7)
j=1 j=1
Thus by the Fubini theorem, (3.2), and (3.7) we have that, uniformly for all x > y¢,

]2(75’ t)

- Y T Yy

(1-8)At<n=<(1+8)At 1<l<m=<n k;=1 k=1

ki km
P(Zle >, 3 X > %, N(E) = | Vi = ko, Yy = km)P(Yl = k)P(Y,y = kin)
j=1 j=1

=Y > ZZP(ZX,,>x,ZXm,>x)

(1-8)rt<n<(1+8)rt 1<l<m=<n kj=1 k=1

P(N(t) =nlY; =k, Y :km)P(Yl :kl)P(Ym = m)

< Z ZZP(Zle >x,ZXm]>x> =k)P(Y,, =k,,)

1<l<m=<(1+8)At kj=1 k=1

Y; Y
= Z P(Zle>x,ZXm,>x>
j=1 j=1

1<l<m=<(1+8)rt

Y; Ym Yim
= Z P(ZXU>x‘Zij>x>P<Zij>x>
j=1 j=1 j=1

1<l<m<(1+8)1t

(1+8)At Y
<ex'(1+68)At Z P(Zij > x)
m=1 j=1
(1+8)At

Ser@+8)y™ > vLg F(x),

m=1

Page 21 of 25
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where we used (3.7) in the sixth step and (3.2) in the last step. Since AA,/[[—LL[LFI, <Lp< %Lﬁ’
i > 1, by (2.19) and the above relation we have that

(1+8)At

Lt \)L F X

lim sup sup L)_ < eA(1+8)y ! limsup sup Zm ! ( )
t—>00 x>yt le ILFzFl( x) t—>0o0 xzyt in:lLFi i

< er(l+8)y *MIMLF.

Letting ¢ |, 0, we get

, L
lim sup sup L =0. (3.8)

t—>00 x>thZl 1LFF( )

Therefore the theorem follows from (3.1), (3.6), and (3.8). This completes the proof.

3.2 Proof of Theorem 1.2
Using yp in Lemma 2.6 and taking y; = 2y, for any 0 < § < 1 and y > y;, we have that for
allx>ytand >0,

P(S(t) >x) = P(S(£) > x,N(¢) < (1 + 8)Az) + P(S(t) > %, N(£) > (1 + 8)Az)

=: Ja(x, t) + Ja(x, t). (3.9)

For J3(x,t), by Lemma 2.6 there exists a constant ¢g > 0 such that, uniformly for all x > y¢,

1+8)t Y;
J3(x,2) §P< Z ZXij>x)

=1 j=1
(1+8)At
< cov Z L;ill?i(x).
i=1

Similarly to (3.5), we have that

. i L Filx)

lim sup sup ~ o= =

t—o00 x>yt Zi:l LEI, Fi(x)

Thus

,
lim sup sup L < ¢p. (3.10)

t—00 x>yt V Z L;llfl(x) -

From (2.11) we know that for p > Jf, there exist ¢ > 0 and a constant B, > 0 such that for
allx>¢,i>1,and n > 1,

Fi(x/n) < Byn”Fy(x).

Thenforallx >¢,i>1,1<k<h,andn>1,

k
(ZX,, > Z) < Zf(nk) < BokP* ' nPFy(x). (3.11)
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Substituting (3.11) into J4(x, t), for the above p > J/, we have that, uniformly for all x > y ¢,

n Y
Jalx, t) < Z P(ZZXij>x,rn§t>

n>(1+8)At i=1 j=1

A

> ZP(sz— )

n>(1+8)At i=1

> 3 e(Sn e saiomo

n>(1+8)At i=1 k=1

> S5 H(Sue o X ase)nes

n>(1+8)At i=1 k=1 1<j#i<n

Z ZZP(ZXU > ) (Ty-1 < OP(Y1 =Kk)

n>(1+8)At i=1 k=1

IA

n h
> Y BRI EP( < OP(Y: = k)

n>(1+8)At i=1 k=1

IA

X

1 _
=BEY]" > wP(r, <8)- ) Filx)
n>(1+8)At n i=1
Hence we have that
]4(x1 t)
limsup sup ————
t—oo x>yt I)ZL 1L IF (x)
B,EY?H! Fi(x
< limsup sup 201 Z n*1P(1, Z’ 1 (x)
t—>o0 xzyt v o (Lamhe Z Fi(x)
BEY?"! " Fix
27llm sup sup Z wWP(t,, < t)M (3.12)
v t>oo azyt (L)t nFq(x)
From (2.19) it follows that for sufficiently large x and all n > 1,
- —
Ziin(x) < VlMLnf(x) _ Min <. (3.13)
nF;(x) nMp F(x) M
Therefore from (3.12), (3.13), and Lemma 2.7 we obtain that
Y My B,EYPH!
lim sup sup {f(x 1)_ <L i sup Z WHP(t,_1 <t)
t>o0 w2yt V Zl 1 L;i Fix) My 200 s (1es)ne
=0. (3.14)

Then (1.7) can be obtained by substituting (3.10) and (3.14) into (3.9) and taking ¢; = ¢.
The proof of the theorem completed.
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