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1 Introduction
Let A = (a;)uxn be a square matrix of order #n. o : [0,1] — R is a bounded varia-
tion function, and [} u(t)da(t) = (f w1 () da(t), [y us(t)da(?),..., [y ua(t)da(®))” where
fol u;(t) da(t) denotes the Riemann—Stieltjes integrals of #; with respect to « and u” de-
notes the vector transpose of the row vector u. Take /1 = fol tda(t) and B = KA.

In this paper, we will study the existence of solutions for the following integral boundary
value problem at resonance in R™:

—u"(t) =f(t,u(®),u' (), te(0,1), w1
w(0)=0,  w(l)=A [ u(t)da(t), '
under the following assumptions:

(H1) Bis a diagonalization matrix, and det( — B) = 0;

(H2) [y t(1—t)da(t) #0;

(H3) f:[0,1] x R?" — R” satisfies the Carathéodory conditions.

If the condition (H;) is considered, the associated linear problem —u"(¢) = 0, u(0) = 0,
u(l)=A fol u(t) da(t) has a nontrivial solution u(¢) = ¥ ¢ with ¥ € Ker( — B). This means
that this problem is a resonant integral boundary value problem (IBVP).

Integral boundary value problems of this form arise in different areas of applied math-
ematics and physics such as heat conduction, thermoelasticity, underground water flow,
and plasma physics. Moreover, integral boundary value problems constitute a very im-
portant class of problems based on the fact that two-point, three-point, multi-point and
nonlocal boundary value problems can be treated as special cases of Riemann—Stieltjes
integral boundary value problems. As a result, the existence of solutions for such prob-
lems has received great attention (see [1, 5-9, 11, 12, 14, 15, 23, 26-28]). It is well known
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that, when # = 1, the existence theory of integral boundary value problems for ordinary
differential equations or fractional differential equations has been well studied; we refer
the reader to [4, 10, 17, 20, 21, 24, 25, 29-35, 37] for some recent results at non-resonance
and to [2, 3, 16, 18, 22, 23, 27, 36] for results at resonance. When # > 2 and A is not a diag-
onal matrix, IBVP (1.1) becomes a system of ordinary differential equations with coupled
boundary conditions. Differential systems with coupled integral boundary conditions can
be applied to reaction—diffusion phenomena, interaction problems and Lotka—Volterra
models. Recently, there have been many papers addressing the existence of solutions for
differential systems of coupled integral boundary value problems; see, for example, [1, 3,
5-7,9,11-14].

To the best of our knowledge, the solvability of problem (1.1) at resonance has not been
considered before. The main purpose of this paper is to establish an existence result for
problem (1.1) when # > 2. Our main method is based on the coincidence degree theory
of Mawhin and the theory of matrix diagonalization in linear algebra.

We end this section by recalling some notations and abstract results from coincidence
degree theory.

Let X and Y be two real Banach spaces, L : domL C X — Y be a linear Fredholm op-
erator of index zero, and P: X — X and Q: Y — Y be two continuous projectors such
that

ImP =kerl, kerQ=ImlL, X =kerL @ kerP, Y=ImLHImQ.
It follows from the above equalities that the reduced operator
Lldomrrkerp :domL Nker P — ImL

is invertible. We denote its inverse by Kp (the generalized inverse operator of L). If 2 is an
open bounded subset of X such that dom L N £2 # ¢, the mapping N : X — Y will be called
L-compact on £2 if QN(£2) is bounded and Kp(I - Q)N : 2 — X is compact.

We make use of the following result from Mawhin [19].

Theorem 1.1 ([19] (Mawhin continuation theorem)) Let L :domL C X — Y be a Fred-
holm operator of index zero and N be L-compact on $2. The equation Ly = No has at least
one solution in dom L N §2 if the following conditions are satisfied:

(1) Lo # ANg for every (¢, ) € [(dom L\ kerL) N 9£2] x (0, 1);

(2) No ¢ ImL for every ¢ e kerL N 982;

(3) deg(JQN |kerz, $2 NkerL,0) # 0, where J : Im Q — Ker L is some isomorphism.

2 Preliminaries
We use the classical spaces X = C'([0,1],R”) and Y = L([0, 1], R"). For u € X, we use the

norm ||u||x = max{||u|c, |40}, Where |[u]loo = maxeejoy{|u1(8), [u2(2)],. .., |ua(t)]}, and
denote the norm in L([0, 1], R”) by ||«||; = maxj<;<, fol |u;(t)| dt. We also use the Sobolev
space defined by

Xo = {u € X : / is absolutely continuous on [0,1] and #” € Y}.
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We define L to be the linear operator from D(L) C X to Y with

domL = {u € Xo:u(0) =0,u(1) :A/(;1 u(t) da(t)}

and for u € D(L), Lu = —u”. Let N : X — Y be the nonlinear operator defined by
(Nu)(t) =f(t, u(),u' (1)), te€[0,1].

Thus, problem (1.1) can be written as Lu = Nu.

Lemma 2.1 The following results hold:

(1) KerL ={u e X :u(t) = yt, € Ker(/ — B) C R"}.
(2) ImL={veY:p(v)elm(l - B)}, where ¢ : Y — R”" is a linear operator defined by

1 p1
(p(V):A/O /o G(t,s)v(s)dsda(t), (2.1)
where

Hl-s), 0<t<s<l,
G(t,s) = (2.2)
s(1-¢), 0<s<t<l.

Proof (1) For u € KerL, we obtain —u” = 0. Then u(¢) = ¢t + ¢, with ¥,y € R”. With
consideration of the boundary conditions #(0) = 0 and u(1) = A fol u(t) da(t), we conclude
that ¥, =0and ¢ = Afol Ytdo(t) = A(hy) = By Thus, ¢ € Ker(I — B). Again, if u(t) = ¥t

with ¢ € Ker(I — B), then u € Ker L.
(2) For v € Im L, there exists # € dom L such that —«"(¢) = v(¢). Thus,

1
u(t) = u(0)(1 -¢) + u(1)t + / G(t,s)v(s) ds. (2.3)
0

Using the boundary conditions #(0) = 0 and u(1) = Afol u(t) da(t), it follows from (2.3)
that

1 1 1
1)=A d =A 1 G(t, ds ) d
u(1) /0 u(t)do(t) /0 (u( )t+/0 (t,s)v(s) s) a(t)
= A(hu(1)) + o(v) = Bu(1) + p(v).

This implies that ¢ (v) = (I = B)u(1). Thus, v € {v € Y : ¢(v) € Im(I - B)}. Conversely, ifv € ¥’
and ¢(v) € Im(I — B), let

1
u(t) =&t + f G(t,s)v(s)ds,
0
where & € R” satisfies

(I=B)5 =¢p(v). (2.4)
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Then —u”(t) = v(¢), u(0) = 0, u(1) = € and
1 1
A/ u(t) do(t) :AS/ tda(t) + o(v) = BE + p(v) = &.
0 0

Thus, u(1) = A fol u(t) da(t) and v € Im L. This completes the proof. O

Recall that a matrix is diagonalizable over the field R if and only if its minimal polynomial
is a product of distinct linear factors over R. Thus, it follows from (H;) that the minimal
polynomial of the matrix B can be written as

up(x) = (1 —x)g(x), (2.5)

where 1 — x and g(x) are two polynomials which are relatively prime. Hence, there exist
two polynomials, a(¢) and b(t), such that

(1-x)alx) + gx)b(x) = 1.
From this, we conclude that (I — B)a(B) + g(B)b(B) = I. Thus,

Im(Z — B) = Kerg(B),
Ker(I — B) = Img(B), (2.6)

R” = Im(I — B) ® Img(B).
Moreover, by (2.5), we have (I — B)g(B) = 0, that is,

&(B)B =g(B). (2.7)
Consequently, we deduce that

§(B)g(B) =g(1)g(B), (2.8)

where g(1) # 0 holds following from the fact that 1 — x and g(x) are two relatively prime
polynomials.

Example 2.1 When B™ = B with 2 < m < n, the minimal polynomial of the matrix, B, is
() =x—x" = (1-x)(x+ 2"+ +2"") = (1 - x)g(x).

Thus, we have
gl)=m-1.

When B" = I with a 2 < m < n, the minimal polynomial of the matrix, B, can be explicitly
given by

upx)=1-x" =(1—x)(1 +x+x2+---+xm’1) =(1-x)g(x).
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Thus, we obtain
g(1) =m.
Lemma 2.2 L is a Fredholm operator of index zero.

Proof We define an operator Q: Y — Y by
(Qv)(t) = kg(B)p(v), veY,

. . . _ 2h . _ . n
where ¢ is given in (2.1) and k = O 4@ Note that if w() = ¥ with ¢ € R”, we have

1 1
(QmukwymAwA A G(t,s)dsda(?)

M-8 o B

1
=@wmwl - P

L BBy - L gy

" 2() g(1)

gB)AY

Hence,
1

2 _
(@) () = 20

¢(B)(kg(B)p(v))

k
o g(B)g(B)e(v)
= kg(B)p(v) = (Qv)(2).

Therefore, the map Q is a continuous linear projector. Moreover, by (2.6) and Lemma 2.1,
we have

veKerQ < o¢()eKerg(B) < ¢ elm(I-B) <« velml.

This means that Ker Q =ImL.Forv e Y,v—Qv € Ker Q = Im L. Therefore, Y = ImL +Im Q,
and, again, ImZLNIm Q = {0}. Hence, Y = Im L ®Im Q. Combining the previous results with
the additional information that Im L is closed, we conclude that L is a Fredholm operator
of index zero. d

In what follows, we make the following assumption on the matrix B:
(H4) There exists [ € R such that {(I — B)(I — B) = (I - B).

Example 2.2 When B2 = B, we can take [ = 1 such that
(I-B)Y{[-B)=1-2B+B*=I-B.
If B? = I, we can take [ = J such that

I(I-B)I-B)= %(I—ZB+BZ) = %(2]—23):1—3.
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Lemma 2.3 Assuming that (H4) holds,
II-ByY =¥, VY elIm( -B).

Proof Let v € Im(I — B) so that ¥ = (I — B)y for y; € R”. Using the condition (H4), we
have

=By =lI-B)I-B)Yy1=U-B)yr=19. .

Lemma 2.4 If §2 is an open bounded subset such that dom L N §2 # O, then N is L-compact
on 2.

Proof Define the linear operator P: X — X by

1
(Pu)(t) = @g(B)u(l)t.

Then we have

(P2u)(®) = ig(B)(igw)uu))t

g(1) g(1)
= gztl)g(B)g(B)u(l)t = ﬁg(B)u(l)t = (Pu)(¢).

This shows that P is a continuous projection operator. In the following, we will assert that
ImP = KerL. In fact, if v € Im P, there is u € X, such that

1

W(¢) = Pult) = ey

g(B)u(1)t.
Thus, it follows from (2.6) that v € Ker L. Conversely, if v € Ker L, we have
v(t) =t,  €Ker(I-B).

On account of the second identity in (2.6), there exists ¥; € R”, such that ¢ = g(B)y;.
Taking u(t) = g(1)y, we then have

1

Putt) = g(1)

gB)u(l)t = g(B)yYnt = vt
which implies that v € Im P. Thus, we conclude that Im P = Ker L, and consequently,
X =KerL & KerP.

Therefore, the generalized inverse Kp : ImL — dom L N Ker P can be given by

1
(Kpv)(t) = /(.) G(t,s)v(s)ds + l<1 - <ﬁg(B))w(v)t, (2.9)
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where the constant [ is given in (H4). Note that, since G(1,s) = 0 for all s € [0,1] and from
(2.9), we have

l
PO = 581 08 o0l =o.
Hence, Kpv € Ker P. For v € Im L, we know that
1
o) =1(1- (@) )t
and

1
A /0 (Kpv)(t) da ()

1

:A/(; (‘/(; G(t,s)v(s)ds + Z<I Eg(B)) (V)t) da(t)
1 1

=p(v) +IA (1 - @g(B)><p(v)/o tda(t)

=) + 1A<1— % (B)>¢(V)h p(v) + ZB<1 - Eg(B))(p(V)

=) +I(B- I+I)<1— E (B)) (v)

1 1
() - l<1—B>( - @g(3)>¢(v) . 1(1— @g(B))w(V)

=<ﬂ(V)—l(1—B)<ﬂ(V)+l( 0 (B))w(\/) ( < )g(B))w(V)

Therefore, (Kpv)(1) = A fol(va)(t) da(t), and consequently, Kp is well defined. Further-

more, if # € dom L N Ker P, then, using (2.7) and Lemma 2.3, we have

(KpLu)(2)

1
= _/ G(t,s)u (s)ds + l(]— —g(B))go(Lu)t
0 1)

1
=u(t) —u(l)t + l<l— E (B)) </0 (u(t) — u(1)z) doz(t))t

1 1
=u(t) —u(l)t + l<[— E g(B )) (A/O u(t) da(t) —Ahu(l))t
=u(t) —u(l)t + l< a )g(B)>(1 B)u(1)t

=u(t) —u(l)t+I(I - Bu(1)t

= u(t).
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This shows that Kp = (L|gomznkerp) "+ and that LKpv(£) = v(t), v € Im L. For v € dom L, by
(2.8) we obtain

1 t
(I(pV)/(t)Z/ (l—s)v(s)ds—/ sv(s)ds+l(1—ﬁg(3)> / / G(t,s)v(s)dsda(t).

Notice that

IIVI|1
max

te[0,1]

1
/ G(t,s)v(s)ds
0

§max/ t(l—t)|v(s)|d < —
te[0,1] 0

max
te[0,1]

t 1
- d 1- d
/osv(s) s+/t( s)v(s)ds

t 1
Stg%(zi?](t/o |V(s)|ds+(1—t)/[ |V(s)|ds>

1 1
ftrg(%(t/o s+ -1 [ |v<s>|ds) =,

1
/ G,(t,s)v(s)ds

0

= max
te[0,1]

and

G(t,s)v(s) dsda(t ‘ // 1-1)[v(s ‘ds”l(\/ )
1 t
:fo t(1 —t)d(\/(a)) vl

0

where \/{ () denotes the total variation of @ on [0,¢] defined by

t

\/ —supZ|a(t) ot

0 i=1

where the supremum runs over the set of all partitions
P= {P = {to, ..., t,}|P is a partition of [0, ¢] }
Let || - ||« be the max-norm of matrices defined by
Al = max |a;l, forA = (ap)uxm
1<i<n1<j<m
and || - |g» be the maximum norm in R”. Then we have

AVIirr < m||AllIVlirm, for A =(aj)nxm and v € R™.

Thus,

1Kpvileo = (i +nll- H( (11) (B)>

1 t
/ (1 —t)d(\/(a))>||V|l1
xJ0 0
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and

&y, < <1 +nll - H (1— ﬁg(B))A

Consequently, we conclude that

1 t
/t(l—t)d(\/(a))>||l/||1-
xJ0 0

I1Kpvlix = Mllvis,

where M =1 + n|l|||( - é%g(B))AII* fol t(1-1¢) d(\/f)(ot)). It is easy to see that

1 pl
(QNu)(t) = kg(B)A/ / G(t, s)f(s, u(s), u’(s)) dsdo(t) e R”
0o Jo
and

Kp(I = Q)Nu(t)
= KpNu(t) — KpQNu(t)

= /1 G(t,s)Nu(s) ds + l([— Lg(B)><p(Nu)1f
0 g(1)

1
+ /0 G(t,s)ds - QNu(t) + l(]— ﬁg(B))(p(QNu)t

t1—t)

1
= / G(t,s)Nu(s) ds + QNu(t)
0

—t
2
1
+ l(] - —g(B)) (¢ (Nu) + (QNu))t.
g(1)
By using the standard argument, we can show that QN((£2)) is bounded and Kp(I —
Q)N(£2) is compact. Thus, N is L-compact on £2. O

The above results (Lemmas 2.1, 2.2, and 2.4) may be concrete for a specific matrix. In the
following, we suppose that a diagonalizable matrix B satisfy B? = I and dim Ker(/ — B) = k.
So, there exist a set of linearly independent vectors {n1,12,...,7,} such that

i
I 0 M2i
BC=C ’ C=(771,T)2,~«,7)n),’7i: . ’
0 -1« :
Nni

where n; (i=1,2,...,k) is an eigenvector of B with eigenvalue 1and n; (i = k+1,k+2,...,n)
is an eigenvector of B with eigenvalue —1. Moreover, we shall suppose that

ni1 Mz - Nk Nk+1,k+1 Nk+1,k+2  **° Nk+ln

Na1 MN22 -+ N2k Nk+2,k+1  Nk+2,k+2  **° Nk+2n
=1, . . . =1y k. (2.10)

Nkr Mk2 -+ MNik Nnk+1 Nn,k+2 tee Nnn
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Take C™* = (¢i)uxcns

Cik+1,1 Ck+12  °°° Ck+lk Ck+1 k41 Ck+1,k+2  *°*  Ck+ln
Cik+2,1  Ck422 Cle+2,k Ci2,k+1  Cke2,k+2 Chk+2,n
Dl = . . . ’ D2 =
Cu,1 Cn2 cee Cnk Crk+1 Crk+2

It follows from C~1C = I and (2.10) that, for [,m € {1,2,...,k},

1 ifl=m,
0 ifl#m.

n
Z Clillim = Slm =
i=1

Based on the notation above, (2.4) can be rewritten as

0 0 PR Y /S A
C(O 21,,_k>c S—hC(O _n_k>c /O/OG(t,S)v(s)dsda(t),

Thus,

00 e L[ O St
(2 )eefs e fonsman

Then the above matrix equation reduces to

Jo Jo Gt,9) X0 cyvi(s)dsda(t) =0, i=1,2,....k
- fol fol G(t,s) Zle cijvi(s)dsda(t) = 2h 2;11 ci&, i=k+L,k+2,...,n

or
Jo Jo Gt,9) X0 cyvi(s) dsda(t) =0, i=1,2,....k
— [ [ G(t,5)(D1, Do)(s) ds dar(£) = 2h(Dy, D,)E .
Consequently,

1 p1 n
ImL:{VeY:/ f G(t,s)chjvj(s)dsda(t)=O,i=1,2,...,k .
0o Jo -
j=1

By (2.10), we know det(D,) # 0. From the second part of (2.12), we infer that

&1 31

&2 D;'D, | &2 1t

|- 22h1 |- fo /0 G(t,5)(Dy' D1, Ly v(s) ds dau(2).
En Ek

Define the linear operator P: X — X by

Pu)(t) = w1 (W)t + up(D)mat + -+ + we(D)mit, ueX,

(2.11)

(2.12)

(2.13)

Page 10 of 19
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It follows from the left formula in (2.10) that P is a continuous projection operator with
ImP =KerL.

Based on the assumption (H2), we define linear operators Q: Y — Y by

k 1 1 n
Qv= Z y / / G(t,s) Zcijvj(s) dsda(t)-n;, vey, (2.14)
-1 70 JO j=1
_ 2 :
where y = Ti0d®’ For given v € Y, we take

1 1 n
= / / G(t,5) Y cyvi(s)dsda(t), i=1,2,... .k
0 Jo 1

Then (2.13) reduces to

k k k
(QV)(t) =Y (al; O2,...,0k, ZamnkJrl,mr Zamnk+2,m, ) Zamnn,m) .
m=1 m=1 m=1

With the help of (2.11), we have

% 3 @)

j=1
k
=Cin01 +Cply + -+ -+ iUk + Cikr1 E X Nk+1,m
m=1
k k
+ Cik+2 § Xy Ni+2m + -+ Cip E Yy Nn,m
m=1 m=1

= a1(Ci1 + Cike1Mk+1,1 + Cika2Mka2,1 + -+ + Cinlln1)
+aa(Cio + Cika Nk+1,2 t Cik+2Mk+2,2 - + Cmnn,z)
+ oo o (Cik + Cikal Mie Lk + Cike2Mka2k + +++ + CinTlnk)

=a15i1+a28i2+---+ak8ik; i=,1,2,...,k.

Consequently,
k 1 pl n
@)©0=2r [ [ 6693 @y dsdate)-
— Jo Jo e

1 1 k 1 1 n
=y /0 /0 G(t,s)dsdoa(t) <§y fo /0 G(t,s);:c,jvj(s)dsda(t).m>

Ly k 1 pl "
_y fo “2” da(t)<;y /0 /0 G(t,s);cﬁv;(s)dsd““)'”i)

= (Qv)(®).

Page 11 of 19
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This implies that Q is a continuous projection operator. Obviously, Ker Q = ImL holds

from the linear independence of the vectors {11, 72,...,nx}.
From (2.12), it follows that the generalized inverse Kp : InL — domL N Ker P can be
defined by

1
(Kpv)(t) = /0 G(t,s)v(s)ds + 8 - t,

where § € R” is given by
1 1 1 T
§= (O, . ..,9, 7 /0 /0 G(t, s)(Dngl,I,,,k)v(s) dsda(t)) .
k

Similar to the proof of Lemma 2.4, we obtain

1 t
IKpvlix < (1 + %H (D3' Dy, Lik) ||, /0 t(1 —t)d(\/(a)))ﬂvnl. (2.15)

0

3 Main result
In this section, we use Theorem 1.1 to prove the existence of solutions to (1.1). For this
purpose, we use the following assumptions:
(H5) There exist nonnegative functions a, b, ¢ € L'[0, 1] such that, for all &, v € R” and
te[0,1],

f (&, u,v)| < a(®)|ullgs + B@)||VI|rn + c(2).

(H6) There exists a constant A > 0 such that, for each u € dom L, if ||/ (£)||gr > A for all
t €[0,1], then

1,1
g(B)A /0 /0 G(t,s)f (s, u(s), u'(s)) dsda(t) # 0.

(H7) There exists a constant A; > 0 such that either for any ¥ € R” with ¢ = By and
1V llrn > As,

(¥, QNu) <0, (3.1)
or for any ¥ € R” with ¢ = By and ||{||g= > Ay,

(¥, QNu) > 0, (3.2)
where u(t) = ¥¢t, and (-, -) denotes the scalar product in R”.

Theorem 3.1 Let the assumptions (H1)—(H7) hold. Then (1.1) has at least one solution in
X provided that (n||g(B)|l. + MIg(1))(llall1 + [16]l1) < [g(1)].

Proof Set

2= {u € dom L\ KerL : Lu = ANu for some A € [0, 1]}.

Page 12 of 19
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Suppose that u € §2;, and Lu = ANu. Then A # 0 and Nu € Im L = Ker Q so that

A /01 /01 G(t,s)f (s, u(t),u'(t)) =0, forallz€0,1].

Thus, from (H6), there is ¢, € [0, 1] such that ||#/(fo)|gr < A. By the absolute continuity of
u, for t € [0, 1], we have

_ 0) — "(s)d ’
)] = w0 - [ wras| < ],
and
’ t)| u'(to) fu”(s)ds §A+||u”||1. (3.3)
This yields
||Pu||X:max{||Pu||oo, (Pu)/H } Vl||g(B)|I*H a )“ Vlllg(B)ll*Hu/“ ) (3.4)
*© g(1)] mr = lg(1)] *©

Again, if u € domL, then (I — P)u € domL N KerP and LPu = 0. Then, by (2.7) and
Lemma 2.3,

|- Pl = oLt = Py < M|t~ P

= M||Lully = M||u" |, < M||Nul;. (3.5)
Using (3.3), (3.4) and (3.5), we conclude that

lullx = |Pu+ (I - Phu|, <|Pulx+|U-Pul,

S R
e (g )l
1
- nllg(B II* <n||g(B Il +M)/O ) ds
= n|:§§f)|”* <n|:§511;)|||* +M)(||a||1||u||oo + 16l || ||, + liellr)
< SO (D et + (LU ) s 11

The last inequality allows us to deduce that

lul nllgB)ll«A + (nllgB)ll« + Mig(1)Dlcllx
= gD = (nllgB) Il + Mg llalls + 1511)°

Thus, £2; is bounded. Let

2y ={ueKerL:NueclmlL}.
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For u € £2, and from the definition of Im L, u(t) = ¥ ¢, where ¥ € R”. Since QNu = 0, we

have

g(B)A '/0] ,/01 G(t,s)f (s, u(s), u'(s)) dsda(t) = 0.
Hence, from (H6), we can show that
lullx = lllloo = 1V llrn < A.
Therefore, §2, is a bounded set in X.
Let J(¥) = ¥t be the isomorphism. Then we want to show that the set of u in Ker L such
that
“Au+(1-A1)JQNu=0
with A € [0, 1] is bounded if (3.1) holds. This means that (with ¥ = By and u = ¥t)
APt +(1-2)QN (Yt =0,
or
-2 +(1-A)QN(yt)=0.

If A =0, we have QN (vt) = 0, that is,

1 p1
g(B)A‘/0 ‘/0 G(t,8)f (s, s, ¥)dsda(t) = 0.

Thus, we deduce that || ||gr < A follows from (H5). Otherwise, if || ||z > A1, in view of
(H7), we have

0 < AllYllE. = (1-2)(¥, QN(¥1)) < 0.

Thus, ||#|lx = |[¢]lrr < A;. Using the same argument as above, we can conclude that the
set of u in Ker L such that

Au+(1-2)JQNu =0

with A € [0, 1] is bounded if (3.2) holds. Therefore, the set
25 ={ueKerL: piu+(1-21)JQNu =0, €[0,1]}

is bounded if conditions (H6) and (H7) are satisfied, where

-1 if (3.1) holds;
1 if (3.2) holds.



Song et al. Journal of Inequalities and Applications (2019) 2019:252 Page 15 0f 19

Finally, the proof of this theorem is now an easy consequence of Lemmas 2.1, 2.2, and
2.3 and Theorem 1.1. Let §2 be a bounded and open subset of X U?=1 £2; C 2. Then, by
the above argument, we have

(i) Lx # ANx, for every (x, 1) € [(dom L\ KerL) N 3£2] x (0,1),
(ii) Nx ¢ ImL for x € KerL Nas2,
(iii) H(x, 1) = wAx + (1 — A)JQNx. By the homotopy property of degree,

deg(JQN |kerr, Ker L N £2,0) = deg(wl, Ker L N £2,0) # 0.

Then, by Theorem 1.1, Lu = Nu has at least one solution in dom L N £2 so that the IBVP

(1.1) has at least one solution. a

For the special case that a diagonalizable matrix B satisfy B> = I and dim Ker(I - B) = k,
we make the following assumptions:
(H8) There exists a constant A > 0 such that, for each u € dom L, if |} (£)| > A for all
te[0,1] or |uy(¢)| > A forall £ € [0,1], or ..., or |u;(¢)| > A for all £ € [0,1], then

k 1 sl n
(QNu)(t) = Z 4 / / G(t,s) Z cifi(s,u(s), u/(s)) dsda(t) - n; #0.
-1 Y0 Y0 j=1

Theorem 3.2 Let the assumptions (H2), (H3), (H5), (H7), and (H8) hold. Then (1.1) has
at least one solution in X provided that (|| Zf;l Nillgn + Mi)(llallr + 16]11) < 1, where My =
(1+ 2:1(D5' Dy, L)« fy £0 = ) d(V/(@))-

Proof For u € §21, QNu = 0. Then, from (H8), there is t; € [0,1] (i = 1,2,...,k) such that
|u;(t;)] < A. By the absolute continuity of u;, for ¢ € [0, 1], we have

t
o) = u,»(O)—/O w6 ds| < il =12,k
and
t
|u§(t)|: u;(t,-)—/ u/(s)ds| < A+ ||u” v =12,k
This yields

IPullx = max{[|Pulloc, || (Pu) ||  } = 1Putll o

k

Zﬂi

i=1

k

Z’?i

i=1

<

R”

< max {|u;(1)]} -

1<i<k

.

Again, if u € dom L, then (I — P)u € dom L N Ker P and LPu = 0. Then, by (2.15),

|¢=Pyul = [KpL{ - Pyul, = M| LT - Pu,

= My || Lully = My |[u” ||| < My[|Nul|,.
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Using the above three inequalities, we conclude that

lullx = || Pu+ (I - Pul, < |Pullx+ | - P)ul,

k k
| 2om) (Al Ml = D] A
=1 gn =t R
k

Z’h’

i=1

{

) +M1>Hu”H1

k k 1
<[> m A+( > i +M1)/ If (s, u(s), ' (5))| ds
i=1 R” i=1 IR 0
k k
< Zm A+( Z’li +M1>||C||1
i=1 R” i=1 R”
k
+ ( > +M1>(||a||1 + 118111 1l
i=1 R”

The last inequality allows us to deduce that

g < Vb il A+ (S il + Mlel
T 1= (IS mille + M)l + []1)

Thus, §2; is bounded. The rest of the proof repeats that of Theorem 3.1

Example 3.1 Consider the differential system

—x7(t) = sinaxy (£)x5(£) + % arctanx, () + %x’l(t) +t,

—x (t) = sinxy (£)x3(2) — cosxy(t) + 2—10x’2(t) - %Xz(t) +é,
—x}(¢) = arctan x3(£) + cos x1(£) + cos w2 (£) + 55%2(8) + 7555(2)
21(0) =x2(0) =x3(0) =0,  wi(1) =2 [, xm()dt,

0(1) =2 [fas®)dt,  x3(1) =2 [} xo(t) dt.

Here f;: [0,1] x R® — R, i = 1,2,3 are defined, respectively, by

1 1
filt,x,y) =sinxyys + c arctanx, + gyl +t,

1 1
folt,x,y) = sinxyx3 — cOSy3 — — Y9 — —xy + €,

20 20

1 1
fa(t,x,9) = arctanx§ +COSX] + COSXp + —Xp + — o,
20 10

where x = (x1,%,%3) 7,y = (y1,2,73)T € R3.

Take a(t) = ¢,

BN

Il
o o N
N O o
=I S =)

(3.6)
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and

f(t,x,9)
f(tx9) = | folt, x,9)
3(%%)’)

Then k= [, tda(t)= 1, B=Ah=14,B*=1,

1 0 O 1 0 O
C=10 1 -1|=®wn2ns), cl=1o 3 3| = C)sxz
01 1 o -1 14

1 1
DZZ_) D1: 0,—= ), n=23, k=2,
2 2

1 1
@Q)(0) = 12 /0 /0 Glt,s)vi(s) dsdac(t) - ms

1 1
+ 6/0 /0 G(t,s)(vz(s) + V3(S)) dsda(t) -

12 fol fol G(t,s)vi(s)dsda(t)
=6/ [ G(t,5)(als) + va(s)) ds da(t)
6 [ [1 Gt 5)(va(s) + va(s)) dsda(®)

It follows from (3.7) that
1F(6,2,9)] < Il + =yl + 4
— 20 5
Note that My = (1 + 2 [(D;' Dy, Lii) I+« fol t(1 - t)d(\/§(a))), we have M, = 2. Then we

obtain (|| Z?:l Nillgs + M1)(llally + 1b1) = % < 1. Therefore, condition (H5) is satisfied.
Take A =200. Then, for |y;(¢)| > A for all £ € [0, 1], we have

fi(t,%,9)|

Y11 -4 =36

ul| =

. 1 1
SInXxyy, + g arctanx, + gyl +1| >

and for |y,(¢)| > A for all £ € [0, 1], we have

(s +£5)(t%,9)]

. 1 1
sinx;x3 — COSy3 + e+ arctanx% + COSX] + COSXy + l—oyz > 2—0|y2| —-6>4.

Thus, for each u € X, if |v1(¢)| > A for all £ € [0,1] or |v,(¢)| > A for all £ € [0, 1], we con-
clude that

12 [ Y Gt $)vi(s) ds da(t)
QWO = | 6, [ G(t,s)(vals) + v3(s) dsdal(t) | #0.
6 fol fol G(t,5)(va(s) + va(s)) ds da(t)

Hence, (H8) holds.
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Let ¥ = (c1,¢2,¢2)T € Ker(I — B) = {¢1(1,0,0) + ¢3(0,1,1) : ¢1, ¢; € R}. Then we have

1 1
filt, Yt ) = sinct + s arctan cot + gcl +t,

1 t
LYt W) = sincieat® —coscy — —Cy — —Cy + €',
L&) 162 2= 50 20

t 1
f3(t, ¢, ) = arctan c%t2 +coScit + Ccos ot + %02 + ECZ’

and

ahit, v ¥) + (B YY) + it YY)
oo 1 1
=c | sincyl + g arctancyt + Ecl +t
1 : 2 ¢ 2.2
+Cy 1—062 +8Inc1Cat” —Coscy + € + arctan cy” + Cos €1 L + COS ¢

1 1
> c% = 3cy| + l_OC% —10]|cy| > 10 max{c%,c%} - 13max{|c1|, |02|}.

| =

Note that ||/ ||gs = max{|c1],|c2]} and

1 1
(¥, QN(yt)) = 12/ / G(t,9)[aifi + calfy + f3)] dsdt > 156, if || ||gs > 131,
0 Jo

we see that condition (H7) is satisfied. It follows from Theorem 3.2 that the problem (3.7)
has at least one solution.
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