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1 Introduction
We denote by S(Rn) the space of all Schwartz functions on R

n and by S ′(Rn) the space of
all tempered distributions on R

n. Let T be a bilinear operator, which is originally defined
on the 2-fold of Schwartz function space S(Rn), and its value belongs to S ′(Rn):

T : S
(
R

n) × S
(
R

n) → S ′(
R

n).

T is called bilinear Calderón–Zygmund operator, if it extends to a bounded bilinear op-
erator from Lp1 × Lp2 to Lp with 1/p1 + 1/p2 = 1/p, and for f1, f2 ∈ L∞

C (Rn) (the space of
compactly supported bounded functions), x /∈ supp(f1) ∩ supp(f2)

T(f1, f2)(x) :=
∫

R2n
K(x, y1, y2)f1(y1)f2(y2) dy1 dy2,

where the kernel K is a function in R
3n off from the diagonal x = y1 = y2 and there exist

positive constants ε, A such that

∣∣K(x, y1, y2)
∣∣ ≤ A

(|x – y1| + |x – y2| + |y1 – y2|)2n

and

∣∣K(x, y1, y2) – K
(
x′, y1, y2

)∣∣ ≤ A|x – x′|ε
(|x – y1| + |x – y2| + |y1 – y2|)2n+ε

whenever |x – x′| ≤ 1
2 max{|x – y1|, |x – y2|}, and the two analogous difference estimates

with respect to the variables y1 and y2 hold.
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Recently, Cruz-Uribe and Guzman proved the boundedness of the bilinear Calderón–
Zygmund operator on products of weighted variable Lebesgue spaces in [1]. As a general-
ization of variable Lebesgue spaces, variable and weighted variable Herz–Morrey (Herz)
spaces have been introduced in the last decades; see [2–11]. Motivated by [1], in this pa-
per, we will prove a weighted norm inequality on products of Herz–Morrey spaces with
variable exponents and weight in the variable Muckenhoupt class. We only consider the
bilinear Calderón–Zygmund operator for simplicity. The analogs of our result for m-linear
Calderón–Zygmund operators also hold for m ≥ 3, because our argument and Lemma 8 in
Sect. 3 also hold for m-linear Calderón–Zygmund operators with m ≥ 3, see Remark 2.7
for [1, Theorem 2.4] in [1]. We mention here that the theory of multilinear Calderón–
Zygmund operators started in [12]. After that, the boundedness of multilinear Calderón–
Zygmund operators on products of various spaces has been obtained; see [13–19].

The plan of the paper is as follows. In Sect. 2, we collect some notations and state main
result. The proof of the main result will be given in Sect. 3.

2 Notations and main result
In this section, we firstly recall some definitions and notations, then we state our results.
Let Ω be a positive measurable subset of Rn, given a measurable function p(·) : Ω →
[1,∞), the Lebesgue space with variable exponent Lp(·)(Ω) is defined by

Lp(·)(Ω) :=
{

f is measurable:
∫

Rn

( |f (x)|
λ

)p(x)

dx < ∞ for some λ > 0
}

.

The Lebesgue space Lp(·)(Ω) becomes a Banach function space equipped with the norm

‖f ‖Lp(·) := inf

{
λ > 0 :

∫

Ω

( |f (x)|
λ

)p(x)

dx ≤ 1
}

.

The space Lp(·)
loc (Rn) is defined by Lp(·)

loc (Rn) := {f : f χK ∈ Lp(·)(Rn) for all compact subsets
K ⊂ R

n}, where and what follows, χS denotes the characteristic function of a measurable
set S ⊂ R

n. Let p(·) : Rn → (0,∞), we denote p– := ess infx∈Rn p(x), p+ := ess supx∈Rn p(x).
The set P(Rn) consists of all p(·) satisfying p– > 1 and p+ < ∞; P0(Rn) consists of all p(·)
satisfying p– > 0 and p+ < ∞. Lp(·) can be similarly defined as above for p(·) ∈P0(Rn). p′(·)
means that the conjugate exponent of p(·), that means 1/p(·) + 1/p′(·) = 1.

Let p(·) ∈P(Rn) and w be a weight which is a non-negative measurable function on R
n.

Then the weighted variable exponent Lebesgue space Lp(·)(w) is the set of all complex-
valued measurable function f such that fw ∈ Lp(·). The space Lp(·)(w) is a Banach space
equipped with the norm

‖f ‖Lp(·)(w) := ‖fw‖Lp(·) .

Let f ∈ L1
loc(Rn). Then the standard Hardy–Littlewood maximal function of f is defined

by

Mf (x) := sup
B�x

1
|B|

∫

B

∣
∣f (y)

∣
∣dy, ∀x ∈R

n,
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where the supremum is taken over all balls containing x in R
n. In general, the Hardy–

Littlewood maximal operator is not bounded on weighted variable Lebesgue spaces. But
if p(·) ∈P(Rn) and satisfies the following global log-Hölder continuous and w ∈ Ap(·), then
M is bounded on Lp(·)(w).

Definition 1 Let α(·) be a real-valued measurable function on R
n.

(i) The function α(·) is locally log-Hölder continuous if there exists a constant C1 such
that

∣∣α(x) – α(y)
∣∣ ≤ C1

log(e + 1/|x – y|) , x, y ∈R
n, |x – y| <

1
2

.

(ii) The function α(·) is log-Hölder continuous at the origin if there exists a constant C2

such that

∣
∣α(x) – α(0)

∣
∣ ≤ C2

log(e + 1/|x|) , ∀x ∈R
n.

Denote by P log
0 (Rn) the set of all log-Hölder continuous functions at the origin.

(iii) The function α(·) is log-Hölder continuous at infinity if there exist α∞ ∈R and a
constant C3 such that

∣∣α(x) – α∞
∣∣ ≤ C3

log(e + |x|) , ∀x ∈R
n.

Denote by P log
∞ (Rn) the set of all log-Hölder continuous functions at infinity.

(iv) The function α(·) is global log-Hölder continuous if α(·) are both locally log-Hölder
continuous and log-Hölder continuous at infinity. Denote by P log(Rn) the set of all
global log-Hölder continuous functions.

Definition 2 Let p(·) ∈ P(Rn), a positive measurable function w is said to be in Ap(·), if
exists a positive constant C for all balls B in R

n such that

sup
B

1
|B| ‖wχB‖Lp(·)

∥
∥w–1χB

∥
∥

Lp′(·) < ∞.

Remark 1 In [20], Cruz-Uribe, Fiorenza and Neugebauer found that if p(·) ∈ P(Rn) and
w ∈ Ap(·), then w–1 ∈ Ap′(·).

The Muckenhoupt Ap class with constant exponent p ∈ (1,∞) firstly proposed by Muck-
enhoupt in [21]. The variable Muckenhoupt Ap(·) was considered in [20, 22–25].

Lemma 1 (see [20, Theorem 1.5]) If p(·) ∈P log(Rn) ∩P(Rn) and w ∈ Ap(·), then there is a
positive constant C such that, for each f ∈ Lp(·)(w),

∥∥(Mf )w
∥∥

Lp(·) ≤ C‖fw‖Lp(·) .

To give the definitions of the Herz space and the Herz–Morrey space with variable ex-
ponents, we use the following notations. For each k ∈ Z we define

Bk :=
{

x ∈R
n : |x| ≤ 2k}, Dk := Bk\Bk–1,
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χk := χDk , χ̃m = χm, m ≥ 1, χ̃0 = χB0 .

Definition 3 Let q ∈ (0,∞], p(·) ∈P0(Rn), and α(·) : Rn →R with α ∈ L∞(Rn).
(1) The homogeneous weighted Herz space K̇α(·),q

p(·) (w) is defined by

K̇α(·),q
p(·) (w) :=

{
f ∈ Lp(·)

loc
(
R

n\{0}, w
)

: ‖f ‖K̇α(·),q
p(·) (w) < ∞}

,

where

‖f ‖K̇α(·),q
p(·) (w) :=

{ ∞∑

k=–∞

∥∥2kα(·)f χk
∥∥q

Lp(·)(w)

}1/q

.

(2) The inhomogeneous weighted Herz space Kα(·),q
p(·) (w) is defined by

Kα(·),q
p(·) (w) :=

{
f ∈ Lp(·)

loc (w) : ‖f ‖Kα(·),q
p(·) (w) < ∞}

,

where

‖f ‖Kα(·),q
p(·) (w) :=

{ ∞∑

m=0

∥
∥2mα(·)f χ̃m

∥
∥q

Lp(·)(w)

}1/q

.

Remark 2 If 0 < q1 ≤ q2 ≤ ∞ and w ≡ 1, then K̇α(·),q1
p(·) (Rn) ⊂ K̇α(·),q2

p(·) (Rn). If w ≡ 1, α(·) and
p(·) are constants, then K̇α(·),q

p(·) (Rn) = K̇α,q
p (Rn) is the classical Herz spaces in [26, 27].

To generalize the above spaces to variable exponent q(·), we need the notation of the
variable mixed sequence space �q(·)(Lp(·)), which is firstly defined by Almeida and Hästö in
[28]. Let w be a non-negative measurable function. Given a sequence of functions {fj}j∈Z,
define the modular

ρ�q(·)(Lp(·)(w))
(
(fj)j

)
:=

∑

j∈Z
inf

{
λj :

∫

Rn

( |fj(x)w(x)|
λ

1
q(x)
j

)p(x)

dx ≤ 1
}

,

where λ1/∞ = 1. If q+ < ∞ or q(·) ≤ p(·), the above can be written as

ρ�q(·)(Lp(·)(w))
(
(fj)j

)
=

∑

j∈Z

∥∥|fjw|q(·)∥∥
L

p(·)
q(·)

.

The norm is

∥∥(fj)j
∥∥

�q(·)(Lp(·)(w)) := inf
{
μ > 0 : ρ�q(·)(Lp(·)(w))

(
(fj/μ)j

) ≤ 1
}

.

Now, spaces K̇α(·),q(·)
p(·) (w) and Kα(·),q(·)

p(·) (w) are defined, respectively, by

K̇α(·),q(·)
p(·) (w) :=

{
f ∈ Lp(·)

loc
(
R

n\{0}, w
)

: ‖f ‖K̇α(·),q(·)
p(·) (w) < ∞}

,
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where

‖f ‖K̇α(·),q(·)
p(·) (w) :=

∥∥(
2jα(·)f χj

)
j

∥∥
�q(·)(Lp(·)(w))

and

Kα(·),q(·)
p(·) (w) :=

{
f ∈ Lp(·)

loc (w) : ‖f ‖Kα(·),q(·)
p(·) (w) =

∥
∥(

2jα(·)f χj
)

j

∥
∥

�q(·)(Lp(·)(w)) < ∞}
.

For any quantities A and B, we shall write A � B to indicate that there exists a constant
C > 0 such that A ≤ CB. If A � B and B � A, we write A ≈ B.

The following lemma is a corollary of [29, Theorem 3].

Lemma 2 Let α(·) ∈ L∞(Rn), p(·), q(·) ∈ P0(Rn) and w be a weight. If α(·) and q(·) are
log-Hölder continuous at infinity, then

Kα(·),q(·)
p(·) (w) = Kα∞ ,q∞

p(·) (w).

Additionally, if α(·) and q(·) are log-Hölder continuous at the origin, then

‖f ‖K̇α(·),q(·)
p(·) (w) ≈

(∑

k≤0

∥
∥2kα(0)f χk

∥
∥q(0)

Lp(·)(w)

)1/q(0)

+
(∑

k>0

∥∥2kα∞ f χk
∥∥q∞

Lp(·)(w)

)1/q∞
.

Definition 4 Let p(·), q(·) ∈P0(Rn), λ ∈ [0,∞). Let α(·) be a bounded real-valued measur-
able function on R

n. The homogeneous weighted Herz–Morrey space MK̇α(·),q(·)
p(·),λ (w) and

non-homogeneous weighted Herz–Morrey space MKα(·),q(·)
p(·),λ (w) are defined, respectively,

by

MK̇α(·),q(·)
p(·),λ (w) :=

{
f ∈ Lp(·)

loc
(
R

n \ {0}, w
)

: ‖f ‖MK̇α(·),q(·)
p(·),λ (w) < ∞}

and

MKα(·),q(·)
p(·),λ (w) :=

{
f ∈ Lp(·)

loc
(
R

n, w
)

: ‖f ‖MKα(·),q(·)
p(·),λ (w) < ∞}

,

where

‖f ‖MK̇α(·),q(·)
p(·),λ (w) := sup

L∈Z
2–Lλ

∥∥(
2α(·)kf χk

)
k≤L

∥∥
�q(·)(Lp(·)(w))

and

‖f ‖MKα(·),q(·)
p(·),λ (w) := sup

L∈N0

2–Lλ
∥∥(

2α(·)kf χ̃k
)L

k=0

∥∥
�q(·)(Lp(·)(w)).

Proposition 1 Let p(·), q(·) ∈P0(Rn), w be a weight, λ ∈ [0,∞), and α(·) ∈ L∞(Rn).
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(i) If α(·), q(·) ∈P log
0 (Rn) ∩P log

∞ (Rn), then, for any f ∈ Lp(·)
loc (Rn\{0}, w),

‖f ‖MK̇α(·),q(·)
p(·),λ (w)

≈ max
{

sup
L≤0,L∈Z

2–Lλ
∥
∥(

2kα(0)f χk
)

k≤L

∥
∥

�q0 (Lp(·)(w)),

sup
L>0,L∈Z

[
2–Lλ

∥∥(
2kα(0)f χk

)
k<0

∥∥
�q0 (Lp(·)(w)) + 2–Lλ

∥∥(
2kα∞ f χk

)L
k=0

∥∥
�q∞ (Lp(·)(w))

]}
,

where throughout q0 := q(0).
(ii) If α(·), q(·) ∈P log

∞ (Rn), then

MKα(·),q(·)
p(·),λ (w) = MKα∞ ,q∞

p(·),λ (w).

Proof Obviously,

‖f ‖MK̇α(·),q(·)
p(·),λ (w) = max

{
sup

L≤0,L∈Z
2–Lλ

∥∥(
2kα(·)f χk

)
k≤L

∥∥
�q(·)(Lp(·)(w)),

sup
L>0,L∈Z

2–Lλ
∥
∥(

2kα(·)f χk
)

k≤L

∥
∥

�q(·)(Lp(·)(w))

}
.

When L ≤ 0, from Lemma 2 we know that

∥∥(
2kα(·)f χk

)
k≤L

∥∥
�q(·)(Lp(·)(w)) ≈

∥∥(
2kα(0)f χk

)
k≤L

∥∥
�q0 (Lp(·)(w)).

When L > 0, from Lemma 2 again we also obtain

∥
∥(

2kα(·)f χk
)

k<L

∥
∥

�q(·)(Lp(·)(w)) ≈
∥
∥(

2kα(0)f χk
)

k<0

∥
∥

�q0 (Lp(·)(w))

+
∥∥(

2kα∞ f χk
)L

k=0

∥∥
�q∞ (Lp(·)(w)).

Thus we obtain (i). Similarly, we obtain (ii). �

Lemmas 3 and 4 below have been proved by Izuki and Noi in [30, 31].

Lemma 3 If p(·) ∈P log(Rn) ∩P(Rn) and w ∈ Ap(·), then there exists a constant C > 0 such
that, for all balls B in R

n and all measurable subsets S ⊂ B,

‖χS‖Lp(·)(w)

‖χB‖Lp(·)(w)
≤ C

|S|
|B| . (1)

Lemma 4 If p(·) ∈P log(Rn) ∩P(Rn) and w ∈ Ap(·), then there exist constants δ1, δ2 ∈ (0, 1)
and C > 0 such that, for all balls B in R

n and all measurable subsets S ⊂ B,

‖χS‖Lp(·)(w)

‖χB‖Lp(·)(w)
≤ C

( |S|
|B|

)δ1

, (2)

‖χS‖Lp′(·)(w–1)

‖χB‖Lp′(·)(w–1)
≤ C

( |S|
|B|

)δ2

. (3)
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Lemma 5 (see [30, Lemma 4]) If p(·) ∈P log(Rn) ∩P(Rn) and w ∈ Ap(·), then there exists a
positive constant C such that, for all balls B in R

n,

C–1 ≤ 1
|B| ‖χB‖Lp(·)(w)‖χB‖Lp′(·)(w–1) ≤ C.

Our main result is as follows.

Theorem 1 Assume that T is a bilinear Calderón–Zygmund operator, p1(·), p2(·) ∈
P log(Rn) ∩ P(Rn) satisfying 1/p(x) = 1/p1(x) + 1/p2(x) for x ∈ R

n. Let w1, w2 be weights,
w = w1w2, wi ∈ Api(·), i = 1, 2. Suppose that α(·) ∈ L∞(Rn) ∩ P log

0 (Rn) ∩ P log
∞ (Rn), α(0) =

α1(0) + α2(0), α∞ = α1∞ + α2∞, q(·) ∈ P log
0 (Rn) ∩ P log

∞ (Rn), 1/q(0) = 1/q1(0) + 1/q2(0),
1/q∞ = 1/q1∞ + 1/q2∞, λ = λ1 +λ2, 0 ≤ λi < ∞, δi1, δi2 ∈ (0, 1) are the constants in Lemma 4
for exponents pi(·) and weights wi, i = 1, 2. If λi + nδi2 > αi∞ ≥ αi(0) for i = 1, 2, then

∥
∥T(f1, f2)

∥
∥

MK̇α(·),q(·)
p(·),λ (w) � ‖f1‖MK̇α1(·),q1(·)

p1(·),λ1
(w1)

‖f2‖MK̇α2(·),q2(·)
p2(·),λ2

(w2)
.

From Theorem 1, we obtain the following corollary.

Corollary 1 Assume that T is a bilinear Calderón–Zygmund operator, p1(·), p2(·) ∈
P log(Rn) ∩ P(Rn) satisfying 1/p(x) = 1/p1(x) + 1/p2(x) for x ∈ R

n. Let w1, w2 be weights,
w = w1w2, wi ∈ Api(·), i = 1, 2. Suppose that α(·) ∈ L∞(Rn) ∩ P log

0 (Rn) ∩ P log
∞ (Rn), α(0) =

α1(0) + α2(0), α∞ = α1∞ + α2∞, q(·) ∈ P log
0 (Rn) ∩ P log

∞ (Rn), 1/q(0) = 1/q1(0) + 1/q2(0),
1/q∞ = 1/q1∞ + 1/q2∞, δi1, δi2 ∈ (0, 1) are the constants in Lemma 4 for exponents pi(·)
and weights wi, i = 1, 2. If λi + nδi2 > αi∞ ≥ αi(0) for i = 1, 2, then

∥
∥T(f1, f2)

∥
∥

K̇α(·),q(·)
p(·) (w) � ‖f1‖K̇α1(·),q1(·)

p1(·) (w1)
‖f2‖K̇α2(·),q2(·)

p2(·) (w2)
.

3 Proof of Theorem 1
To prove Theorem 1, we need a series of lemmas.

Lemma 6 (see [16, Theorem 2.3]) Let p(·), p1(·), p2(·) ∈P0(Rn) such that 1/p(x) = 1/p1(x)+
1/p2(x) for x ∈R

n. Then there exists a constant Cp,p1 independent of functions f and g such
that

‖fg‖Lp(·) ≤ Cp,p1‖f ‖Lp1(·)‖g‖Lp2(·)

holds for every f ∈ Lp1(·)(Rn) and g ∈ Lp2(·)(Rn). If p ∈P(Rn), w be weight with w = w1 × w2,
then

‖fg‖Lp(·)(w) ≤ Cp,p1‖f ‖Lp1(·)(w1)‖g‖Lp2(·)(w2).

Lemma 7 (see [32, Proposition 1.2]) Let 0 < p ≤ ∞, δ > 0. Then there is a positive constant
C such that

( ∞∑

j=–∞

( ∞∑

k=–∞
2–|k–j|δak

)p)1/p

≤ C

( ∞∑

j=–∞
ap

j

)1/p

(4)
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for non-negative sequences {aj}∞j=–∞. Here, when p = ∞, it is understood that (4) stands for

sup
j∈Z

( ∞∑

k=–∞
2–|k–j|δak

)

≤ C sup
j∈Z

aj.

The following lemma is a corollary of [1, Theorem 2.8].

Lemma 8 Let p1(·), p1(·) ∈P(Rn), 1 < (pi)– ≤ (pi)+ < ∞ and pi(·) ∈P log(Rn)∩P(Rn) satis-
fying 1/p(x) = 1/p1(x) + 1/p2(x) for x ∈R

n, i = 1, 2. Let w1 ∈ Ap1(·), w2 ∈ Ap2(·) and w = w1w2.
If T is a bilinear Calderón–Zygmund operator, then

∥
∥T(f1, f2)

∥
∥

Lp(·)(w) � ‖f1‖Lp1(·)(w1)‖f2‖Lp2(·)(w2).

Proof of Theorem 1 Let f1 and f2 be bounded functions with compact support and write

fi =
∞∑

l=–∞
fiχl =:

∞∑

l=–∞
fil, i = 1, 2.

By Proposition 1, we have

∥∥T(f1, f2)
∥∥

MK̇α(·),q(·)
p(·),λ (w)

≈ max
{

sup
L≤0,L∈Z

2–Lλ
∥∥(

2kα(0)T(f1, f2)χk
)

k≤L

∥∥
lq0 (Lp(·)(w)),

sup
L>0,L∈Z

[
2–Lλ

∥
∥(

2kα(0)T(f1, f2)χk
)

k<0

∥
∥

lq0 (Lp(·)(w))

+ 2–Lλ
∥∥(

2kα∞T(f1, f2)χk
)L

k=0

∥∥
lq∞ (Lp(·)(w))

]}

:= max{E, F + G},

where

E := sup
L≤0,L∈Z

2–Lλ
∥
∥(

2kα(0)T(f1, f2)χk
)

k≤L

∥
∥

lq0 (Lp(·)(w)),

F := sup
L>0,L∈Z

2–Lλ
∥∥(

2kα(0)T(f1, f2)χk
)

k<0

∥∥
lq0 (Lp(·)(w)),

G := sup
L>0,L∈Z

2–Lλ
∥
∥(

2kα∞T(f1, f2)χk
)L

k=0

∥
∥

lq∞ (Lp(·)(w)).

Since to estimate F is essentially similar to estimate E, so it suffices for us to show that
E and G are bounded in weighted Herz–Morrey space with variable exponents. It is easy
to see that

E ≤ C
9∑

i=i

Ei, G ≤ C
9∑

i=i

Gi,

where

E1 := sup
L≤0,L∈Z

2–Lλ

( L∑

k=–∞
2kα(0)q(0)

∥∥
∥∥
∥

k–2∑

l=–∞

k–2∑

j=–∞
T(f1l, f2j)χk

∥∥
∥∥
∥

q(0)

Lp(·)(w)

) 1
q(0)

,
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E2 := sup
L≤0,L∈Z

2–Lλ

( L∑

k=–∞
2kα(0)q(0)

∥
∥∥∥
∥

k–2∑

l=–∞

k+1∑

j=k–1

T(f1l, f2j)χk

∥
∥∥∥
∥

q(0)

Lp(·)(w)

) 1
q(0)

,

E3 := sup
L≤0,L∈Z

2–Lλ

( L∑

k=–∞
2kα(0)q(0)

∥∥
∥∥∥

k–2∑

l=–∞

∞∑

j=k+2

T(f1l, f2j)χk

∥∥
∥∥∥

q(0)

Lp(·)(w)

) 1
q(0)

,

E4 := sup
L≤0,L∈Z

2–Lλ

( L∑

k=–∞
2kα(0)q(0)

∥
∥∥
∥∥

k+1∑

l=k–1

k–2∑

j=–∞
T(f1l, f2j)χk

∥
∥∥
∥∥

q(0)

Lp(·)(w)

) 1
q(0)

,

E5 := sup
L≤0,L∈Z

2–Lλ

( L∑

k=–∞
2kα(0)q(0)

∥∥∥
∥∥

k+1∑

l=k–1

k+1∑

j=k–1

T(f1l, f2j)χk

∥∥∥
∥∥

q(0)

Lp(·)(w)

) 1
q(0)

,

E6 := sup
L≤0,L∈Z

2–Lλ

( L∑

k=–∞
2kα(0)q(0)

∥
∥∥∥
∥

k+1∑

l=k–1

∞∑

j=k+2

T(f1l, f2j)χk

∥
∥∥∥
∥

q(0)

Lp(·)(w)

) 1
q(0)

,

E7 := sup
L≤0,L∈Z

2–Lλ

( L∑

k=–∞
2kα(0)q(0)

∥∥
∥∥∥

∞∑

l=k+2

k–2∑

j=–∞
T(f1l, f2j)χk

∥∥
∥∥∥

q(0)

Lp(·)(w)

) 1
q(0)

,

E8 := sup
L≤0,L∈Z

2–Lλ

( L∑

k=–∞
2kα(0)q(0)

∥∥
∥∥
∥

∞∑

l=k+2

k+1∑

j=k–1

T(f1l, f2j)χk

∥∥
∥∥
∥

q(0)

Lp(·)(w)

) 1
q(0)

,

E9 := sup
L≤0,L∈Z

2–Lλ

( L∑

k=–∞
2kα(0)q(0)

∥∥∥
∥∥

∞∑

l=k+2

∞∑

j=k+2

T(f1l, f2j)χk

∥∥∥
∥∥

q(0)

Lp(·)(w)

) 1
q(0)

,

G1 := sup
L>0,L∈Z

2–Lλ

( L∑

k=0

2kα∞q∞

∥
∥∥∥
∥

k–2∑

l=–∞

k–2∑

j=–∞
T(f1l, f2j)χk

∥
∥∥∥
∥

q∞

Lp(·)(w)

) 1
q∞

,

G2 := sup
L>0,L∈Z

2–Lλ

( L∑

k=0

2kα∞q∞

∥
∥∥
∥∥

k–2∑

l=–∞

k+1∑

j=k–1

T(f1l, f2j)χk

∥
∥∥
∥∥

q∞

Lp(·)(w)

) 1
q∞

,

G3 := sup
L>0,L∈Z

2–Lλ

( L∑

k=0

2kα∞q∞

∥∥
∥∥
∥

k–2∑

l=–∞

∞∑

j=k+2

T(f1l, f2j)χk

∥∥
∥∥
∥

q∞

Lp(·)(w)

) 1
q∞

,

G4 := sup
L>0,L∈Z

2–Lλ

( L∑

k=0

2kα∞q∞

∥
∥∥
∥∥

k+1∑

l=k–1

k–2∑

j=–∞
T(f1l, f2j)χk

∥
∥∥
∥∥

q∞

Lp(·)(w)

) 1
q∞

,

G5 := sup
L>0,L∈Z

2–Lλ

( L∑

k=0

2kα∞q∞

∥∥
∥∥
∥

k+1∑

l=k–1

k+1∑

j=k–1

T(f1l, f2j)χk

∥∥
∥∥
∥

q∞

Lp(·)(w)

) 1
q∞

,

G6 := sup
L>0,L∈Z

2–Lλ

( L∑

k=0

2kα∞q∞

∥
∥∥
∥∥

k+1∑

l=k–1

∞∑

j=k+2

T(f1l, f2j)χk

∥
∥∥
∥∥

q∞

Lp(·)(w)

) 1
q∞

,

G7 := sup
L>0,L∈Z

2–Lλ

( L∑

k=0

2kα∞q∞

∥∥
∥∥
∥

∞∑

l=k+2

k–2∑

j=–∞
T(f1l, f2j)χk

∥∥
∥∥
∥

q∞

Lp(·)(w)

) 1
q∞

,
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G8 := sup
L>0,L∈Z

2–Lλ

( L∑

k=0

2kα∞q∞

∥
∥∥∥
∥

∞∑

l=k+2

k+1∑

j=k–1

T(f1l, f2j)χk

∥
∥∥∥
∥

q∞

Lp(·)(w)

) 1
q∞

,

G9 := sup
L>0,L∈Z

2–Lλ

( L∑

k=0

2kα∞q∞

∥∥
∥∥∥

∞∑

l=k+2

∞∑

j=k+2

T(f1l, f2j)χk

∥∥
∥∥∥

q∞

Lp(·)(w)

) 1
q∞

.

We shall use the following estimates. If l ≤ k – 1, then, by Hölder’s inequality and Lem-
mas 4 and 5, we have

∥
∥∥
∥2–kn

∫

Rn
fil dyiχk

∥
∥∥
∥

Lpi(·)(wi)

≤ C2–kn‖χBk ‖Lpi(·)(wi)‖filwiχl‖Lpi(·)
∥
∥χlw–1

i
∥
∥

Lp′
i(·)

≤ C2–kn|Bk|‖χBk ‖–1
Lp′

i(·)(w–1
i )

‖χBl‖Lp′
i(·)(w–1

i )
‖filχl‖Lpi(·)(wi)

≤ C2(l–k)nδ2i‖filχl‖Lpi(·)(wi). (5)

If l = k, then

∥
∥∥
∥2–kn

∫

Rn
fil dyiχk

∥
∥∥
∥

Lpi(·)(wi)

≤ C2–kn‖χBk ‖Lpi(·)(wi)‖filwiχl‖Lpi(·)
∥∥χlw–1

i
∥∥

Lp′
i(·)

≤ C2–kn‖χBk ‖Lpi(·)(wi)‖χBl‖Lp′
i(·)(w–1

i )
‖filχl‖Lpi(·)(wi)

≤ ‖filχl‖Lpi(·)(wi). (6)

If l ≥ k + 1, then

∥
∥∥
∥2–kn

∫

Rn
fil dyiχk

∥
∥∥
∥

Lpi(·)(wi)

≤ C2–kn‖χBk ‖Lpi(·)(wi)‖filwiχl‖Lpi(·)
∥∥χlw–1

i
∥∥

Lp′
i(·)

≤ C2–kn‖χBk ‖Lpi(·)(wi)‖χBl‖Lpi(·)(wi)‖χBl‖–1
Lpi(·)(wi)

× ‖χBl‖Lp′
i(·)(w–1

i )
‖filχl‖Lpi(·)(wi)

≤ C2(l–k)n(1–δ1i)‖filχl‖Lpi(·)(wi). (7)

By the symmetry of f1 and f2, it is only necessary to estimate E1, E2, E3, E5, E6, and E9.
To estimate E1, since l, j ≤ k – 2, we deduce that, for i = 1, 2,

|x – yi| ≥ |x| – |yi| > 2k–1 – 2min{l,j} ≥ 2k–2, x ∈ Dk , y1 ∈ Dl, y2 ∈ Dj.

Therefore, for x ∈ Dk , we have

∣∣K(x, y1, y2)
∣∣ ≤ C

(|x – y1| + |x – y2|
)–2n ≤ C2–2kn.
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Thus, ∀x ∈ Dk and l, j ≤ k – 2, we have

∣∣T(f1l, f2j)(x)
∣∣�

∫

Rn

∫

Rn

|f1l(y1)||f2j(y2)|
(|x – y1| + |x – y2|)2n dy1 dy2

� 2–2kn
∫

Rn

∫

Rn

∣∣f1l(y1)
∣∣∣∣f2j(y2)

∣∣dy1 dy2.

Therefore, by Hölder’s inequality, we obtain

∥
∥∥∥
∥

k–2∑

l=–∞

k–2∑

j=–∞
T(f1l, f2j)χk

∥
∥∥∥
∥

Lp(·)(w)

� 2–2kn

∥∥
∥∥∥

k–2∑

l=–∞

k–2∑

j=–∞

∫

Rn

∣∣f1l(y1)
∣∣dy1

∫

Rn

∣∣f2j(y2)
∣∣dy2χk

∥∥
∥∥∥

Lp(·)(w)

�
∥
∥∥
∥∥

k–2∑

l=–∞
2–kn

∫

Rn

∣
∣f1l(y1)

∣
∣dy1χk

∥
∥∥
∥∥

Lp1(·)(w1)

×
∥
∥∥
∥∥

k–2∑

j=–∞
2–kn

∫

Rn

∣
∣f2j(y2)

∣
∣dy2χk

∥
∥∥
∥∥

Lp2(·)(w2)

. (8)

Since 1/q(0) = 1/q1(0) + 1/q2(0), λ = λ1 + λ2, by Hölder’s inequality, we have

E1 � sup
L≤0,L∈Z

2–Lλ

( L∑

k=–∞
2kα(0)q(0)

∥∥
∥∥
∥

k–2∑

l=–∞
2–kn

∫

Rn

∣∣f1l(y1)
∣∣dy1χk

∥∥
∥∥
∥

q(0)

Lp1(·)(w1)

×
∥∥
∥∥∥

k–2∑

j=–∞
2–kn

∫

Rn

∣∣f2j(y2)
∣∣dy2χk

∥∥
∥∥∥

q(0)

Lp2(·)(w2)

) 1
q(0)

� sup
L≤0,L∈Z

2–Lλ1

×
( L∑

k=–∞
2kα1(0)q1(0)

∥∥∥
∥∥

k–2∑

l=–∞
2–kn

∫

Rn

∣∣f1l(y1)
∣∣dy1χk

∥∥∥
∥∥

q1(0)

Lp1(·)(w1)

) 1
q1(0)

× sup
L≤0,L∈Z

2–Lλ2

×
( L∑

k=–∞
2kα2(0)q2(0)

∥
∥∥∥
∥

k–2∑

j=–∞
2–kn

∫

Rn

∣
∣f2j(y2)

∣
∣dy2χk

∥
∥∥∥
∥

q2(0)

Lp2(·)(w2)

) 1
q2(0)

:= E1,1 × E1,2,

where

E1,i := sup
L≤0,L∈Z

2–Lλi

×
{ L∑

k=–∞
2kαi(0)qi(0)

∥
∥∥
∥∥

k–2∑

l=–∞
2–kn

∫

Rn

∣∣fil(yi)
∣∣dyiχk

∥
∥∥
∥∥

qi(0)

Lpi(·)(wi)

} 1
qi(0)

.
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Since nδ2i – αi(0) > 0, by (5) and Lemma 7 we obtain

E1,i � sup
L≤0,L∈Z

2–Lλi

{ L∑

k=–∞
2kαi(0)qi(0)

( k–2∑

l=–∞
2(l–k)nδ2i‖fil‖Lpi(·)(wi)

)qi(0)} 1
qi(0)

= sup
L≤0,L∈Z

2–Lλi

×
{ L∑

k=–∞

( k–2∑

l=–∞
2lαi(0)‖fil‖Lpi(·)(wi)2

(l–k)(nδ2i–αi(0))

)qi(0)} 1
qi(0)

� sup
L≤0,L∈Z

2–Lλi

( L–2∑

l=–∞
2lαi(0)qi(0)‖fil‖qi(0)

Lpi(·)(wi)

) 1
qi(0)

� ‖fi‖MK̇αi(·),qi(·)
pi(·),λi

(wi)
,

where we wrote 2–|k–l|(nδ2i–αi(0)) � 2–|k–l|εi for some εi ∈ (0, nδ2i – αi(0)). Thus, we obtain

E1 � ‖f1‖MK̇α1(·),q1(·)
p1(·),λ1

(w1)
‖f2‖MK̇α2(·),q2(·)

p2(·),λ2
(w2)

.

To estimate E2, since l ≤ k – 2, k – 1 ≤ j ≤ k + 1 for i = 1, 2, we have

|x – y1| ≥ |x| – |y1| ≥ 2k–2, x ∈ Dk , y1 ∈ Dl.

Therefore, by Hölder’s inequality, we obtain

∥∥
∥∥∥

k–2∑

l=–∞

k+1∑

j=k–1

T(f1l, f2j)χk

∥∥
∥∥∥

Lp(·)(w)

� 2–2kn

∥∥∥
∥∥

k–2∑

l=–∞

k+1∑

j=k–1

∫

Rn

∣∣f1l(y1)
∣∣dy1

∫

Rn

∣∣f2j(y2)
∣∣dy2χk

∥∥∥
∥∥

Lp(·)(w)

�
∥
∥∥
∥∥

k–2∑

l=–∞
2–kn

∫

Rn

∣∣f1l(y1)
∣∣dy1χk

∥
∥∥
∥∥

Lp1(·)(w1)

×
∥∥∥
∥∥

k+1∑

j=k–1

2–kn
∫

Rn

∣∣f2j(y2)
∣∣dy2χk

∥∥∥
∥∥

Lp2(·)(w2)

. (9)

Since 1/q(0) = 1/q1(0) + 1/q2(0), λ = λ1 + λ2, by Hölder’s inequality, we have

E2 � sup
L≤0,L∈Z

2–Lλ

( L∑

k=–∞
2kα(0)q(0)

∥
∥∥∥
∥

k–2∑

l=–∞
2–kn

∫

Rn

∣
∣f1l(y1)

∣
∣dy1χk

∥
∥∥∥
∥

q(0)

Lp1(·)(w1)

×
∥∥
∥∥
∥

k+1∑

j=k–1

2–kn
∫

Rn

∣
∣f2j(y2)

∣
∣dy2χk

∥∥
∥∥
∥

q(0)

Lp2(·)(w2)

) 1
q(0)

� sup
L≤0,L∈Z

2–Lλ1
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×
( L∑

k=–∞
2kα1(0)q1(0)

∥
∥∥∥
∥

k–2∑

l=–∞
2–kn

∫

Rn

∣
∣f1l(y1)

∣
∣dy1χk

∥
∥∥∥
∥

q1(0)

Lp1(·)(w1)

) 1
q1(0)

× sup
L≤0,L∈Z

2–Lλ2

×
( L∑

k=–∞
2kα2(0)q2(0)

∥∥∥
∥∥

k+1∑

j=k–1

2–kn
∫

Rn

∣∣f2j(y2)
∣∣dy2χk

∥∥∥
∥∥

q2(0)

Lp2(·)(w2)

) 1
q2(0)

:= E2,1 × E2,2.

It is obvious that

E2,1 = E1,1 � ‖f1‖MK̇α1(·),q1(·)
p1(·),λ1

(w1)
.

Now we estimate E2,2. Taking (5), (6) and (7) together, we have

E2,2 � sup
L≤0,L∈Z

2–Lλ2

( L∑

k=–∞
2kα2(0)q2(0)

∥
∥∥
∥∥

k+1∑

j=k–1

2(j–k)nf2j

∥
∥∥
∥∥

q2(0)

Lp2(·)(w2)

) 1
q2(0)

� sup
L≤0,L∈Z

2–Lλ2

( L∑

k=–∞
2kα2(0)q2(0)‖f2j‖q2(0)

Lp2(·)(w2)

) 1
q2(0)

� ‖f2‖MK̇α2(·),q2(·)
p2(·),λ2

(w2)
,

where we used 2–nδ22 < 1 and 2(j–k)n(1–δ12) < 2(j–k)n, j ∈ {k – 1, k, k + 1} for (5) and (7), respec-
tively. Thus, we obtain

E2 � ‖f1‖MK̇α1(·),q1(·)
p1(·),λ1

(w1)
‖f2‖MK̇α2(·),q2(·)

p2(·),λ2
(w2)

.

To estimate E3, since l ≤ k – 2, j ≥ k + 2, then we have

|x – y1| ≥ |x| – |y1| ≥ 2k–2, |x – y2| ≥ |y2| – |x| > 2j–2, x ∈ Dk , y1 ∈ Dl, y2 ∈ Dj.

Therefore, ∀x ∈ Dk , l ≤ k – 2, j ≥ k + 2, we get

∣
∣T(f1l, f2j)(x)

∣
∣�

∫

Rn

∫

Rn

|f1l(y1)||f2j(y2)|
(|x – y1| + |x – y2|)2n dy1 dy2

� 2–kn2–jn
∫

Rn

∫

Rn

∣∣f1l(y1)
∣∣∣∣f2j(y2)

∣∣dy1 dy2.

Thus, by Hölder’s inequality, we have

∥∥
∥∥
∥

k–2∑

l=–∞

∞∑

j=k+2

T(f1l, f2j)χk

∥∥
∥∥
∥

Lp(·)(w)

� 2–kn2–jn

∥∥
∥∥∥

k–2∑

l=–∞

∫

Rn

∣∣f1l(y1)
∣∣dy1

∞∑

j=k+2

∫

Rn

∣∣f2j(y2)
∣∣dy2χk

∥∥
∥∥∥

Lp(·)(w)
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�
∥
∥∥
∥∥

k–2∑

l=–∞
2–kn

∫

Rn

∣∣f1l(y1)
∣∣dy1χk

∥
∥∥
∥∥

Lp1(·)(w1)

×
∥∥
∥∥
∥

∞∑

j=k+2

2–jn
∫

Rn

∣
∣f2j(y2)

∣
∣dy2χk

∥∥
∥∥
∥

Lp2(·)(w2)

. (10)

Since 1/q(0) = 1/q1(0) + 1/q2(0), λ = λ1 + λ2, by Hölder’s inequality, we have

E3 � sup
L≤0,L∈Z

2–Lλ

( L∑

k=–∞
2kα(0)q(0)

∥∥
∥∥∥

k–2∑

l=–∞
2–kn

∫

Rn

∣∣f1l(y1)
∣∣dy1χk

∥∥
∥∥∥

q(0)

Lp1(·)(w1)

×
∥
∥∥
∥∥

∞∑

j=k+2

2–jn
∫

Rn

∣∣f2j(y2)
∣∣dy2χk

∥
∥∥
∥∥

q(0)

Lp2(·)(w2)

) 1
q(0)

� sup
L≤0,L∈Z

2–Lλ1

×
( L∑

k=–∞
2kα1(0)q1(0)

∥∥
∥∥
∥

k–2∑

l=–∞
2–kn

∫

Rn

∣∣f1l(y1)
∣∣dy1χk

∥∥
∥∥
∥

q1(0)

Lp1(·)(w1)

) 1
q1(0)

× sup
L≤0,L∈Z

2–Lλ2

×
( L∑

k=–∞
2kα2(0)q2(0)

∥
∥∥
∥∥

∞∑

j=k+2

2–jn
∫

Rn

∣
∣f2j(y2)

∣
∣dy2χk

∥
∥∥
∥∥

q2(0)

Lp2(·)(w2)

) 1
q2(0)

:= E3,1 × E3,2.

It is obvious that

E3,1 = E1,1 � ‖f1‖MK̇α1(·),q1(·)
p1(·),λ1

(w1)
.

Since nδ12 + α2(0) > 0, by (7) and Lemma 7 we obtain

E3,2 � sup
L≤0,L∈Z

2–Lλ2

( L∑

k=–∞
2kα2(0)q2(0)

×
( ∞∑

j=k+2

2(k–j)nδ12‖f2j‖Lp2(·)(w2)

)q2(0)) 1
q2(0)

� sup
L≤0,L∈Z

2–Lλ2

×
( L∑

k=–∞

( ∞∑

j=k+2

2jα2(0)‖f2j‖Lp2(·)(w2)2
(k–j)(nδ12+α2(0))

)q2(0)) 1
q2(0)

� sup
L≤0,L∈Z

2–Lλ2

( L+2∑

j=–∞
2jα2(0)q2(0)‖f2j‖q2(0)

Lp2(·)(w2)

) 1
q2(0)

� ‖f2‖MK̇α2(·),q2(·)
p2(·),λ2

(w2)
,
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where we wrote 2–|k–j|(nδ12+α2(0)) � 2–|k–j|η2 for some η2 ∈ (0, nδ12 + α2(0)). Thus, we have

E3 � ‖f1‖MK̇α1(·),q1(·)
p1(·),λ1

(w1)
‖f2‖MK̇α2(·),q2(·)

p2(·),λ2
(w2)

.

To estimate E5, using Hölder’s inequality and Lemma 8, we have

E5 � sup
L≤0,L∈Z

2–Lλ

( L∑

k=–∞
2kα(0)q(0)

∥∥
∥∥
∥

k+1∑

l=k–1

k+1∑

j=k–1

T(f1l, f2j)χk

∥∥
∥∥
∥

q(0)

Lp(·)(w)

) 1
q(0)

� sup
L≤0,L∈Z

2–Lλ

( L∑

k=–∞
2kα(0)q(0)(‖f1‖Lp1(·)(w1)‖f2‖Lp2(·)(w2)

)q(0)
) 1

q(0)

� sup
L≤0,L∈Z

2–Lλ1

( L∑

k=–∞
2kα1(0)q1(0)‖f1‖q1(0)

Lp1(·)(w1)

) 1
q1(0)

× 2–Lλ2

( L∑

k=–∞
2kα2(0)q2(0)‖f2‖q2(0)

Lp2(·)(w2)

) 1
q2(0)

� ‖f1‖MK̇α1(·),q1(·)
p1(·),λ1

(w1)
‖f2‖MK̇α2(·),q2(·)

p2(·),λ2
(w2)

.

To estimate E6, since k – 1 ≤ l ≤ k + 1 and j ≥ k + 2, we obtain

|x – y1| > 2k–2, |x – y2| > 2j–2, x ∈ Dk , y1 ∈ Dl, y2 ∈ Dj.

Thus, ∀x ∈ Dk , k – 1 ≤ l ≤ k + 1 and j ≥ k + 2, we obtain

∣
∣T(f1l, f2j)(x)

∣
∣�

∫

Rn

∫

Rn

|f1l(y1)||f2j(y2)|
(|x – y1| + |x – y2|)2n dy1 dy2

� 2–kn2–jn
∫

Rn

∫

Rn

∣∣f1l(y1)
∣∣∣∣f2j(y2)

∣∣dy1 dy2.

Therefore, by Hölder’s inequality, we obtain

∥∥
∥∥
∥

k+1∑

l=k–1

∞∑

j=k+2

T(f1l, f2j)χk

∥∥
∥∥
∥

Lp(·)(w)

� 2–kn2–jn

∥∥
∥∥
∥

k+1∑

l=k–1

∫

Rn

∣∣f1l(y1)
∣∣dy1

k–2∑

j=–∞

∫

Rn

∣∣f2j(y2)
∣∣dy2χk

∥∥
∥∥
∥

Lp(·)(w)

�
∥
∥∥
∥∥

k+1∑

l=k–1

2–kn
∫

Rn

∣∣f1l(y1)
∣∣dy1χk

∥
∥∥
∥∥

Lp1(·)(w1)

×
∥∥∥
∥∥

k–2∑

j=–∞
2–jn

∫

Rn

∣∣f2j(y2)
∣∣dy2χk

∥∥∥
∥∥

Lp2(·)(w2)

. (11)
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Since 1/q(0) = 1/q1(0) + 1/q2(0), λ = λ1 + λ2, by Hölder’s inequality, we have

E6 � sup
L≤0,L∈Z

2–Lλ

( L∑

k=–∞
2kα(0)q(0)

∥
∥∥
∥∥

k+1∑

l=k–1

2–kn
∫

Rn

∣∣f1l(y1)
∣∣dy1χk

∥
∥∥
∥∥

q(0)

Lp1(·)(w1)

×
∥
∥∥
∥∥

∞∑

j=k+2

2–jn
∫

Rn

∣
∣f2j(y2)

∣
∣dy2χk

∥
∥∥
∥∥

q(0)

Lp2(·)(w2)

) 1
q(0)

� sup
L≤0,L∈Z

2–Lλ1

×
( L∑

k=–∞
2kα1(0)q1(0)

∥
∥∥
∥∥

k+1∑

l=k–1

2–kn
∫

Rn

∣∣f1l(y1)
∣∣dy1χk

∥
∥∥
∥∥

q1(0)

Lp1(·)(w1)

) 1
q1(0)

× sup
L≤0,L∈Z

2–Lλ2

×
( L∑

k=–∞
2kα2(0)q2(0)

∥∥
∥∥
∥

∞∑

j=k+2

2–jn
∫

Rn

∣
∣f2j(y2)

∣
∣dy2χk

∥∥
∥∥
∥

q2(0)

Lp2(·)(w2)

) 1
q2(0)

:= E6,1 × E6,2.

By the symmetry of f1 and f2, we can know that the estimate E6,1 is similar to the estimated
E2,2 and E6,2 = E3,2.

To estimate E9, since l, j ≥ k + 2, for i = 1, 2, we get

|x – yi| > 2k–2, x ∈ Dk , y1 ∈ Dl, y2 ∈ Dj.

Therefore, ∀x ∈ Dk , l, j ≥ k + 2, we have

∣∣T(f1l, f2j)(x)
∣∣�

∫

Rn

∫

Rn

|f1l(y1)||f2j(y2)|
(|x – y1| + |x – y2|)2n dy1 dy2

� 2–ln2–jn
∫

Rn

∫

Rn

∣
∣f1l(y1)

∣
∣
∣
∣f2j(y2)

∣
∣dy1 dy2.

Thus, by Hölder’s inequality, we have

∥
∥∥∥
∥

∞∑

l=k+2

∞∑

j=k+2

T(f1l, f2j)χk

∥
∥∥∥
∥

Lp(·)(w)

� 2–ln2–jn

∥
∥∥
∥∥

∞∑

l=k+2

∫

Rn

∣∣f1l(y1)
∣∣dy1

∞∑

j=k+2

∫

Rn

∣∣f2j(y2)
∣∣dy2χk

∥
∥∥
∥∥

Lp(·)(w)

�
∥∥
∥∥∥

∞∑

l=k+2

2–ln
∫

Rn

∣∣f1l(y1)
∣∣dy1χk

∥∥
∥∥∥

Lp1(·)(w1)

×
∥
∥∥
∥∥

∞∑

j=k+2

2–jn
∫

Rn

∣
∣f2j(y2)

∣
∣dy2χk

∥
∥∥
∥∥

Lp2(·)(w2)

. (12)
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Since 1/q(0) = 1/q1(0) + 1/q2(0), λ = λ1 + λ2, by Hölder’s inequality, we have

E9 � sup
L≤0,L∈Z

2–Lλ

( L∑

k=–∞
2kα(0)q(0)

∥
∥∥
∥∥

∞∑

l=k+2

2–ln
∫

Rn

∣
∣f1l(y1)

∣
∣dy1χk

∥
∥∥
∥∥

q(0)

Lp1(·)(w1)

×
∥∥
∥∥
∥

∞∑

j=k+2

2–jn
∫

Rn

∣
∣f2j(y2)

∣
∣dy2χk

∥∥
∥∥
∥

q(0)

Lp2(·)(w2)

) 1
q(0)

� sup
L≤0,L∈Z

2–Lλ1

×
( L∑

k=–∞
2kα1(0)q1(0)

∥
∥∥
∥∥

∞∑

l=k+2

2–ln
∫

Rn

∣
∣f1l(y1)

∣
∣dy1χk

∥
∥∥
∥∥

q1(0)

Lp1(·)(w1)

) 1
q1(0)

× sup
L≤0,L∈Z

2–Lλ2

×
( L∑

k=–∞
2kα2(0)q2(0)

∥∥
∥∥
∥

∞∑

j=k+2

2–jn
∫

Rn

∣∣f2j(y2)
∣∣dy2χk

∥∥
∥∥
∥

q2(0)

Lp2(·)(w2)

) 1
q2(0)

:= E9,1 × E9,2.

Obviously, the estimate E9,i is similar to the estimated E3,2 for i = 1, 2.
Taking all estimates for Ei together, i = 1, 2, . . . , 9, we obtain

E � ‖f1‖MK̇α1(·),q1(·)
p1(·),λ1

(w1)
‖f2‖MK̇α2(·),q2(·)

p2(·),λ2
(w2)

.

To go on, we need some further preparation.
If l < 0, by Proposition 1, we have

‖filχl‖Lpi(·)(wi) = 2–lαi(0)(2lαi(0)qi(0)‖filχl‖qi(0)
Lpi(·)(wi)

) 1
qi(0)

� 2–lαi(0)

( l∑

t=–∞
2tαi(0)qi(0)‖fitχt‖qi(0)

Lpi(·)(wi)

) 1
qi(0)

� 2l(λi–αi(0))

(

2–lλi

( l∑

t=–∞

∥∥2tαi(0)fitχt
∥∥qi(0)

Lpi(·)(wi)

)) 1
qi(0)

� 2l(λi–αi(0))‖fi‖MK̇αi(·),qi(·)
pi(·),λi

(wi)
. (13)

If l ≥ 0, we have

‖filχl‖Lpi(·)(wi) = 2–lαi∞(
2lαi∞qi∞‖fiχil‖qi∞

Lpi(·)(wi)

)1/qi∞

� 2–lαi∞

( l∑

t=–∞
2tαi∞qi∞‖fitχt‖qi∞

Lpi(·)(wi)

)1/qi∞

� 2l(λi–αi∞)

(

2–lλi

( l∑

t=–∞

∥∥2tαi∞ fitχt
∥∥qi∞

Lpi(·)(wi)

))1/qi∞



Wang and Xu Journal of Inequalities and Applications        (2019) 2019:251 Page 18 of 23

� 2l(λi–αi∞)‖fi‖MK̇αi(·),qi(·)
pi(·),λi

(wi)
. (14)

Finally, we estimate G. By the symmetry of f1 and f2, it is only necessary to estimate G1,
G2, G3, G5, G6, and G9.

To estimate G1, since l, j ≤ k – 2, 1/q∞ = 1/q1∞ + 1/q2∞, λ = λ1 + λ2, by (8) and Hölder’s
inequality, we have

G1 � sup
L>0,L∈Z

2–Lλ

( L∑

k=0

2kα∞q∞

∥
∥∥
∥∥

k–2∑

l=–∞
2–kn

∫

Rn

∣
∣f1l(y1)

∣
∣dy1χk

∥
∥∥
∥∥

q∞

Lp1(·)(w1)

×
∥
∥∥∥
∥

k–2∑

j=–∞
2–kn

∫

Rn

∣
∣f2j(y2)

∣
∣dy2χk

∥
∥∥∥
∥

q∞

Lp2(·)(w2)

) 1
q∞

� sup
L>0,L∈Z

2–Lλ1

×
( L∑

k=0

2kα1∞q1∞

∥
∥∥∥
∥

k–2∑

l=–∞
2–kn

∫

Rn

∣
∣f1l(y1)

∣
∣dy1χk

∥
∥∥∥
∥

q1∞

Lp1(·)(w1)

) 1
q1∞

× sup
L>0,L∈Z

2–Lλ2

×
( L∑

k=0

2kα2∞q2∞

∥∥
∥∥∥

k–2∑

j=–∞
2–kn

∫

Rn

∣∣f2j(y2)
∣∣dy2χk

∥∥
∥∥∥

q2∞

Lp2(·)(w2)

) 1
q2∞

:= G1,1 × G1,2,

where

G1,i := sup
L>0,L∈Z

2–Lλi

( L∑

k=0

2kαi∞qi∞

∥∥
∥∥
∥

k–2∑

l=–∞
2–kn

∫

Rn

∣
∣fil(yi)

∣
∣dyiχk

∥∥
∥∥
∥

qi∞

Lpi(·)(wi)

) 1
qi∞

.

Since λi + nδ2i > αi∞ ≥ αi(0), by (5), (13), (14) and Lemma 7 we obtain

G1,i � sup
L>0,L∈Z

‖fi‖MK̇αi(·),qi(·)
pi(·),λi

(wi)
2–Lλi

{ L∑

k=0

2kαi∞qi∞

×
( –1∑

l=–∞
2(l–k)nδ2i 2l(λi–αi(0)) +

k∑

l=0

2(l–k)nδ12 2i(λ1–α1∞)

)qi∞} 1
qi∞

� sup
L>0,L∈Z

‖fi‖MK̇αi(·),qi(·)
pi(·),λi

(wi)
2–Lλi

{ L∑

k=0

2kαi∞qi∞

×
( –1∑

l=–∞
2(l–k)(nδ2i+λi–αi∞)2l(αi∞–αi(0))2k(λi–αi∞)

+
k∑

l=0

2(l–k)(nδ2i+λi–αi∞)2k(λi–αi∞)

)qi∞} 1
qi∞

� sup
L>0,L∈Z

‖fi‖MK̇αi(·),qi(·)
pi(·),λi

(wi)
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× 2–Lλi

{ L∑

k=0

2kλiqi∞

( k∑

l=–∞
2(l–k)(nδ2i–αi∞+λi)

)qi∞} 1
qi∞

� sup
L>0,L∈Z

‖fi‖MK̇αi(·),qi(·)
pi(·),λi

(wi)
2–Lλi

( L∑

k=0

2kλiqi∞

) 1
qi∞

� ‖fi‖MK̇αi(·),qi(·)
pi(·),λi

(wi)
.

Thus, we get

G1 � ‖f1‖MK̇α1(·),q1(·)
p1(·),λ1

(w1)
‖f2‖MK̇α2(·),q2(·)

p2(·),λ2
(w2)

.

To estimate G2, since l ≤ k – 2, k – 1 ≤ j ≤ k + 1, 1/q∞ = 1/q1∞ + 1/q2∞, λ = λ1 + λ2, by
(9) and Hölder’s inequality, we have

G2 � sup
L>0,L∈Z

2–Lλ

( L∑

k=0

2kα∞q∞

∥∥
∥∥∥

k–2∑

l=–∞
2–kn

∫

Rn

∣∣f1l(y1)
∣∣dy1χk

∥∥
∥∥∥

q∞

Lp1(·)(w1)

×
∥
∥∥
∥∥

k+1∑

j=k–1

2–kn
∫

Rn

∣∣f2j(y2)
∣∣dy2χk

∥
∥∥
∥∥

q∞

Lp2(·)(w2)

) 1
q∞

� sup
L>0,L∈Z

2–Lλ1

×
( L∑

k=0

2kα1∞q1∞

∥∥
∥∥
∥

k–2∑

l=–∞
2–kn

∫

Rn

∣∣f1l(y1)
∣∣dy1χk

∥∥
∥∥
∥

q1∞

Lp1(·)(w1)

) 1
q1∞

× sup
L>0,L∈Z

2–Lλ2

×
( L∑

k=0

2kα2∞q2∞

∥
∥∥
∥∥

k+1∑

j=k–1

2–kn
∫

Rn

∣
∣f2j(y2)

∣
∣dy2χk

∥
∥∥
∥∥

q2∞

Lp2(·)(w2)

) 1
q2∞

:= G2,1 × G2,2.

It is obvious that

G2,1 = G1,1 � ‖f1‖MK̇α1(·),q1(·)
p1(·),λ1

(w1)
.

Now we estimate G2,2. Combining (5), (6) and (7), we have

G2,2 � sup
L>0,L∈Z

2–Lλ2

( L∑

k=0

2kα2∞q2∞

∥∥
∥∥
∥

k+1∑

j=k–1

2(j–k)n|f2j|
∥∥
∥∥
∥

q2∞

Lp2(·)(w2)

) 1
q2∞

� sup
L>0,L∈Z

2–Lλ2

( L∑

k=0

2kα2∞q2∞
∥∥|f2j|

∥∥q2∞
Lp2(·)(w2)

) 1
q2∞

� ‖f2‖MK̇α2(·),q2(·)
p2(·),λ2

(w2)
,
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where we used 2–nδ22 < 1 and 2(j–k)n(1–δ12) < 2(j–k)n for (5) and (7), respectively. Thus, we
obtain

G2 � ‖f1‖MK̇α1(·),q1(·)
p1(·),λ1

(w1)
‖f2‖MK̇α2(·),q2(·)

p2(·),λ2
(w2)

.

To estimate G3, since l ≤ k – 2, j ≥ k + 2, 1/q∞ = 1/q1∞ + 1/q2∞, λ = λ1 + λ2, by (10) and
Hölder’s inequality, we have

G3 � sup
L>0,L∈Z

2–Lλ

( L∑

k=0

2kα∞q∞

∥
∥∥∥
∥

k–2∑

l=–∞
2–kn

∫

Rn

∣
∣f1l(y1)

∣
∣dy1χk

∥
∥∥∥
∥

q∞

Lp1(·)(w1)

×
∥∥
∥∥
∥

∞∑

j=k+2

2–jn
∫

Rn

∣∣f2j(y2)
∣∣dy2χk

∥∥
∥∥
∥

q∞

Lp2(·)(w2)

) 1
q∞

� sup
L>0,L∈Z

2–Lλ1

×
( L∑

k=0

2kα1∞q1∞

∥
∥∥
∥∥

k–2∑

l=–∞
2–kn

∫

Rn

∣
∣f1l(y1)

∣
∣dy1χk

∥
∥∥
∥∥

q1∞

Lp1(·)(w1)

) 1
q1∞

× sup
L>0,L∈Z

2–Lλ2

×
( L∑

k=0

2kα2∞q2∞

∥∥
∥∥
∥

∞∑

j=k+2

2–jn
∫

Rn

∣∣f2j(y2)
∣∣dy2χk

∥∥
∥∥
∥

q2∞

Lp2(·)(w2)

) 1
q2∞

:= G3,1 × G3,2.

It is obvious that

G3,1 = G1,1 � ‖f1‖MK̇α1(·),q1(·)
p1(·),λ1

(w1)
.

Since nδ12 + α2∞ > 0, by (7) and Lemma 7 we obtain

G3,2 � sup
L>0,L∈Z

2–Lλ2

( L∑

k=0

2kα2∞q2∞

( ∞∑

j=k+2

2(k–j)nδ12‖f2j‖Lp2(·)(w2)

)q2∞) 1
q2∞

� sup
L>0,L∈Z

2–Lλ2

( L∑

k=0

( ∞∑

j=k+2

2jα2∞‖f2j‖Lp2(·)(w2)2
(k–j)(nδ12+α2∞)

)q2∞) 1
q2∞

� sup
L>0,L∈Z

2–Lλ2

( L+2∑

j=2

2jα2∞q2∞‖f2j‖q2∞
Lp2(·)(w2)

) 1
q2∞

� ‖f2‖MK̇α2(·),q2(·)
p2(·),λ2

(w2)
,

where we wrote 2–|k–j|(nδ12+α2∞) � 2–|k–j|ϑ2 for some ϑ2 ∈ (0, nδ12 + α2∞). Thus, we get

G3 � ‖f1‖MK̇α1(·),q1(·)
p1(·),λ1

(w1)
‖f2‖MK̇α2(·),q2(·)

p2(·),λ2
(w2)

.
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To estimate G5, using Hölder’s inequality and Lemma 8

G5 � sup
L>0,L∈Z

2–Lλ

( L∑

k=0

2kα∞q∞

∥∥
∥∥∥

k+1∑

l=k–1

k+1∑

j=k–1

T(f1l, f2j)χk

∥∥
∥∥∥

q∞

Lp(·)(w)

) 1
q∞

� sup
L>0,L∈Z

2–Lλ

( L∑

k=0

2kα∞q∞(‖f1‖Lp1(·)(w1)‖f2‖Lp2(·)(w2)
)q∞

) 1
q∞

� sup
L>0,L∈Z

2–Lλ1

( L∑

k=0

2kα1∞q1∞‖f1‖q1∞
Lp1(·)(w1)

) 1
q1∞

× 2–Lλ2

( L∑

k=0

2kα2∞q2∞‖f2‖q2∞
Lp2(·)(w2)

) 1
q2∞

� ‖f1‖MK̇α1(·),q1(·)
p1(·),λ1

(w1)
‖f2‖MK̇α2(·),q2(·)

p2(·),λ2
(w2)

.

To estimate G6, since k – 1 ≤ l ≤ k + 1 and j ≥ k + 2, 1/q∞ = 1/q1∞ + 1/q2∞, λ = λ1 + λ2,
by (11) and Hölder’s inequality, we have

G6 � sup
L>0,L∈Z

2–Lλ

( L∑

k=0

2kα∞q∞

∥
∥∥
∥∥

k+1∑

l=k–1

2–kn
∫

Rn

∣∣f1l(y1)
∣∣dy1χk

∥
∥∥
∥∥

q∞

Lp1(·)(w1)

×
∥
∥∥
∥∥

∞∑

j=k+2

2–jn
∫

Rn

∣
∣f2j(y2)

∣
∣dy2χk

∥
∥∥
∥∥

q∞

Lp2(·)(w2)

) 1
q∞

� sup
L>0,L∈Z

2–Lλ1

×
( L∑

k=0

2kα1∞q1∞

∥∥∥
∥∥

k+1∑

l=k–1

2–kn
∫

Rn

∣∣f1l(y1)
∣∣dy1χk

∥∥∥
∥∥

q1∞

Lp1(·)(w1)

) 1
q1∞

× sup
L>0,L∈Z

2–Lλ2

×
( L∑

k=0

2kα2∞q2∞

∥
∥∥∥
∥

∞∑

j=k+2

2–jn
∫

Rn

∣
∣f2j(y2)

∣
∣dy2χk

∥
∥∥∥
∥

q2∞

Lp2(·)(w2)

) 1
q2∞

:= G6,1 × G6,2.

By the symmetry of f1 and f2, we can know that the estimate G6,1 is similar to the estimated
G2,2 and G6,2 = G3,2.

To estimate G9, since l, j ≥ k + 2, 1/q∞ = 1/q1∞ + 1/q2∞, λ = λ1 + λ2, by (12) and Hölder’s
inequality, we have

G9 � sup
L>0,L∈Z

2–Lλ

( L∑

k=0

2kα∞q∞

∥∥
∥∥
∥

∞∑

l=k+2

2–ln
∫

Rn

∣∣f1l(y1)
∣∣dy1χk

∥∥
∥∥
∥

q∞

Lp1(·)(w1)

×
∥∥
∥∥∥

∞∑

j=k+2

2–jn
∫

Rn

∣∣f2j(y2)
∣∣dy2χk

∥∥
∥∥∥

q∞

Lp2(·)(w2)

) 1
q∞
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� sup
L>0,L∈Z

2–Lλ1

×
( L∑

k=0

2kα1∞q1∞

∥∥∥
∥∥

∞∑

l=k+2

2–ln
∫

Rn

∣∣f1l(y1)
∣∣dy1χk

∥∥∥
∥∥

q1∞

Lp1(·)(w1)

) 1
q1∞

× sup
L>0,L∈Z

2–Lλ2

×
( L∑

k=0

2kα2∞q2∞

∥
∥∥∥
∥

∞∑

j=k+2

2–jn
∫

Rn

∣
∣f2j(y2)

∣
∣dy2χk

∥
∥∥∥
∥

q2∞

Lp2(·)(w2)

) 1
q2∞

:= G9,1 × G9,2.

Obviously, the estimate G9,i is similar to the estimated G3,2 for i = 1, 2.
Taking all estimates for Gi together, i = 1, 2, . . . , 9, we obtain

G � ‖f1‖MK̇α1(·),q1(·)
p1(·),λ1

(w1)
‖f2‖MK̇α2(·),q2(·)

p2(·),λ2
(w2)

.

This completes the proof. �

Acknowledgements
The authors would like to thank the referees for their careful reading and suggestions.

Funding
The work is partially supported by Hainan Province Natural Science Foundation of China (2018CXTD338) and the National
Natural Science Foundation of China (Grant No. 11761026 and 11761027).

Availability of data and materials
Not applicable.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors contributed equally and significantly in writing this paper. All authors read and approved the final manuscript.

Author details
1School of Mathematics and Statistics, Hainan Normal University, Haikou, China. 2School of Mathematics and Computing
Science, Guilin University of Electronic Technology, Guilin, China.

Publisher’s Note
Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Received: 4 April 2019 Accepted: 6 September 2019

References
1. Cruz-Uribe, D., Guzman, O.M.: Weighted norm inequalities for the bilinear maximal operator on variable Lebesgue

spaces (2018) https://arxiv.org/abs/1811.00618
2. Izuki, M.: Herz and amalgam spaces with variable exponent, the Haar wavelets and greediness of the wavelet system.

East J. Approx. 15(1), 87–109 (2009)
3. Izuki, M.: Boundedness of sublinear operators on Herz spaces with variable exponent and application to wavelet

characterization. Anal. Math. 36(1), 33–50 (2010)
4. Izuki, M.: Commutators of fractional integrals on Lebesgue and Herz spaces with variable exponent. Rend. Circ. Mat.

Palermo 59(3), 461–472 (2010)
5. Izuki, M.: Fractional integrals on Herz–Morrey spaces with variable exponent. Hiroshima Math. J. 40(3), 343–355

(2010)
6. Izuki, M., Noi, T.: Hardy spaces associated to critical Herz spaces with variable exponent. Mediterr. J. Math. 13(5),

2981–3013 (2016)
7. Izuki, M., Noi, T.: Boundedness of fractional integrals on weighted Herz spaces with variable exponent. J. Inequal.

Appl. 2016(199), 15 (2016)

https://arxiv.org/abs/1811.00618


Wang and Xu Journal of Inequalities and Applications        (2019) 2019:251 Page 23 of 23

8. Izuki, M.: Boundedness of commutators on Herz spaces with variable exponent. Rend. Circ. Mat. Palermo 59(2),
199–213 (2010)

9. Izuki, M., Noi, T.: An intrinsic square function on weighted Herz spaces with variable exponent. J. Math. Inequal. 11(3),
799–816 (2017)

10. Wang, L.W., Shu, L.S.: Boundedness of some sublinear operators on weighted variable Herz–Morrey spaces. J. Math.
Inequal. 12(1), 31–42 (2018)

11. Wang, P., Liu, Z.: Weighted norm inequalities for multilinear Calderón–Zygmund operators in generalized Morrey
spaces. J. Inequal. Appl. 2017, Article ID 48 (2017)

12. Coifman, R.R., Meyer, Y.: On commutators of singular integrals and bilinear singular integrals. Trans. Am. Math. Soc.
212, 315–331 (1975)

13. Bui, T.A., Duong, X.T.: Weighted norm inequalities for multilinear operators and applications to multilinear Fourier
multipliers. Bull. Sci. Math. 137(1), 63–75 (2013)

14. Grafakos, L., Kalton, N.: Multilinear Calderón–Zygmund operators on Hardy spaces. Collect. Math. 52, 169–179 (2001)
15. Grafakos, L., Torres, R.H.: Multilinear Calderón–Zygmund theory. Adv. Math. 165(1), 124–164 (2002)
16. Huang, A.W., Xu, J.S.: Multilinear singular integral and commutators in variable exponent Lebesgue space. Appl. Math.

J. Chin. Univ. Ser. B 25(1), 69–77 (2010)
17. Pérez, C., Torres, R.H.: Sharp maximal function estimates for multilinear singular integrals. Contemp. Math. 320,

323–331 (2003)
18. Xu, J.S.: Boundedness of multilinear singular integrals for non-doubling measures. J. Math. Anal. Appl. 327(1),

471–480 (2007)
19. Lu, Y., Zhu, Y.P.: Boundedness of multilinear Calderón–Zygmund singular operators on Morrey–Herz spaces with

variable exponents. Acta Math. Sin. 30(7), 1180–1194 (2014)
20. Cruz-Uribe, D., Fiorenza, A., Neugebauer, C.J.: Weighted norm inequalities for the maximal operator on variable

Lebesgue spaces. J. Math. Anal. Appl. 394(2), 744–760 (2012)
21. Muckenhoupt, B.: Weighted norm inequalities for the Hardy maximal function. Trans. Am. Math. Soc. 165, 207–226

(1972)
22. Cruz-Uribe, D., Diening, L., Hästö, P.: The maximal operator on weighted variable Lebesgue spaces. Fract. Calc. Appl.

Anal. 14(3), 361–374 (2011)
23. Cruz-Uribe, D., Wang, L.A.: Extrapolation and weighted norm inequalities in the variable Lebesgue spaces. Trans. Am.

Math. Soc. 369(2), 1205–1235 (2017)
24. Izuki, M.: Remarks on Muckenhoupt weights with variable exponent. J. Anal. Appl. 11(1), 27–41 (2013)
25. Izuki, M., Nakai, E., Sawano, Y.: Wavelet characterization and modular inequalities for weighted Lebesgue spaces with

variable exponent. Ann. Acad. Sci. Fenn., Math. 40(2), 551–571 (2015)
26. Li, X.W., Yang, D.C.: Boundedness of some sublinear operators on Herz spaces. Ill. J. Math. 40(3), 484–501 (1996)
27. Lu, S.Z., Yang, D.C., Hu, G.E.: Herz Type Spaces and Their Applications. Science Press, Beijing (2008)
28. Almeida, A., Hästö, P.: Besov spaces with variable smoothness and integrability. J. Funct. Anal. 258(5), 1628–1655

(2010)
29. Izuki, M., Noi, T.: Two weighted Herz spaces with variable exponents. Bull. Malays. Math. Sci. Soc. (2018).

https://doi.org/10.1007/s40840-018-0671-4
30. Izuki, M., Noi, T.: Boundedness of fractional integrals on weighted Herz spaces with variable exponent. J. Inequal.

Appl. 2016, Article ID 199 (2016)
31. Izuki, M., Noi, T.: An intrinsic square function on weighted Herz spaces with variable exponent. J. Math. Inequal. 11(3),

799–816 (2016)
32. Sawano, Y.: Theory of Besov Spaces. Springer, Singapore (2018)

https://doi.org/10.1007/s40840-018-0671-4

	Weighted norm inequality for bilinear Calderon-Zygmund operators on Herz-Morrey spaces with variable exponents
	Abstract
	Keywords

	Introduction
	Notations and main result
	Proof of Theorem 1
	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


