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1 Introduction
Consider the following nonlinear semidefinite programming (NLSDP) with a negative

semidefinite matrix constraint:

min  f(x)
st Ax) <0,

(1.1)

where f : R” — R, A:R"” — §", §” is the set of m-order symmetric matrix and S"” (S”")
is the set of m-order positive (negative) semidefinite matrix. A(x) < 0 means that A(x) is
a negative semidefinite matrix.

Nonlinear semidefinite programming has many applications both in theory and in the
real world. Many convex optimization problems, such as variational inequality problem:s,
fixed point problems [1-3], can be reformulated as convex NLSDP. Robust control prob-
lems, optimal structural design, and truss design problems can be reformulated as NLSDP
(see [4—6]). There are a lot of literature for NLSDP on algorithms, for example, the aug-
mented Lagrangian method [7—12], primal-dual interior point method [13, 14], and se-
quential semidefinite programming (SSDP) method [15-21]. Our research focus is on the
SSDP method.

SSDP method, which is a generalization of SQP method for classic nonlinear program-
ming, is one of effective methods for nonlinear semidefinite programming. For example,
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Correa and Ramirez [16] proposed a global SSDP algorithm for NLSDP. Recently, as illus-
trated by the extensive numerical experiments in [20, 21], SSDP algorithm has performed
very well in finding a solution to NLSDP. At each iteration of SSDP method, a special
quadratic semidefinite programming subproblem is solved to generate a search direction.
However, just as traditional SQP method, most of existing SSDP methods also have some
inherent pitfalls, e.g., (1) the first direction finding subproblem (DFP for short), namely
a quadratic semidefinite programming (QSDP for short), is not ensured to be consistent.
The algorithm in [21] is based on the assumption that the optimal solution of the first
DFP exists. The algorithm in [20] directly goes to feasibility restoration phase when the
first DFP is inconsistent. As we know, feasibility restoration phase will increase the com-
putational cost. (2) The optimal solution to the first DFP is not ensured to be an improving
direction, so it is possible that Maratos effect occurs. As a result, the superlinear conver-
gence is not guaranteed to obtain.

Since NLSDP contains a negative semidefinite matrix constraint, it is more difficult to
deal with these drawbacks comparing with SQP method for classic nonlinear program-
ming. In this paper, we borrow the ideas of modified strategy of quadratic programming
subproblem for nonlinear programming from [22]. We first construct a linear semidefi-
nite programming (LSDP for short), and then by means of the solution of the LSDP we
construct a special QSDP to yield the master search direction, which is ensured to be con-
sistent. In order to avoid the Maratos effect, a second-order correction direction is intro-
duced which is determined by solving a new quadratic programming. A penalty function
is used as a merit function for arc search. The proposed algorithm possesses superlin-
ear convergence under the strict complementarity and the strong second-order sufficient
conditions with the sigma term.

The paper is organized as follows. Some notations and preliminaries are described in the
next section. In Sect. 3, we present our algorithm in detail and analyze its feasibility. Under
some mild conditions, the global convergence and superlinear convergence are shown in
Sect. 4 and Sect. 5, respectively. In Sect. 6, the preliminary numerical results are reported.

Some concluding remarks are given in the last section.

2 Preliminaries
In this section, for the sake of convenience, some definitions, notations, and results for
NLSDP are introduced.

The differential operator DA(x) : R” — S is defined by

d.A(x)
3961'

DA(x)d := Zdi , VdeR" 2.1)
i=1

The adjoint operator DA(x)* of DA(x) is defined by

T
DAW®)*Z = << aA(x),z>,...,<3A(x),z>> . VZeS”, 2.2)

0x1 0X,

where (A, B) means the inner product of the matrix A and B, which is defined by (A, B) =
Tr(AB) for any A, B € S”, Tr(:) is the trace of a matrix.



Li and Zhang Journal of Inequalities and Applications (2019) 2019:219 Page 3 of 21

The operator D> A(x) : R” x R” — S is defined by

- " 92 -
"D A= ) did)~ “fla(x?, vd,d e R". (2.3)
pract %0

Definition 2.1 Given x € R”, if there exists a matrix A € S such that

Vf(x) + DA(x)*A =0, (2.4a)
A(x) <0, (2.4b)
Tr(AA(x)) =0, (2.4¢)

then x is called a KKT point of NLSDP (1.1), the matrix A is called the Lagrangian multi-
plier, (2.4a)—(2.4c) is called the KKT conditions of NLSDP (1.1).

Let A1,...,X, be the eigenvalues of A (€ R"*"), and let 11(A) be the largest eigenvalue of
A. The following results will be used in the subsequent analysis.

Lemma 2.1 ([23]) For any A, B € S™, the following inequality is true:

Tr(AB) < Y 2i(A)Xi(B), (2.5)

i=1

the equality holds if and only if there exists an invertible matrix P such that P"'AP and
P~1BP are diagonal.

Based on Lemma 2.1, the following result is obvious.
Lemma 2.2 Forany A € S™,B € S, the following inequality is true:

Tr(AB) < »,(A) Tr(B). (2.6)
Lemma 2.3 ([24] (Weyl’s inequality)) Suppose A,B € S™, then A1(A + B) < A1(A) + A1(B).
Lemma 2.4 Forany A,B €S", if \i(A + B) < A1(A), then the following inequality is true:

M(A +nB) < A1(A), Vne(0,1).

Proof If 11(B) <0, then it follows from Lemma 2.3 that

M(A +nB) < 21(A) + L1(nB) < A1(A),
that is, the result is true.

If 21(B) > 0, note that A;(A + B) < A1(A) and n € (0,1), then it follows from Lemma 2.3

that

M(A+nB) = Ai(A+B+(n-1)B)
< M(A+B)+r((n-1)B)
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< hi(A) + (n -1 (B)

< )‘vl(A)r
so the result is proved. d

Let % be the current iterative point, motivated by the idea in [22], we construct a linear
SDP subproblem (LSDP) as follows:

LSDP(xk) min z
s.t. A(xk) + D.A(xk)d < zE,, (2.7)

z>0, |d|l <1,

where E,, is the m-order identity matrix.

It is known that LSDP(xX) (2.7) has optimal solutions. Let ((?a'\k)T,zk)T be an optimal
solution of LSDP(xX) (2.7). Now we construct a quadratic semidefinite programming
(QSDP(x*, Hy)) by means of z; as follows:

QSDP(+,H;)  min Vf(+)'d+ Y
2 (2.8)
s.t. A(xk) + DA(xk)d < ziE,,

where Hy € S” is the Hesse matrix or an approximation of the Hesse matrix of the La-
grangian function of NLSDP (1.1) at x*.

Generally, the optimal solution @* to QSDP(x, H;) (2.8) cannot be guaranteed to avoid
the Maratos effect and get superlinear convergence, so it needs a modification. To this
end, motivated by the ideas in [20], we introduce a second-order correction direction by
solving the following subproblem:

X (dt v d) H(d + d)
2 (2.9)

st NT(A( +d) + DA )d)Ng = - || Eprer

min Vf(xk)T(dk +d)

where o € (2,3), r = rank(A(x*) + DAx)dX), N; = ]{,plz(, copk ) e R0 and
k. p&,...,pk,_.} is an orthogonal basis for the null space of the matrix A(x*) + DA(x*)d".
The following basic assumptions are required.

A1 The functions f(x) and A(x) are continuously differentiable.

A 2 There exist two positive constants a and a such that
ald|* <d"Hid <a|d|’, VdeR".
Under Assumptions A1-A2, the following lemma follows.

Lemma 2.5 Suppose that Assumptions A1-A2 hold. Then subproblem QSDP(xX, Hy) (2.8)
has a unique solution d*, and there exists a matrix Ay € S™ satisfying the KKT conditions
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of QSDP(xX, Hy) (2.8), i.e.,

Vf (x*) + DA(*)" Ak + Hyd" =0, (2.10a)
A(xk) + DA(xk)dk < ztE,, (2.10b)
Tr(Ak(A(x") + DA()d* - zE,)) = 0. (2.10c)

Define a measure of constraint violation for NLSDP (1.1) as follows:

P(x) = A1 (Ax)) (2.11)

4

where 11(A(x)), = max{r;(A(x)),0}. Obviously, P(x) = 0 if and only if x is a feasible point
of NLSDP (1.1).

By means of P(x), we define a penalty function as a merit function for arc search:
b (%) = f (x) + aP(x) = f (x) + a1 (A(x)),, (2.12)

where « > 0 is a penalty parameter. The function 6, (x) comes from the Han penalty func-

tion for nonlinear programming.

Lemma 2.6 Suppose that Assumptions A1-A2 hold, d* is the optimal solution of QSDP(xX,
Hy) (2.8). Then the directional derivative 0, (xK; d*) satisfies the following inequality:

0, ()
< Vf () d* — a (1 (AW)), - M) (2.13)
< (") Hyd" + Te(Ae(A() = 24En)) = (21 (A(X)), = A (@Enm):), (2.14)

where zy is the optimal value of LSDP(x%) (2.7), Ay is a KKT multiplier of QSDP(xX, Hy)

(2.8) corresponding to the constraint.

Proof First, it follows from (2.10a) that

n k
Vf(xF) dk == > df Tr(Ak a“g(’“ )

i=1

) — (d") " Hyd. (2.15)

i

Since A1(-), is convex, we obtain

" k
A (A(xk) + tde-‘ 8./39(:6 )>
i=1 i)y

n k
< (1=t (AR)), + <A(xk) " de%)

i=1

= (1 - t))‘-l(A(xk))+ + t)‘-l(ZkEm)w
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the last inequality above is due to (2.10b). By the definition of directional derivative and
the above inequality, we get

[210):] (A(xh); DAY a¥)

n k
- Jim ¢~ [M(Aw) : t;dfa“‘“" ’) —m(Aw)@

896,‘

< lim £7[(1 = a1 (A@R)), + 21 (2B = 2 (A@)),]
= (M (AEF)), = A1(zEm)s)- (2.16)
Combining with the definition of the directional derivative 6, (x5; d¥) and (2.16), we have

0, (x5d") = 9f ()" d* + ([ 0).] (AG); DAR) "))
< V() d* — o (31 (A()), - 2 (@Enm)s),

that is, inequality (2.13) holds.
By (2.15), we obtain

Vf(xk)Tdk —a(h (A(xk))+ — A1 (zkEm)-+)

n k
<- deTr(Ak 8“3;’: )> — (@) Hyd* - (11 (A()), = M (zEn).)- (2.17)
i=1

It follows from (2.10c) that

- Tr<Ak (Z d* a“gi’:k) )) =~ Tr(Ac(DA()dY)) = Tr(Ae(A(R) - %E,)). (2.18)

i=1

Substituting the above equality into (2.17), one has

Uf (#) dk = (h (A()), = (@B )
< —(dk)Tdek + Tr(Ax(A(xX) - 2kEn)) — a(AI(A(xk))+ — A1 (2zkEm)+ )

that is, inequality (2.14) holds. O

3 The algorithm
In this section, we first present our algorithm in detail, and then analyze its feasibility.

Algorithm A
Step 0. Given x° € R”, Hy = E, (identity matrix), ¢ € (0,1), ¢ > 0, P € (1,10), o € (0,1),
B€(0,2),m >0.Let k:=0.
Step 1. Solve LSDP(x) (2.7) to get an optimal solution ((@X)T,z¢)T. If A1 (A(x*)) > 0 and
zx = A (A(x)), then stop.
Step 2. (Generate a master direction). Solve QSDP(x, Hy) (2.8) to get the optimal solu-
tion dX. If d* = 0, then stop.
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Step 3. (Generate a second-order correction direction). Solve subproblem (2.9) and let
d* be the solution. If there is no solution of subproblem (2.9) or ||2k|| > ||d¥|, then
set d* = 0.

Step 4. (Update ) The update rule of o is as follows:

Qle» if Ak, ) < —(d*)"Hydt;
Ok+1 i= U (k)T b 4 ()T Hy b . 3.1)
A T otherwise,
where A(xX, az) is defined by
T
A o) = vf (6*) d* - o (A (A(Y)), - Aa(zkEm)-), (3.2)

that is, A(xX, ) is the right-hand side of inequality (2.13).
Step 5. (Arc search) Let £ be the first number of the sequence {1,0,072,...} satisfying the
following inequalities:

Oy, (5 + trd* + 2dY) < Ou,, (6F) + B A (K, 0pn), i P(x¥) < By (3.3)

O, (K + ted* + £2d5) < 0, (6) + Bt A, apsr), _
ak+1( k k ) = ak+l( ) /3 k ( k+l) 1fP(xk) S D, (34)
Pk + trd®) < P(x5),
Step 6. Let %1 := xX + 1dX + tfﬁk, update H; by some method to Hy,; such that Hy,; is
positive definite. Set k := k + 1, and return to Step 1.

Remark In Algorithm A, by means of new modified strategies of subproblem, the
quadratic semidefinite programming subproblem (2.8) yielding master searching direc-
tion is guaranteed to be consistent; further, it is ensured that the solution to subproblem
(2.8) exists. This is very different from the ways in [20, 21].

In what follows, we analyze the feasibility of Algorithm A. To this end, it is necessary to
extend the definition of infeasible stationary point for nonlinear programming [25, 26] to

nonlinear semidefinite programming.

Definition 3.1 A point ¥ € R” is called an infeasible stationary point of NLSDP (1.1) if
A1 (A®X)) >0 and

521%@ max{)q (.A(35) + DA(?c)d), O} =M (A(Ec’))Jr = P(X). (3.5)

Theorem 3.1 Suppose that Assumptions A1-A2 hold, then the following two results are
true:
(1) If Algorithm A stops at Step 1, then x* is an infeasible stationary point of NLSDP
(1.1).
(2) If Algorithm A stops at Step 2, then x* is a KKT point of NLSDP (1.1).

Proof (1) If Algorithm A stops at Step 1, i.e., zx = A1 (A(x*)) = P(x¥) > 0, then x* is an infea-

k

sible solution of NLSDP (1.1). In the following, we will prove x* is an infeasible stationary

Page 7 of 21
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point of NLSDP (1.1), i.e.,
min max{)»l(A(xk) + D.A(xk)d),O} = max{)»l(A(xk)),O} = P(xk).

deR”

By contradiction, suppose that xX is not an infeasible stationary point, so there exists 2°° e
R” such that

max{)q (A(xk) + DA(xk)dk'O), 0} < P(xk). (3.6)

If ||d4°|| > 1, then ”dTI'OH <1, so by Lemma 2.4, we have

max{)q <.A(xk) + WDA(xk)dk'o),O} < P(x"), (3.7)
hence, we suppose, without loss of generality, that |d*°|| < 1. Let
Zk = max{)q (.A(xk)) + D.A(xk)dk’o),O} < P(xk). (3.8)

Obviously, ((@*°)",Z)T is a feasible point of subproblem LSDP(xX) (2.7). Since z is the
optimal value of LSDP(x*) (2.7), one has

zZk <%k < P(xk), (3.9)

which contradicts to z; = P(x¥). Hence, if Algorithm A stops at Step 1, then x* is an infea-
sible stationary point of NLSDP (1.1).

(2) If Algorithm A stops at Step 2, i.e., @ = 0, then by the KKT conditions (2.10a)—(2.10c)
of QSDP(x*, Hy) (2.8), we obtain

Vf(#*) + DA(x)" Ac =0, (3.102)
A(x*) < 2E,p, (3.10b)
Ak 20, (3.10c)
Tr(Ax(A(x) - zE)) = 0. (3.10d)

Now we prove z; = 0. By contradiction, suppose zx # 0, then z; > 0. So it follows that x*
is an infeasible point of NLSDP (1.1), i.e., A;(A(xX)) > 0. It is obvious that (0, A;(A(x)))
is a feasible point of LSDP(xX) (2.7), so the optimal solution z; < A1(A(x*)). Since Algo-
rithm A does not stop at Step 1, one has z; < A;(A(xX)), which implies that d = 0 is not a
feasible point of QSDP(xX, Hy) (2.8). This contradicts the fact that 0 is the optimal solution
of QSDP(x*, H) (2.8). Therefore, z; = 0. Substituting zx = 0 into (3.10b) and (3.10d), com-
bining with (3.10a), (3.10c), we can conclude that x* is a KKT point of NLSDP (1.1). [

Lemma 3.1 Suppose that Assumptions A1-A2 hold, if Algorithm A does not stop at Step 1
and d* #0, then the following conclusions are true:

(i) IfP(x*) > 0, then the directional derivative P'(x*;d¥) < 0;

(ii) 6, (x5 dk) < 0;
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(i) AKX, axs1) <0, so Algorithm A is well defined.

Proof (i) If P(x*) > 0, it means that x¥ is an infeasible point of NLSDP (1.1). We can prove
zx < M1 (A@)),. By contradiction, if z; > A;(A(xY)),, then (0T, 1;(A(x")),) is the optimal
solution of LSDP(xX) (2.7), which implies that Algorithm A stops at Step 1. This is a con-
tradiction. So it follows from the definition of directional derivative and (2.16) that

P'(#55d%) = [M0). ] (A(F); DA ) < - (M (A(R)), - A(aEm):) <0, (3.11)

that is, the result (i) is true.
(ii) The proof is divided into two cases.
Case A. x* is a feasible point of NLSDP (1.1). We obtain z; = 0 and A (A(xX)), = 0, so by
(2.14) and Lemma 2.2, we obtain
6, (xd") < —(d") Hid" + Tr(A(A(x})))

U+l

< —(dk)Tdek + Tr(Ak))Ll (A(xk))

+

= —(d") Hd* <0,

the last inequality above is due to Assumption A2 and d* #0.

Case B. x* is an infeasible solution of NLSDP (1.1). This implies A; (A(xX)), = A (A(xX)) >
0.

Since Algorithm A does not stop at Step 1, we have z; < A1 (A(xX)). Therefore, it follows
from (2.13), (3.1), and Assumption A2 that

/ k. gk kT k
Qak+1(x ;d ) < —(d ) Hid" <0.
(iii) If x* is a feasible point of NLSDP (1.1), then it is obvious that z; = A1 (A(xX)), = 0

is the optimal value of LSDP(x¥) (2.7). So A, ax,1) = VF(xX)Td*. Note that d = 0 is a
feasible solution of QSDP(xX, Hy) (2.8), so we get

A apn) = f () " d < —(db) " Hid <0.

If xX is an infeasible point of NLSDP (1.1), then, according to the update rule (3.1) of o,
it is sufficient to consider the second part of (3.1). It follows from (3.2) and (3.1) that

A(xk,ozkﬂ)
k Tdk dk T dk
<) - (Vf(jl)(A(x:)§+ —)z]:k * 771) (M1 (A()), = A(aEn)-)
< —(d") " Hd* <. (3.12)

Further, the arc search of Algorithm A is valid. Hence, Algorithm A is well defined. O

4 Global convergence
Based on Theorem 3.1, in this section, without loss of generality, we suppose that the
sequence {x} generated by Algorithm A is infinite. In what follows, we will prove that
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{x*} is bounded under some appropriate conditions, and that any accumulation point x*
of {x*} is either an infeasible stationary point, or a KKT point of NLSDP (1.1). To this end,
the following additional assumptions are necessary.

A 3 For any ¢ > 0, the level set L, := {x € R” | P(x) < c} is bounded.

A 4 For any feasible point x of NLSDP (1.1), MFCQ is satisfied at x, that is, there exists
d € R” such that

A(x) + DA(x)d < 0.

Lemma 4.1 Suppose that Assumptions A1—A3 hold, then the iterative sequence {x*} is
bounded.

Proof One of the following situations occurs:

(i) If there exists an integer k; such that P(xX) < P for any k > k, then x* € Lj for any
k > ky. So {x*} is also bounded because Lj is bounded.

(i) If there exists an integer k, such that P(x¥) > P for any k > ky, then it follows from
Step 5 that x* € Lpka) for any k> ka. So {xX} is also bounded because Ly is
bounded.

(iii) If both (i) and (i) do not occur, i.e., P(xX) < P and P(x¥) > P occur infinitely,

respectively, then there exists an index set {k;} satisfying
P(xN)y <P,  PUN)>P, Viel(l2,..}). (4.1)
So by arc search strategy, there exists an index set {s;} associated with {k;} such that
ki<sj<kii, P(x%)>P,  P(x¥*') <P, Vje{l,2,...}.
For convenience, let N := {1,2,...}, N; := {k | k; < k < kj,1}, then we obtain

{keN [k>k} = J{N; Utk ks, ks, 3}
j

We know from (4.1) that {x5} C L3, so {x%} is bounded, Hence, {x*} is bounded as long
as we can prove that there exists ¢ > 0 such that x* € Lz, Vj € N, k € N;. Combining with the
boundedness of {x%} and Assumption A1, we get {Vf(x")} is bounded, i.e., there exists M >
0 such that ||Vf (b)) < M for any j € N. In addition, it follows from LSDP(x*) (2.7) and
QSDP(xX, Hy) (2.8) that {d*} is bounded. In view of x¥*! = x¥, we get {x¥*} is bounded.
Further, one obtains {P(x%*')} is bounded due to the continuity of P(x). So there exists
¢ > 0 such that P(x5*!) <.

At last, by (4.1) and Step 5 in Algorithm A, one has

&> P(x") = P(x5%%) > - > P(x) (4.2)

x7) > P,
P> P(x7),P > P(x7*?),...,P > P(x/1). (4.3)

We can find &; and kj,; such that k € (kj, kj,1) for k € N. So it follows from (4.2) and (4.3)
that xF € L, i.e., {x*} is bounded. O
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Lemma 4.2 Suppose that Assumptions A1-A4 hold. If oy — +00o, then every accumu-
lation point x* of {x*} generated by Algorithm A is an infeasible stationary point of
NLSDP (1.1).

vf(xk)Tdk+(dk)Tdek} di-

Proof If ap — +00, then it follows from (3.1) that the sequence { AR ot

verges to +00.
By (2.15) and (2.18), we have

Vf ()T d* + (d*)THyd* - Tr(Ax(AKK) = z¢E,))
MAGE)), —ze T A(ARF) - zE)
_ T A AGY) - 2En)
21 (A@K) - ZiE,y,)
= Tr(Ag). (4.4)

If x* is a feasible point of NLSDP (1.1), then, by Assumption A4, we know that MFCQ
is satisfied at x*. Similar to the proof of Theorem 5.1 in [27], we obtain that the set £2 of
the KKT Lagrangian multipliers for QSDP(x*, H,.) (2.8) is nonempty and bounded. Note
that Ay X A, and A, € 2, so {Ag} is bounded. Therefore it follows from (4.4) that

K\T gk, ( 70T 1y gk
{%} is bounded. This is a contradiction. Hence, x* is an infeasible point,

i.e., A1(A(x*)) > 0. Further, it is obvious that (0, A1 (A(x*))) is a feasible solution of LSDP(x*)
(2.7), 50 z, < A1(A(x")). Let (d*,z,) be an optimal solution of LSDP(x*) (2.7), then by the
constraint of LSDP(x*) (2.7), we have

J(A() + DA()d) < A (A(x")),
further,

max{kl(A(x*) + DA(x*)d*),O} < kl(A(x*)).
Therefore, we get

min max{kl(A(x*) + DA(x*)d),O} < max {2 (A(x") + D.A(x*)d*),O} <M (A(xY)).

deR”

Let d = 0, then max{A; (A(x*) + DA(x*)d), 0} = A1(A(x*)), which together with the above
inequality implies

min max {1, (A(x*) + DA(x*)d),0} = A1 (A(x*),

deR”

that is, x* is an infeasible stationary point of NLSDP (1.1). (I

In the rest of the paper, we assume oy < +00. According to the update rule (3.1), the

following conclusion is shown easily.

Lemma 4.3 Suppose that Assumptions A1—A4 hold. Then there exists an integer ko such
that ay = oy, 2 a >0 forany k > k.
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Based on Lemma 4.3, in the rest of the paper, without loss of generality, we assume that
og=a,k=1,2,....

Lemma 4.4 Suppose that Assumptions A1-A2 hold, xF—>x*, Hr—>H,. Then zx—>z,,
df—d*, where z;, z, are the optimal solutions of LSDP(xX) (2.7) and LSDP(x*) (2.7), re-
spectively, and d~, d* are the optimal solutions of QSDP(x*, Hy) (2.8) and QSDP(x*, H,)
(2.8), respectively.

Proof Since z; is the optimal value of LSDP(x¥) (2.7), we obtain z; < A1(A(x)), due to
the fact that (0, 1;(A(xX)),) is a feasible solution of LSDP(x*) (2.7). By the boundedness of
{L1(A@®))} and 2 > 0, it is true that {z;} is bounded. According to the sensitivity theory
of semidefinite programming in [28], we know that the first part of the conclusions is true.

Now consider the second part of the conclusions. We first prove {d¥} is bounded. It
follows from LSDP(xX) (2.7) that ||;17< | < 1. And obviously, 4k is a feasible solution of
QSDP(xX, Hy) (2.8), so one obtains

T

V() s (@) Hidt < V) @) R

further, the above inequality gives rise to

1 ~ ~ 1
T (@) Hi < [ [+ [ e <+ La

Vf(xk) %

On the other hand, one has

1
Vi) d (@) Hedt = [ Vf ()] @] ¢ al @] = -m]at ] + ald]
The two inequalities above indicate that {d*} is bounded.
Suppose that d* /4 d*, then there exists a subsequence {d* b, € {d*} converging to d
(# d*). For any feasible solution d of QSDP(x*, H,) (2.8), since zx— z,, there exists a feasible
solution d™ of QSDP(x*, H;) (2.8) such that

K1

d’ —d.

Since d° is the solution of QSDP(x*, H;) (2.8), one has

V() d + %(ds)THst <Vf(»)'a"+ %(d’")THsd’”.

K K3
Let s — 00, m — 00, one gets

1o - 1
d+ d'Hd < Vf () d + Sd"Hid,

which means that 4 is a solution of QSDP(x*, H,) (2.8). This contradicts the uniqueness of
the solution of QSDP(x*, B,.) (2.8). O
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Lemma 4.5 Suppose that Assumptions A1-A4 hold, x* is an accumulation point of the
K
sequence {x*} generated by Algorithm A, i.e., x* — x*. Ifx* is not an infeasible stationary

K
point of NLSDP (1.1), then d* — 0.

K
Proof By contradiction, suppose that dk -+ 0, then there exist a constant b > 0 and an
index subset K’ € K such that

|a*| =b>0 (4.5)
for any k € K’. The following proof is divided into two steps.

Step A. We first prove ¢ := inf{#;, k € K'} > 0.
By Taylor expansion and the boundedness of the sequence {d*}, one has

F( + tdh + 20 = () + eV () + ole), (4.6)
~ 2 AR
Ak + td* + 2d") = A(xF) + t;d;‘ ™ +o(t).

In view of ¢ < 1, combining with the convexity of A1(-), and QSDP(xX, Hy) (2.8), one ob-

tains

A (A(E +tdk + t2zl‘))+

n k
< (1= D (AR), + 2 (A(x") DI e )> rolt)
i=1 i +
< (L-r (AR)), + th1(zEm)s + o(2), (4.7)

which together with (2.12), (4.6), and (4.7) gives

Oy (xk +td* + £2d* )
<f () + eV () d* + 00) + @[ (1= D21 (A(xN)), + Eha(@Em), +0(2)]

=f(xk) + oc)»l(A(xk))+ + t(Vf(xk)Tdk - oz()\l(A(xk))+ - Al(zkEm)+)) +o(t)

= 0y (6F) + £A (65, @) + 0(2),
s0 we obtain
O (65 + td* + £2dX) — 0, () = Bro(xF,a) < (1= B)tA (3K, @) + o(t). (4.8)
By Lemma 4.4 and (3.12), we get
Al @) < —(d") Hid" — —(d*) ' Hod* <0 ask (e K') — oo,
so we have

A, @) < -0.5(d*) Hod*

Page 13 of 21
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for k (€ K') sufficiently large. Substituting the above inequality into (4.8) gives
O (& + td* + 2d°) — 6, (x") - Bts (K, @) < —0.5(1 - B)e(d*)  Hod* + o(t), (4.9)

which means that, for k (€ K”) sufficiently large and ¢ sufficiently small, inequality (3.3) or
the first inequality of (3.4) holds.

In what follows, we consider the second inequality of (3.4).

Note that P(x%) > P > 0, so P(x*) = limg P(x*) > P > 0, which means x* is an infeasible
solution of NLSDP (1.1). Since x* is not an infeasible stationary point of NLSDP (1.1), it
follows that z, — A1 (A(x*)), < 0. Further, we have

Az En)s — )Ll(A(xk))+ —>z, - )Ll(A(x*))+ <0 ask(eK')— oo,
so it follows that, for k (€ K”) sufficiently large,
M(zEm)s = 21 (AK)), <0.5(z = A1 (A(x7)),).

By (4.7), (2.11), and the above inequality, one has

P(xk +td + tZEk) < P(xk) + t(kl(zkEmL - )Ll(A(xk))+) +o(t)
< P(xk) + O.St(z* - Al(A(x*))+) +o(t),
equivalently,
P(x* +td" + %") - P(x) <0.5¢(z. - M (A(xY)),) +o(e), (4.10)

which implies that, for k (€ K’) sufficiently large and ¢ sufficiently small, the second in-
equality in (3.4) holds.

Summarizing the analysis above, we can conclude ¢ := inf{t, k € K’} > 0.

Step B. Based on ¢ = inf{#x, k € K’} > 0, we prove a contradiction will occur.

It follows from (3.3) or (3.4) that {6, (xX)} is nonincreasing and

O (¢**1) < 0, () - 0.5ab B2 (4.11)
for any k € K’, where b is defined in (4.5). And one obtains from (2.12) that
Oa () = () + e (M1 (A(+)),) 2 (),

combining with the boundedness of {f(xX)}, we conclude that {6, (x*)} is convergent. Tak-

/

K
ing k — oo in (4.11), we obtain —0.5ab?Bt > 0. This is a contradiction. So limg d* = 0. O

Based on the above results, we are now in a position to present the global convergence
of Algorithm A.

Theorem 4.1 Suppose that Assumptions A1-A4 hold, x* is an accumulation point of the
sequence {x*} generated by Algorithm A. Then either x* is an infeasible stationary point, or
a KKT point of NLSDP (1.1).
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Proof Without loss of generality, we suppose that x* is not an infeasible stationary point
of NLSDP (1.1). In what follows, we show that x* is a KKT point of NLSDP (1.1).

By Lemmas 4.4—4.5, we know that d* = 0 is an optimal solution of QSDP(x*, H,) (2.8),
so it follows from Lemma 2.5 that there exists A, € S7" such that

Vf(x*) + DA(x*)" A, = 0, (4.12a)
A(x") 2 z,.Ep, (4.12b)
Tr( Ay (A(x*) - 2.Ei)) = 0. (4.12¢)

Now we prove z, = 0. By contradiction, if z, # 0, then z, > 0. Since (0, A1(A(x*)),) is
a feasible solution of LSDP(x*) (2.7), we get A1(A(x*)); > z, > 0, which implies x* is an
infeasible point of NLSDP (1.1). On the other hand, we get z, > A;(A(x*)), > 0 by (4.12b),
80 z, = A1 (A(x*)),. Obviously, (0, z, = A21(A(x*)).) is an optimal solution of LSDP(x*) (2.7).
In a manner similar to the proof of Theorem 3.1, we can conclude that x* is an infeasible
stationary point of NLSDP (1.1), this is a contradiction.

Substituting z, = 0 into (4.12a)—(4.12c), one obtains
Vf(x*) + D.A(x*)*A* =0,
A() =<0, Tr(AA()) =0,
which means that x* is a KKT point of NLSDP (1.1). O

5 Superlinear convergence

In this section, we analyze the superlinear convergence of Algorithm A. At first, we prove
that a full step can be accepted for & sufficiently large, and then we present the superlinear
convergence. To this end, Assumption A1l should be strengthened as the following one:

A 5 The functions f(x) and A(x) are twice continuously differentiable.
Besides, the following assumptions are necessary:

A 6 ([20]) The sequence {x*} generated by Algorithm A is an infinite sequence, and
limy_, o x€ = x*, where x* is a KKT point of NLSDP (1.1). In addition, let A, be the corre-
sponding Lagrangian multiplier.

A 7 ([29]) The constrained nondegeneracy condition holds at (x*, A.).

Denote
},lf _ ((pk)T aA(x k (pk)T aA(x (pk)T 8.A(x ) /() ’

where 1 <i<j<m-r,{p%,...,p~,_,} isan orthogonal basis, which is introduced in Sect. 2.
And let limy_, o Yt, Y;. The constrained nondegeneracy condition (1 e., Assumption A7)
is equivalent to the fact that the matrix (Y7}, Y75, Y5y, Y75, Yo5, Y35, .. ) is full of col-

umn rank, which implies that A, is unique. Based on this result, we know that subproblem

meV

(2.9) has a unique solution.
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A 8 ([29]) The strong second-order sufficient condition holds at x*, i.e.,
A"V L(x*, AL)d + Tage) (As, DA(x*)d) > 0

for any d € app(A,)\{0}, where app(A,) := {d | DA(*)d € aff(C(A(x*) + A;S™))},
I4(B,C):= -2(B,CATC), AT is the Moore—Penrose pseudoinverse of A.

A 9 The strict complementarity condition is satisfied at (x*, A,), i.e.,
rank(.A(x*)) =7, rank(Ay) =m —r.
A 10 [[(Wi - Hod || = o([|d"|}), where

Wi = VL (85, Ax) = V3£ (%) + V2 (Ag, A(xY)),

92 A(k) 32 A
' <Ak’ 0x10x1 > <Ak’ dx10xp )
V2 (Ar, A(x)) =
xx( ( )) ( aZA(xk)) ( i)Z.A(xk))
k> 02y, 0%1 ks 0%y, 0%y,

Based on Assumptions A5—-A6, we know that z; = 0 for sufficiently large &, so for suf-
ficiently large k, the two subproblems LSDP (2.7) and QSDP (2.8) can be replaced by the
following subproblem:

min Vf(xk)Td + ldTHkal
2 (5.1)
s.t. .A(xk) + DA(xk)d <0.

The following conclusions are the results in [20], which are important for the analysis
of the acceptance of full step size (i.e., Lemma 5.2).

Lemma 5.1 Suppose that Assumptions A2—A10 hold, then the following conclusions are
true:
(i) limk_mo Ak = A*.
(i) rank(A(xX) + DA )d) = rank(A(x*)) = r for all k sufficiently large.
(i) If d~ is a solution to subproblem (2.9), then there exists 5;( € S such that

Vf (x¥) + Hydy + Hyd* + DA(x*) "N &Ny = 0. (5.2)
(iv) N|d¥|| = O(Idr||2), | Dk — Brll = O(|d*|12) for all k sufficiently large, where ®y satisfies
Ay = Nk ®NY.

V) MA@k +dx +d*)) <0 holds for all k sufficiently large.

Based on Lemma 5.1, we are now in a position to show that the full size step can be

accepted for k sufficiently large, which plays a key role for the superlinear convergence.

Lemma 5.2 Suppose that Assumptions A2—A10 hold, then the full step size can be ac-
cepted, i.e., ty = 1 for k sufficiently large.
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Proof By Lemma 5.1(v), we know A;(A(x* + d* + dk )) < 0 for all k sufficiently large, this
implies P(xX) < P for all k sufficiently large. So according to the arc search strategy (see
Step 5 in Algorithm A), it is sufficient to prove

Qa(xk +d* +Ek) < 9a(xk) + BAL
for k sufficiently large, or equivalently,

Ty = O (* + dr + Ek) — 0 (x") -~ BAL <0 (5.3)

for k sufficiently large.

By (2.12), Taylor expansion, and Lemma 5.1(iv), (v), we obtain

O (65 + d + d¥) - 0, (xF)

S V) V() E (@) V() () o | ]) (5.4)
It follows from the constraints of subproblem (2.9) that

NT(A(* + d*) N, = ~NF (DA )N + o), (55)
which gives rise to

DA E, Kb NT) = (A + d¥), Ny NT) + o ).
By (5.2), (2.2), and the above equality, one has

Vf () d" = ~(DA)d", NebeNJ) - (a + d¥) " Bed"
= (A +d), NedNT) + o] d )
REAG + )R )+ o )
_REAG + )N, B - )

+(NFA@ + d YN, i) + (| d4])
= (A" + d*), Ne@iN) + o ¥ [,

where the last equality is due to Lemma 5.1(iv) and (5.5).
Note that Ny @ NTF = Ay, by Taylor expansion and (2.10c), we get

Vf(xk)TZk = <A(xk) + DA(xk)dk + %(dk)TDzA(xk)dk, Ak> + 0(||dk||2)
_ <%(d")TD2A(x")d", Ak> vo(la]?)

L @O A A + o). 56
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By (5.3), (5.4), and (5.6), we have

Ty = Vf (&) () + VF ()@ 1 (@) VS ()
+o([d"]) - Ba
= V() () + 2 (@) V4 Ak A
¢ 5 (@) V() - g o). (5.7)

It follows from (3.2) and (3.12) that

T

Vf () dk - aP(xh) = Ay < ~(d¥) " Hid . (5.8)

Noting that % — B >0, it follows from (5.7), (5.8), and Assumption A2 that

Ty < (% - /8) Ag+ %(dk)T(Wk — Hyd" +o([|d])?)
<=((5 -8 )ald I+ @ Wi - g +of [ ),
which together with Assumption A10 gives
Ti==(5- 8 )ald | vofJa ) <0
for k sufficiently large. So we get the conclusion. 0

Based on Lemma 5.2, we now present the superlinear convergence of Algorithm A. The

proof is similar to that of Theorem 3.3 in [17].

Theorem 5.1 Suppose that Assumptions A2-A10 hold, the sequence {x*} generated by

Algorithm A is superlinearly convergent, that is, ||x**! — x*|| = o(||xX — x*]|).

6 Numerical experiments

In this section, preliminary numerical experiments of Algorithm A are implemented. The
tested problems are chosen from [13, 30]. Algorithm A was coded by Matlab (2017a) and
run on a computer with 3.60 GHz CPU with Windows 7 (64 bite) system.

The parameters are chosen as follows:
oo = 80.1, P=5, nl=0.1, n2=0.2, B =04

The stop criterion is: ||d|| < 107°.

Page 18 of 21
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Problem 1 ([30])

min  f(x) = sinx; + cosx;

1
st. (’C1 )j& 6.1)
1 X2

x = (x,4)T € R%

Problem 2 ([30])

min  f(x) = e

1
st cl )5@ 6.2)
1 X2

x=(x1,%)" € R%.

For the above two tested problems, we compare Algorithm A with the algorithm in [30].
The numerical results are listed in Table 1. The meaning of the notations in Table 1 is

described as follows:

x9 : the initial point, Iter : the number of iterations,
time : the CPU time, ffinal : the final objective value.

The numerical results in Table 1 indicate that Algorithm A is much more robust than
Algorithm [30], although the CPU time of Algorithm A is more than that of Algorithm
[30]. The less time of Algorithm [30] is due to the fact that Algorithm [30] only solves a

subproblem at each iteration.

Table 1 Numerical results

Problem n m X0 Algorithm A Algorithm [30]
Iter time (s) feinal Iter time (s) fenal

Problem 1 2 2 (1,2) 9 143 -2.000 10 1.12 -2.000
2 2 (-5,4) 9 1.24 -2.000 11 1.08 -2.000
2 2 (-4,-2) 10 1.04 -2.000 10 1.01 -2.000
2 2 (-4,5) 9 1.16 -2.000 9 1.26 -2.000
2 2 (10,-10) 7 1.36 -2.000 4 032 -1.102
2 2 2,1 11 1.35 -2.000 4 0.30 -2.244
2 2 (1,-10) 8 0.91 -2.000 3 045 -1.891

Problem 2 2 2 (1, 2 0.68 7.389 3 035 7.389
2 2 (1,-7) 5 093 7.389 5 0.79 7389
2 2 9,-11) 6 091 7.389 6 0.81 7.389
2 2 (1,5) 6 143 7.389 9 1.12 7389
2 2 (1,4) 5 0.72 7.389 4 1.04 5431
2 2 (0,4) 6 0.78 7.389 4 0.58 8.175
2 2 0,2) 5 0.61 7.389 3 043 7.842
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Table 2 Numerical results of NCM

n m X0 Algorithm A-lter

10 5 Algorithm A 5
05,...,05)T Algorithm in [31]

Algorithm in [13] 9
45 10 Algorithm A 15
©5,...,05)T Algorithm in [31] 8
Algorithm in [13] 10
105 15 Algorithm A 4
(05,...,05)T Algorithm in [31] 10
Algorithm in [13] 11
190 20 Algorithm A 2
(05,...,05)T Algorithm in [31] 1
Algorithm in [13] 12

Problem 3 ([13]) The nearest correlation matrix (NCM) problem:

. 1
min - f(X) = ZIX - Cllz

st X <el, (6.3)

where C € S is a given matrix, X € S, € is a scalar.

In the implementation, € = 1072, the matrix C is generated randomly, and its diagonal
elements are 1. We test ten times for every fixed dimensionality.

The numerical results are listed in Table 2. The meaning of the notations in Table 2 is
described as follows:

n : the dimensionality of x; m : the order of the matrix A(x);
A-Iter : the average iterative number.

The numerical results in Table 2 indicate that the average iterative number of Algo-
rithm A is less than that of the other two algorithms. Hence, Algorithm A is comparable.

7 Concluding remarks

In this paper, we have presented a new SSDP algorithm for nonlinear semidefinite pro-
gramming. Two subproblems, which are constructed skillfully, are solved to generate the
master search directions. In order to avoid the Maratos effect, a second-order correction
direction is introduced by solving a new quadratic programming. A penalty function is
used as a merit function for arc search. The global convergence and superlinearly conver-
gence of the proposed algorithm are shown under some mild conditions. The preliminary
numerical results indicate that the proposed algorithm is effective and comparable.
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