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1 Introduction
Consider the generalized Schrodinger operator

L=-A+u inR"n>3, (1.1)

where u is a nonnegative Radon measure on R”. Throughout this paper we assume that
w satisfies the following conditions: there exist positive constants Cy, C;, and § such that

n-2+8
n(Bxr) < Co(%) 1(B@xR)) (1.2)
and
,bL(B(x, 2;")) <C {/L(B(x, r)) + r"_z} (1.3)

for all x € R” and 0 < r < R, where B(x, r) denotes the open ball centered at x with radius r.
Condition (1.2) may be regarded as scale-invariant Kato-condition, and (1.3) says that the
measure y is doubling on balls satisfying 1(B(x, 1)) > cr2.

Hardy spaces are widely used various fields of analysis and partial differential equations.
Let A be the Laplace operator on R”. It is well known that H!(R") can be characterized by
the maximal function sup,., |e*2f(x)|. See Stein [14]. In a sense, H'(IR”) can be seen as the

Hardy space associated with the operator —A. Let £ be a general differential operator, such
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as second order elliptic self-adjoint operators in divergence form, degenerate Schrédinger
operators with nonnegative potential, Schrodinger operators with nonnegative potential,
and so on. In recent years, the Hardy spaces associated with £ have become one of hot
issues in harmonic analysis, see [2, 4-10] and the references therein.

Let £ be a generalized Schrodinger operator. Denote by {T;};s0 := {e7*£} 450 the heat
semigroup generated by —£. The kernel of {T}} is denoted by K (-, -), that is,

1) = [ KE@OO)dui)
Rn
The maximal function associated with {T}} is defined as
M) x) = su(l)o}e’mf(x)| e L'(R").
>

In [15], Wu and Yan introduced the following Hardy type space associated with L.

Definition 1.1 A Hardy type space H/.(R") related to £ is defined as the set of all func-
tions inf € L'(R") satisfying M (f) € L*(R"). The norm of H}.(R") is defined as |[f||H1£ =
ML)

Let £ = —A. H}.(R") goes back to the classical Hardy space H'(R"). For a linear operator
T, one of the methods to derive the H!-boundedness is the so-called “atomic-molecular”
method. In recent years, several authors used this method to investigate the boundedness
on Hardy spaces associated with operators, see [3, 11, 13]. In Sect. 3.1, via a class of (1, ¢)-
type atoms associated with £, we obtain the corresponding atomic characterization of
HL(R"), see Sect. 3.1. Further, in Sect. 3.2, we introduce the (p, g, £)-moleculars associated
with £ and establish the molecular decomposition of H 'lc (R"), see Theorem 3.6. In Sect. 4,
let R and £ denote the Riesz transforms and the imaginary power associated with £,

ie.,

Ry :=V(-A+pu) V%
L7 = (A +p)7.

By the aid of the regularities of the integral kernels, we can apply Theorems 3.3 & 3.6 to
derive the H.-boundedness of R and L7, see Theorems 4.4 & 4.6, respectively.

Throughout this article, we will use ¢ and C to denote the positive constants, which are
independent of the main parameters and may be different at each occurrence. By B; ~ By,
we mean that there exists a constant C > 1 such that 1/C < B;/B, < C.

2 Preliminaries

2.1 Generalized Schrédinger operators

Let u be a Radon measure satisfying conditions (1.2) & (1.3). The auxiliary function
m(x, i) is defined by

1
m(x, 1)

=:sup{r>0:@§cl}.
T

We begin by recalling some basic properties of the function m(x, u).
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Lemma 2.1 ([12, Proposition 1.8 & Remark 1.9]) Suppose that p satisfies (1.2) & (1.3).
Then

(i) 0<m(x, ) < oo forevery x € R".

(i) Ifr=mx, u)7L, then "2 < u(B(x, r)) < C1r" 2.

)
(i) If |x — y| < Cm(x, )7L, then m(x, u) ~ m(y, jn).
(iv) There exist constants c, C > 0 such that, for x,y € R",

cm(y, j1)
(L + o= ylm(y, ) o0k

< m(x, 1) < Cm(y, {1 + |x - ylm(y, )} ©

with kg = C3/8 > 0 and Cy = log,(C; + 2"72).

With the modified Agmon metric ds* = m(x, u){dx? + - - - + dx*}, the distance function
d(x,y, ) is given by

1
sy =int [ m(y@)ly o) dr, @D
7 Jo

where y : [0,1] — R” is absolutely continuous and y(0) = x, y(1) = y.
A parabolic-type distance function associated with m(x, i) is defined by

’

1
4, ,8) =it / m(7(0), 1) max] |GY ()], |0mar) () s 22)

where y(t) = (y1(), ..., Yu(7)) = (P (1), Yus1(7)) : [0, 1] = R” x R, is absolutely continuous
with y(0) = (,0), ¥ (1) = (5, v/2).

Lemma 2.2 ([15, Lemma 2.2]) For the distance function d(x,y, i) in (2.1), we have
(i) Foreveryx,y,zeR",

d(x,y, n) < d(x,z, 1) +d(z, 9, ).
(i) There are two positive constants ¢ and C such that, for any x,y € R",

+1

c{{1+ x = ylmlw, " 1} < d(e,y,0) < C{1L+ 1w = ylme, )}

Lemma 2.3 ([15, Lemma 2.3]) For the distance function d,,(x,y,t), there exist two positive
constants ¢ and C such that, for any x,y € R”, x #y, and t > 0,

dyu(x,9,8) = cf{1 + max{|x - yl, Vt}m(x, )}/ — 1);
dyu(x,9,t) < C{1 + max{|x -y, V/Ehm(x, )} o+

It follows from (1.2), (1.3), and Lemma 2.1 that there exists a constant C > 0 such that,
for every x € R”,

(Bl n) < Clrm(x, )’ r"=2, r<m(x, u)™ 23)
T come 1) Come, w2, r <m0 '

see [15, (2.1)]. The above estimate implies the following.

Page 3 of 20
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Lemma 2.4 ([15, (2.2)]) For every nonnegative Schwarz function w,

- Ct ' (Vitm(x, 1)), t < m(x, )72
£ <u) du(y) < 24
/Rn w 7 n(y) < oo ), 5 (e (2.4)

2.2 Function spaces associated with £
In order to characterize Hi(R” ), Wu and Yan [15] introduced the following H 2-atoms.
For j € Z, define the sets B; as

B; = {x 222 <m(x,p) < 2(j+1)/2}.
Since 0 < m(x, ) < 00, we have R” = UjeZ B;.

Definition 2.5 A function a is a (1, 00)-atom for H 2(]1%”) associated with a ball B(xy, r) if
(i) suppa C B(xo,7);
(i) llallze < |B(xo, 7)™
(iii) if xo € Bj, then r < 21772
(iv) if wo € By and r <2717/2, then [ a(x)dx = 0.
The atomic norm of H.(R") is defined by ||f || £-atom := inf{zj |2}, where the infimum is
taken over all decompositions f = Z/’ Ajaj, where {a;} is a sequence of (1,00)-atoms and

{A;} is a sequence of scalars.
One of the main results of [15] is the following proposition.
Proposition 2.6 ([15, Theorem 1.2]) Assume that u is a nonnegative Radon measure on

R” satisfying (1.2) & (1.3) for some § > 0. Then the norms |[f||H1£ and ||f || z-atom are equiva-

lent, that is, there exists a constant C > 0 such that

1
E|V||H}: = Hf”H}:—atom = C”f”HlL
At the end of this section, we state some regularity estimates for the kernel Kf(~, ).
Proposition 2.7 ([15, Lemma 3.7])
(i) There exist positive constants C and c depending only on n and constants Cy, Cy and
8 in (1.2) & (1.3) such that

0 < KE(x,y) < Chy(x — y)e~ @2,

(ii) Forevery 0< ¢’ <8 =min{w,$, v}, there exists a constant C such that, for every
N' >0, there exists a constant C > 0 such that, for |h| < \/t, we have

" 1 e C
KEf(x+hy)—KE(x,y)| <C /<_) L el .
| t ( y) t ( y)| = LN \/E tn/2e {1+ﬁm(x,u)+ﬁm(y,u)}N,
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3 Molecular characterization of H.. (R")
3.1 The (1, g)-atom decomposition

Now we introduce a new type of atoms.

Definition 3.1 A function « is a (1, g)-atom osz(]R”) if
(i) suppa C B(xo,r);
(ii) llally < 1B(xo,r)[Ma7;
(iii) if » < p(xo), then fa(x) dx =0.

Theorem 3.2 Any (1, 00)-atom is a (1, q)-atom.

Proof In fact, by Holder’s inequality,

”a”q =< ||ﬂ||oo|B(x0,r)’l/q < ‘B(xo,}”)|1/q_1, .

Theorem 3.3 Let L = —A + (u be a generalized Schrodinger operator, where (v # 0 is a
nonnegative Radon measure on R" satisfying (1.2) & (1.3) for some § > 0. Then f € HJ.(R")
ifand only if f = Zj Aja;, where {a;} are (1,q)-atoms and {}\;} are scalars.

Proof Because an (1, 00)-atom is also an (1, g)-type atom, we only need to prove that there
exists a constant ¢ such that, for any (1, g)-atom a, || M (a)|1 < c.Suppose thataisa(1,g)-
atom supported in B(xg, 7). We write | M (a)||1 < 1 + I, where

11 = fB(onr) |M[,a(x)| dx;
I:= ch(onr) M a(x)| dx.

By Holder’s inequality and the L7-boundedness of M/, we can get

yl—l/q

1-1/
I < IM_allg|Bo,r)| ™ < Cllally|Blxo,r)| ' < C.

The estimation of I is divided into two cases.
Case 1: 1/m(xg, u) < r < 1/4m(xo, 0). For this case, by (i) of Lemma 2.7, we have

M (@)(x) < esup / 2 I (L s s, 1)) ™ |a(y)| dy
B(xo,r)

t>0

t>0

< csup /B( )t‘”/ze"’“'y‘z/t(l + =y PG (14 m V) a)| dy.
X0,

If y € B(xo, r) and |x — xg| > 4r, then |y — x9| < |x — x0|/4 and |y — x| > 3|x — xy|/4. We can
apply Lemma 2.1 to obtain

’Mg(a)(x)‘ <csup %2/ (|x_xol/ﬁ)iniN(m(x,M)\/Z)fN|a(y)‘dy
t>0 L B(xg,r)

< clx —xo| "N [mx, /L)]_N/ |a(y)| dy
B(xq,r)

-N/(ko+1)

n-N/(ko+1) [Wl(xo,l/v)] ,

< clx—xo|”
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which gives

/ |/\/lga(x)|dx < C/ |x_x0|—n—N/(k0+l)[m(x ’M)] -N/( k0+1)d
|x—xq|>4r

|lx—x0|>4r

< C|x _xo|—n—N/(k0+1)r—N/(k0+l) < C,

where in the last inequality we have used the fact that 1 < rm(xp, u) < 4.
Case2: r < 1/m(xo, v). By Proposition 2.7 and the symmetry of Kt‘c(-, -), we have

’Kt‘c(x,y +h) - Kf(x,y)| < CN(|h|/x/z)a/t’”/2e"x’y‘2/“{1 + Ntm(x, 1) + tm(y, ,u)}_N

Notice that |y — x| < 7, |x — xo| > 4r = |x — y| > 3|x — xo|/4. By the canceling condition of
a, we can get

’M[;a(x)| < sup

fB ( )[Kf(x,y) - K (x,%0)]a(y) dy

t>0
< csup/ £ 2 |y — ol 1/2)” [a)| dy
t>0 J B(xq,r)
< csup{t_m/ (1 + |x —yl/x/Z)_yHS |y—x0|‘s//t8//2|a(y)| dy}
0 Blxo.r)
<cr |x xo| 7" v
which gives
/ |./\/lga(x)| dx < c/ r5/|x —x0|_”_‘3, dx <C. 0
|x—xg|>4r |x—x0|>4r

3.2 Molecular characterization of H. (R")
Now we introduce the molecular of H‘IC(R”).

Definition 3.4 Let1 <g <00,6>0,b=1-1/q+¢. An L?-function M is called a (1, ¢, ¢)-
molecular centered at x if
(i) xI"*M(x) € L1(R™);
(i) (ML 1o = 20| M- )IIH/h <1
(iii) if xp € Bx and ||M||q (gD} < m(xo, )™, [ M(x)dx = 0.

Lemma 3.5 Ifa is a (1,q)-atom supported on B(xy,r), a is also a (1, q, €)-molecular cen-
tered at xy.

Proof Recall that ||al|, < |B(xo,r)|"4"1. It is easy to see that

[l =solrbate| d < |atso
Rn

which indicates that | - —x|"?a € L4(R") with ||| - —xol”baﬂq < |B(xo, r)|1. Moreover, for
b=1-1/q+e,

||61||2/b”| —x )”1 F/b ’B(xo,r | (1/g-1)(e/b) ’B X0, T )| e(1-¢/b) <1
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We only need to verify the canceling condition, i.e., ||a||;/{"(1/q71)} < m(xg, )", Denote
by w, the volume of the unit ball in R”. It is clear that w, > 1 and ||al|, < MV ng-1) <

r"1/4-1) | equivalently,
r < llallg " < (e, )

By the canceling condition of (1, g)-atoms, we can see that fRn a(x)dx=0.Soaisa(l,q,¢)-

molecular centered at x. O

Theorem 3.6 Let 1 <q <00,6>0,b=1-1/q+¢. Then f € H;(R") if and only if f =
Zi AiM;, where {M;} are (1,4, €)-moleculars and {};} are scalars with infzj [Aj] ~ |[f||H2,

where the infimum is taken over all decompositions.

Proof We have known that any (1, g)-type atom is also a (1, g, ¢)-type molecular. By The-
orem 3.3, if f € H'IC(R”), then there exist a sequence of (1,4q)-type atoms {4;} and a se-
quence of scalars {A;} such that f = 3 A;a;. This means that f can be represented as a
linear combination of (1, g, ¢)-moleculars. Conversely, we only need to verify that, for any

(1,4, &)-molecular, |M]|| HL S C. For simplicity, denote

1-¢/b
N W) = 1M1 - =M
Without loss of generality, we assume that Nz (M) = 1 and g = 2. Write o = ||M||§/["(1/2_1)}.

Let

Ey={x:lx—x0| <o}
Er={x:2"0 < |x—xo| <20}, keN;

Bi={x:|x—x0| <2c}, k=0,1,2,....

Denote by v the characteristic function yg, (x) and write M(x) = >, My(x), where M :=
M ()i (x).

Case 1: 0 < 1/m(xg, t). Then ||M||é/{"(1/2_1)} < m(xo, )" and [p, M(x)dx = 0. The proof
is similar to the classical case, and we omit it.

Case 2: o > 1/m(xo, ). For this case, ||| - —xo|"2*M(-)|37¢"* = |M]||3*"%. Denote by o
the term || M|y 2™ Then ||| - —xo|"V2*)M(-)[|, = 0 and
1

2 1 2
— M dx < —||M]|5 = ,
|Bol /l;{n| obe)|"dx < on 11l o2

which implies that || M|, < |Bo|~2.
For the term My, we have

1+2¢)

1 1 )
i1 JL M e = i =M 2t ™
< (2/(—10_)—21’1—28}10_2”8

S Cn,g (2/(0,)_2”272/(8’



Wang and Li Journal of Inequalities and Applications (2019) 2019:175 Page 8 of 20

that is, [|M|, < C|Bx|7Y227%". Let ax(x) = A{'Mi(x), k = 0,1,2,..., where A, = 272"
and ay, k € Z,, are (1,2)-atoms. Hence M(x) = ) Arar(x) = > Mi(x) and Y ; |Axl =
CY 272" < co. Repeating the procedure of [3, Theorem 4], we can prove that M
H}(R™). We omit the details, and this completes the proof of Theorem 3.6. d

4 Operators on the Hardy typg space H‘E(R")
4.1 The H.-boundedness of L
Let ¢,(-,-) denote the kernel of e ** — e7“=%), We have

Gu(69) = Iyl — 9) — KE(x — y) = /0 /R KEs0e ) du@)ds

The following estimate was obtained by Wu and Yan [15].

Lemma 4.1 ([15, Lemma 3.6])
(i) There exist constants C and c such that, for every x,y € R" and t > 0,

C(JEm(x, w))Pt=2e~ et Jt < m(x, u)7;
4:(%,y) < { C(Wom(y, )P t"2e 9Pt Jt < mly, u)

he(x —y), elsewhere.

(ii) Forevery0< ¢’ <min{l,8} and C > 0, there exist constants C' and c such that, for
every h,x,y € R, |h| < |x — y|/4, |h| < Cm(y, u)™Y, we have

|q: e,y + 1) — g, 9)| < C'(1lm(x, )’ £/ 2e et

By the functional calculus, we can see that the kernel of (~A)” — £ can be expressed
as

© d
8(x,y):= /O t“Vqt(x,y)Tt- (4.1)

Lemma 4.2 Let £ =—A + pu be a generalized Schrodinger operator, where u # 0 is a non-
negative Radon measure on R" satisfying (1.2) & (1.3) for some § > 0.
(i) Ify € B(xo,r), then

g, 9)| < Cm(xo, 11)° 2 = yI°~". (4.2)
(ii) There exists 0 <8’ < 8 such that
6/

lg(x,) — g&,x0)| < Clx = y17"(ly — x0lm(x, 1))

Proof (i). In fact, we can deduce (4.2) from Lemma 4.1. Precisely,
Case I1: /t < 1/m(y, ). Because y € B, then |y — xo| < r < 1/m(x0, j1), m(y, i) ~ m(xo, ).
By (i) of Lemma 4.1, we can get

o0
|g(x,y)| < Cm(xo,u)B/ t—n/2+5/2—le—\x—y\2/ct dr < Cm(xo,u)alx—yla‘”.
0
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Case 2: \/t > 1/m(y, ). For this case, v/tm(y, ) > 1. Using Lemma 4.1 again, we can
deduce that

0 dt
lglx,y)| = C / e I (omly, M))ST < Cm(xo, 1)’ lx = y1°.
0
(ii). It follows from (4.1) that
l69) - g x0)| = ‘ / £ gy, y)dtlt - / t-wqxx,xo)?‘
0 0
o dt
< / £ | qu(x, ) —qt(x,xo)IT.
0

By (ii) of Lemma 4.1 and a direct computation, we get

lg,) — gl x0)| = /000 £ [ly - xolm(x, M)]a/t‘"/ze‘clx—yz/t?'
< C[Iy — xo|m(x, ,U«)](S/ /OO t—n/26—6|x7y|2/t?
0
<Cle—y™[ly- xo|m(x,ﬂ)]5’,
This completes the proof of Lemma 4.2. .

We recall that an operator T taking C*°(R”) into L. (R") is called a Calderén—Zygmund

loc
operator if

(a) T extends to a bounded operator on L2(R”, dx);
(b) there exists a kernel K such that, for every f € L}(R", dx),

1769 = [ Kesy)f0)dy ac.on tsupps s
(c¢) the kernel K satisfies

IK(x,9)| <cllx—yI"
IK(x + h,y) — K(x,p)| < clhl®/|x—y|"*?; (4.3)
IK(x,y + h) — K(x, )| < clhl®/|x—y|"*.

In [12], Shen proved the following result.

Theorem 4.3 Let L = —-A + p be a generalized Schrodinger operator, where u #0 is a
nonnegative Radon measure on R” satisfying (1.2) & (1.3) for some & > 0. Then, for y € R”,
LY is a Calderén—Zygmund operator.

Now we prove the H}.-boundedness of L.

Theorem 4.4 Let i1 be a nonnegative Radon measure in R", n > 3. Suppose that | satisfies
conditions (1.2) & (1.3) for some § > 0. Then, for y € R", L is bounded on H}(R").

Page 9 of 20
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Proof We only need to prove that, for any (1, c0) atom a, £ (a) isa (1, g, £)-molecular and
||£iV(a)||H1£ < C. Let a be a (1,00) atom supported on B(xo, 7). Then ||a| o < 1/|B(xo,7)|-.
If r < m(xo, u) ™, [a(x)dx = 0. Set B* = B(xy, 2/m(x0, 1)) and B* = B(xo, 2r). We divide the
proof into three parts.

PartI: L a € L1(R")&|x|""L" (a) € L1(R").

127 £7 al, < gl - "L all + [l - L7 a],

) 1/q ) 1/q
= ( / leq”b|£ly(a)|qu> + ( / leq”h|£ly(a)|qu>
B* (B*)e

b q 1/q
< (r+ lxol) | £7a]  + [/H L ""‘] ‘

/R ) K (x,9)a(y) dy
By the L7-boundedness of £ and Minkowski’s inequality, || |x|"* £ a|l,; < S + S,, where

= (r + lxol)™llallgs

SZ = fB(xQ,r) |ﬂ0/)| [/(B*)c |x|qnb|1<f(xry)|qu]l/q~
Because |all; < |B(xo,7)|"/77}, then
S1= (r+ Iwol) " llally < (v + aol) " Va0,

For the term S, recall that
< dt
KF (x,y) = /0 YKy

Proposition 2.7 implies that

e—clx—ylz/t dt
{1+ v = yllm(x, w) + m N ¢
- Cn 1
AL+ x = yl[mx, 1) + m(y, N |x—y|"°

|KS (%,3)] < Cne"?

which gives

1 dx Vq
S, <C ab } dy.
2= fg‘ﬂw[f(g*)c'x' {1+ [ — y|[m(x, 1) + m(y, WP |x -yl i’

For x € B and y € (B*)¢, we can see that |x — y| > |x — x¢|/2. Notice that for y € B(xo,7),
|xo —y| < r and

m(y M)N > |: Cm(x07 M) i|N.

{1+ |oo — ylm(xo, ) }ro/ko+D)

Then, via a direct computation, we have

x| dx M4
$2= C/|a(y WI(Y N {/(B*)” [x — x|+ b

Page 10 of 20
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1 1/q
a ——————dx
= [0 L s
ol 1"

/m(y )N{ ne—N+|x |nb —n—. N+n/q}dy

}koN/(ko+1)

- C{l + }"WI(XOyI/L) {rns—N + |x0|nbr—"l—N+”/q} (‘/|g(y)| dy) < Q.
B

- m(xo, )N

Part I: N (L7 a) = | L7 all ||| - ~xol ™ LY all 7" < C.
Case I: r > p(x¢). Because x € (B*)° and y € B,

l/q l/q
||£ﬂa||q < (/ |£i1’a(y)|qdy> + (/( ) |£il’a(y)|qdy> .
B* B*)¢

Because £ is bounded on L1(R"), q > 1, then

1/q
( / |£"Va(y)|qdy> <|£7a|, < Clal, < BI"".
B*

For y € Band x € (B*), |x —y| > |x —x9|/2. By Theorem 4.3, we can get

1/q
iy q - g
</(B*)c|/.3 a(x)| dx) /|a@)|</* |K (x,9)] dx) dy
1/q
_ oy
§/B|ﬂ(Y)|</(B*)CIx b dx) dy

< /|a(y)|rn/q—n dy < Crn/q—n.
B
Because g > 1&r > p(xy), the above estimates indicate that
Ezy 1/{n/g—n} (nlq-n)/{nlq-n} _
1£7 a(x)]| p(xo) = p(xo),

which means that such £ a need not satisfy the canceling condition.
On the other hand, we write ||| - —xo|"b£"”a||q <1 + I, where

L= [l x| - =0l L7 all g5

L= | X@e| - %o L7 ally.
For I3, by the L7-boundedness of £ and the fact that ¢ — b = 1/q - 1, we have
I < C|B|b]]£iya||q < C|BJ.

For I,, because

Cn 1

K- (x, ’
K I = e = TG, 1) iy, TN =7

Page 11 of 20
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we can use Lemma 2.1 and the fact that » > 1/m(x, ) to obtain
a x — x| Vq
L<C _labl / e xol™ dx) dy
B MY, N \J gy [x = x0| N1

<C |ﬂ(y)|Nrnb+n/q—n—N dy
B m(y, 1)

1 N
< C/‘ﬂ()l”{ + |y_x0|} rnb+n/q—n—N dy
B m(xo, j1)

< Cf|a(y)|rNrnb+n/q—n—N d_)/
B

< C|BJ*.
The estimates for I; and I, imply that

Ne(C7a) = [£7a] |1 ~solc7a] " < C.

Case 2: r < 1/m(xo, ). For this case, the atom a has the canceling property. There exists a
positive integer m such that 2771 /m(xg, ) < r < 27" /m(x0, it). Let B* = B(xo, 2/m(x, 1))
and B* = B(xy, 2r). We write

L¥a= (LY = (A" )a+(-A)a.

We will prove that (£ — (=A)?)a and (-~A)? a are both moleculars. For r < 1/m(xq, 11),
any (1, g)-atom is a classical atom. By Alverez—Milman [1], (-A)? a is a (1, g, €)-molecular.

Hence, (-A)” a is a molecular of Hy.(R"). We write || (LY —(=A)7)all, < I + I + I3, where

hi= (£ = (=) )axs: g
L= (LY = (=8)7)axgpellg
L= [[(LY = (A7 )ax g lq-

We first estimate the term ;. Because § € (0,x), then n/g — n + § > 0. Estimate (4.2)
implies that

1/q
L < C/B</B Ig(x,y)lqu) |a(y)| dy
1/q
)b _ y|m4n=d) g d
< C/B|a(y)|n’I(xo t) (/B lx -y x) y

< C/|a(y)|m(xo, )i gy,
B

m —-n/q+n—§
< Crm(xo, 1)’ [2" m(xo, )]

< Crm(xo, )",
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Now we deal with 5. If x € (B*)° and y € B, then |y — x| ~ |x — x0|. By the canceling
property of a, we have

[£7 = (=8)7 [(@)(x)] <

/B[Kyﬁ(x,y) —Ky(x,y)]ﬂ()’) d)"

=

/B (K (x,%0) — K5 (x,9) |a(y) dy‘

+

/[Ky(x,y) —Ky(x,xo)]a(y) dy‘
B
ly =%’ |y =0l
< [ |a®)| + dy
B e — x|+ Ja — x|+

7'8 r
<C + .
|x_x0|n+8 |x_x0|n+l

Then, since rm(xg, it) < 1, we obtain that

L<C / r r 1 4 Uq
+ X
- By \ [x — X[ | — x| 1
rqB 1/q A 1/q
=C f —————dx| + / — _dx
(Bf)e | — x0|q(n+z3) 10:3% |x — %0 |q(n+1)

< CPm(xo, W) + rm(xo, )’

< Cmlxo, )" 4.

At last, we estimate I,. For this case, x € B*\B*, then 2r < |x — x¢| < 2/m(xo, ) and |x —
y| ~ |x —xo|. Applying (4.2) and the canceling property of a again, we get

£ - (~A)" )| < C /B [ly - xolm(ro, 1] 1% - 0| ay)| by

< C[M(xo,u)]yrylx—xol‘"/B|ﬂ(y)|dy

< Cmxo, )] 7' 1x = 20l ™"

/
< C27" |x — x0| 7",

which implies that

1/q
L < C|:/ [£7 - (—A)iy]a(x)|qu}
BO\B*

, 1/q
< C(/ Z_W"Sqlx—xol_”qu)
Bf\B*

< Cmlxo, )",

where in the last inequality we have used the fact that g < n/(n - §’).
Finally, it follows from the estimates for /;, i = 1,2, 3, that

I = )" al " = mixo, )"
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On the other hand, the LZ-boundedness of L — (—A)” gives

1/q
127 - (-8 )], < lall, = ( [ |a(y)|qdy) <
B

This means that for this case, (L7 — (~A)?)a need not satisfy the canceling condition.
Part III: There exists a constant C such that, for any (1, 00)-atom, uniformly,

Ne([£7 - (-A)7]a) < C.
We write b=1-1/g + ¢, then ¢ — b =1/q — 1. We have proved that

| (€7~ (-8)7)al], < Cpxo)"*" < pleo)" .

Now we split: ||| - —xo|"2(LY — (~=A)?)all, < I + I, where
L= |l - =xol"™ (L = (=) )all jaqgeys
L=l - =%o|"™ (LY = (=A)7)all yasye)-

For I1, because B* = (xq, 20(x0)),

1/q
I < Cply)™ [ [ e - (—A)W)a(x)yq] < Cplwo)™ o) < Cplog)™.
B
For I, we further split I; into I + I, where

Ly = |- =%0|"™ L7 | azeyey;

Ly:=|1- —x0|"b(—A)iyﬂ||Lq((3n)c)-

Notice that ¢ < 8/n and nb — (n + 8) + n/q < 0. By Theorem 4.3, we have

1/q
by = C/‘“(Y)’[/ |x—xo|q"b|/Iy—xolqalx—xol'q("*‘”dx] dy
B (B¥)e B
1/q
<cf |“0’)||y—x0|8[ [ oo dx] d
B (Bt)e

BF)

< C/|d(y)|r8'0(xo)nb—(n+5)+n/q dy
B

< Cp(x0)™.
For I, similarly, we have
1/q
by < C/ |a®)|lx - xol (/ % — 20|77 D 5 — xo "L | —x0|> dy
B [x—x0|>2p(x0)

< C/|a(y)|rp(x0)nb—(n+l)+n/q dy
B

< Cp(x0)™,
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where we have used the fact that 0 < ¢ < min{8/n, 1/n}. Finally, we get
[1- =%l (£ = (=8)7)a] , < p(x0)™,
and, hence,

[ = a)7)al) "1 =5l (£7 = (~2)7)a] ;"

< Cp(xo)n(s—b)s/bp(xo)ne(l—s/b) < C.

Finally, we have proved that, for any (1, 00)-atom, L¥aisal(l, g, ¢)-molecular or the linear
combination of finite (1, g, £¢)-moleculars. O

4.2 The H.-boundedness of Riesz transforms R
In this section, we prove that Riesz transforms R, are bounded on Hk(R”). The Riesz

transforms associated with £ are defined as
R :=V(=A+u) 2,

where (A + )2 = L [*AV2(—A + ju + 1) d). Shen proved the following estimate of
R,. Assume that p satisfies (1.2) & (1.3) for some § > 1. Then V(=A + p)~V? is a Calderén—
Zygmund operator. Precisely,

VA + ) () = / Re(e)f ) dy,
Rﬂ
where

1 oo
Ry(x,y):= ;/ x‘l/zvxFHM(x,y) d.
0

In [12], Shen proved the following results, see [12, (7.20), (7.26), (7.29)], respectively.

Lemma 4.5 The kernel R.(-, ) satisfies the following estimates:

(1) [Re(x9)| < Ceed@ri|x — |77,
(2) IR +hy) = Re(x,9)| < C(AIx = y)* o = 1775
(3) [Rc(ey+h) —Re(xy)l < C(1hl/lx -y x—y™, 81 €(0,1).

Theorem 4.6 Let L = —A + 1 be a generalized Schrédinger operator, where (1 # 0 is a non-
negative Radon measure on R” satisfying (1.2) & (1.3) for some § > 0. The Riesz transform
R is bounded on Hk(R”).

Proof Similar to Theorem 4.4, the proof of this theorem is divided into three parts.

Part I: ||| - |anLd||q < 0o, uniformly. For any atom a and B* = B(x,2r), we write
I1-1"Really < I + I, where I := ||| - |""Realla@) and L := ||| - "’ Reall saay)-

By the L7-boundedness of R, we have

1/g-1

1/q
I < r””( IRw(x)qux) <r"ally < "|Blxo, )| < 1.
B*
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By Lemma 4.5, for any positive N > 0,

IRe(x,9)| < Clae =317 N [m(y, )] ™

On the other hand, for y € B and x € (B*)¢, |x — y| > |x — x0|/2. We can obtain that

1/q
L < Cﬁ|¢(y)|(/(y)£ lxlq”b|R[;(x,y)|qu> dy
1 ; 1 Vq
= [0y ([, 7 g de)
Y dx Y
<C{/| (y)|WI(y M)N(./ |x — x| (1+N)a ) @

o = | )”q }
a ——dx d
/' w'ﬂq(y N (/B*>c |x — 2| (1+N) i’

_la)l

<C
B Wl(%li)

{ ne-N + |x |—n—N+n/q}dy'

Because y € B(xy, 1),

Cm(xo, 1)
{1+ | = xolm(axo, p) o/ tko+1)”

m(y, ) >

which implies that ||| - |
Part II: N (Rr(a)) < C. We divide the proof into two cases.

Casel: r > 1/m(xo, t). By the boundedness of the Riesz transform R, we have

d”Lq((B*)C) < OQ.

IRzally < C{IRzally + | x@eReallq )

< Clllally + I x@Reallg)

1/q
5C{|B(xo,r)|l/q_l+/B|a(y)|</(Bﬁ)c|RL(x,y)|qu> dy}.

By Lemma 4.5, we can get

1/q 00 1/q
q n-qn—1
[g|a(y)|(/(‘3u)C|R£(x,y)| dx) dy < C‘[g|a(y)|(/2r s ds) dy

< C/|a(y)|dy x pan
B
< Cp(xo)"*",

1/(n/q-n)

which means that ||[Rzal|; > p(xo), i.e., Rra does not need the canceling condition

for this case. Now we split ||| - —xol”bR[;allq < I + I, where

I i= ([ [ = %0l |R ca(x)| dox)V'4;

I := (figeye Ix = %0l |Ra(x)|* dx)M.
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It is easy to see that
1/q
nb q nb nb ne
L<r ( IRca() dx) <"IReall, < " llally < .
B*

For I, by Minkowski’s inequality,

I < C/BIa(y)Im(y,/L)‘N</B* 1 g [~ dx)lquy
< C/t;|a(y)|m(y’u)—Nrnb+n/q—n—N dy
< C/B|a(y)|{M(xo,u)‘1 + |y —xol ) prbena=nN gy
<c /B la(y) | PN gy

< C|B|(€7b)£/b|B|s(lfs/b),

which gives Nz (Rpa) = ||RLa||g/b||| . —xo|”bR£a||é‘£/b <C.

Case 2: r < p(xo). Let B = B(xo,2p(x0)) and B* = B(xo,2r). So Rra = Rya + (R — Ro)a,
where Ry := V(-~A)~V2, For any a with the canceling condition, Rya is a molecular. We only
need to deal with (Rz — Ro)a. Split [|(Rz — Ro)ally <11 + I, + I3, where

I := (f5 (R = Ro)a(x)|? dx)™/4;
L:= (fB:\B* Rz — Ro)a(x)|4 dx)"7;
[3 = (f(Bu)C |(RL: - RO)a(qudx)l/q'

We first estimate I5. For x € (B°)° and y € B, [x—y| ~ |x—x,|. Denote by Ry(-, -) the kernel
of V(=A)"2, We can get

|(Rz = Ro)(a)(x)]

< c{ / IR (x,9) = Re (e, x0)| a0 dy + / |Ro<x,y>—Ro(x,xo)||a(y>|dy}
B B
<Cla] (/ |y — xo[° dy+/ ly — %ol dy)
- 0 B |x_x0|n+5 B |x_x0|n+1
r(S r
< Clla|l|B .
< Cllafls| |(|x_xo|m - |x_x0|,m)

It follows from the above estimate that

rq5 1/q ra 1/q
L<cC / " ) s / "
By % — x| 701+ By 1% — x| 20+

= {ram(xo’u)mé—n/q n V[I’Vl(xo,u)]n+17"/q}

n-nlq

C
< C[mf(xo, 11)]
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For the estimates of I; &I, we need the following estimate:

(4.4)

IRe(r#) - Ro(3,)] = c{ du@)  (mix )’ }

1
n—l/ _ -1 + 7
r By 12—V r

Forr=|x-y|/2,

1 / du(z)
e = y1"1 Sy, ix—yir2) 12— 91"

[R2 (%) = Ro(y, )] < c{ (I = ylm(x, w)° }

lx = yI"
We get I; < [, |a(y)|A1(y) dy, where
1/q
A1 = {/ ‘Rﬁ(x,y) —Ro(x,_j/)|qu} .
B*
Due to (4.4), we further obtain A; < U7 + U, where

Un = { [ 16 = Y19 [ ey 12 = %1 d1a(2))1 dox} 4
Uy = { [z (Ix = ylm(y, )P | - y| =" ).

For U, if y € B, then |y — xo| < r < 2p(x0) and m(y, n) ~ m(xp, ). On the other hand,
because x € B, then |x — y| < 3/m(xo, ). We can get

1/q
Uy < Cmaxo, )’ ( f W -y dx) < Cm(x, )" ™.
B

Now we estimate the term U;. Let Tj = B(y, 2*?/m(xo, ). If y € B and x € B, by the
triangle inequality, it is easy to see that B c B(y,4/m(xo, 1)) Also, forx € Ty \ Tj, [x—y| =
2*2m(xo, ). On the other hand, B(x, |x — y|/2) C B(y, 3|x — y|/2). Then

0 1/
1 du(z) \* 1
weey ([ ([ Y
oo W T\ T; J Blx,lx—y112)
0 r qn-1 1/
d q q
<c Y| o) ( [ ( | 7“@_1) dx)
Pl B A Tja\Ty \J Bl x—y1/2) |2 = *]
0 r qn-1 1/
, d q q
<cy[ron) ( / ( | ) ) dx)
Pl B A T\ Tj \JBO,2*2 m(xo ) |2 = %"
0 r qn-1
Wl(x(), //L) /‘L(3T/+1) n-nlq-1
=C Z 9 3G+ 2)(n-nlq-1) [m(xo,u)] .
jm—co b
Notice that
. ; —246 —
W(Tj) = (B, 22 Im(xo, 1)) < (27°2)" 7 mlxo, w)* ™.

A direct computation gives

0

th < C Y. s )] 128003

j==00

Page 18 of 20
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0
=< C[m(xo,'u)]n_"/q Z 9j(n=2+8'~2n+nlq+2)

j=—00

n-nlq
’

< C[m(xo, )]

which implies that
h= C/‘“O’”Al()’) dy < Cllally [m(xo, 11)]"™"" < Cmxo, 1) ]" ™.
B

The estimate for I, is similar. Then we obtain |[(Rz — Ry)al| ;/{"/q_"} > C/m(xo, ), which
means (R, — Ry)a does not need the canceling condition. What is left to prove is the norm
[l - —x0|"™ (R — Ro)ally. We write ||| - —xo|"*(Rz — Ro)all; < E1 + Ep, where

E1 = ([ v — 20| 7" |(R . — Ro)a(x)|9 dx)
Esi= (figeye 1% = 20| " |(R . = Ro)a(x)|? dx) .

By the L”-boundedness of R, and Ry, we get
Ey < Cmloo, )™ | (R = Roda| , < Cmlxo, )™ llally < Crlxo, 10) ™.
For the term E;, we have Ey < Ey; + Ej 5, where

E2,1 = (f(B:)C |x - xOlqnb|R[,a(x)|q dx)llq;

E2,2 = (-[.(B:)" | — x0|qnb|R0d(x)|qu)1/q‘

A direct computation gives
1/q
Eyp < C/\a(y)] dy(/ ¢ — %017 |R:(x,) —R[;(x,xo)\qu>
B (B?)e

5 Jox — 0|7 Ve e
< C | |a()|ly - %ol o ool dx) dy<Cmxo,u)™™.
B (BE)e

| — x| (n+9)a
For E; 5, because Ry is a Calderén-Zygmund operator, the kernel Ko(-, -) satisfies
|Ro(%,7) — Ro(%,%0)| < Cly — o lx — x0] "

We can get

1/q
Ey)y < C/|a(y)’</ |x_x0|q(nbfn) dx) dy
B (BH)e

[e%) 1/q
< Cpti-nla (/ S—(q—l)n—q+an—l dS) < Cm(xo,u)_”‘g.
2/m(x0,1)
Finally, we obtain that

Ni((Re - Ro)a) < Cm(axg, 1) "D (g, 11"V < C. 0
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