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1 Introduction
In [1], Gardner and Hartenstine established an interesting inequality. This inequality is

crucial in their proof (as it was in [2]).

Theorem A For xy,yo > 0 and reals x;, y;, i =1,...,n, we have

(S e3PV (C )V (S, 5

(xo+y0)"2 X2 ¥

, (1.1)

with equality if and only if either x; =y; =0 for i = 1,2,...,n or x; = ay; for i =0,1,...,n,
and some o > 0.

The first aim of this paper is to give a new generalization of the Gardner—Hartenstine

inequality (1.1). Our result is given in the following theorem.

Theorem 1.1 Forp > 1, }7 + - =1landr>1. If xo0,y00 > 0 and reals x;, yy, i = 1,2,...,n,

1
q
j=1,2,...,m, then

<(ZJYZ1 Dby + )Y )p - ((Z;}; > xz(j)m )p . <(21n:1 > ygi)l/r )p (1.2)
(00 + y00)"/ B X! Yoo C
with equality if and only if either x; = y; =0 for i=1,...,n,j = 1,...,m or x; = ay; for

i=0,1,...,mn,j=0,1,...,m, and some o > 0.

Remark 1.2 Let x;; and y; change x; and y;, respectively, with appropriate transformation,
and puttingm=1,r=2,p=n-1,and g = (n—-1)/(n —2) in (1.2), (1.2) becomes (1.1).
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Another aim of this paper is to give an integral form of (1.2). Our result is given in the

following theorem.

Theorem 1.3 For p > 1, 1% + % =1andr>1. If u(xy),vx,y) >0 and f(x,y), gx,y) are
continuous functions on [a, b] x [c,d], then

((ff INCE) +g(x,y))’dxdy)”’>’”

(u(x,y) + v(x, )"/
< (fab fcdf(x,y)r dx dy)llr p (fah fcdg(x,y)’ dx dy)llr p s
B u(x, y)la * V(% y)a ) .

with equality if and only if either (IIf (e, )II% lgGe9II7) = (e I Ve, 9)II7) for some
a>00r [f(xyII; = gl = 0.

Letf(x,y) and g(x, y) change f(x) and g(x), respectively, with appropriate transformation,
and puttingr =2,p =n-1and g = (n—1)/(n—2) in (1.3), (1.3) becomes the following result.

Corollary 1.4 Ifu(x),v(x) > 0 and f(x), g(x) are continuous functions on [a, b, then

(f (f (x) + g(x))* dx) "~V (f f(x)?dx)D2 (fabg(x)z dx) 112

(u(x) + v(x))"> - u(x)n-2 V()2 ’ (1.4)

with equality if and only if either |[f(x)|” = lg)||" = 0 or (|F )% lg@)|7) = a(llu@)|,
lv(x)||7) for some o > 0.

This is just an integral form of (1.1) established by Gardner and Hartenstine [1].
As applications, we combine another important inequality and give some broader im-

provements. Our results are given in the following theorems.

Theorem 1.5 Forp>1, }7 + é =1 and r > 1. If x00, Y00, @00, boo > 0 and reals x, yij, aij, by,
i=12,...,mj=12,...,m, then

ot 2o [y + vy + (@ + by)'1)P
[(x00 +y00)" + (@00 + boo) 17"
( Z] 1 Zz L l/ p/r . (Z;lelflzly;j)p/r>r
oo Yo'
( S a ll)p/r D L})p/r)r
oy’ b

(1.5)

with equality if and only if either x; = y;j =0and a;=b;=0fori=1,...,nandj=1,...,m
orxj = ay; and a; = b fori=0,1,...,nand j=0,1,...,m and some o, B > 0, and

( ZJ 121 1 ll)p/r + (Z}'Zl Zﬁ:lylr'/)p/r) ((Z} IZL 1 l})p/r n Z/ IZz lb:} p/r)
x' o' aly' Yo'

= (%00 + Y00) : (@00 + boo).
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Theorem 1.6 Forp>1, }7 + %1 =1landr> 1. Ifulx,y),v(xy),u(xy),Vxy) >0andf(x,y),
glx, ), f'(x,9), g (x,) are continuous functions on [a, b] X [c,d], then

(ff ff[(f x,9) +gx )" + (f(x,9) + &' (x,9) ] dx dy)?
[((x,9) + v(x, 9)) + (1 (x,9) + V' (x, ) |P/4

< <<ff JEf ey dxayyr ()] fig(xw)fdxdy)p/*)'

u(x, y)P'e v(x, y)P'e
f ff X,y dxdy)”/’ f f g (x,y) dxdy)P™\"
( e y)p,q T y)p/q ) (1.6)

with equality if and only if either f( x,y) =g(x,y) =0 and f'(x,y) = g (x5 =0 or (f(x,y),
gx, ) = a(u(x,y), v(x,y) and (f'(x,9), ' (x,y)) = Bt (x,9),V (x,y)) and some «, B > 0, and

<<ff JE Sy dxdyp ([ [ gy dx dy)p/,)

u(x, y)pla v(x, y)Pla

((f f f/ x,y)r dxdy)p/r (f f x’y)r)p/r)

' (x,y)P'a v (x, y)Pla

= (ulxy) +v(x,9)) : (o (%, p) +V (x,9)).

2 Generalizations
Our main results are given in the following theorems.

Theorem 2.1 Forp > 1, }7 + % =1 and r > 1. If xo0,y00 > 0 and reals x;, y;, i = 1,2,...,n,
j=1,2,...,m, then

<(Z§"1 Zfl(xzﬁyii)’)”’)’” <(Z, 120 lx,,)”’) <(Z, 1 i m)”’)” @.1)

(%00 + Y00) /4 x(l)(/)q J’(l)(/)q

with equality if and only if either x; = y; =0 for i=1,...,n,j = 1,...,m or x; = ay; for
i=0,1,...,m,j=0,1,...,m, and some a > 0.

Proof From Minkowski’s and Holder’s inequalities, we obtain

j=1 i=1 j=1 i=1 j=1 i=1

_ ((Z;’ZI Z:ll ;;)llr)xl/q ( Z} 121 lyL] 1/r) 1/q
=\—— )% _ = 7

" o
(Z] 1 Zl le/ 1/r ’ Z} 1 Zl ly l/r R
%! 00"

x ()" + (o))
= { Zj:lzi:lx‘e)p/r Z:J 121 lyw)p/r
%o Yo'

1/p
} (%00 + yoo)l/q'

Rearranging, (2.1) follows.
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The following is a discussion of the conditions for this equal sign to hold. Suppose that
equality holds in (2.1). Then equality holds in Minkowski’s inequality, which implies that
xj=ay;fori=1,...,nand j=1,...,m and some o > 0. Equality also holds in Holder’s
inequality, implying that there are constants 8 and y with % + y% > 0 such that

1/q xOO
X00

(Z/ IZ lxt})l/r 1/
74

i ) =y
or equivalently

m n plr

f(X24) -

j=1 i=1

and the same equation with y;; instead of x5, i = 0,1,...,7;j = 0,1,..., m. Therefore

m n plr
yady— (z zx;,.)

j=1 i=1
m n plr
= /3(2 Z(ayly)’>
j=1 i=1
= y(ay00)’.
Obviously, if y =0, then x; =y; =0fori=1,...,m;j=1,...,m. If y #0, then o > 0 and

xj=ay;fori=0,1,...,mandj=0,1,...,m
This proof is complete. O

Let x;; become x; with appropriate transformation, and m = 1, (2.2) reduces to the fol-

lowing result.

Corollary 2.2 Forp>1, 1% + % =landr>1.Ifx0,y0 >0 andreals x;, y;, i =1,2,...,n, then

(M) ((Zl : »“f)" . ((27 ; y;wr)P

(%o + y0) 4 xé/q y(l,/q

with equality if and only if either x; =y; =0 fori=1,...,norx; = ay; for i =0,1,...,n, for
some o > 0.

Theorem 2.3 Forp > 1, 117 + é =1and r>1. If u(xy),vx,y) >0 and f(x,y), gx,y) are
continuous functions on [a, b] X [c,d], then

<(f / (fx’ +g(X, )dxdy)l/")P

(u(x,) + v(x,y)V4
Sy [Ef Goy) dxdy)Vr NP ([ [ gl y) doedy) !\ 2.2
u(x, y)ta * v(x, y)1/a ) (22)

with equality if and only if either (If &, )L, G 2)117) = allluCe, D)L, 1vex, ) 1) for some
a >0 or [y = llg I = 0.
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Proof From Minkowski’s and Holder’s integral inequalities, we obtain

b d 1/r
( / / (f(x,y>+g<x,y>)’dxdy)

) </b /Cdf(x’y)r ey )M ' (/b / dg(x,y)'dxdy)l/r

= ( (fab fcdf(x,y)’ dx dy)\"

ulx, y)a

)u(x,y)l/q

b rd r 1/r
. ((fu Ji fwy) dxdy) )v(x,y)“q

v(x, y)

< { ((fah Ldf(x’y)’dxdy)l/r>p
B u(x, y)ta

+ ((fab fcdg(x,y)’ dx dy)V'" )P } 1p

V(x,y)l/q

x ((ux,)"1)" + (V(x»y)l/q)q)l/q

_ (fﬂb j-cdf(x,y)l’ dxdy)l’/r (f: fcdg(x’y)r dxdy)l’/’ 1p
) { u(x, y)Pla * V)P

x (u(x,y) + v(x,y))uq.

Rearranging, (2.2) follows.

The following is a discussion of the conditions for this equal sign to hold. Suppose that
equality holds in (2.2). Then equality holds in Minkowski’s inequality, which implies that
f(x,9) = ag(x,y) and some « > 0. Equality also holds in Holder’s inequality, implying that
there are constants 8 and y with 2 + y2 > 0 such that

b rd r 1/r
ﬂ((f“ Jo /) d) )P =y (ulx, "),

u(x, y)l'a

or equivalently

b pd plr
B </ / Sy) dxdy) = yulx, ),
and the same equation with g(x, y) instead of f(x, y). Therefore
b pd plr
yu(x,yY = ﬂ(/ f flx, )" dxdy)

ﬁ(/ab /C.d(oeg(x,y))rdxdy)p/r

=y (av(xy))".

Obviously, if y = 0, then |f(x, ). = llgx,»)|l. = 0. If y #0, then o > 0 and (||f(x, )|,

llg e, »)II7) = el D)1 11v(x M)
This proof is complete. d
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Let f(x,y) become f(x) with appropriate transformation, (2.2) reduces to the following
result.

Corollary 2.4 Forp>1, 117 + é =1andr>1. Ifu(x),v(x) >0 and f(x), g(x) are continuous

functions on [a, b, then

(2.3)

(/ (f(x) + g(x))" dx) ”’)”_(ff ) dx) 1/r>1’+( 7 gy dx) “r)f’,

(u(x) + v(x))Va u(x)Va V(x)”’f

with equality if and only if either ||f(x)||7 = lgx)|IZ =0 or (If X)IIZ, lg@) D) = a(llu@)|L,
[lv(x)||7) for some o > 0.

3 Improvements
We need the following lemma to prove our main results.

Lemma 3.1 ([3] p.39) Ifa;>0,b;>0,i=1,...,m,and y_;-; o; = 1, then

(ﬁ(ﬂi +bi)) = (ﬁ%‘) + (ﬁbi) ) (3.1)
i-1 i=1 i=1

with equality if and only if a1/by = - - - = 4,/ by,

Theorem 3.2 Forp>1, 117 + % =1 and r > 1. If x00, Y00, @00, boo > 0 and reals x;, yij, aj, by,
i=12,...,mj=1,2,...,m, then

(Z;VZI Z:’:l [(xij + ytj)r + (ﬂz'j + btj)r])p
[(x00 + Y00)" + (@00 + boo)" 1P/
( Z] 1 Zz 1 z/)p/r + (Z;ZI Z?:ly;j)p/r>r
o' Yoo
( Z) 1 Zz 1 U)p/r (Zl 1 Zl 1 l})p/t‘)r
by’ B!

(3.2)

with equality if and only if either x;; = y;j =0and a; =b;=0fori=1,...,nandj=1,...,m
orxi = ayjand a; = Bb; fori=0,1,...,nand j=0,1,...,m and some o, B > 0, and

((ij—l Z?:Ixz)p/r ) (Z;ZI Z:t_lylrj)p/r> <(Z} i ZI)P/r (Zl 120 U)P/r)
o' o' ' s B!

= (%00 + Y00) : (@00 + boo).

Proof From (2.1), we have

m n 1/r
(Z > G+ J’iﬂ’)

j=1 i=1

{(Z} 12 l])p/r (Z/ s 1yz;)p/r

}l/p

(%00 + yoo)l/q, (3.3)
7 ]
0o Yoo
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with equality if and only if either &;; = y; =0fori=1,...,mand j=1,...,m or x; = ay; for
i=0,1,...,nandj=0,1,...,m and some o > 0, and

m n 1/r
(2 z<a,,+b,,>r)

j=1 i=1

(@00 + boo)"4, (3.4)

{ (Z/ 1 Zl 1 dl])p/r (Z]rzl Z:‘q:l h;j)p/r }I/p

plq Iq
Ao bgo

with equality if and only if either a;; = b =0fori=1,...,nandj=1,...,m or a;; = ab; for
i=0,1,...,nandj=0,1,...,m and some o > 0.
From (3.1), (3.3), and (3.4), we obtain

n

[(xij + yi,')’ + (ﬂij + bij)r]

M-

I
—_

i=1

moN Y DI A AN R
= {((le gpl/qlxl}) + s ?iqul}) ) } (o0 +y00),.)1/q
00 00

r\plr plr\ ryl/
+ {( Zl 120 1% ) (Zl 120 U) ) } p((aoo+boo)r)1/q

]

' B!
< {<(Z/ml Z;’le;j)p/r (Zj 1 Zl lyl})p/r>r
A e
( 1 z)p/r ( 14 l)p/r " l/p
( Zl li/ql ’ Z} li/ql ’ > } [(xoo +%00)" + (a00 +b00)r]1/q-
00 00

Hence
LL bl (R BT
[(oo + ¥00)" + (@00 + boo)"1P/4 B x{j{;’ )}é{)q

<(Z] 121 1 L])p/r Z) 121 lb:} p/r)r
' Yo' '

From the equality conditions of (3.3), (3.4), and (3.1), we easily get the equality in (3.2). O

Remark 3.3 Let a;; = b;; = 0, (3.2) becomes a similar form of (2.1). Putting x;; = a;;, y;; = b
in (3.2), where i =0,1,...,nand j=0,1,...,m, (3.2) reduces to (2.1).

Theorem 3.4 Forp>1, % + %1 =1landr> 1. Ifulx,y),v(xy),u(xy),Vxy) >0andf(x,y),
g(x,9), f'(%,9), &' (x,y) are continuous functions on [a,b] x [c,d), then

U2 [ ) + g )+ (F(x,9) + & (x,9)) 1 dcdy)?
[(ulx,y) + v(x ) + @ (x,9) + V' (x,9) 1P

< <(/Z’ S f oy dxdyy’ () ffgu,y)*dxdy)"ﬂ)r

u(x, y)p'a v(x, y)Pla

(3.5)

+ ( (2 (21 Gy dxdy)'” s L [ g ey dxdy)'” ) ’

u'(x, y)P'a vV (x, y)Pla
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with equality if and only if either f(x,y) = g(x,y) = 0 and f'(x,y) = g'(x,5) = 0 or (f(x,y),
gx, ) = a(u(x,y), v(x,y) and (f'(x,9), g (x,y)) = B(et (x,9),V'(x,y)) and some o, B > 0, and

((ff S f oy dudyy’ () ffgu,y)rdxdy)"/r)

u(x, y)Pa v(x, )Pl

' ((ff J4 1/, y)" dxdy)?'" . (f ffg’(ac,y)’)p/f)

u'(x, )P V(x,y)Pla

= (uxy) +v(x,9)) : (' (%, p) +V(x,9)).

Proof From (2.1), we have

b d 1/r
( [ (f(x,y>+g<x,y>)’dxdy)

< {(f: S f G y) dxdy)” . (L [ glx,yy dxdy)y” }l/p
- u(x, )Pt v, y)P'a
x () + v(x,3)) ", (3.6)

with equality if and only if either f(x,y) = g(x,¥) = 0 or (f(x,7),2(x,y)) = a(u(x,y), v(x,y))
for some o > 0. And

b d 1/r
( / / (f/(x,y)+g’(x,y))’dxdy)

< { (fab /;df/(x,y)r dxdy)p/r . (fab fcdg/(x;y)’ dxdy)P/’ }1/10
= M/(x’ y)P/q v (x’ y)p/q
X (1 )+ v (3) ", (37)

with equality if and only if either f'(x, y) = g’(x,y) = 0 or (f'(x,¥), &' (x, %)) = B (x, ),V (x,9))
and for some 8 > 0,
From (3.1), (3.6), and (3.7), we obtain

b pd
f / [(Feep) +g(x9)" + (F (x9) + & (x,9)) | dxdy

U S fyy ddyy’ (f2 2 gloy) dxdy)y™\"| )
= {( f f M(x’y)p/q + f f v(x,y)p/q ) } ((u(x,y)+v(x,y)) )I/q

(fﬂb fcdf/(x,y)r dxdy)p/r (fab fcdg’(xyy)’ dxdy)p/r ry1/p
+ +
{< ' (x, y)P'e v (x,y)Pa ) }

x (' (x,9) + V/(x,y))r)”q
< {((ff S S oyy dxdyy () ffg(ac,y)’dxdy)p”)’

u(x, y)P' v(x, y)Pl

(P [y dxdyy” ([0 [ g (xy) dxdypr\" P
+ +
( u'(x, y)pl vV (x,y)Pla ) }

x () + v(w2) "+ (1 () + v 2) T
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Hence
U2 SO0 y) + g ) + (F/(w) + & () ) ddy)?
[(m(x,9) + v(x, ) + (' (x,9) + V' (%, ) |P/a
< ( o JES G 3) dxdyy’ (J; [ glop) dwdyp™ ) '

u(x, y)P'a v(x, y)Pla

. ((fab fcdf/(x’y)r dxdy)p/’ . (fab fcdg/(x’y)r dxdy)p/r)r

u'(x, y)P'a v/ (x, y)Pe

From the equality conditions of (3.6), (3.7), and (3.1), we easily get the equality in (3.2). O

Remark 3.5 Let f'(x,y) = g'(x,y) = 0, (3.3) becomes a similar form of (2.2). Putting f(x,y) =
f(x9), glx,y) =g (x,9), ulx,y) = '(x,y) and v(x, y) = V'(x,y) in (3.5), (3.5) reduces to (2.2).
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