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1 Introduction
Let H denote the class of all complex-valued harmonic functions f =h+gin U= {z: |z| <

1}, where /1 and g are analytic in U and normalized such that

f(z)=h(z)+@=z+2a}rzj+2bjz/. (1.1)

j=2 j=1

A necessary and sufficient condition for f to be locally univalent and sense-preserving in
U is that J; = |f;|> — ||* > 0 in U (see [1, 2]). Let Sy; denote the subclass of H consisting
of sense-preserving univalent functions in U. Then the function f € Sy of the form (1.1)
satisfies the condition |b]| < 1.

A 2p-times continuously differentiable complex-valued function F = u + iv in a domain
U is p-harmonic if F satisfies the p-harmonic equation A’F = A(A*IF) =0 (p=1,2,...),

where A represents the complex Laplacian operator:

2 92
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Obviously, if we take p = 1 and p = 2, then F is harmonic and biharmonic, respectively.
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A function F is p-harmonic in a simply connected domain U if and only if F has the
following representation:
p
F@@) =Y 12 Vfpin(e) (ke{1,2,...,p}), (1.2)

k=1

where each f,_i,1(2) is harmonic (or Af, 4.1 = 0) (see [3]) and f,_x+1(2) has the form

];a—kﬂ = hp—k+1 +gp—k+1’ (1.3)
where
oo
hp—k+1(z) = Z“/’,p—k+lzl (al,p = l;k = 1); (14')
j=1
o0
k(@)=Y bjpind (k=1). (1.5)
j=1

Denote by SH, the class of functions F of the form (1.2) that are p-harmonic, univa-
lent, and sense-preserving in the unit disk. Recently, there has been significant interest in
results about the class SH, (see, for details, [4-9]).

Denote by HL,(c, 1) (0 < o < 1,1 > 0) the class of all mappings of the form (1.2) which
satisfy the condition

p oo Y :
ZZ(z(k— 1+ 1(’_ O‘f))(|a,,pk+1| )

k=1 j=2
P
<1—|b1pl - Z(2k— D(lavp-ks1l + 1b1p-is1]) (1.6)
k=2
with
p
0= Ibipl + Y 2k =1)(larp-knl + b1p-gal) < 1. (1.7)

k=2
Clearly, inequality (1.6) implies that
4 (o] Y
J -2
DY (k-1+ —)(la,-,p_k+1| +|bjp-kn]) <1, (1.8)
=5 < 2(1-a)

1j

wherea;, =1,k e {1,...,p}.

It is easy to see that various subclasses of SH), consisting of mappings F(z) of the form
(1.2) and (1.3) can be represented as HL, (o, A)(b1,, = @1,p-k+1 = b1p-k+1 = 0,k =2,..., p) for
suitable choices of p,«, and A in the earlier studies by various authors.

(i) HL,(0,0) = HS, and HL,(0,1) = HC,, (see Qiao and Wang [4]);
(ii) HLp(c,0) = HS,(ar) and HL,(c, 1) = HCp(cx) (see Saurabh Porwal and Dixit [5]);

(iii) HLi(,0) = HS(e) and HL, (o, 1) = HC(«x) (see Oztiirk and Yalcin [10]);
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(vi) HL1(0,0) = HS and HL1(0,1) = HC (see Avci and Zlotkiewicz [11]).
For A e N={1,2,...} U {0}, we have the following inclusion relation:

HL,(a,\) C HLy(ot, A — 1) C --- C HLy(e,2) C HCp(ar) C HS ().

Suppose that F is a p-harmonic mapping with expression (1.2). Following Ruscheweyh
[12], we use Nf’a (F) to denote the §-neighborhood of F in p-harmonic mappings:

14

N)ia(F) = {F |b1,p _Bl,pl + Z(zk— 1)(|al,p—k+1 _Al,p—k+1| + |b1,p—k+1 _Bl,p—k+1|)
k=2

V4 [ee]
+ Z Z(z(k - 1) + } (] —a )(|“j,pk+l _Aj,p—k+1|

k=1 j=2

+ |b/',p—k+1 _Bj,p—k+1|) = 8};

where

o) o) p o) o)
7 ' 55 (k-1 j % Sj
F=z+ ZAj,pz’ + E B;,7 + Z |z|2*-D E Ajpn1? + E Bjp-knZ ).
j=2 j=1 k=2 j=1 j=1

If F,G € SH, satisfy
p oo e}
F = Z |Z|2(k_1) <Z aj,p—k+lzl + Z bj,p—kJrlZ])
k=1 j=1 j=1
and
p 00 o
G=Y_ |z <ZAj,p_k+1zf + ZB,-,p_kHE’),
k=1 j=1 j=1

then the convolution F x G of F and G is defined to be the mapping

p o] [ee]
FxG= E |z|2*-D Z“j,p—k+1Aj,p—k+1Z’ + E bjp-k1Bjpik? |.
k=1

j=1 j=1

Let
TH, ={F(2) : F € SH, with a1, = 1,41 > 0,bjp_gs1 > 0 forj > 1,k =1,...,p}

and denote mp(a, A)=HL,(a, ) N TH,,.

The main objective of the paper is to introduce a new subclass of p-harmonic mappings
and investigate the univalence and sense-preserving, extreme points, neighborhoods and
Hadamard product of mappings for the above subclass. Relevant connections of the results
presented here with the results of Qiao et al. [4] and Porwal et al. [5] are briefly indicated.
Finally, we also prove new properties of the Hadamard product of these classes.
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2 Main results
Firstly, we discuss the inclusion relation of HL,(x, A).

Theorem 2.1 Let Ay > A1 > 0,1 >y > oy > 0, then HL, (02, 19) € HLy(0r, A1),

Proof Let F € HL,(x2, 1), then using (1.6), we have

- JG — o)
ZZ(Z(k— 1)+ 1_—a1)(|ﬂj,pk+1| +1bjp-ks1l)

k=1 j=2
p oo 2(]
<> Z(z(k— 1)+ - )(|a,,p_k+1| + 1bjp-rel)
k=1 j=2
»
= 1- |b1’p| - Z(Zk - 1)(|ﬂ1vp—k+1| + Ibl,p—k+1|);
k=2
therefore F € HL, (a1, A1), and so HL, (a2, A2) € HL, (01, A1). 0

Next, we prove that the mapping in HL,(a, A) is univalent and sense-preserving.
Theorem 2.2 Each mapping in HL,(a, A) is univalent and sense-preserving.

Proof Let F € HL,(a, A) and z1,2z € U with z; # 23, so that |z1]| < |z,]:

|F(z1) - F(22)|

p
= 1 N p-k+1\<1) — |2 - p—k+1\<2
121 P Vfy i1 (1) = 122V ki1 (22)
k=1
bt & 77
1z — 21— 1~ % p A%
> |z 2|{ P, le L
» o
- R R e
Z Z"/P k1
ez \'iz Z21—22
N iz |z1|2(k 121 |Z2|2k l)ZJ
L Dt 721 -2
j=1
o0
> |z —Zzl<1 —1Bupl — Tzl Y (Il + |b,,p|)>
j=2

p [ee}
- |Z2|ZZ k_ +] |a/p k+1| + |b/p k+1|)

k=2 j=1

— (- )
> |21 =2 1= 1bupl = |22 35— (laip + 1B;p)
j=2

|zZ|ZZ(2(k—1) ! (’ )(|a,-,pk+1|+|b,,pk+1|)

k=2 j=1
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> |z1 — 221 (1= [bypl) (1 - |22])

>0,

which proves univalence.
In order to prove that F is sense-preserving, we need to show that Jr = |F,|? - |F;|? > 0:

Je(@) = | = 1B = (IF:| + |E2l) (IF:] = 1 F])

[o¢] P o0
:(|Fz|+|1-"z|){ 1+ japd™ + Y 12 Vg g™
j=2

k=2 j=2

+ZIZI2(k Vjap- k+1+Zk 1)[z[**Y

k=2

] z ]

§ : j—1 § :' -1
ajp- k+lzl + Z bj,p—k+lzl

j=1 j=1

(o] p o
Z }pZ} ZZ|Z|2k llb k+1Z}
j=1 k=2 j=2
p p
3 12 by gy + Y (k= 1)V
k=2 k=2

Z o0 2 o0
x =Y ajpind +=) bipin? ™
)P )P
zZ“ zZ =
J=1 J=1

p

= (|F2| + |F2|) |:1 - |b1,p| - Z(Zk_ 1)(|al,p—k+1| + |bl,p—k+l|)

k=2

p [ee}
_|Z|ZZ k_l) +] |a/p k+1| + |b/p k+1|):|

k=1 j=2
p
> (le| + |F2|) |:1 - |b1,p| - Z(zk— 1)(|611,p_k+1| + |b1,p—k+1|)
k=2

ot jHG-a)
~ 2l Zz(z(k— D+ )(|a,,p_k+1| - |b,,p_k+1|)}

k=1 j=2

> (Il + B 1) (1 = 151, ]) (1= I2])

> 0.
From z # 0 and the obvious fact Jr(0) > 0, we thus complete the proof. a
Example 2.1 Let F(2) =z + 5,5 |z|>®-Vz. Then F(z) is a p-harmonic function and

p jk+1
Z:E:(%—1%+7;)“%¢4n|+%m440<1

k=1 j=1

~.

using (1.8), we get F € HL,(0, ).
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Also, we determine the extreme points of mp(a, A).

Theorem 2.3 Let F be given by (1.2). Then F € HL,(«, 1) if and only if
p [ee}
= ZZ P~ k+1h1p k+1(Z) +Y jp—k+18j,p— k+1(z)) (21)
k=1 j=1

where

j
2(k=1) Z

Hip-r(2) =z + |2]
Jp—k+ A(i—,
(k - 1)+12($_g§

k-1 7

Gpin1(2) = 2+ [z]26D i) Q=<k=pj=1),
(k-1)+ )
7
hp2) =z hij(z) =z + X (i=2),
2(1-a)
7
a,(@)=z+ P (G>1)
2(1-a)

p o
Z Z jp—k+1 +Y] Jp— k+1) 1 ()(j,p—k+l >0, Yj,p—k+1 = O)

In particular, the extreme points ofH_Lp (o, A) are {hjp_i.1(2)} and (g p—k+1(2)}, wherej > 1
and1 <k <p.

Proof Since

p o
F(z) = ZZ - k+1h jp— _k+1(2) + Yip-k+18p- k+1(z))

k=1 j=1

[o¢]

k+1 Yp-k+1

+ i + —

z+§ |z 2% 1)2 ( Xip- 7 7+ e z’)
(i—o)

P k-D+5E0 (k-1 + 5
o0 o0
Z z’ + W_a
j=l g j=1 2(1 o)
and
L= -a) )(j,p—k+1 Yjp k+1
ZZ (k-1)+ 2(1 a) JG=a) £
o> (k—1)+ o) k=1)+
)2
2k -1 X1 ks Y1 ,oks
+|Y1,p|+Z( )(‘ 1,pkl+‘ l,pkl)

2k-1 2k-1
2 2 2

k=2

P o
ZZ Jp—k+1 +Y Jip— k+1)+ Z(le k+1 Ylp k+1)+ Ylp

k=1 j=2 k=2

Page 6 of 14
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Figure 1 When f(2) is a 4-harmonic function

-1 4

=<1 _Xl,p
<1
we see that F € mp(a,k).

Conversely, assuming that F € HL,(«, A) and setting

‘}\. .
J'-a) .
Xjp-ke1 = <(/<— 1)+ m)ﬂj,pku 2<k=<pj=1),
.)\‘ .
J'i-a) ,
Xiw =50 —ar U=
A
jj-a) .
Yjpie1 = ((k -1+ 2 —a) a))bj,p_kﬂ 1<k=pj=1)
and
p oo p
Xl,p =1- Z Z()(j,p—kﬂ + Yj,p—k+1) - Z(Xl,p—kﬂ + Yl,p—k+1) - Yl,p;
k=1 j=2 k=2

where X; , > 0. Then, as required, we obtain

o0

F(z) = Z Z()(j,p—kﬂhj,p—kﬂ(z) + Yj,p—kJrlgj,p—k+l(Z))~
=1

p
k=1 j= O

Example2.2 LetF(z) =z+ (Zpl—l) |z|2P-Dz + (Zpl—l) |z|2?-Vz. Then F(z) is a p-harmonic func-
tion, and using Theorem 2.3, we have F € mp(o, A). Here, we give the figures for p = 4 and

p = 10, respectively (see Fig. 1 and Fig. 2).

Theorem 2.4 Let F be given by (1.2) and F € mp(a,k). Then, for |z| =r < 1, we have

»
|F(z)| < <Z(|dl,p—k+l| + |b1,p—k+1|)>’”

k=1
P

1
ooy \ 1 kel £ 1b1p- g 2.2
_fwzﬂha)< 151,p] E:Oﬂu7h”+|1pkHD)r (2.2)

k=2
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Figure 2 When f(2) is a 10-harmonic function

-1

and

p
|F(Z)| = <1 - |b1,p| - Z(|ﬂl,p—k+l| + |b1,p—k+1|))r

k=2
1 < i
—————\1=1b1pl = ) (larpksl + |h1,p—k+1|)>”2, (2.3)
Yo1(A, ) P
where
4)\‘ . _
Yixloa) = (k-1) + LI= (24)

2(1 - )

Proof Let F € mp (o, A). Taking the absolute value of F(z), we have

p p o
|F(Z)| <Z |d1,p k1l + |b1p k+1l >r+ <Z Z(|dl,p—k+l| + |b1,p—k+1|)>r2
k=1

IA

k=1 j=2
p
Z |a1pks1] + 1b1p-rsnl) |7
k=1
P o]
(w ZZW (k@) (|a1pks1| + b1 m))
21(h, @) 4 j=2
»
=1

|ﬂ1p k+1| + |b1p k+1|)>

;

1 p
+ m (1 - |b1,p| - Z('al,p—kﬂl + |b1,p—k+1|))r2

k=2

and

v

Fe)

p oo
2
(|ﬂ1p k1l + |b1p k+1 ) (Z Z(lal,p—kﬂl + |b1,pk+1|)>r

k=1 j=2

~.

(lavp-ice1] + 1b1p-ke1l)

M/P—ﬂ\

1

[\
PR
T
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p o0
(%’1 A a) > 2 Ve (lanpoical + b1 k+1|))

k=1 ]:2

p
> (1 - |b1,p| - Z(|al,p—k+l| + |b1,pk+1|))r

k=2

1 p
- m (1 —1b1pl - Z(|ﬂ1,p-k+1| + |b1,p—k+1|)>r2' 0

k=2

Corollary 2.5 Let F be given by (1.2) and F € mp(a,)»). Then

{w: |w]| <,0} C F(U),

where
L+ yoi(ha) 1-92:(40) L
R R 1ol + Y (11| + b1
V2,1(% @) Va1 (A, a) Lp ];2( Lp—ke1l + 1b1pkin)

and (%, &) is given by (2.4).
Theorem 2.6 The class F € mp (a, A) is closed under combination.

Proof Fori=1,2,...,1et F; € mp(a, A), where

00 00 P 00
) > alk=1 - >
=z+ E ﬂij,pzj + E bij,pzl + E |z k-1) E (|aj,p—k+1|z1 + |b1'.p—k+1|z})~
j=2 j=1 k=2 =1

Then, by (1.6) and (2.4), we get

p oo p
S V) (|@ip-ra| + bipicir ) < 1= 11yl = D (1a1pokarl + brp-gal).  (25)
k=1 j=2 k=2

For Zfl t;=1,0 <¢; <1, the convex combination of F; may be written as

ZtF z- Z(Z (14,17 +|bl,pIZ’])

i=1

L i i . .
- Z |z Z (Z tillaypral? + |bij,p-k+1|5}]>~
k=2 j=1

i=1

Then, by (2.5), we obtain

p oo 0
Z Z I/fj,k()‘r Ol) (Z ti['“ij,p—k+l + |bij,p—k+1 |]>

i=1

o0 p oo
= Z ti|:z Z wj,k()‘-’a) : (|ﬂij,p7k+1| + |sz,pk+1|)j|
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p 00
< |:(1 —1bipl - Z('ﬂl,p—k+l| + |b1,p—k+1|)} Zti

k=2 i=1
p
- |b1,p| - Z('al,p—k+1| + |bl,p—k+1|)'
k=2
Therefore, using (1.6), we obtain > -, &F; € HL,(c, 1). O

Theorem 2.7 Let
o0 ' o0 o0
i 2(k-1 j 7 =j
z)=z+ E aj,pzj + Z |z| (k=) E ﬂj,p—k+1Z’ + E bj,p—k+1Z1
j=2 j=2 j=1 j=1

belong to mp(a,kz). If Ay > A1 > 0and

p
§<(1-co)(1=|brpl) = Y @k = 1)(|aspis1| + 1b1picin ), (2.6)
k=2

then N?

AL

(F1) C HLy(ot, A1), where

2(p-1)(1-a)+2"(2-q)
O p-Dl-w)+222-a)

(2.7)

Proof The §-neighborhood of Fj is the set

N, 8 (F) = {Fz ZZ<2U< 1) +} (] )(|ﬂj,p—k+1 = Ajp-ks1l

k=1 j=2
»
+1bjp-ki1 _Bj,p—k+1|) +1b1p + Byl + Z(2k = 1)(la1p-is1 = Arpisl
k=2

+ |b1,p—k+1 —Bl,p—k+1|) < 5};
where
o0 oo o0 oo oo
@ =243 Ay + 3 By + 3 (ZA,,p_kHz’ . ZB,,},_M;/).
j=2 j=1 k=2 j=1 j=1
If
p
§<(1-co)(1=|brpl) = Y 2k = 1)(|asptsr| + 1b1picin ),
k=2

then we have

o0 [oe] )» (]
Z D 4+ Z’ g |
j=2
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p )Ll(]
+ Z Z( k - 1) + )(|Aj,p—k+l| + |Bj,p—k+l|)

k=2 j=2

~.

Mw

(2k 1)(|alp k+1 — Al,p—k+1| + |b1,p—k+1 _Bl,p—k+1| + |b1,p _Bl,p|)

>
Il

M= 1M 1M

[e.¢] )"1(]
Z( k 1) + )(('ﬂj,p—kﬂ —Al,p—k+1| + |bj,p—k+1 _Bj,p—k+1|)

j=2

~.

+ ¥ 2k =1)(|a1p-ks1] + |bl,p—k+l|) +|b1pl

o0 kl
Z( (k- 1)+ (] . )((|ﬂj,p—k+1|+|bj,p-k+1|)

2 j=2

>~
Il

p
<8+ (2k—1)(1arpier] + 1brpien]) + |brpl
k=2

Spe -
teoy Z(z(k— 1)+ ﬁ> (12 p—ks1| + 1Bjpis )

k=2 j=2
»
<d+co+ (1~ Co)(Z(Zk— D(la1p-keal + |brpkel) + |b1,p|>
k=2

<1

Hence F, € mp((x,)\l). O

Remark 2.8
1. fea=0,A=0and @ =0, = 1, then Theorem 2.2, Theorem 2.4, and Theorem 2.7,
respectively, coincide with Theorem 3.1, Theorem 4.3, Theorem 4.4, Lemma 4.1, and
Theorem 5.1 in [4].
2. If A =0and X = 1, then Theorem 2.2, Theorem 2.3, and Theorem 2.7, respectively,
coincide with Theorem 3.1, Theorem 3.6, Theorem 3.7, and Theorem 4.1 in [5].

At last, we discuss the Hadamard product of mp(a, A).

Theorem 2.9 Let . >0, 0 <a <1, pe{l,2,..}.IfF, Ge mp(a,k), then F x G €
mp(a,k), where

Q2 -a)> 1 -a)p®. (2.8)

Proof Let F,G € mp(a,k), then, from (1.8), we know that, in order to prove F x G €
mp(a, A), we need to show that

p
ZZ((k 1)+ 2(1 ;>(|A,,pk+1||aj,pk+1|+|B,,pk+1||bj,pk+1|)51. (2.9)

k=1 j=1
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Since F,G € mp(oz, A), using (1.8), we have

b jG - a)
> Z((k— D+30 _a)) (18 p—ke1 | + |Bjpicin]) <1 (2.10)
k=1 j=1

and

p o
ZZ((k 1)+ 2(1 ;>(|A,p kel + Bjpia]) < 1. (2.11)

k=1 j=1

5

From (2.10) and (2.11), we obtain

00 T
(=1 ZIZ2 ) sl + ) <1 .12
j=1

and
Z((k -1+ ] ((] a))(|Aj,pk+1| + |Bj,p—k+1|) <L (2.13)
j=1

Using the Cauchy—Schwarz inequations, from (2.12) and (2.13), we get

00 Mi— o
Z((k - 1) + ]2(({ — O[;)\/(|Aj'p_k+l| + |B]',p_k+1|)(|ﬂj,p—k+l| + |hj,p—k+1|) <1, (214)
j=1

because

(|Aj,p—k+1 | |ﬂj,p—k+1 | + |Bj,p—k+1 | |bj,p7k+1 |)

= (lA/',pfk+1| + |B/,p7k+1|)(|ﬂj,p—k+1| + |bj,p—k+1|) (1 <k< Lj € N) (2~15)

So from (2.14) and (2.15), we have

00 A C\!)
> ((k ~b+ ]2(({ - a))\/(|A/.p—k+1 ajp-cs1| + 1Bjp-sillbjp-rerl) <1,

=1

and hence

p e} a)
ZZ<(k 1+ 2(1 )>/(|A,,p_k+1||a;,p_k+1|+|B,,p_k+1||b;,p_k+1|)Sp, (2.16)

k=1 j=1

~.

which implies that

p

— . (2.17)
((k—1)+ 5=

A icallggpeicnl + 1Byt lIbjpi]) <

In addition, if

1
(|Aj,p—k+1||ﬂj,p—k+1| + |Bj,p—k+1||bj,p—k+1|) = ;\/(|Aj,p—k+l||aj,p—k+l| + |Bj,p—k+1||bj,p—k+1|)x
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that is,

1
\/(|A/,p—k+1||ﬂ/,p-k+1| + 1B pist | 1B pice1]) < 7 (2.18)

then we obtain the conditions of satisfaction (2.9). Again, combining (2.17) and (2.18) with
k=1andj=2, wecan get

p__1
202-0)\ = p’
(Sizg) P

which deduces condition (2.8). The proof is completed. O
Taking A = 0 and A = 1 in Theorem 2.9, respectively, we obtain the following corollaries.

Corollary 2.10 Let0 <o <1,2—a >2(1 —a)p*(p > 1). If F,G € HSy,(at), then F x G €
HS, (o).

Corollary 2.11 Let 0 <a < 1,2 -a > (1 - a)p*(p > 1). If F,G € HC,(a), then F x G €
HC,(a).

3 Conclusions

In this paper, we mainly introduce a new subclass of p-harmonic mappings and investigate
the univalence and sense-preserving, extreme points, distortion bounds, convex combi-
nation, neighborhoods of mappings belonging to the subclass. Relevant connections of
the results presented here with the results of Qiao et al. [4] and Porwal et al. [5] are briefly
indicated. Finally, we also prove new properties of the Hadamard product of these classes.
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