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1 Introduction

Let X and Y be two non-negative random variables with distribution functions F(x), G(x)
and survival functions F(x), G(x), respectively. If f (x) is the actual probability density func-
tion (pdf) corresponding to the observations and g(x) is the density assigned by the ex-
perimenter, then the inaccuracy measure of X and Y is defined by Kerridge [9] as

106Y) = 1(f,9) = - /0 @) logg(®)dx. (L)

Recently, Kundu [10] considered a weighted measure of inaccuracy as

I"(f,g) = —/0 xf (x)log g(x) dx. (1.2)

Analogous to the Kerridge measure of inaccuracy (1.1), Thapliyal and Taneja [17] pro-
posed a cumulative past inaccuracy (CPI) measure as

I(F,G) = —/+OO F(x)log G(x) dx. (1.3)
0

When G(x) = F(x), Eq. (1.3) becomes cumulative entropy studied by Di Crescenzo and
Longobardi [4]. Kundu et al. [11] studied some properties of CPI for truncated ran-
dom variables. In analogy with (1.2), we define the weighted cumulative past inaccuracy
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(WCPI) as
I"(F,G)=- /‘+00 xF(x)log G(x) dx. (1.4)
0

Similarly, Kundu et al. [11] introduced the concept of cumulative residual inaccuracy (CRI)
which is defined as

+00
I(F,G) = —/ F(x)log G(x) dx. (1.5)
0
In analogy with (1.4), we define the weighted cumulative residual inaccuracy (WCRI) as
I"(F,G) = —/ xF (x)log G(x) dx. (1.6)
0

Let X7, X5, ... be a sequence of iid random variables having an absolutely continuous cdf
F(x) and pdff(x). An observation X; is called a lower record (upper record) value if its value
is less (greater) than that of all previous observations. Thus, X; is a lower (upper) record if
X; < (>)X; for every i < j. Further, assume that 71 = 1 and T, = min{j : j > T},_1, X; < X7,_,}
are known as lower record time sequence. Then, the lower record value sequence can be
defined by L, = Xr,, n > 1. The density function and cumulative distribution function

(cdf) of L,,, which are denoted by f;, and F,, respectively, are given by

_ n-1
Jr,(x) = [kzgﬂf (), (1.7)
n—1)!
n-1 i
IAOEDY HL!F(")]}F@). (1.8)

j=0

Similarly, assume that Z; = 1 and Z,, = min{j* : j* > Z,,_1, Xj« > X, |} are known as upper
record time sequence. Then, R, = Xz,, n > 1 are said to be upper record values. The pdf

of R, is given by

[~ log F(x)]"!
Jr,(x) = Wf(x)- (1.9)

Also, the survival function of R, can be obtained as

n-1

Fo ()= Y 08N (1.10)

P

Record values are applied in problems such as industrial stress testing, meteorological
analysis, hydrology, sporting and economics. In reliability theory, record values are used to
study, for example, technical systems which are subject to shocks, e.g., peaks of voltages.
For more details about records and their applications, one may refer to Arnold et al. [1].

Several authors have worked on measures of inaccuracy for ordered random variables.
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Thapliyal and Taneja [16] proposed a measure of inaccuracy between the ith order statistic
and the parent random variable. Thapliyal and Taneja [17] developed measures of dynamic
cumulative residual and past inaccuracy. They studied characterization results of these
dynamic measures under proportional hazard model and proportional reversed hazard
model. Thapliyal and Taneja [18] have introduced the measure of residual inaccuracy of
order statistics and proved a characterization result for it. Tahmasebi and Daneshi [14] and
Tahmasebi et al. [15] obtained some results for inaccuracy measures of record values. In
this paper, we propose a weighted cumulative past (residual) inaccuracy of record values
and study its characterization results. The paper is organized as follows. In Sect. 2, we
consider a weighted measure of inaccuracy associated with F;, and F and obtain some
results of its properties. In Sect. 3, we study a dynamic version of WCPI between Fj,
and F. In Sect. 4, we propose empirical WCPI of lower record values. In Sect. 5, we study
WCRI and its dynamic version between FRn and F, and obtain some results about their
properties. Throughout the paper we assume that the terms increasing and decreasing are

used in non-strict sense.

2 Weighted cumulative past inaccuracy for L,
In this section, we propose a weighted measure of CPI between F;,, and F. For this concept,

we study some properties and characterization results under some assumptions.

Definition 2.1 Let X be a non-negative absolutely continuous random variable with cdf F.
Then, we define the WCPI between F;, (distribution function of the nth lower record

value L)) and F as
[e¢]
IY(Fy,,F) = —f xFy, (x)log F(x) dx

oo h-1
/ Z(] + l)x[FLﬁ2 (%) - Fr, (x)] dx
j=0

Z(/ )EL,,, [Aé)] (2.1)

where A(x) = ( ) is the reversed hazard rate function and Lj,, is a random variable with
log F( 1+1
density function f,,, (x) %

In the following, we present some examples and properties of I"(Fy,, , F).

Example 2.1
(i) If X has an inverse Weibull distribution with the cdf F(x) = exp(—(%)ﬁ ), x>0, then

we have

-1 (]+1 )

I"(Fy,, F) = Z
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(i) If X is uniformly distributed on [0, 6], then we obtain
n-1 1 j+2
I"(Fy,,F) =6 Z(f + 1)(5) .
j=0
(iii) If X has a power distribution with cdf F(x) = [g]ﬁ, 0<x<a, B >0, then we obtain

ﬂ/ﬂ

n-1
P = L0

Proposition 2.2 Let X be a non-negative random variable with cdf F, then we have

I"(Fy,, F) Z / A(z)[ / ~log F(x)] F(x)dx] dz. (2.2)

Proof By (2.1) and using the relation —log F(x) = fxoo (z) dz, we have

I"(Fy,,F) Z/ M F(x)dx
n-1 [} 00 j
= Z/o |;/ A(z) dz}xwﬂx) dx
j=0 * '

Z],/ Z)[/ ~log F(x)] ()dx] dz.

So, the proof is completed. O

The weighted mean inactivity time (WMIT) function of a non-negative random variable
X is given by

fot xF(x) dx

WO =0

, t>0.

Now, the WMIT of L, is given by

ve) ]”01 11, fo xF(x)[-log F(x)V dx

t3)0 F@[-log (1)}

(2.3)

Note that /(¢) is analogous to the mean residual waiting time used in reliability and
survival analysis (for more details, see Bdair and Raqab [2]).

Proposition 2.3 Let X be a non-negative random variable with cdf F. Then, we have

I"(Fy,, F) ZE [Xuy (X)].

Page 4 of 22
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Proof From (2.2) and (2.3), we obtain

1 z
I"(Fy,,F) = / k(z)|:z [ / —log F(x)} F(x)dde

0

+oo n-1
- / > a2y, (@) dz
0 j=0
n-1 100
= Z,U«Z(Z)f/u (2)dz
n-1
= Z]EL/-+1 [X/'LE/(X)
j=0

yielding the claim. 0

Proposition 2.4 Let X be an absolutely continuous non-negative random variable with
I"(Fp,,F) < oo, for all n > 1. Then we have

n-1

1
I"(Fy, F) =y SE(R,(T (2.4)
=

~.

where I v (t) = [ x[-1og F(x)V*! dx.

Proof By using (2.1) and Fubini’s theorem, we obtain

I"(F;,, F) Z/ M[/]‘ dt]dx
Zf f(t) [/ —log F(x )] +1a’x] dt

n-1

ZZI [hzwil( 7))

Pl O

Remark 2.1 Let X be a symmetric random variable with respect to the finite mean u =
E(X),i.e., F(x+u)=1-F(u—x) for all x € R. Then

I"(Fy,, F) = I"(Fg,, F) = 2ul(Fg,,, F),

where jw(l_-"Rn,I_-") is the weighted cumulative residual measure of inaccuracy between I_-"Rn
(survival function of the nth upper record value R,) and F.

Now we can prove an important property of the inaccuracy measure using some prop-
erties of stochastic ordering. For that we present the following definitions:
1. A random variable X is said to be smaller than Y according to stochastic ordering
(denoted by X < Y) if P(X > x) < P(Y > x) for all x. It is known that
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X <Y & E(p(X)) < E(¢(Y)) for all increasing functions (equivalency (1.A.7) in
Shaked and Shanthikumar [13]).

2. A random variable X is said to be smaller than Y in likelihood ratio ordering
(denoted by X <" v) 1f g 1s increasing in x.

3. A random variable X is sa1d to be smaller than a random variable Y in the increasing
convex order, denoted by X <* Y, if E(¢(X)) < E(¢(Y)) for all increasing convex
functions ¢ such that the expectations exist.

4. A non-negative random variable X is said to have a decreasing reversed hazard rate
on average (DRHRA) if @ is decreasing in x.

5. A non-negative random variable X is said to have a decreasing hazard rate on average
(DHRA) if @ is decreasing in .

Theorem 2.5 Suppose that a non-negative random variable X is DRHRA, then

n+l
X
I"(Fy,,, F) = I"(F,, F) < ) B, [ ] (2.5)
= LW
Proof Letf,(x) be the pdf of the nthlower record value X;,,. Then, the ratio ~=—~ J1n @) =

fL 1@ = logF@)
is increasing in x. Therefore, X,,; <" X,,, and this implies that X,,,; <% X,,, i.e., F,1(x) <

F,(x) (for more details, see Shaked and Shanthikumar ([13], Chap. 1)). This is equivalent
(see Shaked and Shanthikumar ([13], p. 4)) to having

for all increasing functions ¢ such that these expectations exist. Thus, if X is DRHRA and

X(x) is its reversed hazard rate, then =% is increasing in x. From (2.1), we have that

/\()

] S

(FLn+1’F)_Z(]+1]EL1+2|:‘“( ]

=

‘ S

< Z(]+ 1) EL1+1|:

l +2)E;, , |: ]
i=—1 § (

=

n-1

= (i+2)E,,, [

) M)

tn [A(X)}
n+1

o]

Thus the proof is completed. O
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Proposition 2.6 Let X be a non-negative random variable with absolutely continuous cu-
mulative distribution function F(x). Then forn=1,2,..., we have

n-1 j+1 ire
I"(Fy,, F) > ZZM 2[F@)]" dx

P G+1-0)0Jy
Proof Since —log F(x) > 1 — F(x), the proof follows by recalling (2.1). O

Proposition 2.7 Let X be a non-negative random variable with absolutely continuous cu-
mulative distribution function F(x). Then forn=1,2,..., we have

I"(Fy,,F) Z / ~logFx)]"' d

Assume that Xy denotes a non-negative absolutely continuous random variable with
the distribution function Hy(x) = [F(x)]?, x > 0. We now obtain the cumulative measure
of inaccuracy between H;, and H as follows:

IY(Hp,,H) = _/+oo xHp, (%) log(H(x)) dx
0
n-1

=Y o / ity 2500) b [F)] dx. (2.6)

1
=0 0 J:

Proposition 2.8 If0 > 1, then forany n = 1,2,..., we have

n-1 n-1
I"(Hy,, H) =Y i+ 1)CE! (Xp) < 07+ 1)CEN (X). (2.7)
j=0 j=0

Proof Suppose that § > 1, then it is clear that [F(x)]? < F(x), and hence we have

n-1 n-1
I"(Hy,, H) =Y (i + 1)CEN, (Xy) < D0/ (+ 1)CEN, (X). -
j=0 j=0

Proposition 2.9 Let X be a non-negative random variable with cdf F, then an analytical
expression for IV (Fy,,, F) is given by

1 /+1
I"(Ey,,F) Z/ L(x] %) dx = Z(]+1)C £r.(%), (2.8)
j=0
where
w * [-logFx)J*!

is a weighted generalized cumulative entropy (WGCE) which was introduced by Kayal and
Moharana [7].
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Proposition 2.10 Let a,b > 0. Then for n=1,2,..., it holds that
I"(Fat, by Fax+s) = @’I"(Fy,,, F) + abl(Fy,,, F). (2.10)

Proof From (2.8), we have
IW( aLly+bs aX+b Z(] + 1 CEJM:,I dX + b)

n-1
= a22(1+ DCE(X) +aby (7 +1)CEj(X)

j=0 j=0

= a’I"(Fy,,F) + abI(Fy,, F).

The proof is completed. g

Recently, Cali et al. [3] introduced a generalized CPI of order m defined as

w(F,G) = p— / log G(x)] (2.11)

In analogy with the measure defined in Eq. (2.11), we now introduce a weighted general-
ized CPI (WGCPI) of order m defined as

I'(F,G) = % /o h xF(x)[~log G(x)]" dx. (2.12)

Remark 2.2 Let X be a non-negative absolutely continuous random variable with cdf F.
Then, the WGCPI of order m between F;, and F is

Iy(Fy,,F) = Wll /0 ooxFLn(x)[— log F(x)]" dx

1

m+] w
Z( )55m+,( ). (2.13)

=0

3 Dynamic weighted cumulative past inaccuracy
In this section, we study a dynamic version of I"(Fy,, F). If a system that begins to work
at time 0 is observed only at deterministic inspection times, and is found to be ‘down’ at

time ¢, then we consider a dynamic cumulative measure of inaccuracy as

, [ F)  (Fx)
R

~ log O (0) - fo A

j+1
Z / = logF (1o POV ) . 3.1)

og(F(x)) dx

= log F(t);/(6) + %

Page 8 of 22
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Note that lim;_, o IV (Fy,,, F; t) = I (Fy,,, F). Since log F(¢) < 0 for ¢ > 0, we have

1 /+1
B < 5 (t)Z / = OgF(x TR F(x)dax
1 & [ [~log Fx)! "(Fy,,F)
it =il e dx=—*tw"7
S [ pw = T

In the following theorem, we prove that I (F;,,, F; t) uniquely determines the distribution

function.

Theorem 3.1 Let X be a non-negative continuous random variable with distribution func-
tion F(-). Let the weighted dynamic cumulative inaccuracy of the nth lower record value be
finite, that is, " (Fy,,, F;t) < 0o, t > 0. Then IV (Fy,,, F; t) characterizes the distribution func-
tion.

Proof From (3.1) we have

IY(F,, F;t) = log F(t), (¢) +

- logP(ac)]’+1
FL" P Z / ——= " F(x)dx. (3.2)

Differentiating both sides of (3.2) with respect to ¢, we obtain
) - -
[P, Fi0)] = R0 -, (O1 (P, i)
= ke () — cOre(OI (Fy,, F32)

= Fe (O (0) - O (Fy,, F 1))
Taking derivative with respect to ¢ again, we get

(RO (Fy, F5t) + oI (FL,, F3t) = t + c()Ar (O (1))

Ap(t) = -
IW(FLynF; t)

(3.3)

Suppose that there are two functions F and F* such that
I"(Fy,, Fst) = I"(Ff ,F*;t) = z(¢).
Then for all ¢, from (3.3) we get
O =9(t70),  AeO =91 0),

where

Y2 [E8)z(t) + c() (2(2) + y5(8) - £]

o(t,y) = 20 ,

and s(t) = ul(t). By using Theorem 2.1 and Lemma 2.2 of Gupta and Kirmani [5], we have
Ar(t) = Ap=(2), for all £. Since the reversed hazard rate function characterizes the distribu-
tion function uniquely, we complete the proof. d
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4 Empirical weighted cumulative past inaccuracy

In this section we address the problem of estimating the weighted cumulative measure
of inaccuracy by means of the empirical weighted cumulative inaccuracy of lower record
values. Let X7, X5,...,X,, be a random sample of size m from an absolutely continuous
cumulative distribution function F(x). Then according to (2.8), the empirical cumulative

measure of inaccuracy is
log E,, (x)V w
I*(Fy,, F) Z f g4 (%) dox = Z(,+ )CEY, (F (4.1)
where
F,,(x) 1 Zm:1 R
m X)=— i <x)» VA 3]

is the empirical distribution of the sample and I is the indicator function. If we denote

Xy < X@) < -+ < X(n) as the order statistics of the sample, then (4.1) can be written as

nlmol o Xgay  [Zlog E ()P
g Fyy(x)]
(., F) szx ,—T () dx. (42)
j=0 k=1
Moreover,
O, X <X(1)
FM(x): %1 X(k) SxSX(k+l)rk:]-727-“1jy
1, x> Xgsn)-

Hence, (4.2) can be written as

i W k!
MELP =Yt (-log ) @3)
j=0 k=1
where Uy = M ,k=1,2,...,m—1 are the sample spacings.

Example 4.1 Consider a random sample X3, X5, ..., X, from the Weibull distribution with
density function

flx)=2x exp(—kxz).

Then Y = X7 has an exponential distribution with mean % In this case, the sample spac-
ings 2Uj = k+1) X(2) are independent and exponentially distributed with mean m
(for more details, see Pyke [12]). Now from (4.3) we obtain

) j+1
E[I*(F,,, F)] = Z Z o k)m ( log ;() (4.4)
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Table 1 Numerical values of E[(F,, F)] and Var[l*(F,, , )] for Weibull distribution

m n=2 n=3 n=4 n=>5
A=05 A=1 A=2 A=05 A=1 XA=2 A=05 A=1 A=2 A=05 A=1 A=2
E(™(F,,, F)]

10 0196 0.098 0049 0.239 0.120 0060  0.261 0.131 0065 0.271 0.135 0.068
15 0134 0.067 0033 0.165 0082 0041 0.181 0.090 0045 0.189 0.094  0.047
20 0102 0.051 0025 0.125 0.063 0031 0.138 0.069 0034 0.145 0.072  0.036

Varl(l" (Fy,,, F)]
10 0063 0016 0004 0072 0018 0004 0076 0019 0005 0077 0019 0005
15 0043 0011 0002 0050 0012 0003 0053 0013 0003 0054 0014 0003
20 0033 0008 0002 0038 0009 0002 0041 0010 0002 0042 0010 0003

Table 2 Numerical values of E[(F,,, F)] and Var[I*(F,,, F)] for beta distribution

m E[*(F,, P Varl("(F,,,, F)]

n=2 n=3 n=4 n=>5 n=2 n=3 n=4 n=>5
10 0.219 0.291 0.330 0.349 0.003 0.004 0.004 0.005
15 0.230 0.309 0.356 0.380 0.002 0.003 0.004 0.004
20 0.235 0319 0370 0397 0.001 0.002 0.003 0.003
and

n-1 m-1 k2 ]( 2(j+1)
Var|I"(F;, ,F)| = —log — . 4.5
[ (E,, F)] ,’Zo 21 4)2(j1)2(m — k)2m?> ( ¢ m) ()

We have computed the values of E[}W(FLn,F)] and Var[jW(FLn,F)] for sample sizes m =
10,15,20, 1 =0.5,1,2 and n = 2,3,4,5 in Table 1. We can easily see that E[jW(FLn,F)] and
Var[jW(FLn,F)] are decreasing in m. Also, we consider that lim,,_, o Var[iW(FLn,F)] =

Example 4.2 Let X1,X>,...,X,, be a random sample from a population with pdf f(x) =
2%, 0 < x < 1. Then the sample spacings 2Uj are independent and beta distributed with
parameters 1 and m (for more details, see Pyke [12]). Now from (4.3) we obtain

n-1 m-1 k j+l
E[1"(Fy,. F)] =§X=32], m+1)m( log — ) (4.6)
and
R n-1 m-1 k2 2(j+1
Var[I*(Fy,, F)] = ;): 2 3G+ 1+ 2 (— log %> ) 4.7)

We have computed the values of E[jW(FLn,F)] and Var[jW(FLn,F)] for sample sizes m =
10,15,20 and n = 2,3,4, 5 in Table 2. We can easily see that Var[iW(FLn, F)] is decreasing in
m and lim,,,_, o Var[}W(FLn,F)] =0.

Theorem 4.1 Let X be an absolutely continuous non-negative random variable such that
I"(Fy,,F) < 00, for all n > 1. Then we have

1"(Ey,,F) — I"(F,,F) as.

Page 11 of 22
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Proof From (2.8) we have

n-1
I"(FL,F) =) G+ 1CEN (Ey), (4.8)
j=0

where

W on % (~log Ep(x)y*! o

Now we can obtain

j Icer ﬁm OO a Ay
% = _/0 #(10g Fyp(@)) " Byul) dx

1 X o .
- / x(log Fy@) " B () dx + / x(log Fy(@)) " B, (x) dx
0 1

= Wi+ W, (4.9)
where
1 A -
Wi = / x(log F,u(x)) " () dx,
0
W, = / x(logﬁm(x))j+1ﬁm(x) dx.
1
Using dominated convergence (DCT) and Glivenko—Cantelli theorems, we have
1 ) e 1 .
/ x(log Fyu(x))" Epu(x) dx —> / x(log F(x))" F(x)dx asm— oc. (4.10)
0 0

It follows that

R 1 &
xPF,(x) < — ZXf.
m
-1

Moreover, by using SLLN, + 3", X? — E(X?) and sup,,(= >, X}) < 00, so F(x) <
x"’(supm(% >, X?)) = Cx?. Now applying DCT, we have

lim W, = / xF(x) (log F(x))" dx. (4.11)
m—> 00 1
Finally, by using (4.8) and (4.9), the result follows. a

5 Weighted cumulative residual inaccuracy for R,
In this section, we propose WCRI between Fp, and F. We discuss some properties of
WCRI such as the effect of a linear transformation, relationships with other reliability

functions, bounds and stochastic ordering.

Page 12 of 22
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Definition 5.1 Let X be a non-negative absolutely continuous random variable with sur-
vival function F. Then, we define the WCRI between Fz, and F as follows:

1*(Ex, B) = - / xEe, () log(E() dax
j+1
Z/ logF Gl = Fx)dx

Z(’ * D, (MX)) &b

f@&) .

where A(x) = % @)

is the hazard rate function and R, is a random variable with reliability

FR/+2

In the following example, we calculate I"'(Fy,, F) for some specific lifetime distributions

which are widely used in reliability theory and life testing.

Example 5.1
(a) If X is uniformly distributed on [0, 0], then it is easy to see that
I"(Fg,,F) = 6 Z}”_Ol %(j +1), for all integers n > 1.
(b) If X has a Weibull distribution with survival function F(x) = sl >0,a,8>0,
a2(1+1 ﬁ 2y
then for all integers # > 1, we obtain I"(Fk,,, F) ﬁ Z" ! (1 )

n(n+1) (n+2)

(c) Let X be an exponential distribution with mean 5 L then I"(Fp, ,F) =50

Proposition 5.2 Let X be an absolutely continuous non-negative random variable with

survival function F. Then, we have

n-1
ZW(PRn’F') = Z(/ + D[y — pjel,
j=0

where |1, = [y Fg,(x) dx.

Proof From (1.10) and (5.1) we have

j+1
I"(Fg,, F) = Z/ Mf—"(x)dx

(] + 1) / FR/+2 (x) /+1 (x)]

n-1
= Z(] + 1) pje2 = il

Jj=0

Proposition 5.3 Leta,b>0. Forn=1,2,..., it holds that

jW(PaR,,+brPaX+b) = aZZW(PRV,rﬁ) + abj(FRy,rl_:)'

Page 13 of 22
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Proof From (5.1) and noting that F,x,,(x) = ﬁ(’%b), we have

10g FaX+b(x)]
'

+oo L oo B(3=b))HL —
=_/ Zx[ og ){( ) Fx<x b)dx
0 - ! a

+00 n 1
I (FaRn+br aX+h) = / aX+b(x)dx

j=0
-1 log Fx(y)J*!
:_/ Z [ og Fx(»)] E () dy
o 3 !
= a’I"(F,,F) + abl(Fy,, F). (5.2)

O

Kayid et al. [8] proposed the combination mean residual life (CMRL) function of X as
the reciprocal hazard rate of the length-biased equilibrium distribution given by

m(t) = m, t>0.
tE(t)

Now, the CMRL of R, is given by

Z;I—BI L[ xF (x)[~ log F(x)V dx
m,(t) = l

t3 5 3E@6)[-logF(6)} >

Proposition 5.4 Let X be an absolutely continuous non-negative random variable with

survival function F. Then, we have

FR,,, Z f Az) [/ logF(x)] ()dx] dz

Proof By (5.1) and the fact that —log F(x) = fg AMz) dz, we have

I"(F, F) Z / logF(x)]”l F(w)dx
Z/+°°|:/ AMz)d :| MF(x)dx

n-1 1 00 . i -
Sl [ D

Proposition 5.5 Let X be a non-negative random variable with survival function F. Then,

we have

n-1
I"(Fg,, F) =Y Eg,, [Xmi(0)].
j=0
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Proof From (5.3) and using Proposition 5.4, we obtain

n-1 oo )
I"(Fg,,F) = /0 A(z)|:z ]1[ f x[—logﬁ(x)]’ﬁ(x)dxﬂ dz

j=0

+oo n-1
_ / 3 o (@, () dz
o %

n-1 +00
= zm, (2)fx;,, (2) dz

n-1

= > Eg,, [Xm,(X)].

j=0
This completes the proof. O

Proposition 5.6 Let X be an absolutely continuous non-negative random variable such
that I"(Fg,, F) < oo, for n > 1. Then, we have

n-1

(B, F) =Y },E[h;zlm], (5.4)

j=0 7"

where
¥ |
b (e )—/(; z[-logF(2)]" dz, x>0.

Proof From (5.1) and using Fubini’s theorem, we obtain

/+1

I"(F, ,F)—Z/OO - logF T F)dz

n-1 1 00 00 _ i
S dx |z[-log F(z)]" d
jzzoj!/o [/Z f(x) x]z[ ogF(2)|" dz

n-1

Z / f(x)[f ~logF(z)] dz]dx ZO}]E v (0] -

Proposition 5.7 Let X be a non-negative and absolutely continuous random variable with

cdf F. Then
n-1 1
Wi, /+1
I*(Fg,, F >Z}—' [+ ()]
j=0

where Y+ (X fo Ll F(x) log F(x) dx.
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Proof From (5.1), we have

1(Fy,. F) = Z / [~ log E)]"
> le / % F(x) logF(x)]]dex

n-1 1 +00 L B j+1
=3 7[- / x 71 E(x) log E(x) dx:| .
0 J! 0
j
This completes the proof. O

The next propositions give some lower and upper bounds for I"(Fy,,, F).

Proposition 5.8 Let X be a non-negative random variable with absolutely continuous cu-
mulative distribution function F(x). Then forn=1,2,..., we have

1"(Eg,,F) < Z / ~log E(x)]™" dx.

Proof By using (5.1), the proof is easy. O

Proposition 5.9 Let X be a non-negative random variable with survival function F(x).
Then forn=1,2,..., we have

S 1) i+
[(FR’F)>ZZL’(I+(1]+L)‘/ A{F] K

j=0 i=0
Proof Since —log F(x) > 1 — F(x), the proof follows by recalling (5.1). O

In the following, we obtain some results on IW(I_-"R,,,I_-") and its connection with notions
of reliability theory.

Proposition 5.10 If X is DFRA, then forn =1,2,..., we have

n+l

I"(Fw,,,, F) - I"(Fg,, F ZERL[A(X)} (5.5)

fRYl+](
Sra®) T

isincreasingin t. Therefore, R, <" R,.1,and this implies that R, < R,,1,i.e., FRn <
I_?Rn , (for more details, see Shaked and Shanthikumar ([13], Chap. 1)). Hence, if X is DFRA
and A(x) is its hazard rate, then ( j is incre asing function of x. So, from (5.1) we have

Proof Suppose that fz, is the pdf of of the nth record value R,. Then, the ratio
—logF(t) .

- - - X
S S
o) = 20085 7

- Z(’“ |66
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= Y (i+2)Eg,, p¥ia

i=—1 - -

L [ X ] X
= 2+ DB 575 E[m}

i=0 -

n-1 X -1 X
= Z(z + 1)Eg,,, 500 Z Riv2 [A(X)] +Er [m}
i=0 i=0
n+l

o X
= I"(Fp, ,F)+;E [W] (5.6)

The proof is completed. d

Proposition 5.11 If X has the exponential distribution with mean p = X, then as the

0’
n n+1)(n+2)

hazard rate is constant, we obtain that I"(F,,F) = w?, which is an increasing

function of n.

Proposition5.12 Let X and Y be two non-negative random variables with reliability func-
tions F(x) and G(x), respectively. If X <"" Y and X is DFRA, then

jw(FRn’F) Siw(éign! G)r (57)
forn=1,2,....

Proof Tt is well known that X <" Y implies X <* Y (see Shaked and Shanthikumar [13]).
Hence, we have

E Ry = Gy

2’

where GR,+2 is the survival function of I~€,»+2. That is, Rj,p <% i€j+2 holds. This is equivalent
(see Shaked and Shanthikumar [13], p. 4) to having

E(p(Rj12)) < E(p(Rj12)),

for all increasing functions ¢ such that these expectations exist. Thus, if we assume that
X is DFRA and A(x) is its failure rate, then ( 5 is increasing and we have

n-1
ZW(FRV,,IE) = Z(]"‘ 1)]ER/+2<)L (X)) Z(] DE Rﬂ()\ (X)>
j=0

On the other hand, X < Y implies that the respective failure rate functions satisfy Ar(x) >
Ag(y). Hence, we have

n-1 n-1 ‘ X Y _
2% (5g0) = 20 % () =1 G

Therefore, using both expressions, we obtain I W(I_-"Rn,l_-" Y <I*(G Ry G). O
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Proposition 5.13 Let X and Y be two non-negative random variables with reliability func-
tions F(x) and G(x), respectively. If X <'** Y, then

(B, B) < (G, , G).

Proof Since hj;; (") is an increasing convex function for j > 0, it follows by Shaked and
Shanthlkumar [13] that X <’* Y implies h LX) < <lex h}ﬁ’rl (Y). By recalling the definition of
increasing convex order and Proposition 5.6 the proof is complete. O

Proposition 5.14 If X is IFRA (DFRA), then for n =1,2,..., we have

n-1

(Fg,, F E (-log F(X)) ] (5.8)

TR

}:0

Proof From (5.1), we have
n-1 +00 T j
I"(Fg,, F)=Y / x[‘lo“’;ﬂ[- log F(x)]E (x) dx. (5.9)
j=0 70 '

Now, since X is IFRA (DFRA), 71%;(") is increasing (decreasing) with respect to x > 0,
which implies that

—F(x)log F(x) < (=)xf (x), x>0. (5.10)
Hence, the proof is completed by noting (5.9) and (5.10). O

Proposition 5.15 Let X and Y be two non-negative random variables with survival func-
tions F(x) and G(x), respectively. If X <" Y, then for n = 1,2,..., it holds that

(e F) _ (G, ©)
EX) — E(Y)

Proof By noting that the function 7}, (x) = fo —log F(z)J*! dz is an increasing convex
function, under the assumption X < Y, it follows, by Shaked and Shanthikumar [13],

that
”X’:E[E[hﬂ()()]] ! 1[ +1(Y)]}
L ECO — il E(Y) [

]

Hence, the proof is completed by recalling (5.1). O

Proposition 5.16
(i) Let X be a continuous random variable with survival function E(-) that takes values
in [0, b], with finite b. Then,

"(Fn,, E) < bI(Fx,, F).
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(ii) Let X be a non-negative continuous random variable with survival function F(-) that

takes values in [a, 00), with finite a > 0. Then,
jw(ﬁRnrl_:) = aj(PRn’P)'

Assume that X; denotes a non-negative absolutely continuous random variable with
the survival function Hy(x) = [F(x)]?, x > 0. This model is known as a proportional haz-
ards rate model. We now obtain the weighted cumulative residual measure of inaccuracy

between Hy, and H as follows:

I"(Hg,,H) = —/0 xH, (x) log(H (x)) dx

n-1

+00 [ r j+1
=) o / xw[ﬁ(x)]edx. (5.11)

1
=0 0 J:

Proposition 5.17 If 6 > (<)1, then for any n > 1, we have

n-1

I*(Hg,, H) < (=) ) (i + DO €L, (X),
Jj=0

where 5]‘?:1( ) is the weighted generalized cumulative residual entropy of X, defined by
Kayal [6] as
+00 l_;v 1 l_: j+1
o0~ [T lee O
/ (G +1)

Proof Suppose that @ > (<)1, then itis clear that [F(x)]’ < (>)F(x), and hence (5.11) yields

n-1
I"(Hg,, H) < (=) ) (i + DO €Y, (X0).

j=0 -

Proposition 5.18 Let X be a non-negative random variable with survival function F(-),

then an analytical expression for I"(Fg,, F) is given by
» % [~log F(x)J"! S ew
1" (g, F) = Z/ g— E@dx =Y (+1ELX). (5.12)
j=0

Theorem 5.19 I"(Fy,,F) = 0 if and only if X is degenerate.
Proof Suppose X is degenerate at point a. Then, obviously, by definition of degenerate

function and definition of I (Fy,,, F), we have I (Fy,, F) = 0.
Now, suppose that IW(I_TR,[,I_?) =0,i.e.,

0 = fo ooxff(x)(- log F(x))" dx = 0. (5.13)
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Then, by noting that the integrand of (5.13) is non-negative, we conclude that

xE@)(~log E@®))*' =0
for almost all x € R*. Thus, F(x) = 0 or 1, for almost all x € R*. O
Remark5.1 Let X be a non-negative absolutely continuous random variable with survival

function F(-). Then in analogy with the measure defined in (2.13), the WGCRI of order m
between Fy, and F is given by

I(Er,, F) % /0 xF, (x)[-log F(x)]" dx

n-1

m+j w
_ Z( . >Em+1(X)

j=0

In the remainder of this section, we study a dynamic version of I (F,, F). Let X be the
lifetime of a system under the condition that the system has survived up to age t. Analo-

gously, we can also consider a dynamic version of ¥ (Fg,, F) as

TW(TL Lof) — _ " FR”(x) @
I"(Fg,, F;t) = /t xl_:Rn(t) log(ﬁ(t)>dx
= logl_-"(t)m;(t) - /woxf_f” ((9:)) log(l_-"(x)) dx
¢ Ry
j+1
= log F(O)mE(t) + =—— = (t) Z / MF(;C) dx. (5.14)
Ry

Note that lim;_, ¢ fw(l_-"Rn,l_-"; t) = IW(FRn, F). Since log F(£) < 0 for ¢ > 0, we have

1
v [=log F(x)J™ -
I"(Fg,, F3t) < 0 Z/ jiF(x)dx
n-l - aic0 r j+ TW(EL 2
- 1 / x[—logl?(x)]’ 1?(x)dx: I EFR”’F),
Fr,(0) 755 J! Fr, (2)

Theorem 5.20 Let X be a non-negative continuous random variable with distribution
function F(-). Let the weighted dynamic cumulative inaccuracy of the nth record value sat-
isfy jw(l_-"Rn,ﬁ; £)<00,t>0. Then I W(ﬁRn,? ;t) characterizes the distribution function.

Proof From (5.14) we have

n-l oo 1 r j+1
> / x%l_’(@ dx. (5.15)

jW(PRn,I_-"; t) = logﬁ(t)mﬁ,(t) + =
R (2) 0
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Differentiating both sides of (5.15) with respect to ¢, we obtain

L [1(Eey F3 )] = ~elem©) + 2, OF (B, st
= —Ap(O)m(t) + cO)Ap ()" (Fr,, F; 1)

= A (O[cOI" (Fr,,, ) - m(1)].

Taking derivative with respect to ¢ again, we get

(o < GO OO 0) + QO B B + 0 T F0)
o %IW(FRH,F;t) .

(5.16)
Suppose that there are two functions F and F* such that

1%(Fo, Fst) = 1" (E  E*51) = 2(0).
Then for all ¢, from (5.16) we get

e =0(tAr®),  Ap () = ot Ap (1)),

where

Y2[E()2(2) + c(£) (Z(2) - y3(2)) + £]
F70)

w(tJ) =

’

and 5(t) = m¢(t). By using Theorem 3.2 and Lemma 3.3 of Gupta and Kirmani [5], we
have Ap(t) = Ap=(¢), for all ¢. Since the hazard rate function characterizes the distribution
function uniquely, we complete the proof. O

6 Conclusions

In this paper, we discussed the concept of a weighted past inaccuracy measure between
F;, and F. We proposed a dynamic version of WCPI and studied its characterization re-
sults. We have also proved that I (F;,,, F; t) uniquely determines the parent distribution F.
Moreover, we studied some new basic properties of I (Fy,,, F) such as the effect of a linear
transformation, relationships with other reliability functions, bounds and stochastic order
properties. We estimated the WCPI by means of the empirical cumulative inaccuracy of
lower record values. Finally, we proposed the WCRI measure between the survival func-
tion F, and F. We also studied some properties of I (Fy,, F) such as the connections with
other reliability functions, several useful bounds and stochastic orderings. These concepts
can be applied in measuring the weighted inaccuracy contained in the associated past
(residual) lifetime.
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