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1 Introduction
Let H and KC be complex Hilbert spaces, and let 5(#) and B(#, KC) be the set of all bounded
linear operators on H and the set of all bounded linear operators from H to K, respectively.

Theorem 1.1 (Fuglede—Putnam theorem, [3, 10]) Let S € B(H), T € B(K), and X €
B(H,K). If S, T are normal operators, then SX = XT ensures S*X = XT*.

Theorem 1.2 ([14]) Let S € B(H), T € B(K). The following assertions are equivalent.
(1) IfSX = XT, then S*X = XT*.
(2) If SX = XT, then [R(X)] reduces S, where [R(X)] means the closure of range R(X) of X,
ker X reduces T, S|rpoy) and T | e x)L are unitarily equivalent normal operators.

For S € B(H), T € B(K), and X € B(H,K), (S5,X,T) € FP means Fuglede—Putnam
theorem holds for the triplet (S, X, T), that is, SX = XT ensures S*X = XT*. Similarly,
(S,T) € FP means (S,X, T) € FP holds for all X € B(#H, K).

There are various extensions of Fuglede—Putnam theorem for non-normal operators in-
cluding dominant operators (an operator 7 is called dominant if, for each complex number
z, there exists M, > 0 such that (T —2)*(T -z) > M%(T —z)(T —2)*), (p, k)-quasihyponormal
operators (defined by T*K|T|#T* > T*K|T*|* T*, where 0 < p < 1 and k is a nonneg-
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ative integer, a (p,0)-quasihyponormal operator means a p-hyponormal operator), w-
hyponormal operators (defined by (|T*|%|T||T*|%)% > |T*|, the class of w-hyponormal
operators coincides with class A(%, % ), and so on. See [1, 2, 11-13, 15, 18].

Among others, Tanahashi, Patel, and Uchiyama [15] proved three kinds of Fuglede—
Putnam type theorems with kernel conditions as follows.

(I) Fuglede—Putnam type theorems with restrictions on ker S or ker T*.

Theorem 1.3 ([15]) Let S be (p, k)-quasihyponormal and T* be (p, k)-quasihyponormal
or dominant.

(1) IfkerS = {0} or ker T* = {0}, then (S, T) € FP.

(2) IfkerS CkerS* and ker T* Cker T, then (S,T) € FP.

It is known that every dominant operator has a reducing kernel, so the condition
ker T* C ker T in (2) of the above theorem in the case when T* is dominant holds.

(II) Fuglede—Putnam type theorems with restrictions on ker X or ker X*.

Theorem 1.4 ([12, 15]) The following assertions hold.
(1) Let S be (p, k)-quasihyponormal and T be normal. If X has a dense range, then
(S,X,T) € FP and S is normal.
(2) Let S be p-hyponormal and T* be (p, k)-quasihyponormal. If ker X = {0}, then
(S,X,T) € FP and T is normal.

(IIT) Fuglede—Putnam type theorems with restrictions on ker S, ker §*, and ker X*.
g typ

Theorem 1.5 ([15]) Let S and T* be (p,k)-quasihyponormal. If kerS C kerS** and
ker §** C ker X*, then (S, X, T) € FP.

In this paper, we shall show extensions of Theorems 1.3—1.5 via the following classes of
operators based on hyponormal operators.

FP(N) := {SI(S, T) € FP holds for each normal operator T*}.
FP(H) := { S|(S, T) € FP holds for each hyponormal operator T*}.
FP(p-H) := {S|(S, T) € FP holds for each p-hyponormal operator T*}.

It is clear that FP(N) D FP(H) 2 FP(p-H).
A part of an operator is its restriction to a closed invariant subspace. A class of operators
is called hereditary if each part of an operator in the class also belongs to the class.

Remark 1.6 It is well known that the class FP(p-H) includes many classes of operators,
such as dominant operators [11-13, 18], (p, k)-quasihyponormal operators with reducing
kernels [15, 17], and w-hyponormal operators with reducing kernels [1]. Moreover, it is
known that the classes above also belong to the class of hereditary FP(H) (denote this
class by HFP(H)), that is, every restriction of an operator to its closed invariant subspace
also belongs to the class. See [1, 7, 13, 16, 18].

In Sect. 2, some elementary properties of FP(H) are considered. For example, the re-
ducibility of invariant subspaces of FP(NN) operators; the relations between HFP(H) and
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HFP(p-H); the relations between Fuglede—Putnam type theorems with kerS = {0} or
ker T* = {0} and Fuglede—Putnam type theorems with reducing kernels. Sections 3—5 are
devoted to generalizations of Theorems 1.3—1.5, respectively. Among others, it is proved
that Theorem 1.3 holds if T* is a w-hyponormal operator, Theorem 1.4 holds if 7* in The-
orem 1.4(1) and S in Theorem 1.4(2) are replaced with a (p, k)-quasihyponormal operator,
and Theorem 1.5 holds without the restriction ker S C ker S**. Lastly, an example is given

which says that some kernel conditions in Fuglede—Putnam type theorems are inevitable.

2 Elementary properties of FP(H)
By observation, the definitions of FP(N), FP(H), and FP(p-H) are equivalent to the follow-

ing assertions.

FP(N) := {T| (S, T*) € FP holds for each normal operator S},
FP(H) :={T|(S, T*) € FP holds for each hyponormal operator S},

FP(p-H) := {T| (S, T*) € FP holds for each p-hyponormal operator § }

In order to consider the reducibility of invariant subspaces of an operator, four properties
are introduced in [20]. Let M be a nontrivial closed invariant subspace of T and T'| »( be
the restriction of 7 on M.

R; If the restriction T'|a is normal, then M reduces T.

R, If there exists a positive integer k such that for each M C [R(T*)], the assertion that

T| p is normal ensures that M reduces T.

R3 If T| pq is normal and injective, then M reduces T.

Ry If A #0, then ker(T — ) reduces T.

It is obvious that the property R; can be regarded as the case k = 0 of R,. An operator
T € R; means T has the property R;, i = 1,2,3,4. It is known that, for each i € {1,2,3},
T € R; implies T € R;;; [20, Lemma 2.2]. There exists an operator T such that T € R3 and
T ¢ R, (Example 5.3(4)).

Lemma 2.1 The following assertions hold.
(1) If T € FP(N), then T € Ry.
(2) If T is a (p, k)-quasihyponormal or w-hyponormal operator with reducing kernel,
then T € R;.
(3) If T is (p, k)-quasihyponormal, then T € R,.

Lemma 2.1 is a generalization of [15, Lemma 2.2].

Proof (1) Let M be a nontrivial closed invariant subspace of T, T = (Tél ;212) on M @
T11 O

M, T1y = T| o be normal, and P = Pp4 be a projection. Since ( 0 0) isnormal and TP =
(7 0) = P("80), T < FPUN) implies 5P = ({727 ) = (" 2). Then Tiy = 0 and M
reduces T.

(2) The assertion follows by Remark 1.6.
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(3) Let M C [R(TY)], T = (T“ le) on M @& M*, Ty = T|p be normal and P = Pyy.

0 Toy
Then

T~ Tu(Tn)* + Tha(Th)*  Tio(T2)*
Ty (Tho)* Ton(T)* | 1)

2,
P|T[*P = PP gy | T Pigiy P = P|T*| 7 P.

By Hansen’s inequality and Loewner—Heinz’ inequality [5], [4, p.127],

<(T11)*T11

p
0 8) = (PIT1?P) = P|T|?P > P|T*[*P

> P(TPT*)’P = (TPT*Y = T(Tn)*) o\’
> ! ).

The normality of T}y implies (T7*)” = ( 'Tzlfp 2), where A is an operator and B is a positive
semidefinite operator.

Let (TT*)% = (;(* ;), again, by Hansen'’s inequality and Loewner—Heinz’s inequality,
0 0

1
2p 2 2 2
('T“| 0) - (P(TT*Y'P)? > P(TT*)% P > P(TPT*)" P = ('T;” g) .

So X = |Ty P, (TT*) = (TT*)%)? = ('Tllii’“”* _* ), where * means some elements of the

matrix.
2
Thus ¥ = 0, (TT%)% = ("1 ), and 77" = (17955 = ("™ %), Then Ty, = 0 follows
0o zr
by (1). 0

Aluthge introduced Aluthge transform T = | T|Y2U|T|"? where the polar decomposi-
tion of T is T = U|T|. For each s >0 and ¢ > 0, T(s,t) = |T|*U|T|" is called generalized
Aluthge transform.

Lemma 2.2 ([9]) Lets>0,t>0, T € A(s,t). If T(s, t) is quasinormal (normal), then T is

quasinormal (normal).

Lemma 2.3 ([6, 19]) If T is p-hyponormal and o = min{p + s,p + t,s + t}, then
(T(s,8)" T(5, ) > (T(s,)T(s,8)") .

Lemma 2.4 HFP(H) = HFP(p-H).

Proof 1t is sufficient to prove HFP(H) € HFP(p-H).

Page 4 of 11
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Let T* € HFP(H), S be p-hyponormal and SX = XT. Decompose S, T, X into

5= (5“ 512) e B([R(X)] @ kerX*),

T; 0
T=(" e B([R(X*)] ® kerX), 2)
Ty Ty
Xu 0 . .
X=\"y & € B([R(X*)] & ker X, [R(X)] & ker X*).
Then
SuX 0 X1 T; 0
SX=XT <+ HA = ("0 —  SuXu=XuTn, (3)
0 0 0 0
SN = XT* e (Su1)*Xu 0 _ Xu(Tn)* Xu(Tn)*
(S12)*X11 0 0 0
= (S1) X =X (T1)", (S12)" X1 = 0= X1 (Ton)™ (4)

Since S, T* € R; by Lemma 2.1 and X7 is quasiaffine, it is sufficient to prove (S11, 711) €
FP. By the assumption, Sj; is p-hyponormal and T}, € FP(H).

If % <p <1, by Lemma 2.3, the Aluthge transform SH(%, %) of S11 is hyponormal and
(511(%, %), T11) € FP. So

SuXn =X11Tn

11 1 1
= Sul =z JISul2 X = [Sul2 X1 Tn

2°2
11\ =» <
[RS1112 X11)] 2°2

— s 11 (s 11
11 2) ) = 11 2) 2
is normal. The assertion “Xj; is quasiaffine” implies that

where (S11(3,3))]

’

1
ker(X};181112)

. [R(Isnl%lxn)] .
[R(1S1112X11)] = [R(1S1112)] and ker(X}, [S11|2) = ker(1S11]) € kerS11(5, 5). Then S11 (3, 3) =
(Sn(%,%))l[]{“gl”)] @ 0 is normal, S1; is normal by Lemma 2.2, and (S11, T11) € FP for
T}, € FP(H).

If0<p< %, then SH(%, %) is (p + %)-hyponormal and (Su(%, %), T11) € FP in the case
% < p < 1. Similar to the proof of the case % <p<l, Su(%,% = (511(%, %))|[R(|sm)] ®O0is
normal, S1; is normal and (S11, T11) € FP for T}, € FP(H). O

Lemma 2.5 Let Cy, C, be two classes of operators with heredity. The following assertions
(1)-(2) are equivalent to each other, (1) ensures (4) and (3) ensures (4).

(1) IfS € Cy withkerS ={0} and T* € C,, then (S, T) € FP.

(2) If S € Cyand T* € Cy with ker T* = {0}, then (S, T) € FP.

(3) If Se€ Cyand T* € Cy with ker T* = {0}, then (S, T) € FP.

(4) IfS € Cy withkerS CkerS* and T* € C, withker T* C ker T, then (S, T) € FP.
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Proof Since
SX=XT <& X'S"=T*X* and S'X=XT* <& X'S=TX",
we have
($,X,T)eFP & (T*,X*,S*)eFP and (S,T)eFP <& (T*,S*)€FP. (5)

By (5), it is sufficient to prove (1) = (4) and (3) = (4).
(1) = (4) Let ker S C ker S* and ker T* C ker T. Decompose S, T, X into

S= (5(1)1 8) e B([R(S")] @ kerS),

T

(1;)“ 8) e B([R(T)] @ ker T*), ©6)

X= (X“ X12> e B([R(T)] @ ker T*, [R(S")] @ kerS).
Xo1 X

Then ker $1; = {0} = ker T},

X X X1 T 0
SX = XT SuXu  SuXi _(XuTn
0 0 XnTi1 O
—=  SuXu=XuTu, SuXip=0=XyT1, (7)

(S11)"Xn1 (511>*X12> ) (XH(TH)* o)

SX=XT" = = .
0 0 Xo1(Tw)* 0

— (Sll)*Xll = Xll(Tll)*: (Sll)*XIZ =0= XZI(TII)*' (8)

By heredity and (1), (S11, T11) € FP. Since ker S1; = {0} = ker T7;, the assertion S1;X;2 =0 =
X21 T11 1mphes X12 =0= X21. So that (S, T) e FP.
(3) = (4) The assertion holds in a similar manner to (1) = (4). O

Lemma 2.6 Let C be a class of operators with heredity. The following assertion (1) en-
sures (2).

(1) IfS e CwithkerS ={0} and T* € FP(N), then (S, T) € FP.

(2) If S e CwithkerS C kerS* and T* € FP(N), then (S, T) € FP.

Proof The proof is similar to the proof of [8, Theorem 7]. Let ker S C ker S*. Decompose
S, XintoS=S,®S, onH =H; ®H, where S, and S, are normal part and pure part of S,
respectively,
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Then ker S, = {0},
SX=XT SnX11 _ XuT ,
SpXo1 XaT
S*X X, T
S*X = XT* (IS e
S;XZI XZIT*

Since T* € FP(N), (S,, T) € FP follows. By kerS, = {0} and (1), (S,,T) € FP and (S, T) €
EP. O

3 Extensions of Theorem 1.3
Theorem 3.1 Let S be (p, k)-quasihyponormal and T* be (p, k)-quasihyponormal, or dom-
inant, or w-hyponormal.
(1) IfkerT* = {0}, then (S, T) € FP.
(2) If T* is (p, k)-quasihyponormal, ker S C ker S*, and ker T* C ker T, then (S, T) € FP.
(3) If T* is dominant and ker S C ker S*, then (S, T) € FP.
(4) If T* is w-hyponormal, ker S C ker S*, and ker T* Cker T, then (S, T) € FP.

Tanahashi et al. [15, Theorems 2.5, 2.7, 2.10-2.12] proved the case “T* is (p, k)-quasi-
hyponormal or dominant” of Theorem 3.1. Here we prove Theorem 3.1 by using the class
HFP(H) (Remark 1.6). Theorem 3.1 means that Theorem 1.3 holds if 7* is a w-hyponormal
operator.

Lemma 3.2 ([7, 16]) Let T be (p, k)-quasihyponormal.
(1) If T*H is not dense and T = (Tél 2;) on [T*H] @ ker T**, then Ti, is p-hyponormal,
T%, =0, and o (T) = o (T1;) U {0}.
(2) Each restriction T|aq of T to its invariant subspace M is also

(p, k)-quasihyponormal.

Lemma 3.3 Let S be (p, k)-quasihyponormal and T* € HFP(H).
(1) IfkerT™ = {0}, then (S, T) € FP.
(2) IfkerS CkerS*, then (S,T) € FP.

Proof By Lemma 2.1(1), every FP(N) operator has a reducing kernel. Thus, by Lemma 2.5,
we only need to prove (1). Let SX = XT. As in the proof of Lemma 2.4, (2)—(4) hold. By
ker T* = {0} and Lemma 3.2(2),

SuXin=XuTn = kerS}; ={0}, Sy is (p,k)-quasihyponormal,

thus S, is p-hyponormal follows by Lemma 3.2(1). Hence (S11, T11) € FP by T;; € HFP(H)
and Lemma 2.4. So S;; is normal and injective. Lemma 2.1(3) ensures S;2 = 0. Since X1,
is quasiaffine, by Theorem 1.2 and Lemma 2.1(1), T1; is normal and T5; = 0 hold. So that
the assertion holds by (4). O

Proof of Theorem 3.1 (1) If ker T* = {0}, then T* € HFP(H) by Remark 1.6, and the asser-
tion follows by Lemma 3.3(1).
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(2) If T* is (p, k)-quasihyponormal and ker T* C ker T, then T* € HFP(H) (Remark 1.6).
So ker S C ker S* and Lemma 3.3(2) ensure (S, T') € FP.
(3)—(4) hold in a similar manner to (2). O

4 Extensions of Theorem 1.4
Theorem 4.1 The following assertions hold and they are equivalent to each other.

(1) Let S be (p, k)-quasihyponormal, let T* be (p, k)-quasihyponormal with reducing
kernel, or dominant, or w-hyponormal with reducing kernel. If ker X* = {0}, then
(S,X,T) € FP and S is normal.

(2) Let S be (p, k)-quasihyponormal with reducing kernel, or dominant, or

w-hyponormal with reducing kernel, let T* be (p, k)-quasihyponormal. Ifker X = {0},
then (S,X,T) € FP and T is normal.

Theorem 4.1 implies that the normal operator 7* in Theorem 1.4(1) can be replaced
with a (p, k)-quasihyponormal operator with reducing kernel, or a dominant operator, or
a w-hyponormal operator with reducing kernel; and the p-hyponormal operator S in The-
orem 1.4(2) can be replaced with a (p, k)-quasihyponormal operator with reducing kernel,

or a dominant operator, or a w-hyponormal operator with reducing kernel.

Lemma 4.2 The following assertions hold and (1) is equivalent to (2).
(1) IfS is (p, k)-quasihyponormal, T* € HFP(H), and ker X* = {0}, then (S,X, T) € FP
and S is normal.

(2) IfS € HFP(H), T* is (p, k)-quasihyponormal and X is injective, then (S, X, T) € FP
and T is normal.

Proof According to (5), it is sufficient to prove (1). Decompose S, T, X into

S= (S“ S”) € B([SH] @ ker S¥),

0 S»
T:(YSI 8)66([TIC]€BkerT*), ©)

X X
x=["1 2 € B([TK] @ ker T*, [SH] @ ker S*).
Xo1 X

Since X has a dense range,

SX=XT = [XTK]=[SXK]=I[SH]

= X5 =0, kerXj; =kerX;, = {0}. (10)
Then
S11X SuX S X X1 T 0
SX < XT uXu SuXip +50X») _ (Xnln
0 $22X22 0 0

=  SuXu =XuTi, SuXio + S1aXa = S22X =0, (11)

Page8of 11
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S X = XT* ((S”)*X“ (S11)" X1z ):(Xn(Tn)* 0)

(S12)" X1 (S12)* X1z + (S22)* X2 0 0
== ($1)"Xn =Xu(Tw)"

($11)*X12 = (812)" X11 = (S12)" X12 + (S22)" Xo2 = 0. (12)

Since S1; is (p, k)-quasihyponormal, T3, € HFP(H) and ker T3, = {0}, (S11, T11) € FP by
Lemma 3.3. So S11 = Si1l[rxyy)) is normal, ker S, = {0} follows by S11.X1; = X1:T11 and
ker X7, =ker T7; = {0}.

Then S15 = 0 holds by Lemma 2.1(3). Equation (11) and kerS;; = kerX;, = {0} imply
X132 = Sy = 0. The assertion holds by (12). O

According to Remark 1.6, Theorem 4.1 follows by Lemma 4.2 directly.

5 Extensions of Theorem 1.5
Theorem 5.1 The following assertions hold and they are equivalent to each other.

(1) Let S be (p, k)-quasihyponormal, let T* be (p, k)-quasihyponormal, or dominant, or
w-hyponormal with reducing kernel. If ker §** C ker X*, then (S,X,T) € FP and S is
normal.

(2) Let S be (p, k)-quasihyponormal with reducing kernel, or dominant, or
w-hyponormal with reducing kernel, let T* be (p, k)-quasihyponormal. If
ker T% Cker X, then (S, X, T) € FP and T is normal.

Theorem 5.1(1) holds for every (p, k)-quasihyponormal operator 7* and implies that the
restriction ker S C ker S*f in Theorem 1.5 is redundant.

Lemma 5.2 The following assertions hold and they are equivalent to each other.
(1) IfS is (p, k)-quasihyponormal, T* € HFP(H) and ker S*™* C ker X*, then
(S,X,T) e FP.
(2) IfS € HFP(H), T* is (p, k)-quasihyponormal and ker T* C ker X, then (S, X, T) € FP.

Proof By (5), it is sufficient to prove (1). Decompose S, T, X into

S= (S” Su) € B([S*H] @ ker §*),

0 Sy
T= (21 T(;) € B([R(X*)] @ ker X), (13)

X = (Xn 0) € B([R(X*)] @ ker X, [SkH] @kerS*k).
X O

The condition ker S** C ker X* implies that R(X) € [S*H], Xo; = 0 and ker X, = {0}. Thus

SX = XT SuXn 0 _ XuTu 0
0 0 0 0

) =  SuXu =XuTu, (14)

SX=XT" — (Su)"Xu=Xu(T)" (S12)*X11 =X11(To1)* =0. (15)
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The operator Sy; is p-hyponormal follows by Lemma 3.2. Since each p-hyponormal op-
erator has a reducing kernel and T}, € HFP(H), (S11, T11) € FP follows. Hence Si1|[rex))
(= Slreoy) and Thilrxp)s(= Ti1) are unitarily equivalent normal operators. So T»; = 0
holds by Lemma 2.1(1), S5 = 0 by [R(X)] € [S*H], and (3) of Lemma 2.1. Therefore the
assertion holds by (15). O

Proof of Theorem 5.1 1t is sufficient to prove (1). If T* is dominant or w-hyponormal with
reducing kernel, the assertion is a direct result of Lemma 5.2.

If T* is (p, k)-quasihyponormal, as in the proof of Lemma 5.2, (13)—(15) hold. Since
S11 is p-hyponormal and ker X;; = {0}, (S11,X11, T11) € FP holds by Lemma 4.2(2). Then
Siilireani (= Slirey) and T1p are normal operators, and S;; = 0 follows by [R(X)] € [S*H]
and Lemma 2.1(3).

Furthermore, let P = Pp(s), and x € ker 11, then P(S*S)PP > P(SS*)PP and S*Sx = 0 =
(S*S)Px. Hence 0 = ((S*S)?Px, Px) > {(SS*)? Px, Px) = ||(SS*)177x||2, x € ker(SS*)% N [R(SY)] =
ker S* N [R(S¥)] € ker §** N [R(S¥)] = {0}. Therefore ker S;; = {0}. Thus, by Lemma 2.1,

SuXn=XuTn = kerTun={0} = Tyn=0.
So (S,X,T) € FP follows. O

At the end, we give an example which implies that some kernel conditions in Fuglede—
Putnam type theorems above are crucial.

Example5.3 Letk > 2 be a positive integer, S be an operator such that ¥~ # 0 and S* = 0.
(1) Sand S* are (p, k)-quasihyponormal with ker S # 0 and ker S* # 0, and (S, S, S) ¢ FP.
(2) Let P = Pppgi1y), then ker S ¢ ker $* and (S, P,1 - P) ¢ FP.

(3) Let P = Pjg(sk-1)), then ker P* #0 and (S, P, 1 - P) ¢ FP.
(4) If k = 2, then S is a quasiclass A operator, S € R; and S ¢ R,.

Example 5.3(1)—(2) says that, if T* is (p, k)-quasihyponormal, the kernel condition
ker T* = {0} in Theorem 3.1(1) is inevitable. Example 5.3(3) implies that the kernel condi-
tion ker X* = {0} in Theorem 4.1(1) is crucial.

Lemma 5.4 ([20]) If ker(T — 1) C ker(T — A)* for a fixed number A, then ker(T — ) =
ker(T — 1) and ker(T — 1) L ker(T — ) for each i # A.

Lemma 5.5 ([20]) Let k be a positive integer, T € k-QA(n), and T = (Tél YT;Z) on MO M-+,
(1) If[R(T*)] € M, then T%, = 0 and o(T) = o (T1;) U {0}.
(2) If T € k-QA(n) and M C [R(T*)], then Ty1(= T|pm) € A(n).

Proof of Example 5.3 (1) By S* = 0 = S*, S and S* are (p, k)-quasihyponormal. If ker S =
0, then ker S¥ = kerS = 0 and it contradicts the condition kerS¥~! # 0. So kerS # 0, and
ker S* # 0 holds in a similar manner.

If ker S C ker S*, then Lemma 5.4 implies ker S* = kerS. It also contradicts the condition
§*-1 0. Hence ker S ¢ ker S*, S*S # SS*, and (S, S, S) ¢ FP.

(2) The assumption S* = 0 implies SP = 0 = P(1 — P). By (1), ker S does not reduce S. So
$*P#0=P(1-P)and (S,P,1 - P) ¢ FP.
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(3) If ker P* = ker S**-1 = 0, then ker S* = ker S* = 0. It contradicts the condition S* = 0.
Hence ker P* # 0 and (S,P,1 - P) ¢ FP.
(4) Since
$2=0 = R(S)CkerSCkerS®=ker|s’| = §*|S*|S=0=S5*S]S,

S is a quasiclass A operator. By Lemma 5.5 and §? = 0, S = (0 Slz) on H = [SH] & ker S*.

00
The assumption S # 0 ensures S13 # 0, s0 S|(s] = 0 is normal and [SH] does not reduce S.
Hence S € R3 [20, Theorem 2.4] and S ¢ R,. O
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