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1 Introduction
In 1960, Opial [1] established the following interesting and important inequality.

Theorem A Suppose that f € C[0,a] satisfies f(0) = f(a) = 0 and f (x) > 0 for all x € (0, a).
Then the inequality holds

/0 ey ) de < /0 (7)) dx, (L1)

where this constant a/4 is best possible.

Opial’s inequality and its generalizations, extensions, and discretizations play a funda-
mental role in establishing the existence and uniqueness of initial and boundary value
problems for ordinary and partial differential equations as well as difference equations
[2-6]. Inequality (1.1) has received considerable attention, and a large number of papers
dealing with new proofs, extensions, generalizations, variants, and discrete analogues of
Opial’s inequality have appeared in the literature [7-18].

Recently, some new Opial’s inequalities for the conformable fractional integrals have
been established (see [19-22]). In the paper, we introduce two new concepts of Katugam-
pola conformable partial derivatives and a-conformable integrals. As applications, we es-
tablish some Opial type inequalities for Katugampola conformable partial derivatives and
o-conformable integrals.
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2 Inequalities for Katugampola conformable partial derivatives
We recall the well-known Katugampola derivative formulation of conformable derivative
of order for € (0,1] and t € [0, 00), given by

= lim f4(tegti ) _f(t),

Do (f)(®) = lim - (2.1)
and
D,(f)(0) = }i_{I(l)Da(f)(t), (2.2)

provided the limits exist. If f is fully differentiable at ¢, then

4

_ 4l
Do (f)(t) = ¢ 7

(t).

A function f is a-differentiable at a point ¢ > 0 if the limits in (2.1) and (2.2) exist and are
finite. Inspired by this, we propose a new concept of «-conformable partial derivative. In
the way of (2.1), we define «-conformable partial derivative.

Definition 2.1 (¢-conformable partial derivative) Let o € (0,1] and s,¢ € [0,00). Sup-
pose that f(s, ) is a continuous function and partially derivable, the «-conformable partial
derivative at a point s > 0, denoted by %(f ) (s, 1), is defined by

fse™ ", 8) —f(s, )
e

%(f)a(s, £) = lim (23)

provided the limits exist, and is called o-conformable partially derivable.
To generalize Definition 2.1, we give the following definition.

Definition 2.2 (Katugampola conformable partial derivative) Let « € (0,1] and s,¢ €
[0,00). Suppose that f(s,#) and 8%(f )a(s,£) are continuous functions and partially deriv-
able, the Katugampola conformable partial derivative, denoted by % (f)a2 (s, 2), is defined
by

92 9 o (S, et %y _ 9 o (s,
2 50l B3 0) o0

provided the limits exist, and is called Katugampola conformable partially derivable.

Definition 2.3 («-conformable integral) Leta € (0,1],0 <a < b,and 0 < ¢ < d. A function

fx,9):[a,b] x [c,d] > R is a-conformable integrable if the integral

/ab /Cdf(x:y) dox dyy := /j/cd(xy)alf(x,y) dxdy (2.5)

exists and is finite.
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Lemma2.1 Leto € (0,1],s,¢ € [0,00), and f (s, t), g(s, t) be Katugampola conformable par-
tially differentiable, then

, 02 0 q .,
m(f Qu2(s,8) =f"(g(s,1)) - 7597 @268 + Qa5 1) - E(f (g(s,1))),(5,2), (2.6)
where f has derivative at g(s, t).

Proof From Definitions 2.1 and 2.2, we obtain

—(fog)a(s ) —(f(g(s 1)), (1)
_ 1—013
-2 ato0)
=57 () 5 a(6.0)

-/ (e(5:0) 5 @us )

Hence
3
2 if oot - (g(fog)a(s,t)> (5,1
i <f (g, t)) - (@5, t)) (s,2)
_pe? (p N
=t (f (¢(s,1)) - -@als, t))
—1_0‘3 ! 3 1-a g/ 33
- l60) - @5+ £ (ets0) - 1 (5 @(o0)
= D @uts ) L (a50)), 0+ (65 1) - o (@a(s0)
= 5,060 (M (€6:0)) 60 +f(els.1) - 5 5 @ (s,
This completes the proof. 0

This similar chain rule theorem is important, but it is also understood. In order for the
reader to better understand this theorem, we give another proof below.

Second proof Let
8= g(se“_a, t) —g(st).
Obviously, if ¢ — 0, then § — 0. From the hypotheses, we obtain

d [0
m(fog) 2(s, ) ar( (f(g(s,1))), (s,t))a(s,t)

< f(glse™™, 1)) —f(g(Srt))> (5.0)
Bt 8%0 e

(Hof(g(s,ma) ) “i“§> o

e—>0¢g

t

Page 3 of 8



Zhao and Cheung Journal of Inequalities and Applications (2019) 2019:51

33 p <f (g6s, t)) 55 @als t)) (s,2)
- l5.0) - 2,005+ @al5) - (7 (el5,), 50
This completes the proof. d
Theorem 2.1 Let p(s,t),u(s,t) : [a,b] x [c,d] = R with a,c > 0 be Katugampola con-
formable partially derivable such that %(p)az (s,£) >0, @ € (0,1] and p(a,c) = p(a,d) =

p(b,c) = p(b,d) =0, and F be derivable on [0,00) and F' be increasing. Let ¢ be a convex

and increasing function on [0, 00), and define

Z(”)‘//a at

Then

b opd( g2 / (s, 2
[ [ o r(osno ()

+ %(Z)a(s, £)- %(F/(z(s, 1)), (s t)} dysdyt

2 |2 (0,0, ”')d ) e
(// 2 patst (dsdt@)az@,n ssdat ), (9)

2(0,7) - ('30“( W2 0, T”)daa dy. 2.7)
808r(p) (U ‘L’)

where

2 (F'(z(s,1))), (s,8) =" %F’ (z(s,1)).

ot
Proof Let
y(s,t)—// 2(0,7)|dyo dyT
such that
2
_ t
asat(y = |59 2 )‘

and y(s, £) > |u(s, £)|. Since ¢ is convex and increasing, by using Jensen’s inequality, we get

(p(lu(s,t)l) - gD(y(s,t)>
pls,t) ) — pls,t)
32
/s ft af«;f (0, T)M dyo dyt
:@( aaar(P)Z‘”) )
L ()2 (0, 7) doo dy T

legiks
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Iaaar(”) (U r)l)d d
< o5 | [ oo o EEEEC D o
. aaaz(y) 2(0, T))
(s,t)// dodT 9097 P07 <am;f(19)a2(0 9 dyodyt.  (2.9)

From (2.9) and noting that F’ is increasing, and Lemma 2.1, (2.7) and in view of that F is

derivable on [0, 00), we obtain

b rd( 52 / (s, 2
[ [ o (oo ()

2@l ) (F(al5,0),6 t)} dysdyt

b prd 82
S/ / {@(z)az(s,t)-l-"’(z(s,t))
(z)a(s, t)- 0 (F/(z(s,t))) (S,t)}dasdat
/ / —(Foz)az(s,t)d Sdgyt
d 82 s t 82
/ / 858t< </a/b doar P

go(w) d,o da‘l,'>) (s,t)dysdyt

do 0T (p) J t)
d a2 92
= </ / 9 T).¢<M) dﬂgdar)
00T (p)a2(o' T
o (1) 2(5,0)| ) )
=F s BSE—— ) dysdyt ).
</ / FETa ( 2 ptn )
This completes the proof. O
Remark 2.1 Putting ¢(x) = x in (2.7), we have
/ / { 5 8t(u) z(s,t)’ F’ |u(s,t)|
3t(y) S50 S (F50)), 60| disct
( U)g2(s, ) dasdat>, (2.10)
where
y(s,t)—/ / pyem w2(0,7)|dyo dy.
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This inequality (2.10) is just a two-dimensional generalization of the following inequality
which was established in [20] and [21]:

b b
/ IDyu(t)| -F’(|u(t)|)dat§F</ |Dau(t)|dat).

Theorem 2.2 Let o, p(s, t), u(s, t), z(s, t), ¢, F be as in Theorem 2.1 and replace [a, b] x [c, d]
by [0,a] x [0, b]. Let h be a concave and increasing function on [0, 00), and ¢ be a continuous
and positive function on [0, 00) and such that

1 F(z(a,b)) t
—(FOZ)“2(S’t) (p(asat(z)az(s,r))f 2(@,b) 'd’(z(a,b)>‘ (&0
Then
(150425, 8) >)F( . (Iu(s,t)l))
//: <8s8t 50 ¢< (D)2 (s,t) e s
, - (2(s,8))a(s, )
1/’<8 at(Z) 2(S»t)> (F (Z(S»t))) (s,2) - W}dasdat
3 |2 ()2 s, )|>d ., )
<<P</ / 88t(p) 2(s,t <—asat(1”) ) WSdqt ), (2.12)
where

w<r>=rh<¢<§)>, 2.13)
and
O(r)=F(r)- h( / / ( )d sd, t) (2.14)

Proof From (2.9), we have

|u(s, 2)] z(s, t)
w( p(s, ) ) = pls,t) (2.15)

From (2.7), (2.15), (2.13) (2 times), Lemma 2.1, and noting that / is a concave, increasing
and using reverse Jensen’s inequality, and (2.11) and (2.14), we obtain

(B m)) ( . <|u<s,z>|)>
//{ (8 gt P9 w( 2 D)a2(s8) R 7ery

(Z)ot (s,2)
a3t 77 (2)a2 (5,2)

1//(8 8t(z) 2(s, L‘)) (F’(z(s,t))) (s, 1) - }dasdat

<[ / { (asat o ”)'F/(Z(S’t))

h<¢<;)) (Dals, 1) (F’(Z(syﬂ)) (S’ﬂ}dwsdaf

3597 (@)a2 (8, 1)
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92 ,
/ / << (z) (s t))>'(@(zm(&t)f(z(s,n)
asat ZACH

+ %(z)a(s, £) - %(F’(z(s, 1)),,(s, t)) dysdyt

o Jy 5t F 02 5,1) - WA dusdat

— dsdz(z /‘ /‘ —(Foz)az(s’t)d vt
fo 0 32at (Foz)u(s,t)dysdyt

JELE 2 (F 0 2)qa(s,8) - ¢(m) dosd.t
=< h( —— asat ot )F(z(a, b))
S o A (F 0 2),2(s5,6) dus dut
fo b 1’-"(7Z abb ( th))danat
z(a. z a' F ’b
: ( F(z(a, b)) > (2(a,b))
= ®(z(a, b))
a pb 92 52 ;
:¢(/ / a—(p)az(sy ) ¢<M> d(xsdat>.
o Jo dsot 2 3t(19) 2(S, t)
This completes the proof. .

Remark 2.2 Putting ¢(x) = x in (2.12), we have

b 82 ,
[ (| satsn]) P (s s

<o
0

@ (I’t)ot2 (S’

dys dat) —Ny(a, b), (2.16)

where

., %(z)a(S’ t)
Ny(a,b) / / <8s8t w2(8 ,t)) . &(F (z(s, t)))a(s, t)- ;27 dysdyt.

2 @Dals1)

This inequality (2.16) is just a two-dimensional generalization of the following inequality
which was established in [21]:

b |Dau<t)|)> ( (|u(t)|>)
/0 vf(Dapm w( ) (v () ) et
b |Dyut)|
=2 (/0 Daptt)- ¢( Dup0) >d“t)’

where Dyp(t) = D, (p)(2), ¥ (r) = rh(q)( )) and ®(r) = (r)h(q)([f)), and % is a concave and
increasing function on [0, 00).
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