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1 Introduction
To model various phenomena in climate systems, geophysical, environmental, and so on,
the Navier–Stokes equations may be coupled with other equations. Coupled with Navier–
Stokes equations and the transport equations for temperature, the Boussinesq equa-
tion as a two-dimensional coupled system of Navier–Stokes equations and temperature-
dependent transport equations can be used to describe the oceanic gravity currents [3, 9].

Recently there have been a few works related to the stochastic Boussinesq equation con-
centrating on various topics. For example, [13] and [18] are devoted to well-posedness
problems while using different types of solution to deal with low regularity. [1, 19], and
[15] study the random dynamics of the Boussinesq systems under diverse conditions on
noise or random boundary and show the existence of random attractor. [10] considers the
existence, uniqueness, and attraction properties of an ergodic invariant measure for the
Boussinesq equations with degenerate Gaussian noise. [7, 16], and [20] progress gradually
in the technical level and provide the large deviations principle for the Boussinesq equa-
tions with different random conditions. It is worth mentioning that all but a few works
above are done under various Gaussian noises. Due to low regularity caused by noise or
nonlinear terms, they may use weak, mild, or martingale solutions. However, we find that
Levy noise with the characteristic of jump is really special in influencing the driven Boussi-
nesq system, and the classical solution notion may not be appropriate, despite of [13] and
[20], especially for further problems like ergodicity. So we adopt the original idea of [8]
and put forward with “fragile solution”.

To be specific, this article is concerned with the Boussinesq equations perturbed by Levy
noise. The aim is to prove the existence and uniqueness of a special type of global solu-
tions on the condition that Poisson measure possesses a σ -finite characteristic measure.
Then we show that the related system possesses invariant measures. The novelty is that we
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adopt a special type of solution definition (fragile solution) to conquer low regularity, then
we apply it successfully by obtaining well-posedness and studying statistically asymptotic
behavior. To accomplish this, we develop a novel progressive stopping time technique to
obtain the necessary a priori estimates. The critical point is that this method enables us
to decompose the difficulties into several parts and tackle with the crucial regular prob-
lems. We believe that the current results can be generalized to other nonlocal models or
the ones driven by more irregular noise. To illustrate this, in the last section we general-
ize the argument for stochastic Boussinesq equations to a class of abstract stochastic 2D
hydrodynamical type systems driven by Levy noise with suitable modification. Roughly
speaking, we can also obtain well-posedness for 2D magneto-hydrodynamic equation, 2D
Boussinesq model for the Benard convection, 2D magnetic Benard problem, and 3D Leray
α model for Navier–Stokes equations driven by Levy noise.

The rest of the paper is organized as follows. Section 2 is devoted to some preliminar-
ies on notations, lemmas, and especially the definition of fragile solutions. In Sect. 3, we
prove the existence and uniqueness of global fragile solution for the Boussinesq equa-
tion perturbed by Levy noise. In Sect. 4, we obtain the existence of equilibrium for the
considered system. Finally, some discussions on the generalizations to abstract stochastic
hydrodynamical equations driven by Levy noise are presented in Sect. 5.

2 Preliminary
In the current paper, we study the stochastic Boussinesq equations driven by Levy white
noises

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

∂u
∂t + (u · ∇)u – ν�u + ∇p = θe2 + Q1 dW1(t) +

∫

U f (u(t–), w)Ñ1(dt, dw),
∂θ
∂t + (u · ∇)θ – k�θ = u2 + Q2 dW2(t) +

∫

U g(θ (t–), w)Ñ2(dt, dw),

∇ · u = 0,

u|∂D = 0, u(0) = u0, θ (0) = θ0,

(2.1)

with velocity u = u(x, t) = (u1, u2) ∈ R2, salinity θ = θ (x, t) ∈ R, pressure p, x = (ξ ,η) ∈ D ⊂
R2. e2 ∈ R2 is a unit vector in the upward vertical direction. Q1 and Q2 are of trace class.
W1(·) (W2(·), respectively) is an (L2(D))2 (L2(D), respectively)-valued cylindrical Wiener
process. f (g , respectively) is a measurable mapping from some measurable space U to
(L2(D))2 (L2(D), respectively). Ñ1 and Ñ2 are compensated Poisson measures on [0,∞)×U
with intensity measures λ1 an λ2 being σ -finite measures on B(U). Assume that Wi(t) and
Ñi(dt, du) are independent.

Let L2(D) be the Hilbert space. Denote H = (L2(D))2 ×L2(D) with the scalar product and
the induced norm

(φ,ψ) =
∫

D
φ(x)ψ(x) dx, |φ|2 = (φ,φ), ∀φ ∈ H.

Set V = V1 ×V2 = (H1(D))2 ×H1(D), then V is a product Hilbert space, of which the scalar
product and the induced norm are given by

(φ,ψ)V =
∫

D
∇φ · ∇ψ dx, ‖φ‖2

V = (φ,φ)V = ‖φ1‖2
V1 + ‖φ2‖2

V2 .
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By the classical interpolation inequality, there exists C1 > 0 such that, for u ∈ V1, θ ∈ V2,

|u|2(L4(D))2 ≤ C1|u|‖u‖V1 , |θ |2L4(D) ≤ C1|θ |‖θ‖V2 . (2.2)

Define an unbounded linear operator A = (νA1, kA2) : H → H by

(A1u, v) = (u, u)V1 , (A2θ ,η) = (θ ,η)V2 , ∀u, v ∈ D(A1),∀θ ,η ∈ D(A2),

where D(A1) = V1 ∩ (H2(D))2, D(A2) = V2 ∩ H2(D), and D(A) = D(A1) × D(A2).
Introduce the following bilinear operators B1, B2 for every u, v, w ∈ V1, θ ,η ∈ V2:

(
B1(u, v), w

)
=

∫

D
[u · ∇v]w dx =

∑

i,j=1,2

∫

D
ui∂ivjwj dx,

(
B2(u, θ ),η

)
=

∫

D
[u · ∇θ ]η dx =

∑

i,j=1,2

∫

D
ui∂iθjηj dx.

Denote

Aφ =

(
νA1u
kA2θ

)

=

(
–ν�u
–k�θ

)

,

Bφ =

(
B1(u, u)
B2(u, θ )

)

=

(
(u · ∇)u
(u · ∇)θ

)

.

We will need some lemmas with regard to the properties of A and B.

Lemma 2.1 ([1, Lemma 2.2]) A is a positive, self-adjoint operator satisfying

(Aφ,φ) ≥ ρ‖φ‖2
H, ρ = min(ν, k),φ ∈ D(A).

Lemma 2.2 ([7, Lemma 3.4]) For u, v, w ∈ V1, θ ,η ∈ V2, there holds
(1) (B1(u, v), v) = 0, (B2(u, θ ), θ ) = 0,
(2) (B1(u, v), w) = –(B1(u, w), v), (B2(u, θ ),η) = –(B2(u,η), θ ).

Lemma 2.3 ([7, Lemma 3.5]) For u ∈ V1, θ ,η ∈ V2, φ = (u, θ ), there holds
(1) |B1(u, v)|V ′

1
≤ |u|2L4 ≤ C1‖u‖|u|,

(2) |(B2(u, θ ),η)| ≤ ‖η‖ · |u|L4 · |θ |L4 ≤ C1‖η‖ · |u| 1
2 ‖u‖ 1

2 · |θ | 1
2 ‖θ‖ 1

2 .

To ease notation, set

X =

(
u
θ

)

, Q =

(
Q1

Q2

)

, W =

(
W1

W2

)

F(x, w) =

(
f (u, w)
g(θ , w)

)

, R(X) =

(
–θe2

–u2

)

,

Ñ(dt, dw) =

(
Ñ1(dt, dw)
Ñ2(dt, dw)

)

, λ =

(
λ1

λ2

)

, X(0) = x =

(
u0

θ0

)

.
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Note that Ñ(ds, dw) is the compensated Poisson measure with intensity measure λ. We
will consider the following equivalent abstract stochastic evolution equation in the sequel:

Xt = x –
∫ t

0
AXs ds –

∫ t

0
B(Xs) ds –

∫ t

0
R(Xs) ds

+
∫ t

0
Q dWs +

∫ t

0

∫

U
F(Xs–, w)Ñ(ds, dw). (2.3)

Due to the low regularity of the noise, we cannot expect that the solution X to equation
(2.3) is square integrable in time with values in V. So we introduce the following uncon-
ventional definition.

Definition 2.1 A fragile solution to equation (2.3) is a progressively measurable stochastic
process Xt in [0, T] with

X(ω) ∈ C
(
[0, T]; H

) ∩ L2(0, T ;D
(
A

1
4
))

for a.e. ω ∈ Ω , such that

(Xt ,φ) +
∫ t

0
(Xs, Aφ) ds +

∫ t

0

(
B(Xs,φ), Xs

)
ds +

∫ t

0

(
R(Xs,φ), Xs

)
ds

= (x,φ) +
∫ t

0

∫

U

(
F(Xs–, u),φ

)
Ñ(ds, du) + (Wt , Qφ)

a.e. for all t ∈ [0, T] and all φ ∈ D(A).

Note that this definition coincides with the generalized solution introduced by [8]. Here
we adopt the name “fragile” to distinguish from “weak”.

Now we impose some hypotheses on F , which are also included in [5]. Suppose that
{Uk}k≥1 are the measurable subsets of U on the condition that Uk ↗ U and λ(Uk) < ∞.
There exist positive constants C and K such that, for some α ∈ [1/4, 1/2),

(H1) Q : H → H is a linear bounded operator, whose range R(Q) is dense in D(A 1
4 + α

2 )
and D(A2α) ⊂ R(Q) ⊂ D(A 1

4 + α
2 +ε) for some ε > 0;

(H2)
∫

U |AαF(0, u)|2λ(du) = C;
(H3)

∫

U |Aα(F(x, u) – F(y, u))|2λ(du) ≤ K |Aα(x – y)|2;
(H4) supx∈H

∫

Uc
m

|AαF(x, u)|2λ(du) → 0, as m → ∞.

3 Global solutions
3.1 λ(U) < ∞
Throughout this subsection we suppose that λ(U) < ∞. Noting that the character measure
λ(U) is finite, we will rearrange the jump times of N(dt, du). Let the jump times of N(dt, du)
be σ1(ω) < σ2(ω) < · · · , then on [0,σ1), equation (2.3) can be regarded as the equivalence
of the following deterministic integral equation:

Xt = x –
∫ t

0
AXs ds –

∫ t

0
B(Xs) ds –

∫ t

0
R(Xs) ds

+
∫ t

0
Q dWs +

∫ t

0

∫

U
F(Xs–, z)λ(ds, dz). (3.1)
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It is well known that the Ornstein–Uhlenbeck process z is the solution of

⎧
⎨

⎩

dzt + Azt dt = Q dWt ,

z0 = 0.

Lemma 3.1 If hypothesis (H1) holds, then z ∈ C0([0, T],D(A1/4+α/2)) a.s.

Proof Since A 1
4 + α

2 +ε is continuous in H by the closed graph theorem and A– 1
2 – ε

2 is Hilbert–
Schmidt in H, A– 1

4 + α
2 + ε

2 Q = A– 1
2 – ε

2 (A 1
4 + α

2 +εQ) is a Hilbert–Schmidt operator on H. Let ek ,
k ∈ N be the normalized eigenfunctions corresponding to the eigenvalues 0 < λ1 ≤ λ2 ≤
· · · of A. Letting Qen =

∑∞
k=1 qnkek and σ 2

k =
∑∞

n=1 q2
nk , one finds that

∞∑

k=1

σ 2
k λ

– 1
2 +α+ε

k =
∞∑

k=1

∞∑

n=1

q2
nkλ

– 1
2 +α+ε

k =
∣
∣A– 1

4 + α
2 +εQ

∣
∣
HS < ∞.

With this inequality, one can proceed similarly as [8, p. 411] did to obtain

E|zt|4
D(A

1
4 + α

2 +ε0 )
≤ 2

( ∞∑

n=1

σ 2
n λ

– 1
2 +α+2ε0

n

)2

for some ε0 < 1
2ε. �

By the change of variable Yt = Xt – zt , we transform equation (2.3) into

Yt = x –
∫ t

0
AYs ds –

∫ t

0
B(Ys + zs) ds –

∫ t

0
R(Ys + zs) ds

+
∫ t

0

∫

U
F(Xs + zs, z)λ(dz, dt). (3.2)

Theorem 3.1 If hypotheses (H1)–(H3) hold, then for ∀x ∈ D(Aα), there exists a unique
solution X of (3.1) such that, for a.s. ω ∈ Ω ,

X.(ω) – z.(ω) ∈ C
(
[0, T],D

(
Aα

)) ∩ L
4

1–2α
(
0, T ;D

(
A

1
4 + α

2
)) ∩ L2(0, T ;D

(
A

1
2 +α

))
.

The transition semigroup associated with (3.2) is a Feller Markov process.

Proof Our strategy is to utilize the Galerkin method. Denote En = span{e1, e2, . . . , en},
Pn : H → En is an orthonormal projection. Consider the following ordinary differential
equation:

⎧
⎨

⎩

dY n
t

dt = –AY n
s – PnB(Y n

s + zn
s ) – PnR(Y n

s + zn
s ) +

∫

U F(Y n
s + zn

s , u)λ(du),

Y n
0 = Pnx,

(3.3)

where zn
t is the Ornstein–Uhlenbeck process satisfying

⎧
⎨

⎩

dzn
t + Azn

t dt = PnQ dWt ,

zn
0 = 0.
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Multiplying equation (3.3) by Y n
t yields

1
2

d
dt

∣
∣Y n

t
∣
∣2 +

∥
∥Y n

t
∥
∥2

= –
(
PnB

(
Y n

t + zn
t
)
, Y n

t
)

–
(
PnR

(
Y n

t + zn
t
)
, Y n

t
)

+
∫

U

(
F
(
Y n

s + zn
s , u

)
, Y n

t
)
λ(du)

≤ ∣
∣
(
B
(
Y n

t , Y n
t
)
, zn

t
)∣
∣ +

∣
∣
(
B
(
zn

t , Y n
t
)
, zn

t
)∣
∣ +

∣
∣Y n

t + zn
t
∣
∣
∣
∣Y n

t
∣
∣ +

∫

U

(
F
(
Y n

s + zn
s , u

)
, Y n

t
)
λ(du)

≤ 1
2
∥
∥Y n

t
∥
∥2 + C1

∣
∣zn

t
∣
∣4
L4

∣
∣Y n

t
∣
∣2 + C1

∣
∣zn

t
∣
∣4
L4 +

∣
∣Y n

t + zn
t
∣
∣
∣
∣Y n

t
∣
∣

+
∫

U

∣
∣Y n

t
∣
∣
∣
∣F

(
Y n

s + zn
s , u

)
– F(0, u) + F(0, u)

∣
∣λ(du)

≤ 1
2
∥
∥Y n

t
∥
∥2 + C1

∣
∣zn

t
∣
∣4
L4

∣
∣Y n

t
∣
∣2 + C1

∣
∣zn

t
∣
∣4
L4 +

∣
∣Y n

t + zn
t
∣
∣
∣
∣Y n

t
∣
∣ + λ(U)

∣
∣Y n

t
∣
∣2

+
2K
λα

1

[∣
∣Y n

t
∣
∣2 +

∣
∣zn

t
∣
∣2] +

C
λα

1

≤ 1
2
∥
∥Y n

t
∥
∥2 +

[

2 + λ(U) + C1
∣
∣zn

t
∣
∣4
L4 +

2K
λα

1

]
∣
∣Y n

t
∣
∣2 +

(

1 +
2K
λα

1

)
∣
∣zn

t
∣
∣2

+ C1
∣
∣zn

t
∣
∣4
L4 +

C
λα

1
,

where C1 is a positive constant, whose value may change from one line to another. By the
way, we will abuse notation in this way in the sequel. By Gronwall’s inequality, we get

sup
0≤t≤T

∣
∣Y n

t
∣
∣2 +

∫ T

0

∥
∥Y n

t
∥
∥2 dt

≤ |x|2e
∫ T

0 [4+2λ(U)+2C1|zn
t |4

L4 + 4K
λα

1
] dt

+
∫ T

0
e
∫ t

0 [4+2λ(U)+2C1|zn
t |4

L4 + 4K
λα

1
] ds

[(

2 +
4K
λα

1

)
∣
∣zn

t
∣
∣2 + 2C1

∣
∣zn

t
∣
∣4
L4 +

2C
λα

1

]

dt. (3.4)

From this we conclude that {Y n
t }n≥1 is bounded in L∞(0, T ; H) ∩ L2(0, T ; V), because zn

t

has continuous trajectories with values in D(A 1
4 ) ⊂ [L4(O)]2. Consequently, Y n

t cannot
explode in finite time.

Multiplying equation (3.3) by A2αY n
t and applying the interpolation inequality

∣
∣A

1
4 + α

2 Y n
t
∣
∣2 ≤ C1

∣
∣AαY n

t
∣
∣
∣
∣A

1
2 Y n

t
∣
∣, (3.5)

we have

1
2

d
dt

∣
∣AαY n

t
∣
∣2 +

∣
∣A

1
2 +αY n

t
∣
∣2

= –
(
PnB

(
Y n

t + zn
t
)
, A2αY n

t
)

–
(
AαPnR

(
Y n

t + zn
t
)
, AαY n

t
)

+
∫

U

(
AαF

(
Y n

s + zn
s , u

)
, AαY n

t
)
λ(du)

≤ C1
∣
∣A

1
4 + α

2
(
Y n

t + zn
t
)∣
∣2∣∣Aα+ 1

2 Y n
t
∣
∣ +

∣
∣
(
AαPnR

(
Y n

t + zn
t
)
, AαY n

t
)∣
∣
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+
∣
∣
∣
∣

∫

U

(
AαF

(
Y n

s + zn
s , u

)
, AαY n

t
)
λ(du)

∣
∣
∣
∣

≤ C1
∣
∣A

1
4 + α

2
(
Y n

t + zn
t
)∣
∣2∣∣Aα+ 1

2 Y n
t
∣
∣ +

∣
∣Aα

(
Y n

t + zn
t
)∣
∣
∣
∣AαY n

t
∣
∣ + λ(U)

∣
∣AαY n

t
∣
∣2

+ 2K
[∣
∣AαY n

t
∣
∣2 +

∣
∣Aαzn

t
∣
∣2] + C

≤ 2C1
∣
∣AαY n

t
∣
∣
∣
∣A

1
2 Y n

t
∣
∣
∣
∣Aα+ 1

2 Y n
t
∣
∣ + 2C1

∣
∣A

1
4 + α

2 zn
t
∣
∣2∣∣Aα+ 1

2 Y n
t
∣
∣

+
(
2 + λ(U) + 2K

)∣
∣AαY n

t
∣
∣2 + (2K + 1)

∣
∣Aαzn

t
∣
∣2 + C

≤ 1
2
∣
∣A

1
2 +αY n

t
∣
∣2 + C2

∣
∣A

1
2 Y n

t
∣
∣2∣∣AαY n

t
∣
∣2 + C2

∣
∣A

1
4 + α

2 zn
t
∣
∣4 +

(
2 + λ(U) + 2K

)∣
∣AαY n

t
∣
∣2

+ (2K + 1)
∣
∣Aαzn

t
∣
∣2 + C

≤ 1
2
∣
∣A

1
2 +αY n

t
∣
∣2 +

(
2 + λ(U) + 2K + C2

∣
∣A

1
2 Y n

t
∣
∣2)∣∣AαY n

t
∣
∣2 + C2

∣
∣A

1
4 + α

2 zn
t
∣
∣4

+ (2K + 1)
∣
∣Aαzn

t
∣
∣2 + C.

Gronwall’s inequality implies

sup
0≤t≤T

∣
∣AαY n

t
∣
∣2 +

∫ T

0

∣
∣A

1
2 +αY n

t
∣
∣2 dt

≤ ∣
∣Aαx

∣
∣2e

∫ T
0 [4+2λ(U)+4K+2C2|A 1

2 Y n
t |2] dt +

∫ T

0
e
∫ t

0 [4+2λ(U)+4K+2C2|A 1
2 Y n

s |2] ds[2C2
∣
∣A

1
4 + α

2 zn
t
∣
∣4

+ 2(2K + 1)
∣
∣Aαzn

t
∣
∣2 + 2C

]
dt. (3.6)

Since zn
t has continuous trajectories with values in D(A 1

4 + α
2 ) ⊂ D(Aα), we derive from

this and (3.4) that {Y n
t }n≥1 is bounded in L∞(0, T ;D(Aα)) ∩ L2(0, T ;D(A 1

2 +α)). Noting the
interpolation inequality

∣
∣A

1
4 + α

2 Y n
t
∣
∣ ≤ C1

∣
∣AαY n

t
∣
∣

1
2 +α∣

∣A
1
2 +αY n

t
∣
∣

1
2 –α , (3.7)

we get Y ∈ L 4
1–2α (0, T ;D(A 1

4 + α
2 )). Utilizing weakly and weakly ∗-convergent subsequences

and noting that zn is strongly convergent to z, one obtains the existence of a solution Y ∈
L∞(0, T ;D(Aα)) ∩ L2(0, T ;D(A 1

2 +α)) ∩ L 4
1–2α (0, T ;D(A 1

4 + α
2 )). By the classical argument (cf.

[17, Chap. 3]), we get Y ∈ C(0, T ;D(Aα)).
Finally, we examine the uniqueness. Suppose that Y (1) and Y (2) are two solutions, then

d(Y (1)
t – Y (2)

t )
dt

+ A
(
Y (1)

t – Y (2)
t

)
+ B

(
Y (1)

t – Y (2)
t , Y (1)

t + zt
)

+ B
(
Y (2)

t + zt , Y (1)
t – Y (2)

t
)

+ R
(
Y (1)

t – Y (2)
t , Y (1)

t + zt
)

+ R
(
Y (2)

t + zt , Y (1)
t – Y (2)

t
)

=
∫

U

[
F
(
Y (2)

t + zt , u
)

– F
(
Y (1)

t + zt , u
)]

λ(du).

Therefore, by Lemma 2.3,

1
2

d|Y (1)
t – Y (2)

t |2
dt

+
∥
∥Y (1)

t – Y (2)
t

∥
∥2

≤ ∣
∣
(
B
(
Y (1)

t – Y (2)
t , Y (1)

t + zt
)
, Y (1)

t – Y (2)
t

)∣
∣ +

∣
∣
(
B
(
Y (2)

t + zt , Y (1)
t – Y (2)

t
)
, Y (1)

t – Y (2)
t

)∣
∣
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+
∣
∣
(
R
(
Y (1)

t – Y (2)
t , Y (1)

t + zt
)
, Y (1)

t – Y (2)
t

)∣
∣ +

∣
∣
(
R
(
Y (2)

t + zt , Y (1)
t – Y (2)

t
)
, Y (1)

t – Y (2)
t

)∣
∣

+
∫

U

∣
∣
(
F
(
Y (2)

t + zt , u
)

– F
(
Y (1)

t + zt , u
)
, Y (1)

t – Y (2)
t

)∣
∣λ(du)

≤ C1
∥
∥Y (1)

t – Y (2)
t

∥
∥
∣
∣Y (1)

t – Y (2)
t

∣
∣
L4

∣
∣Y (1)

t + zt
∣
∣
L4

+ C1
∥
∥Y (1)

t – Y (2)
t

∥
∥
∣
∣Y (1)

t – Y (2)
t

∣
∣
L4

∣
∣Y (2)

t + zt
∣
∣
L4

+
∣
∣Y (1)

t – Y (2)
t

∣
∣ · ∣∣Y (1)

t + zt
∣
∣ · ∣∣Y (1)

t – Y (2)
t

∣
∣ +

∣
∣Y (1)

t – Y (2)
t

∣
∣ · ∣∣Y (2)

t + zt
∣
∣ · ∣∣Y (1)

t – Y (2)
t

∣
∣

+
∫

U

∣
∣F

(
Y (2)

t + zt , u
)

– F
(
Y (1)

t + zt , u
)∣
∣ · ∣∣Y (1)

t – Y (2)
t

∣
∣λ(du)

≤ 1
4
∥
∥Y (1)

t – Y (2)
t

∥
∥2 + C2

∣
∣Y (1)

t – Y (2)
t

∣
∣2
L4

∣
∣Y (1)

t + zt
∣
∣2
L4 + C2

∣
∣Y (1)

t – Y (2)
t

∣
∣2
L4

∣
∣Y (2)

t + zt
∣
∣2
L4

+
[∣
∣Y (1)

t + zt
∣
∣ +

∣
∣Y (2)

t + zt
∣
∣
]∣
∣Y (1)

t – Y (2)
t

∣
∣2 + λ(U)

∣
∣Y (1)

t – Y (2)
t

∣
∣2 +

1
λα

∣
∣Y (1)

t – Y (2)
t

∣
∣2

≤ 1
4
∥
∥Y (1)

t – Y (2)
t

∥
∥2 + C2

∥
∥Y (1)

t – Y (2)
t

∥
∥
∣
∣Y (1)

t – Y (2)
t

∣
∣
∣
∣Y (1)

t + zt
∣
∣2
L4

+ C2
∥
∥Y (1)

t – Y (2)
t

∥
∥
∣
∣Y (1)

t – Y (2)
t

∣
∣
∣
∣Y (2)

t + zt
∣
∣2
L4

+
[∣
∣Y (1)

t + zt
∣
∣ +

∣
∣Y (2)

t + zt
∣
∣
]∣
∣Y (1)

t – Y (2)
t

∣
∣2 + λ(U)

∣
∣Y (1)

t – Y (2)
t

∣
∣2 +

1
λα

∣
∣Y (1)

t – Y (2)
t

∣
∣2

≤ 1
2
∥
∥Y (1)

t – Y (2)
t

∥
∥2 + C3

[∣
∣Y (1)

t + zt
∣
∣4
L4 +

∣
∣Y (2)

t + zt
∣
∣4
L4

]∣
∣Y (1)

t – Y (2)
t

∣
∣2

+
[∣
∣Y (1)

t + zt
∣
∣ +

∣
∣Y (2)

t + zt
∣
∣
]∣
∣Y (1)

t – Y (2)
t

∣
∣2 + λ(U)

∣
∣Y (1)

t – Y (2)
t

∣
∣2 +

1
λα

∣
∣Y (1)

t – Y (2)
t

∣
∣2.

Applying Gronwall’s inequality, we arrive at the uniqueness. �

Theorem 3.2 If hypotheses (H1)–(H3) hold, then for ∀x ∈ D(Aα), there exists a unique
solution X of (2.3) such that, for a.s. ω ∈ Ω ,

X.(ω) – z.(ω) ∈ C
(
[0, T],D

(
Aα

)) ∩ L
4

1–2α
(
0, T ;D

(
A

1
4 + α

2
)) ∩ L2(0, T ;D

(
A

1
2 +α

))
.

The transition semigroup associated with (2.3) is a Feller Markov process.

Proof Theorem 3.1 yields that for x ∈ D(Aα), equation (3.2) has a unique solution X satis-
fying X. – z. ∈ C([0, T],D(Aα)) ∩ L 4

1–2α (0, T ;D(A 1
4 + α

2 )) ∩ L2(0, T ;D(A 1
2 +α)). Hence we can

define on [0,σ1] that

X(1)
t =

⎧
⎨

⎩

X(t), t < σ1,

Xσ1– + F(Xσ1–, Pσ1 ), t = σ1,

where Pt is a stable Poisson point process on R+ × U with intensity measure λ(du) dt.
Next, on [σ1,σ2) define

X̃0 = X(1)
σ1 I(σ1<∞), σ̃2 = (σ2 – σ1)Iσ1<∞ + ∞I(σ1=∞),

F̃t = Fσ1+t , P̃(t) = (θσ1 P)(t)I(σ1<∞).
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P̃t is still a stable point process with intensity measure λ(du) dt. Likewise, equation (3.2)
has a unique solution X̃ satisfying X̃. – z. ∈ C([0, T],D(Aα)) ∩ L 4

1–2α (0, T ;D(A 1
4 + α

2 )) ∩
L2(0, T ;D(A 1

2 +α)) corresponding to the initial value X̃0. It is reasonable to define on [0,σ2]
that

X(2)
t =

⎧
⎪⎪⎨

⎪⎪⎩

X(1)(t), t ≤ σ1,

X̃t–σ1 , σ1 < t < σ2,

X̃(σ2–σ1)– + F(X̃(σ2–σ1)–, Pσ2 ), t = σ2.

Fixing T > 0, the Poisson point process Pt has only finite jumps on [0, T]. Therefore, choos-
ing the first integer N to satisfy σN+1 ≥ T , the method above can be iterated finite times to
get X(N)

t . It is straightforward to show that X(N)
t is the unique solution satisfying equation

(2.3). �

3.2 λ(·) being the σ -finite measure
Theorem 3.3 If hypotheses (H1)–(H3) hold, then for ∀x ∈ D(Aα), there exists a unique
solution X of (2.3) such that, for a.s. ω ∈ Ω ,

X.(ω) – z.(ω) ∈ C
(
[0, T],D

(
Aα

)) ∩ L
4

1–2α
(
0, T ;D

(
A

1
4 + α

2
)) ∩ L2(0, T ;D

(
A

1
2 +α

))
.

The transition semigroup associated with (2.3) is a Feller Markov process.

Proof For every n ≥ 1, consider the equation

⎧
⎨

⎩

dY n
t + AY n

t dt + B(Y n
t + zt) dt + R(Y n

t + zt) dt =
∫

Un
F(Y n

t– + zt–, u)Ñ(dt, du),

Y n
0 = x.

(3.8)

Hereafter, we define ΞZ(t) := Z(t) – Z(t–). By Itô’s formula in [12], one finds that

∣
∣Y n

t
∣
∣2

= |x|2 +
∫ t

0

(
2Y n

s–, dY n
s
)

+
∑

s≤t

(
Ξ

(∣
∣Y n

s
∣
∣2) –

(
2Y n

s–,ΞY n
s
))

= |x|2 +
∫ t

0

(
2Y n

s–, –
[
AY n

s + B
(
Y n

s + zs
)

+ R
(
Y n

s + zs
)]

ds
)

+
∫ t

0

∫

Un

(
2Y n

s–, F
(
Y n

s + zs, u
))

Ñ(ds, du)

+
∫ t

0

∫

Un

(∣
∣
(
Y n

s– + F
(
Y n

s + zs, u
))∣

∣2 –
∣
∣Y n

s–
∣
∣2)N(ds, du)

–
∫ t

0

∫

Un

(
2Y n

s–, F
(
Y n

s + zs, u
))

N(ds, du)

= |x|2 +
∫ t

0

(
2Y n

s–, –
[
AY n

s + B
(
Y n

s + zs
)

+ R
(
Y n

s + zs
)]

ds
)

+
∫ t

0

∫

Un

∣
∣
(
2Y n

s–, F
(
Y n

s– + zs–, u
))∣

∣Ñ(ds, du)
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+
∫ t

0

∫

Un

∫ 1

0

∣
∣
(
2
(
Y n

s– + s′F
(
Y n

s– + zs–, u
))

, F
(
Y n

s– + zs–, u
))∣

∣ds′N(ds, du)

+
∫ t

0

∫

Un

∣
∣
(
2Y n

s–, F
(
Y n

s– + zs–, u
))∣

∣N(ds, du).

Therefore,

∣
∣Y n

t
∣
∣2 + 2

∫ t

0

∥
∥Y n

s
∥
∥2 ds

≤ |x|2 + 2
∫ t

0

∣
∣
(
B
(
Y n

s + zs
)
, Y n

s
)∣
∣ds + 2

∫ t

0

∣
∣
(
R
(
Y n

s + zs
)
, Y n

s
)∣
∣ds

+ 6
∫ t

0

∫

Un

∣
∣
(
Y n

s–, F
(
Y n

s– + zs–, u
))∣

∣Ñ(ds, du)

+ 2
∫ t

0

∫

Un

∣
∣F

(
Y n

s– + zs–, u
)∣
∣2N(ds, du)

+ 2
∫ t

0

∫

Un

∣
∣
(
Y n

s–, F
(
Y n

s– + zs–, u
))∣

∣λ(du) ds

≤ |x|2 +
∫ t

0

∥
∥Y n

s
∥
∥2 ds + C1

∫ t

0

∣
∣Y n

s
∣
∣2|zs|4L4 ds + C1

∫ t

0
|zs|4L4 ds + Mt ,

where

Mt = 6
∫ t

0

∫

Un

∣
∣
(
Y n

s–, F
(
Y n

s– + zs–, u
))∣

∣Ñ(ds, du)

+ 2
∫ t

0

∫

Un

∣
∣F

(
Y n

s– + zs–, u
)∣
∣2N(ds, du)

+ 2
∫ t

0

∫

Un

∣
∣
(
Y n

s–, F
(
Y n

s– + zs–, u
))∣

∣λ(du) ds.

Let

τk1 = inf

{

t > 0;
∫ t

0
|zs|4L4 ds > k1

}

, k1 > 1.

Lemma 3.1 yields τk1 ↗ ∞ as k1 → ∞. Gronwall’s inequality implies

E sup
s≤τk1 ∧t

∣
∣Y n

s
∣
∣2 + E

∫ τk1 ∧t

0

∥
∥Y n

s
∥
∥2 ds

≤
[

|x|2 + C1E
∫ τk1 ∧t

0
|zs|4L4 ds + E sup

s≤τk1 ∧t
|Ms|

]

eC1k1

≤
[

|x|2 + C1E
∫ τk1 ∧t

0
|zs|4L4 ds

]

eC1k1

+ C2eC1k1 E
∫ τk1 ∧t

0

∫

Un

∣
∣
(
Y n

s–, F
(
Y n

s– + zs–, u
))∣

∣Ñ(ds, du)

+ C2eC1k1 E
∫ τk1 ∧t

0

∫

Un

∣
∣F

(
Y n

s– + zs–, u
)∣
∣2Ñ(ds, du)
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+ C2eC1k1 E
∫ τk1 ∧t

0

∫

Un

∣
∣
(
Y n

s–, F
(
Y n

s– + zs–, u
))∣

∣λ(du) ds

+ C2eC1k1 E
∫ τk1 ∧t

0

∫

Un

∣
∣F

(
Y n

s– + zs–, u
)∣
∣2

λ(du) ds

≤
[

|x|2 + C1E
∫ τk1 ∧t

0
|zs|4L4 ds

]

eC1k1

+ εE sup
s≤τk1 ∧t

∣
∣Y n

s
∣
∣2 + C3(λ1, ε, k1)E

∫ τk1 ∧t

0

∫

Un

∣
∣AαF

(
Y n

s– + zs–, u
)∣
∣2

λ(du) ds

≤
[

|x|2 + C1E
∫ τk1 ∧t

0
|zs|4L4 ds

]

eC1k1

+ εE sup
s≤τk1 ∧t

∣
∣Y n

s
∣
∣2 + 2C3(λ1, ε, k1)E

∫ τk1 ∧t

0

[
K

∣
∣Y n

s + zs
∣
∣2 + C

]
ds

≤
[

|x|2 + C1E
∫ τk1 ∧t

0
|zs|4L4 ds

]

eC1k1

+ εE sup
s≤τk1 ∧t

∣
∣Y n

s
∣
∣2 + 4C3KE

∫ τk1 ∧t

0

∣
∣Y n

s
∣
∣2 ds + 4C3KE

∫ τk1 ∧t

0
|zs|2 ds + 2C3Ct.

This yields

(1 – ε)E sup
s≤τk1 ∧t

∣
∣Y n

s
∣
∣2 + E

∫ τk1 ∧t

0

∥
∥Y n

s
∥
∥2 ds

≤
[

|x|2 + C1E
∫ τk1 ∧t

0
|zs|4L4 ds

]

eC1k1

+ 4C3KE
∫ τk1 ∧t

0

∣
∣Y n

s
∣
∣2 ds + 4C3KE

∫ τk1 ∧t

0
|zs|2 ds + 2C3Ct

≤ C4(x, ε,λ1, k1, K) + C5(ε,λ1, k1, K)t. (3.9)

Applying Itô’s formula to |AαY n
t |2 implies

∣
∣AαY n

t
∣
∣2

=
∣
∣Aαx

∣
∣2 +

∫ t

0

(
2AαY n

s– · Aα , –
[
AY n

s + B
(
Y n

s + zs
)

+ R
(
Y n

s + zs
)]

ds
)

+
∫ t

0

∫

Un

(
2AαY n

s– · Aα , F
(
Y n

s– + zs–, u
))

Ñ(ds, du)

+
∫ t

0

∫

Un

(∣
∣Aα

(
Y n

s– + F
(
Y n

s– + zs–, u
))∣

∣2 –
∣
∣AαY n

s–
∣
∣2)N(ds, du)

–
∫ t

0

∫

Un

(
2AαY n

s– · Aα , F
(
Y n

s– + zs–, u
))

N(ds, du).

Accordingly,

∣
∣AαY n

t
∣
∣2 + 2

∫ t

0

∣
∣A

1
2 +αY n

s
∣
∣2 ds

≤ ∣
∣Aαx

∣
∣2 + 2

∫ t

0

∣
∣
(
Aα– 1

2 B
(
Y n

s + zs
)
, A

1
2 +αY n

s
)∣
∣ds + 2

∫ t

0

∣
∣
(
AαR

(
Y n

s + zs
)
, AαY n

s
)∣
∣ds
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+ 6
∫ t

0

∫

Un

∣
∣
(
AαY n

s–, AαF
(
Y n

s– + zs–, u
))∣

∣Ñ(ds, du)

+ 2
∫ t

0

∫

Un

∣
∣AαF

(
Y n

s– + zs–, u
)∣
∣2N(ds, du)

+ 2
∫ t

0

∫

Un

∣
∣
(
AαY n

s–, AαF
(
Y n

s– + zs–, u
))∣

∣λ(du) ds

≤ ∣
∣Aαx

∣
∣2 +

∫ t

0
C1

∣
∣A

1
4 + α

2
(
Y n

s + zs
)∣
∣2∣∣Aα+ 1

2 Y n
s
∣
∣ds +

∫ t

0

∣
∣Aα

(
Y n

s + zn
s
)∣
∣
∣
∣AαY n

s
∣
∣ds + Mt

≤ ∣
∣Aαx

∣
∣2 + C1

∫ t

0

[∣
∣AαY n

s
∣
∣
∣
∣A

1
2 Y n

s
∣
∣
∣
∣Aα+ 1

2 Y n
s
∣
∣ +

∣
∣A

1
4 + α

2 zs
∣
∣2∣∣Aα+ 1

2 Y n
s
∣
∣
]

ds

+
∫ t

0

[∣
∣AαY n

s
∣
∣2 +

∣
∣AαY n

s
∣
∣
∣
∣Aαzs

∣
∣
]

ds + Mt

≤ ∣
∣Aαx

∣
∣2 +

∫ t

0

[∣
∣A

1
2 +αY n

s
∣
∣2 + C2

∣
∣A

1
2 Y n

s
∣
∣2∣∣AαY n

s
∣
∣2 + C2

∣
∣A

1
4 + α

2 zs
∣
∣4]ds

+
∫ t

0

[
2
∣
∣AαY n

s
∣
∣2 +

∣
∣Aαzs

∣
∣2]ds + Mt

≤ ∣
∣Aαx

∣
∣2 +

∫ t

0

∣
∣A

1
2 +αY n

s
∣
∣2 ds +

∫ t

0

(
2 + C2

∣
∣A

1
2 Y n

s
∣
∣2)∣∣AαY n

s
∣
∣2 ds

+
∫ t

0

[
C2

∣
∣A

1
4 + α

2 zs
∣
∣4 +

∣
∣Aαzs

∣
∣2]ds + Mt ,

where

Mt = 6
∫ t

0

∫

Un

∣
∣
(
AαY n

s–, AαF
(
Y n

s– + zs–, u
))∣

∣Ñ(ds, du)

+ 2
∫ t

0

∫

Un

∣
∣AαF

(
Y n

s– + zs–, u
)∣
∣2N(ds, du)

+ 2
∫ t

0

∫

Un

∣
∣
(
AαY n

s–, AαF
(
Y n

s– + zs–, u
))∣

∣λ(du) ds.

Fixing k1 first, let

τ n
k2 = τ n

k2,k1 = inf

{

t > 0;
∫ t∧τk1

0

∥
∥Y n

s
∥
∥2 ds > k2

}

∧ τk1 , k2 > 1.

Equation (3.9) yields τ n
k2

↗ τk1 as k2 → ∞. By Gronwall’s inequality, we have

E sup
s≤τn

k2
∧t

∣
∣AαY n

s
∣
∣2 + E

∫ τn
k2

∧t

0

∣
∣A

1
2 +αY n

s
∣
∣2 ds

≤
[
∣
∣Aαx

∣
∣2 + E

∫ τn
k2

∧t

0

[
C2

∣
∣A

1
4 + α

2 zs
∣
∣4 +

∣
∣Aαzs

∣
∣2]ds + E sup

s≤τn
k2

∧t
|Ms|

]

e2+C2k2

≤
[
∣
∣Aαx

∣
∣2 + E

∫ τn
k2

∧t

0

[
C2

∣
∣A

1
4 + α

2 zs
∣
∣4 +

∣
∣Aαzs

∣
∣2]ds

]

e2+C2k2 + e2+C2k2 E sup
s≤τn

k2
∧t

|Ms|

≤
[
∣
∣Aαx

∣
∣2 + E

∫ τn
k2

∧t

0

[
C2

∣
∣A

1
4 + α

2 zs
∣
∣4 +

∣
∣Aαzs

∣
∣2]ds

]

e2+C2k2
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+ C3e2+C2k2 E
∫ τn

k2
∧t

0

∫

Un

∣
∣
(
AαY n

s–, AαF
(
Y n

s– + zs–, u
))∣

∣Ñ(ds, du)

+ C3e2+C2k2 E
∫ τn

k2
∧t

0

∫

Un

∣
∣AαF

(
Y n

s– + zs–, u
)∣
∣2Ñ(ds, du)

+ C3e2+C2k2 E
∫ τn

k2
∧t

0

∫

Un

∣
∣
(
AαY n

s–, AαF
(
Y n

s– + zs–, u
))∣

∣λ(du) ds

+ C3e2+C2k2 E
∫ τn

k2
∧t

0

∫

Un

∣
∣AαF

(
Y n

s– + zs–, u
)∣
∣2

λ(du) ds

≤
[
∣
∣Aαx

∣
∣2 + E

∫ τn
k2

∧t

0

[
C2

∣
∣A

1
4 + α

2 zs
∣
∣4 +

∣
∣Aαzs

∣
∣2]ds

]

e2+C2k2

+ εE sup
s≤τn

k2
∧t

∣
∣AαY n

s
∣
∣2 + C4(ε, k)E

∫ τn
k2

∧t

0

∫

Un

∣
∣AαF

(
Y n

s– + zs–, u
)∣
∣2

λ(du) ds

≤
[
∣
∣Aαx

∣
∣2 + E

∫ τn
k2

∧t

0

[
C2

∣
∣A

1
4 + α

2 zs
∣
∣4 +

∣
∣Aαzs

∣
∣2]ds

]

e2+C2k2

+ εE sup
s≤τn

k2
∧t

∣
∣AαY n

s
∣
∣2 + 2C4(ε, k)E

∫ τn
k2

∧t

0

[
K

∣
∣Y n

s + zs
∣
∣2 + C

]
ds

≤
[
∣
∣Aαx

∣
∣2 + E

∫ τn
k2

∧t

0

[
C2

∣
∣A

1
4 + α

2 zs
∣
∣4 +

∣
∣Aαzs

∣
∣2]ds

]

e2+C2k2

+ εE sup
s≤τn

k2
∧t

∣
∣AαY n

s
∣
∣2 +

4C4K
λ1

E
∫ τn

k2
∧t

0

∥
∥Y n

s
∥
∥2 ds

+ 4C4KE
∫ τn

k2
∧t

0
|zs|2 ds + 2C4Ct.

This yields

(1 – ε)E sup
s≤τn

k2
∧t

∣
∣AαY n

s
∣
∣2 + E

∫ τn
k2

∧t

0

∣
∣A

1
2 +αY n

s
∣
∣2 ds

≤
[
∣
∣Aαx

∣
∣2 + E

∫ τn
k2

∧t

0

[
C2

∣
∣A

1
4 + α

2 zs
∣
∣4 +

∣
∣Aαzs

∣
∣2]ds

]

e2+C2k2

+
4C4Kk2

λ1
+ 4C4KE

∫ τn
k2

∧t

0
|zs|2 ds + 2C4Ct

≤ C5(x, ε,α,λ1, k2, K) + C6(ε,α,λ1, k2, K)t. (3.10)

For every n, m ≥ 1, Y n
t – Y m

t satisfies the equation

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

d(Y n
t – Y m

t ) + A(Y n
t – Y m

t ) dt + B(Y n
t + zt) dt

– B(Y m
t + zt) dt + R(Y n

t – Y m
t ) dt

=
∫

Un\Um
F(Y n

t– + zt–, u)Ñ(dt, du)

+
∫

Um
[F(Y n

t– + zt–, u) – F(Y m
t– + zt–, u)]Ñ(dt, du),

Y n
0 – Y m

0 = 0.

(3.11)
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Recall that ΞZ(t) := Z(t) – Z(t–). Applying Itô’s formula to |Aα(Y n
t – Y m

t )|2, we have

∣
∣Aα

(
Y n

t – Y m
t

)∣
∣2

=
∫ t

0

(
2Aα

(
Y n

s– – Y m
s–

) · Aα , d
(
Y n

s – Y m
s

))

+
∑

s≤t

(
Ξ

(∣
∣Aα

(
Y n

s – Y m
s

)∣
∣2) –

(
2Aα

(
Y n

s– – Y m
s–

) · Aα ,Ξ
(
Y n

s – Y m
s

)))

=
∫ t

0

(
2Aα

(
Y n

s– – Y m
s–

) · Aα , –
[
A

(
Y n

s – Y m
s

)
+ B

(
Y n

s + zs
)

– B
(
Y m

s + zs
)

+ R
(
Y n

s – Y m
s

)]
ds

)

+
∫ t

0

∫

Un

(
2Aα

(
Y n

s– – Y m
s–

) · Aα , F
(
Y n

s– + zs–, u
))

Ñ(ds, du)

–
∫ t

0

∫

Um

(
2Aα

(
Y n

s– – Y m
s–

) · Aα , F
(
Y m

s– + zs–, u
))

Ñ(ds, du)

+
∫ t

0

∫

Un\Um

(∣
∣Aα

((
Y n

s– – Y m
s–

)
+ F

(
Y n

s– + zs–, u
))∣

∣2 –
∣
∣Aα

(
Y n

s– – Y m
s–

)∣
∣2)N(ds, du)

+
∫ t

0

∫

Um

(∣
∣Aα

((
Y n

s– – Y m
s–

)
+ F

(
Y n

s– + zs–, u
)

– F
(
Y m

s– + zs–, u
))∣

∣2

–
∣
∣Aα

(
Y n

s– – Y m
s–

)∣
∣2)N(ds, du)

–
∫ t

0

∫

Un

(2Aα
(
Y n

s– – Y m
s–

) · Aα , F
(
Y n

s– + zs–, u
))

N(ds, du)

+
∫ t

0

∫

Um

(2Aα
(
Y n

s– – Y m
s–

) · Aα , F
(
Y m

s– + zs–, u
))

N(ds, du).

Therefore

∣
∣Aα

(
Y n

t – Y m
t

)∣
∣2 + 2

∫ t

0

∣
∣A

1
2 +α

(
Y n

s – Y m
s

)∣
∣2 ds

≤ 2
∫ t

0

∣
∣
(
B
(
Y n

s + zs
)
, A2α

(
Y n

s – Y m
s

))∣
∣ds + 2

∫ t

0

∣
∣
(
B
(
Y m

s + zs
)
, A2α

(
Y n

s – Y m
s

))∣
∣ds

+ 2
∫ t

0

∣
∣
(
AαR

(
Y n

s – Y m
s

)
, Aα

(
Y n

s – Y m
s

))∣
∣ds

+ 6
∫ t

0

∫

Un\Um

∣
∣
(
Aα

(
Y n

s– – Y m
s–

)
, AαF

(
Y n

s– + zs–, u
))∣

∣Ñ(ds, du)

+ 6
∫ t

0

∫

Um

∣
∣
(
Aα

(
Y n

s– – Y m
s–

)
, Aα

(
F
(
Y n

s– + zs–, u
)

– F
(
Y m

s– + zs–, u
)))∣

∣Ñ(ds, du)

+ 2
∫ t

0

∫

Un\Um

∣
∣AαF

(
Y n

s– + zs–, u
)∣
∣2N(ds, du)

+ 2
∫ t

0

∫

Um

∣
∣Aα

(
F
(
Y n

s– + zs–, u
)

– F
(
Y m

s– + zs–, u
))∣

∣2N(ds, du)

+ 2
∫ t

0

∫

Un\Um

∣
∣
(
Aα

(
Y n

s– – Y m
s–

)
, AαF

(
Y n

s– + zs–, u
))∣

∣λ(du) ds
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+ 2
∫ t

0

∫

Um

∣
∣
(
Aα

(
Y n

s– – Y m
s–

)
, Aα

(
F
(
Y n

s– + zs–, u
)

– F
(
Y m

s– + zs–, u
)))∣

∣λ(du) ds

≤ C1

∫ t

0

∣
∣Aα+ 1

2
(
Y n

s – Y m
s

)∣
∣

3
2 –α∣

∣Aα
(
Y n

s – Y m
s

)∣
∣

1
2 +α

× [∣
∣A

1
4 + α

2
(
Y n

s + zs
)∣
∣ +

∣
∣A

1
4 + α

2
(
Y m

s + zs
)∣
∣
]

ds + 2
∫ t

0

∣
∣Aα

(
Y n

s – Y m
s

)∣
∣2 ds + gm,n(t)

≤
∫ t

0

∣
∣Aα+ 1

2
(
Y n

s – Y m
s

)∣
∣2 ds

+ C2

∫ t

0

∣
∣Aα

(
Y n

s – Y m
s

)∣
∣2[∣∣A

1
4 + α

2
(
Y n

s + zs
)∣
∣ +

∣
∣A

1
4 + α

2
(
Y m

s + zs
)∣
∣
] 1+2α

4 ds

+ 2
∫ t

0

∣
∣Aα

(
Y n

s – Y m
s

)∣
∣2 ds + gm,n(t),

where

gm,n(t) = 6
∫ t

0

∫

Un\Um

∣
∣
(
Aα

(
Y n

s– – Y m
s–

)
, AαF

(
Y n

s– + zs–, u
))∣

∣Ñ(ds, du)

+ 6
∫ t

0

∫

Um

∣
∣
(
Aα

(
Y n

s– – Y m
s–

)
, Aα

(
F
(
Y n

s– + zs–, u
)

– F
(
Y m

s– + zs–, u
)))∣

∣Ñ(ds, du)

+ 2
∫ t

0

∫

Un\Um

∣
∣AαF

(
Y n

s– + zs–, u
)∣
∣2N(ds, du)

+ 2
∫ t

0

∫

Um

∣
∣Aα

(
F
(
Y n

s– + zs–, u
)

– F
(
Y m

s– + zs–, u
))∣

∣2N(ds, du)

+ 2
∫ t

0

∫

Un\Um

∣
∣
(
Aα

(
Y n

s– – Y m
s–

)
, AαF

(
Y n

s– + zs–, u
))∣

∣λ(du) ds

+ 2
∫ t

0

∫

Um

∣
∣
(
Aα

(
Y n

s– – Y m
s–

)
, Aα

(
F
(
Y n

s– + zs–, u
)

– F
(
Y m

s– + zs–, u
)))∣

∣λ(du) ds.

Now fixing k1, k2 consecutively, let

τ
m,n
k3

= τ
m,n
k3,k2,k1

= inf

{

t > 0;
∫ t∧τn

k2
∧τm

k2

0

[∣
∣A

1
4 + α

2
(
Y n

s + zs
)∣
∣ +

∣
∣A

1
4 + α

2
(
Y m

s + zs
)∣
∣
] 1+2α

4 ds > k3

}

∧ τ n
k2 ∧ τm

k2 , k3 > 1.

Equations (3.5), (3.10), and Lemma 3.1 imply that τ
m,n
k3

↗ τ n
k2

∧ τm
k2

as k3 → ∞. By Gron-
wall’s inequality, one gets

E sup
s≤τ

m,n
k3

∧t

∣
∣Aα

(
Y n

s – Y m
s

)∣
∣2 + E

∫ τ
m,n
k3

∧t

0

∣
∣A

1
2 +α

(
Y n

s – Y m
s

)∣
∣2 ds

≤ e2+C2k3 E sup
s≤τ

m,n
k3

∧t

∣
∣gm,n(s)

∣
∣

≤ C3e2+C2k3 E
∫ τ

m,n
k3

∧t

0

∫

Un\Um

∣
∣
(
Aα

(
Y n

s– – Y m
s–

)
, AαF

(
Y n

s– + zs–, u
))∣

∣Ñ(ds, du)
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+ C3e2+C2k3 E
∫ τ

m,n
k3

∧t

0

∫

Un\Um

∣
∣AαF

(
Y n

s– + zs–, u
)∣
∣2Ñ(ds, du)

+ C3e2+C2k3 E
∫ τ

m,n
k3

∧t

0

∫

Un\Um

∣
∣
(
Aα

(
Y n

s– – Y m
s–

)
, AαF

(
Y n

s– + zs–, u
))∣

∣λ(du) ds

+ C3e2+C2k3 E
∫ τ

m,n
k3

∧t

0

∫

Un\Um

∣
∣AαF

(
Y n

s– + zs–, u
)∣
∣2

λ(du) ds

+ C3e2+C2k3 E
∫ τ

m,n
k3

∧t

0

∫

Um

∣
∣
(
Aα

(
Y n

s– – Y m
s–

)
, AαF

(
Y n

s– + zs–, u
)

– AαF
(
Y n

s– + zs–, u
))∣

∣Ñ(ds, du)

+ C3e2+C2k3 E
∫ τ

m,n
k3

∧t

0

∫

Um

∣
∣AαF

(
Y n

s– + zs–, u
)

– AαF
(
Y n

s– + zs–, u
)∣
∣2Ñ(ds, du)

+ C3e2+C2k3 E
∫ τ

m,n
k3

∧t

0

∫

Um

∣
∣
(
Aα

(
Y n

s– – Y m
s–

)
, AαF

(
Y n

s– + zs–, u
)

– AαF
(
Y n

s– + zs–, u
))∣

∣λ(du) ds

+ C3e2+C2k3 E
∫ τ

m,n
k3

∧t

0

∫

Um

∣
∣AαF

(
Y n

s– + zs–, u
)

– AαF
(
Y n

s– + zs–, u
)∣
∣2

λ(du) ds

≤ εE sup
s≤τ

m,n
k3

∧t

∣
∣Aα

(
Y n

s – Y m
s

)∣
∣2 + C4(ε, k)E

∫ τ
m,n
k3

∧t

0

∫

Un\Um

∣
∣AαF

(
Y n

s + zs, u
)∣
∣2

λ(du) ds.

Noting hypothesis (H4), we have

(1 – ε)E sup
s≤τ

m,n
k3

∧t

∣
∣Aα

(
Y n

s – Y m
s

)∣
∣2 + E

∫ τ
m,n
k3

∧t

0

∣
∣A

1
2 +α

(
Y n

s – Y m
s

)∣
∣2 ds (3.12)

≤ C4t sup
x∈H

∫

Uc
m

∣
∣AαF(x, u)

∣
∣2

λ(du) → 0, (3.13)

as m → ∞.
Since

E sup
s≤τk1 ∧t

∣
∣Aα

(
Y n

s – Y m
s

)∣
∣

≤
(

E sup
s≤τ

m,n
k3

∧t

∣
∣Aα

(
Y n

s – Y m
s

)∣
∣2

) 1
2 +

(
E sup

s≤τk1 ∧t

∣
∣Aα

(
Y n

s – Y m
s

)∣
∣2

) 1
2 [

P
(
t > τ

m,n
k3

)] 1
2

and

E
∫ τk1 ∧t

0

∣
∣A

1
2 +α

(
Y n

s – Y m
s

)∣
∣ds

≤
(

E
∫ τ

m,n
k3

∧t

0

∣
∣A

1
2 +α

(
Y n

s – Y m
s

)∣
∣2 ds

) 1
2

+
(

E
∫ τk1 ∧t

0

∣
∣A

1
2 +α

(
Y n

s – Y m
s

)∣
∣2 ds

) 1
2 [

P
(
t > τ

m,n
k3

)] 1
2 ,
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we conclude that, for any fixed t > 0 and k1 ≥ 1,

lim
m→∞,n≥m

[

E sup
s≤τk1 ∧t

∣
∣Aα

(
Y n

s – Y m
s

)∣
∣ + E

∫ τk1 ∧t

0

∣
∣A

1
2 +α

(
Y n

s – Y m
s

)∣
∣ds

]

= 0.

So {Y n
τk1 ∧s} is a Cauchy sequence in the space DT , which is the space of all D(Aα)-valued

adapted càdlàg processes Yt with E(supt≤T |AαYt| +
∫ T

0 |A 1
2 +αYs|ds) < ∞ for any positive

number T . Consequently, there exists a process Y k1 ∈ DT such that

lim
n→∞

[

E sup
s≤τk1 ∧T

∣
∣Aα

(
Y n

s – Y k1
s

)∣
∣ + E

∫ τk1 ∧t

0

∣
∣A

1
2 +α

(
Y n

s – Y k1
s

)∣
∣ds

]

= 0.

It is straightforward to examine that Y k1 is a weak solution of (2.3) on [0, τk1 ] (cf. [6]). Set

Y =
∞∑

k1=1

Y k1 I{[τk1–1,τk1 )},

where τ0 = 0. Since τk1 → ∞(k → ∞), Y is a weak solution of (2.3). �

4 Invariant measure
This section aims to show that, although the fragile solution is in a somewhat weaker sense
than the classical weak solution, we can utilize it to prove the existence of an invariant
measure following classical routes, say by making use of the Krylov–Bogoliubov averaging
procedure with energy (compactness) estimates.

Theorem 4.1 Assume that hypotheses (H1)–(H4) hold, then there exists an invariant mea-
sure μ for the transition semigroup Pt associated with (2.3).

Proof Let Xt = X(t, t0) be the solution of the following equation:

Xt = Xt0 –
∫ t

t0

AXs ds –
∫ t

t0

B(Xs) ds –
∫ t

t0

R(Xs) ds +
∫ t

t0

Q dWs

+
∫ t

t0

∫

U
F(Xs, u)Ñ(ds, du). (4.1)

Consider the Ornstein–Uhlenbeck process zγ
t satisfying dzγ

t = (–A – γ )zγ
t dt + Q dWt .

Make Ornstein–Uhlenbeck transformation of (4.1) by letting X(t, t0) = Zγ (t, t0) + zγ
t , then

Zγ
t = Zγ (t, t0) satisfies

⎧
⎪⎪⎨

⎪⎪⎩

dZγ
t = –AZγ

t dt – B(Zγ
t + zγ

t ) dt – R(Zγ
t + zγ

t ) dt

+
∫

U F(Zγ
t + zγ

t , u)Ñ(dt, du),

Zγ
t0 = –zγ

t0 .

(4.2)
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Recall that ΞZ(t) := Z(t) – Z(t–). Applying Itô’s formula to |AαZγ
t (t)|2 yields

∣
∣AαZγ

t
∣
∣2 =

∣
∣AαZγ

t0

∣
∣2 +

∫ t

t0

〈
2AαZγ

s– · Aα , dZγ
s
〉

+
∑

s≤t

(
Ξ

(∣
∣AαZγ

s
∣
∣2) –

〈
2AαZγ

s– · Aα ,ΞZγ
s
〉)

=
∣
∣AαZγ

t0

∣
∣2 +

∫ t

t0

(
2AαZγ

s– · Aα , –
[
AZγ

s + B
(
Zγ

s + zγ
s
)

+ R
(
Zγ

s + zγ
s
)]

ds
)

+
∫ t

t0

∫

U

(
2AαZγ

s– · Aα , F
(
Zγ

s– + zγ
s–, u

))
Ñ(ds, du)

+
∫ t

t0

∫

U

(∣
∣Aα

(
Zγ

s– + F
(
Zγ

s– + zγ
s–, u

))∣
∣2 –

∣
∣AαZγ

s–
∣
∣2)N(ds, du)

–
∫ t

t0

∫

U

(
2AαZγ

s– · Aα , F
(
Zγ

s– + zγ
s–, u

))
N(ds, du)

=
∣
∣AαZγ

t0

∣
∣2 +

∫ t

t0

(
2AαZγ

s– · Aα , –
[
AZγ

s + B
(
Zγ

s + zγ
s
)

+ R
(
Zγ

s + zγ
s
)]

ds
)

+ M̃t ,

where

M̃t =
∫ t

t0

∫

U

(
2AαZγ

s– · Aα , F
(
Zγ

s– + zγ
s–, u

))
Ñ(ds, du)

+
∫ t

t0

∫

U

(∣
∣Aα

(
Zγ

s– + F
(
Zγ

s– + zγ
s–, u

))∣
∣2 –

∣
∣AαZγ

s–
∣
∣2)N(ds, du)

–
∫ t

t0

∫

U

(
2AαZγ

s– · Aα , F
(
Zγ

s– + zγ
s–, u

))
N(ds, du).

In the following proof, we will utilize the interpolation inequality

∣
∣
(
B(u, v), A2αw

)∣
∣ ≤ C0

∣
∣A

1
2 +αw

∣
∣
∣
∣A

1
4 + α

2 u
∣
∣
∣
∣A

1
4 + α

2 v
∣
∣, (4.3)

the proof of which refers to [8, Lemma 4.1]. Therefore,

∣
∣AαZγ

t
∣
∣2 + 2

∫ t

t0

∣
∣Aα+ 1

2 Zγ
s
∣
∣2 ds

≤ ∣
∣AαZγ

t0

∣
∣2 + C1

∫ t

t0

∣
∣Aα+ 1

2 Zγ
s
∣
∣
∣
∣A

α
2 + 1

4
(
Zγ

s + zγ
s
)∣
∣2 ds

+ C1

∫ t

t0

(∣
∣AαZγ

s
∣
∣2 +

∣
∣AαZγ

s
∣
∣
∣
∣Aαzγ

s
∣
∣
)

ds + M̃t

≤ ∣
∣AαZγ

t0

∣
∣2 + C2

∫ t

t0

[∣
∣Aα+ 1

2 Zγ
s
∣
∣
∣
∣A

α
2 + 1

4 Zγ
s
∣
∣2 +

∣
∣Aα+ 1

2 Zγ
s
∣
∣
∣
∣A

α
2 + 1

4 zγ
s
∣
∣2

+
∣
∣AαZγ

s
∣
∣2 +

∣
∣Aαzγ

s
∣
∣2]ds + M̃t

≤ ∣
∣AαZγ

t0

∣
∣2 + C3

∫ t

t0

[∣
∣AαZγ

s
∣
∣4α∣

∣Aα+ 1
2 Zγ

s
∣
∣3–4α +

∣
∣Aα+ 1

2 Zγ
s
∣
∣
∣
∣A

α
2 + 1

4 zγ
s
∣
∣2
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+
∣
∣AαZγ

s
∣
∣2 +

∣
∣Aαzγ

s
∣
∣2]ds + M̃t

≤ ∣
∣Aαh

∣
∣2 +

∫ t

t0

∣
∣Aα+ 1

2 Zγ
s
∣
∣2 ds + C4

∫ t

t0

∣
∣AαZγ

s
∣
∣2 ds

+ C4

∫ t

t0

(∣
∣Aαzγ

s
∣
∣2 +

∣
∣A

α
2 + 1

4 zγ
s
∣
∣2)ds + M̃t .

Hence

E sup
s≤t

∣
∣AαZγ

s
∣
∣2 + E

∫ t

t0

∣
∣Aα+ 1

2 Zγ
s
∣
∣2 ds

≤ ∣
∣AαZγ

t0

∣
∣2 + C4E

∫ t

t0

∣
∣AαZγ

s
∣
∣2 ds + C4E

∫ t

t0

(∣
∣Aαzγ

s
∣
∣2 +

∣
∣A

α
2 + 1

4 zγ
s
∣
∣2)ds

+ E
∫ t

t0

∫

U

(
2AαZγ

s– · Aα , F
(
Zγ

s– + zγ
s–, u

))
Ñ(ds, du)

+ E
∫ t

t0

∫

U

(∣
∣Aα

(
Zγ

s– + F
(
Zγ

s– + zγ
s–, u

))∣
∣2 –

∣
∣AαZγ

s–
∣
∣2)N(ds, du)

– E
∫ t

t0

∫

U

(
2AαZγ

s– · Aα , F
(
Zγ

s– + zγ
s–, u

))
N(ds, du)

≤ ∣
∣AαZγ

t0

∣
∣2 + C4E

∫ t

t0

∣
∣AαZγ

s
∣
∣2 ds + C4E

∫ t

t0

(∣
∣Aαzγ

s
∣
∣2 +

∣
∣A

α
2 + 1

4 zγ
s
∣
∣2)ds

+ E
∫ t

t0

∫

U

∣
∣
(
2AαZγ

s– · Aα , F
(
Zγ

s– + zγ
s–, u

))∣
∣Ñ(ds, du)

+ E
∫ t

t0

∫

U

∣
∣
∣
∣

∫ 1

0

(
2Aα

(
Z–s + s′F

(
Zγ

s– + zγ
s–, u

)) · Aα ,

F
(
Zγ

s– + zγ
s–, u

))
ds′

∣
∣
∣
∣N(ds, du)

+ E
∫ t

t0

∫

U

∣
∣
(
2AαZγ

s– · Aα , F
(
Zγ

s– + zγ
s–, u

))∣
∣N(ds, du)

≤ ∣
∣AαZγ

t0

∣
∣2 + C4E

∫ t

t0

∣
∣AαZγ

s
∣
∣2 ds + C4E

∫ t

t0

(∣
∣Aαzγ

s
∣
∣2 +

∣
∣A

α
2 + 1

4 zγ
s
∣
∣2)ds

+ C5

[

E
∫ t

t0

∫

U

∣
∣AαZγ

s
∣
∣2 · ∣∣AαF

(
Zγ

s + zγ
s , u

)∣
∣2

λ(du) ds
] 1

2

+ C5

[

E
∫ t

t0

∫

U

∣
∣AαF

(
Zγ

s + zγ
s , u

)∣
∣2 · ∣∣AαF

(
Zγ

s + zγ
s , u

)∣
∣2

λ(du) ds
] 1

2

≤ ∣
∣AαZγ

t0

∣
∣2 + εE sup

s≤t

∣
∣AαZγ

t
∣
∣2 + C6E

∫ t

t0

∣
∣AαZγ

s
∣
∣2 ds

+ C6E
∫ t

t0

(∣
∣Aαzγ

s
∣
∣2 +

∣
∣A

α
2 + 1

4 zγ
s
∣
∣2)ds,

where ε ∈ (0, 1) and the last inequality is derived by combining hypotheses (H2), (H3) with
the Young inequality.
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Henceforth,

(1 – ε)E sup
s≤t

∣
∣AαZγ

s
∣
∣2 + E

∫ t

t0

∣
∣Aα+ 1

2 Zγ
s
∣
∣2 ds

≤ ∣
∣AαZγ

t0

∣
∣2 + C6E

∫ t

t0

∣
∣AαZγ

s
∣
∣2 ds + C6E

∫ t

t0

(∣
∣Aαzγ

s
∣
∣2 +

∣
∣A

α
2 + 1

4 zγ
s
∣
∣2)ds. (4.4)

If t0 ≤ –1,

E
∣
∣Zγ (0, t0)

∣
∣2 ≤ e2C6

[
∣
∣AαZγ (–1, t0)

∣
∣2 + C6E

∫ 0

–1

(∣
∣Aαzγ

s
∣
∣2 +

∣
∣A

α
2 + 1

4 zγ
s
∣
∣2)ds

]

≤ e2C7

[
∣
∣A

1
2 Zγ (–1, t0)

∣
∣2 + C6E

∫ 0

–1

(∣
∣Aαzγ

s
∣
∣2 +

∣
∣A

α
2 + 1

4 zγ
s
∣
∣2)ds

]

.

Repeating the argument similarly in Lemma 3.1, (H1) implies that zγ
t has a continuous

version in D(A 1
4 + α

2 ), and therefore, also has a continuous version in D(Aα). Furthermore,
E

∫ 0
–1(|Aαzγ

s |2 + |A α
2 + 1

4 zγ
s |2) ds is finite. Following almost the same argument as [4, Propo-

sition15.4.3], it can be proved that there exists γ > 0 such that |A 1
2 Zγ (–1, t0)|2 is finite a.e.

for t0 ≤ –1.
Therefore, both supt0≤–1 E|AαZγ (0, t0)|2 and supt0≤–1 E|AαX(0, t0)|2 are finite. Following

the classical arguments (cf. [12]), we can prove the tightness of {μT (·) = 1
T

∫ 0
–T P(s, x, ·), T >

0}, which implies the existence of an invariant measure μ. �

5 Discussion
In this section, we will generalize the result of well-posedness for stochastic Boussinesq
equation (2.1) to some of the stochastic hydrodynamical systems, such as 2D-stochastic
Navier–Stokes equation, 2D magneto-hydrodynamic equation, 2D Boussinesq model for
the Bénard convection, 2D magnetic Bénard problem, and so on. We adopt the notations
and assumptions proposed in [2] and refer to [11, 14, 21, 22] for more examples.

We will introduce an abstract framework for the stochastic hydrodynamical systems. Let
H be a separable Hilbert space with the norm | · |, and the operator A be an unbounded self-
adjoint positive linear operator on H . Denote V = Dom(A 1

2 ) with the norm ‖v‖ = |A 1
2 v|.

Let V ′ be the dual of V . For any u ∈ V , v ∈ V ′, the duality product between V and V ′

is denoted by 〈u, v〉. Suppose that the mapping B : V × V → V ′ satisfies the following
assumptions:

– (H(i)) B(·, ·) : V × V → V ′ is a continuous bilinear mapping.
– (H(ii)) For any ui ∈ V , i = 1, 2, 3, there holds

〈
B(u1, u2), u3

〉
= –

〈
B(u1, u3), u2

〉
. (5.1)

– (H(iii)) There exists a Banach space H which satisfies
(iii-1) V ⊂ H ⊂ H ;
(iii-2) there exists a positive constant α0 such that

‖v‖2
H ≤ α0|v| · ‖v‖, for any v ∈ V ; (5.2)



Zheng and Huang Journal of Inequalities and Applications         (2019) 2019:40 Page 21 of 22

(iii-3) for any η > 0, there exists a positive constant Cη such that

∣
∣
〈
B(u1, u2), u3

〉∣
∣ ≤ η‖u3‖2 + Cη‖u1‖2

H · ‖u2‖2
H , ui ∈ V , i = 1, 2, 3. (5.3)

As we will see, the majority of stochastic hydrodynamical systems with Lévy noise,
such as stochastic two-dimensional Navier–Stokes equation, stochastic two-dimensional
Boussinesq equations, stochastic two-dimensional magnetic Bénard equations, and
stochastic two-dimensional magneto-hydrodynamic equations, can be represented uni-
formly as the following stochastic evolution equation (see [20]):

⎧
⎪⎪⎨

⎪⎪⎩

du(t) + [Au(t) + B(u(t), u(t)) + R(u(t))] dt

= Q dW (t) +
∫

X F(u(t–), x)Ñ(dt, dx),

u(0) = u0,

(5.4)

where R(·) and Q are linear bounded operators in H , W (·) is an H-valued Brownian mo-
tion, F is a measurable mapping from some measurable space X to H , Ñ is a compensated
Poisson measure on [0,∞) × X with intensity measure ν . Additionally, we need

– (H(iv)) There exist positive constants C and K such that, for some α ∈ [1/4, 1/2),
– (H(iv-1)) ν is a σ -finite measure on B(X), Q : H → H is a linear bounded operator

with range R(Q) dense in D(A 1
4 + α

2 ) and D(A2α) ⊂ R(Q) ⊂ D(A 1
4 + α

2 +ε) for some
ε > 0;

– (H(iv-2))
∫

U |AαF(0, u)|2λ(du) = C;
– (H(iv-3))

∫

U |Aα(F(x, u) – F(y, u))|2λ(du) ≤ K |Aα(x – y)|2;
– (H(iv-4)) supx∈H

∫

Uc
m

|AαF(x, u)|2λ(du) → 0, as m → ∞.
Repeating similar arguments within Sect. 3 and Sect. 4 with minor modification, we can

obtain the following result.

Theorem 5.1 Assume that hypotheses H(i)–H(iv) hold. For every u0 ∈ D(Aα), there exists
a unique fragile solution u to equation (5.4). Denote by Pt the Markov semigroup on H
generated by the solution flow. Then Pt is a Feller Markov process. Furthermore, there exists
at least one invariant measure μ for the transition semigroup Pt .
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