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Uﬂiigégalvsersny’ bynenbure If Ais a finite-dimensional commutative associative real algebra with norm || - || then
we say that the rth submultiplicative constant of A is the smallest constant m,(A) for
which |Ix1x2 - - x|l < m (A Ix Xl - -« Il For a product algebra, we show that

there exist zero divisors where equality is attained in the inequality defining m,(A).
We also study p4 = limsup,_, .. +/m,(A). We explain how p 4 appears in the
generalization of the Cauchy-Hadamard criterion for hypercomplex power series. We
find the submultiplicative constants and p_4 for the real group algebra of the cyclic
group of order n as well as the complicated numbers

Cp={ay +ark+---+a,k""a; € R, k" = -1} with Euclidean norm. Submultiplicative
constants for the n-dual numbers A,, with Euclidean norm are also calculated or
conjectured for n < 6. We show, forn > 2, pa, = 1 for A, given the p-norm.

Keywords: Cyclic group algebra; Complicated numbers; Hypercomplex analysis;
Submultiplicative norms

1 Introduction

Suppose V1,..., V, are finite-dimensional spaces over either R or C, and X is a normed
space. It is known that any bounded multilinear map 7': V; x V; x - - x V,, — X is contin-
uous. Furthermore, finite-dimensional V7, ..., V, have compact unit ball whose Cartesian
products are likewise compact. Therefore, the extreme value theorem yields that the norm
1T Nlop = sup{ll T(vi,v2,...,v)ll : lIvill < 1,1 < i <r} is attained by evaluation of T at some
point in the Cartesian product of the unit-balls of V7,..., V,. Since r-fold multiplication

on an algebra A provides an .A-valued r-linear map over A, we have the following result:

Theorem 1.1 If A is a finite-dimensional unital associative algebra (with multiplica-
tion denoted as x) over R or C with a norm ||-|| then there exists a smallest constant
m,(A) € R for each r € N,r < 2 such that ||x1 *x xy x - - - % x| < m,(A) x| [|%2]] - - - ||| for

all x1,%,,...,x, € A. Furthermore, there exist y1,...,y, € A for which equality is attained;

ly1*y2 %% yell = m(A)lya 2l - el

We call m,(A) the rth submultiplicative constant of A (with respect to the norm |-||).
Usually, we denote m,(.A) = m 4 and name it the submultiplicative constant. This improves
the less sharp use of m 4 in [1].

© The Author(s) 2019. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-

L]
@ Sprlnger vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and

indicate if changes were made.


https://doi.org/10.1186/s13660-019-1981-2
http://crossmark.crossref.org/dialog/?doi=10.1186/s13660-019-1981-2&domain=pdf
http://orcid.org/0000-0002-2098-6896
mailto:jcook4@liberty.edu

Cook and Nguyen Journal of Inequalities and Applications (2019) 2019:25 Page 2 of 12

Proposition 1.2 If m 4 is the submultiplicative constant for A then m,(A) < m’;*. Also, if

there exists x € A for which ||x"|| = m"*||x||” for each r € N then m,(A) = m'}".

Proof If ||x xy|| < m.a|x| |yl for all x,y € A then by repeated application of the inequality

for the norm of the product of x1,x5,...,x, we find
-1
[l1 %20 % - o, || < e [l ] - - 1l (1)

Therefore, m,(A) < m’;'. Suppose there exists x € A for which [x"|| = m"*||x||". Setting
X1 =Xy = -+ =x, =x shows (1) is sharp, hence m,(A) = mi{l. O

From these constants, we denote another constant related to the normed algebra A

o = limsup /m,(A). (2)

r—0o0

Observe that p 4 exists since m,(A) < m';", s0 p4 < m 4. In another direction, substitute
X1 =%y =---=x, =1 to obtain ||1"|| < m,(A)||1]", which implies m,(A) > ||1]-"~V and

117" < pa <ma. (3)

For a finite-dimensional associative real algebra .4, the radius of convergence for the geo-
metric series 1 + z + 2> + - - - is shown to be at least 1/m_4 in Theorem 4.5 of [2]. We offer

an improved radius in what follows:

Theorem 1.3 IfY 2 c,(z — 29)" has 0 < C = limsup,,_, ., /[[c, || < 0o then the power series
converges absolutely for z € A such that ||z - zo|| < (Cpa)~".

Proof For C =limsup,,_, ., ¥/I[c,]| and ||z - zo|| < (Cpa)~" observe

limsup /|| (z = 20)"|| < limsup ¥/m,,(A)lleullllz - zoll" = paCllz - 2ol < 1. (4)

Thus limsup,,_, . v/llcx(z — 20)" || < 1, and we find Y7 ¢, (z — 2p)" converges absolutely by
applying the Root Test for a series over an algebra (Theorem 4.2 of [2]). (I

The theorem above shows that convergence of a power series Y c,(z — z,)" over
an algebra A is governed both by the usual Cauchy—-Hadamard criterion involving
limsup,,_, ., /Ic.|l and the constant p4. We note p4 depends on both .4 and the norm
which A is given. In the remaining sections of this paper, we endeavor to calculate both

m,(A) and p 4 for several interesting algebras.

2 Transfer principle

Theorem 2.1 (Transfer Principle) If A,B are finite-dimensional, unital, associative,
normed algebras over R or C for which there exists an algebra isomorphism ¢ : A — B
which is also a dilation (meaning there exists a constant v > 0 so that ||o(x)|| = v|x| for all
x € A). Then, forr > 2,V 1 - m,(B) = m,(A) and ps=v - ps.
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Proof Observe ||@(x1---x.)| = llox1) - o) || < m(B)llx)]l - lo,)]. Then as ¢ is
a dilation with constant v, it follows [lx; - - -, || < m,(B)v"™ 1]l - - - |x,]l. Recall m,(A)
is the smallest constant for which |jx7 - - - x| < m2,.(A)||%1]| - - - [|%,]| for all xq,...,%, € A.
Therefore, m,(.A) < m,(B)v"~!. Observe ¢! : B — A is a dilation with constant % hence
m,(B) < m,(A)- =1, from which we find m,(A) > v'"'m,(B). Hence v'"'m,(B) = m,(A)
and thus p_4 = limsup,_, o v/ v ~'m,(B) = vlimsup,_, ., ~/m,(B) = vpg. O

Theorem 2.2 (Product Algebra with Weighted p-norm) Let A,..., As, be finite-
dimensional associative normed algebras with rth submultiplicative constant m;, forr > 2
and with p; = limsup,_, . J/m;, for1 <i <s.If A=Ay x Ay x - - x A, then define weighted
p-norm with weights ay, ..., as > 0 by ||(x1,%2,...,%5)|| = maxi<;<s a;||x:|| for p = 0o and

”(thz,...,xs)H = (Zalp”xl”p>

i=1

for p < co. Then A with the weighted p-norm defines a normed associative algebra with
m,(A) = max <j<;{m; /a;} and p o = max; << %

Proof Givenx;je A;forl1 <i<s,1<j<r. Letu,=m.(A)= max<;<s{m;,/a"'}. Then

'““pl_[”("w’ o Xsj IIP—M”]—[Zﬂ llci 17

j=1 i=1

S r
>y [ [ il

i=1 j=1

:M@w)’(i{lmﬂ')p

(r_i>p}2(ﬂ’f (m” ]_[x,,

ﬂz i=1

)p

wa

j=1

14 "y

I
S

From the above we derive

Hr 1_[ Gerjo- o) || = (6)
j=1

,
H(xl,j; e ,xs,j) .
j=1

Mi,r

Let k be an index between 1 and s such that aT = = 1, and, following the last sentence in

Theorem 1.1, let yx; € Ax (1 <j <r) be such that mkrl—[] il = ||]_[1 1Ykl Let e € A
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denote (0,...,1,...,0) where 1 is in the kth entry. Then calculate

r r p
w8 [ Tlyejexll? = (ﬂkmk,rnﬂyk,j”)

j=1 j=1
p

r
1_[ Yk

j=1

7)

Jek)

which indicates (6) is sharp, as equality is attained by setting (x1,...,%s;) = yxjex for j =

L,...,r. Thus m,(A) = max;<;<s{m;,/a;'}. Finally, observe

oA =limsup r/max{ml,/a }
r—00 I<iss

}

_ max{ P } ®)
1<iss| a;
O

= lim sup max
r—o0 1<iss

j“

= max { lim sup

I<iss| roo0 7

\

l

Remark2.3 Ifp:B— A=A; x --- x Ay is an isomorphism which is also a dilation then
the proof given suggests a calculational method for finding an element x € B for which
l#%|| = mp|lx[|. In particular, select the element i jex for r = 2 as in the proof and set x =
o jéx)- In this construction we will find that x is a zero-divisor. However, if we consider
algebras which are not product algebras then the situation is different. For example, in
Theorem 5.1(1) we find that the unit x = v/2 + & gives |lx|| = m.4] x|

3 Submultiplicative constants for cyclic group algebra
The n-hyperbolic numbers are the algebra #,, = R[x]/{x" — 1) which is usually represented
as

H, = {ao tay+ - +a, Ma e R},

where we identify j with x + (x” — 1) and 1 with 1 + (x” — 1). One may note that #,, is the real
group algebra of the cyclic group of order #. In this section we derive the submultiplicative

constants for hyperbolic numbers provided that #,, is given the norm

ag+ay+---+a, | =\Jadvat+---+a’_,.
0 1 n—1
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3.1 H, forevenn

Notice that if # = 2m then we have the following factorization of " — 1:

m—1
X" —1=(x-1)(x+ l)n(x—ei%)(x—e_i%). 9)

k=1

The Chinese remainder theorem and the factorization above suggests we form the iso-
morphism ¢ : Hy,, — R? x C"! we describe next. If p(j) = ag + aj + --- + a,j" ' € H,
then p(c) = ap + aic + - - - + a,,c"* for ¢ € C, thus for p(j) € H,, define

(p(p(])) — (p(l)’p(_l),p(em/m)’p<e2in/m), o ,p(e(m—l)iﬂ/m)). (10)

Observe ¢ : H, — R x R x C"”! is an isomorphism of real associative algebras. Our goal
is to use Theorem 2.1 by assigning B = R x R x C"! the appropriate weighted norm as

to make (10) a dilation. After some experimentation, one finds that

(@, b,21,22,. .., Zim-1) || = \/az +02 +2(Jz1? + - + |z [2) (11)

serves our purpose. Considering p(j) = Z,Z(':"O_l aij~,

-1|2m-1 2

2m—-1 2 2m-1 2 m-1
le®)|| (Z ak) + (Z l)kuk> +ZZ
s=1

k=0

iksm

age m
k=0

2m-1

=2 Z ak+2Zapaq (1+(=1)7")

p<q

el (Eeet)]

2m-1

=2m Z a + ZZapaq(l +(~1)P*7)

k=0 p<q

m—1
psT qsm . psT . qsm
4 E E - z - =
+ 4 Apag |:COS( ) COS( ) + s1n< ) sm( )]

s=1 p<q

m-1
—2m”p(]‘ +2Z“P“q|:1+ 1)p+q+22cos<%)j|

p<q

2m-1

= 2m|p()|” +2 > apag Yy cos<(p 1 Sﬂ) (12)

p<q s=0

Lemma 3.1 Ifp,q, m are integers and p < q then %" cos((’”;;l)s”) =0.

Proof 1f p —q is not a multiple of 7 then let § = 7 /m and note the points 1,¢e?, ..., e/>"-1)?
form a set of 2m-symmetrically arranged points on the unit circle whose centroid is the
origin. Since e? = cos +isin6, we 1dent1fy 22"6 1cos(%) as the real coordinate of

the centroid. If p — g is a multiple of 7 then cos( 2 Zl)s") = (-1)* and the lemma follows. (J



Cook and Nguyen Journal of Inequalities and Applications (2019) 2019:25 Page 6 of 12

In view of Lemma 3.1 and (12), we find ||¢(2)||? = 2m||z||? for each z € H,,. Thus ¢ is a di-
lation with constant v = v/2m. Let B = R? x C”! have norm as in (11). Then Theorem 2.2

indicates the submultiplicative constant of B is mp = 1. Therefore, Theorem 2.1 provides

my,, = vmpg, thus my, = +/2m = /n.

3.2 H, forodd n

Notice that if # = 2m + 1 then we have the following factorization of " — 1:

:(x—l)n(x—e%)(x—e_ﬂﬁ). (13)

As in (10) we define an isomorphism ¢ : Hy,,.1 — R x C” for each p(j) € Hopms1 by

() = (0P, p(eB), .. p(eH)). (1)

Let B =R x C" have norm

@ z1,....2m)]|| = \/az +2(lz1 + - + zml). (15)

Thus for p(j) = ZIZ(TO af,

2
lesn
ake 2m+1

k=0

le(e0))| (Zﬂk)zﬂi

s=1

Zak + 2Zapaq

p<q

S (S 22 (S 25)

=(2m + I)Za, +2Zapzzq

p<q

m
2spm 2sqm
+ 4; ;apaq[cos(zm N 1) cos(m>

2
+ sin SPT sin 2547
2m+1 2m+1

2 —
=(2m+ 1)||p(])|| + 22%”4[1 +2200$<%>j|

p<q
, A (2s(p-g)m
=(2m+ 1)||p(;)||2+2§apaq§cos<m). (16)

The proof of Lemma 3.1 is easily adapted to show the following result:

Lemma 3.2 Ifp,q, m are integers and p < q then Y2 cos(22-97T) _

2m+1
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In view of the Lemma 3.2 and (16), we find ||¢(z)||? = (2m + 1)||z||? for each z € H,, where
n=2m + 1. Thus ¢ is a dilation with constant v = 2m + 1. Let B =R x C" have norm
as in (15). Then Theorem 2.2 indicates that the submultiplicative constant of B is mp = 1.
Therefore, Theorem 2.1 provides m3,, = ving and thus my, = v/2m + 1 = \/n.

Theorem 3.3 IfH, is given norm |lag +aij+- - +a,j" || = \/ai + a3 + - - - + a2 then my,, =

/n. Moreover, for r > 2 we find m,(H,) = n""V'2 and py,, = \/n.

Proof We have already proved my,, = /n. Consider x = 1 +j +j* + --- + /-1 and observe
x% = nx, hence x" = n"Lx for r € N. Moreover, ||x| = /7, thus ||x"|| = m;;i |lx]|” and Propo-
sition 1.2 provides m,(H,,) = n"~Y’2, Finally, calculate

o1, = limsup/m,(H,) = limsupv/ nr-D72 = {/n. (17)

r—00 r—00
0

It is interesting to note that the inequality [xy|| < /n|x|||ly|l is sharp forx =y =1+ +
7+ ---+ )" since ||x|| = o/n and as

x2=(1+j+j2+---+j”_1)2=n(1+j+j2+~~~+j”_1)=nx. (18)

Thus ||xy|| = n|lx|| = n/n = /#|x||||y]l. The same x has x(x — ) = 0, which shows x and
x — n are zero-divisors. This illustrates Remark 2.3.

4 Submultiplicative constant of the complicated numbers
We follow [3] and say C, = {ag + a1k + - - - + a,_.1 k" |a; € R, k" = —1} is the set of compli-
cated numbers. Let us assume the norm on C,, is given by

|ao + artk + - + a1 k| = \/m (19)

throughout this section.

Theorem 4.1 The submultiplicative constant

Vnl2 ifniseven,
Jn ifnisodd.

me, =

n

Proof If nis odd then ¥ (k) = —j defines an isomorphism of C, and H,, since ¥ (k)" = ()" =
(-1)"j" = 1. Extending ¥ to arbitrary elements,

lp(ﬂo + dlk + 0+ dn_lkn_l) =ag— &le + 612]A2 + e+ ﬂn_ljn_l.

If lag + ark + -+ - + a, 1 K" Y| = /a2 + - - - + a>_, then using the norm before discussed for
‘H,, observe ||¥ (2)|| = ||z||. Therefore, from Theorem 2.1 we find m¢, = myy,,.
Consider C, for n = 2m with m > 1. Let 6; = %(2}' +1) and &; = exp(it)) for j = 0,1,...,

n/2 - 1. Define ¢ : C, — C"2 by

o(f () = (o), ... f (np2-1))- (20)
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Iff(k) = ap + ark + - - - + a,_1 k"' € C, then calculate

2

n-1
[f(xj)‘z = Zaq exp(igt))
gq=1

n-1 2

= Z aq[cos(qt)) + isin(gt))]

q=1

[ n-1 2 n-1 2
= Zaq cos(q@,):| + |:Zaq sin(q&,»)i|

Lg=1 q=1

n-1

Z aé + Zapaq [cos(ij) cos(q8;) + sin(pb;) sin(qé‘j)]

q=1 p<q

= )+ apagcos((v - 9)6). (21)

p<q

Observe that, much for the same reasons as given for Lemma 3.1,

n/2-1 n/2-1 .
cos((p - 9)6;) = cos T -9@+1) =0. (22)
> cos(p-06)= 3

- - 2m
j=0 j=0

If C"2 has norm ||(z1,.. ., zu2) |2 = |z1]? + - - - + |242|* then Theorem 2.2 indicates mcn2 = 1.

Notice (21) and (22) yield

n/2-1

le(r@NI*= Yool = 5 o™ (23)
j=0

Consequently, ¢ is a dilation with v = v/#n/2, and Theorem 2.1 provides m¢, = +/n/2. O

In the special case n = 2, we note C, has a multiplicative norm. However, for other n >
2 the norm is not multiplicative. Furthermore, ||xy|| = mc, |x| ||y|| only for select x,y. In
particular, if 7 is odd then x = 1 —k + k2 — - - + K71 € C, has x? = nx, thus ||x?| = /n||x|2.
In contrast, for even n # 2 notice x = Z;’:_Ol cos(%)ki is a nonzero zero-divisor with x2 = 5%
and ||x[| = /7. Thus ||x?|| = /5[ Once again, Remark 2.3 is illustrated.

5 Submultiplicative constant of the dual numbers
The n-dual number is defined as an element of A, = R[x]/(x"), or equivalently, a + a;& +

-+ +a, 18" where ¢” = 0. We study the norm on A, defined by

|ao +are +- -+ ay1"| = \/a% +al+-+a ). (24)

Theorem 5.1 The submultiplicative constant for A, is
(1) forn =2, my(A,) = %;
(2) forn=3, my(As) = %.
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Proof In all of the cases, we mainly use the AM—GM inequality. Begin with claim (1).
Suppose x = ag + a,¢,y = by + b1 € and observe:

Allx)? - Iyl = 4(aj + a3) (b3 + b?)

3(618[92 + al 24 aobz) ( %bé + 4a%h%) + (oz%b2 + aObZ)
> S(aob% + a%bz + aobz) + dagbgar by + 2a1byagb;
= 3[(aobo)? + (arbo + aoh)?] = 3| aobo + (a1bo + aghy)e |
= 3lxyl>. (25)
If we set ag = by = +/2 and a; = by = 1 then equality is attained. Next, prove claim (2). We
suppose x = ag + @& + axe* and y = by + b1 + bye?. Calculate:
16]1x)1* - Iyl = 16(ag + af + a3) (b5 + b} + b3)
= 9(ayby + aiby + agbi + aghy + aibi + asby) + 16aib; + 4agh?
+16a3b3 + 4aib} + 16a5b3 + aZbl + B(a%bf + a%bg)
+6(agh + ajby) + %a%b% +2a5b3 + %a%b% +2a3b3 + 5(agb; + azby)
9(agbg + arby + aght + aghs + aiby + a3by)
+ 16a1bya0b1 + 16asb1a1bg + 8asbyagby + 6agbia1bg
+ 12a0boa1by + 2a1brasby + 2a1b1a0by + 10agbyas by

=9[(aobo)* + (arbo + aoby)* + (aoby + arby + azbo)* |

= 9{|aob0 + (a1bg + apbr)e + (aghy + arby + azbg)e? ||2
= 9lxyll. (26)
Equality occurs if, for instance, ag = by =a; = by =2,a, = by = 1. O

It is interesting to note that in both cases (n = 2, 3) we find equality occurs when

ag ay a)
b _Mm_% 27
by b1 by @7)

Assuming the above trend continues, we conjecture that:

(1) for m=4, my(Ayg) =/ 2(11()?;'753;“/3_3) ~ 1.49736. We note equality in
lxyll < ma(Ag) x|yl is attained for x =y =

S5+ B+ L+ /e +,/3+,/He? + 63~ 262961 +2.91485¢ +2.21695¢2 + &°.

(2) for n =5, the closed form expression is too lengthy for us to display here, however,
an approximation of the constant is m,(As) = 1.64748. Equality in
leyll < mo(As)|lx]l]ly|l is attained when
x=y~1-1.14862¢ + 1.03046¢2 — 0.700308¢3 + 0.304849s%,
(3) for n =6, the submultiplicative constant is 712(Ag) &~ 1.78611 and equality in
leyll < ma(Ag) %l Iyl is attained at
x=y~1-116152¢ + 1.12963¢* — 0.915093¢° + 0.589126* — 0.253601¢°.

Page 9 of 12
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Theorem 5.2 Forr e N,r > 2, we have m,(A;) = (1’:11),.

Proof Considering a;,b; € R for 1 < i < r, since &2 = 0, we find

H(ul+b£)—nal+82(n ) (28)

J#

Let g% be the smallest constant such that the inequality below holds for arbitrary a;, b;,

gzg(ag P5) = 1‘[@ R [Z(H@)bl}z. 29)

j#i

Substituting a; = 1 and b; = 0, we have g2 > 1. If there is at least one a; = 0 then, without
loss of generality, we may suppose a, = 0, and thus for all a;,b; € R

r-1 -1
& [(a?+})p} = ]’[ al + b)) > aa}---a’ b2 (30)
i=1

Thus (29) holds trivially. Therefore, let us suppose all 4; are non-zero. Then we can nor-
malize the above inequality to (setting x; = b;/a;)

r r 2
I'a 1_[(1 +xl2) >1+ (le) . (31)
i=1 i=1

Definef(x1,...,%,) = % and note by construction g2 > f(xy,...,%,) forallxy,...,x,.
1
We seek solutions to Vf = 0 in the interest of finding the global maximum of f. Set

S=x1 +%2 + - +x, and calculate

of 5 (S —x)(x:S - 1)

ax: 1+ ) [T @ +43)° 32

Hence, Vf =0 ifand only if (S—x;)(x;S—1) =0forall 1 <i<r.
(1) If S =0 then (S —x;)(x;S— 1) = 0 implies ; =0,x, = 0,...,x, = 0.
(2) Suppose x1,%3,...,% #0. Then (S — x;)(x;S — 1) = 0 yields

1 1 1

S+—-=x1+—=%+—=--=%+—,

S X1 X Xy

andweﬁndsolutionx1=x2=-.-=xr=:|:%,
Observef(O,...,()):lwhereasf(%,...,%) :f(—%,,, . \L[): 1’+11r > 1 forall r > 2.

Therefore we conclude m1,(Az) = /g = (1’+ *f)r. |

Let A, have p-norm defined for p < oo by

|ar + aze + -+ ane"t | = {a +ds + - + b (33)

Theorem 5.3 Suppose p € (1,00). If A, is endowed with p-norm then pa, = 1.
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Proof Let it be understood that m,(A,,) is defined with respect to the p-norm throughout
this proof. Suppose a;; > 0. We will attempt to bound m1,(A,) by an appropriate constant.

We have
r n-1 r
HZaus’ Z( Z Ha;ydl.)sk. (34)
i=1 j=0 k=0 \dq+---+dr=k i=1
Therefore,
r n-1 n-1 r p
T[S Z( 3 n) . @)
i=1 j=0 k=0 \di+---+dy=k i=1

A few observations about (35) are as follows:
(1) There are (k+;_1) distinct terms []._; @;4, in the sum

r
>, [laa

dy+-+dy=k i=1

(2) Each term []._; a;4, to the power p occurs in the product

r n-1

P
[12 4
i=1 j=0

(3) ((k”)”_l) = (k”_l) (k” N> (k” ", so the sequence (k+]r<_1) is increasing in

k+1 k k+1 k
variable k and thus max0<k<,,{ k*; ! } = (™" 2) o™ ).
(4) By Holder’s inequality with g = Ll

xp o Ltay Tt 1< 1+9c"27+~~~+x’s")%(1‘1+1‘7+---+1‘1’)%.

Consequently, (x1 + a3 + -+ +x,)? < P71 +ab + -+ +af).
Combining the observations above, we find:

n-1 r p n-1 ker—1 p-1 r
S % o) <2 () (£ M10)
k=0 \dy+--+dr=k i=1 k=0 dy +-+dp=k i=1
n+r—2\P .
("7 X T
k=0 \dj+--+dy=k i=1
nr— 2\ Ly e
5( n—1 > > (36)
i=1 j=0
Thus,
n+r-2 1
mr(An) = n—1 = O(V ) (37)

Since 7 is fixed, pa, < limsup,_, . ~r"1 = 1. However, we found in (3) that pa, >
1]~ = 1. Thus, pa, = [[1]7} = 1. O
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6 Submultiplicative constants for the dualplex numbers

An n-dualplex number is defined as an element of A = R[x]/((x? + 1)"), or equivalently,

2n—-1

ap+aiq+ -+ ay1q where ; € R and (42 + 1)" = 0. If we use norm

2n-1
lao +avg + -+ + azu14”"" | =\/a(2)+a%+---+a§n_l
then for n = 1 we have complex numbers with the usual multiplicative norm and multi-
plicative constant 1. However, for n = 2 we conjecture that the submultiplicative constant

is given by m 4 =/ %ﬁ where |xy|| = m_q]lx|||ly| if we set x = y = (3 — V17)q + 24°.

7 Convergence of geometric series over some algebras
In this section we use Theorem 1.3 in conjunction with the results of the previous sections
to study the geometric series over an algebra.

Example 7.1 Consider the geometric series ) - z" in the N-hyperbolic numbers Hy.
Observe ¢, = 1 and C = limsup,_, ., ¢/Jlc,[| = 1. We found p3;,, = +/N in Theorem 3.3.
Theorem 1.3 gives that the geometric series converges for ||z|| < ﬁ Suppose R > ﬁ, pick
z= %(1 +j+j2+---+jN1), and notice ||z|| = R and that the geometric series diverges at
z by the Root Test as

limsup ]
n—00

Z| =1i£igp\”/% IN#H (L4 j 42 4+ 4 N1

=limsup \n/ R”«/ZT]n_l =RVN > 1. (38)

n— 00
We see the radius of convergence 1/+/N is maximal.

Example 7.2 Consider the Dual Numbers Ay for some N > 2. Apply Theorems 5.3 and
1.3 to see why the geometric series ) .- 2" converges for ||z|| < 1. Also, if R > 1 then setting
z = R gives a point with ||z|| > 1 where the geometric series diverges.
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