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1 Introduction

For an array of mean 0 random variables {X,,;,1 <j < k,,n > 1} and an array of constants
{@4,,1 <j < ky,n > 1}, Chandra, Li, and Rosalsky [2, Theorem 3.1] recently provided con-
ditions under which the weighted averages ZIZ‘I @, X, obey the degenerate mean con-

j
vergence law

kn £
E any/.Xn,j — 0.
j=1

The random variables comprising the array are assumed to be (i) rowwise pairwise neg-
ative quadrant dependent and (ii) stochastically dominated by a random variable. (Tech-
nical definitions such as these will be reviewed in Sect. 2.) In this note, Theorem 3.1 of
Chandra, Li, and Rosalsky [2] is extended to £, convergence where 1 < r < 2 and is shown
to hold under weaker conditions. This is accomplished by applying a result of Sung [3] and
an inequality of Adler, Rosalsky, and Taylor [1]. This note owes much to the work of Sung

[3].

2 Preliminaries
In this section, some definitions will be reviewed and the needed results of Sung [3] and
Adler, Rosalsky, and Taylor [1] will be stated.

Definition 2.1 The random variables comprising an array {X,,;,1 <j < k,,n > 1} are said
to be rowwise pairwise negative quadrant dependent (PNQD) if for all » > 1 and all i,j €

© The Author(s) 2019. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-

L]
@ Sprlnger vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and

indicate if changes were made.


https://doi.org/10.1186/s13660-019-1980-3
http://crossmark.crossref.org/dialog/?doi=10.1186/s13660-019-1980-3&domain=pdf
http://orcid.org/0000-0002-7011-4447
mailto:rosalsky@stat.ufl.edu

Li and Rosalsky Journal of Inequalities and Applications (2019) 2019:33 Page 2 of 5

{1k} G F))s

P(Xyi <%, X,j <y) <PX,; <x)P(X,; <y) forallx,yecR.

Definition 2.2 The random variables comprising an array {Y,,;, 1 <j < k,,, n > 1} are said
to be stochastically dominated by a random variable Y if there exists a constant D such
that

P(Ysjl >y) <DP(IDY|>y), y>0,1<j<ky,n>1. (2.1)

Lemma 2.1 (Adler, Rosalsky, and Taylor [1, Lemma 2.3]) If the random variables in the
array {Y,,1 <j < k,,n > 1} are stochastically dominated by a random variable Y, then
foralln>1andje{l,..., k,},

E(1Yl1(1Ys1 > y)) < D’E(IYII(IDY|>y)) forally>0,
where D is as in (2.1).
Proposition 2.1 (Sung [3, Theorem 2.1]) Let {X,,1 <j < k,,n > 1} be an array of row-

wise PNQD random variables and let r € [1,2). Let {a,,;,1 < j < k,,n > 1} be an array of

constants. Suppose that

kn
sup Y _ |y "E|X,,;|" < 00 (2.2)
n>1 =1
and
kn
lim > lang"E(1 X" I(an| | X" > €)) =0 forall & > 0. (2.3)
j=1
Then

ky

Ly
> @i (Xj - EX,j) — 0
j=1

and, a fortiori,
kn b
> (X~ EX,j) — 0.
j=1

3 Improved version of the Chandra, Li, and Rosalsky [2] result
We will now use Lemma 2.1 and Proposition 2.1 to present the following improved version
of Theorem 3.1 of Chandra, Li, and Rosalsky [2].

Theorem 3.1 Let {X,;,1 <j < k,,n > 1} be an array of rowwise PNQD mean 0 random

variables which are stochastically dominated by a random variable X with E|X|" < oo for
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somer € [1,2). Let {a,j,1 <j < ky,n > 1} be an array of constants such that

kn
sup Z |@,,;]" < 00 (3.1)
n>1 =1
and
lim sup |a,;|=0. (3.2)

n—00 1§j§kn

Then
kn .
Zﬂn,an,j —0 (3.3)
j=1

and, a fortiori,
kn 5
Z“W’Xw’ — 0.

j=1

Remark 3.1 Before proving Theorem 3.1, we point out that Theorem 3.1 of Chandra, Li,
and Rosalsky [2]

(i) only treated the caser =1,

(ii) had the additional condition

for each n > 1,either min a4,; >0or max a,; <0,

1<j<kn 1<j<ky

(iii) had the condition

n>1";

kn ki
sup Z la,jl <oo and  lim Z a,; =0,
=1 n—00 P
the second half of which is clearly stronger than (3.2).

Proof of Theorem 3.1 Letting D be as in (2.1) with Y),; replaced by X,,;, 1 <j < k,, n>1
and Y replaced by X, it follows that

E|X,;|" <D"'EIX], 1<j<k,n>1.

Thus

n>1 j=1 n>1 j=1

kn kn
sup Y |an;|"E|X,,|" < D" (supZ |an,,»|’)E|X|’ <00

by (3.1) and E|X|" < oo, thereby verifying (2.2).
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Next, we show that (2.3) holds. Let

An=D sup |a,;, n=1.
1<j<kn

Then lim,,—, oo A, = 0 by (3.2). Now the stochastic domination hypothesis ensures that
P(IX,,I" > %) < DP(IDX|" >x) =DP(D(D"'|X|") >x), x#>0,1<j<ky,n>1

and so by Lemma 2.1 with Y,; replaced by [X,,;|", 1 <j < k,, n > 1 and Y replaced by
Dr—l |X|r’

E(1X0j1"1(1Xj1” > %))
<D’E(D"'XI"I(D'1X|" > x))

= DE(XII(DIX) > %)), x=0,1<j<k,n>1. (3.4)

Then for arbitrary ¢ > 0,

kn kn

€
> Nan "E(1 X, (11X, > €)) < DY Idn,;I’E(|X|’1<D’|X|’> 2 4|,))
J=1 j=1 nyj

o
&
< D’“(Z |an,,»|f)E<|X|’1(|X|’ > r))
j=1 "
ki e
< D™ su |l IE(|X|’I<|X|’> —))
(m>li}=Z1 " AL

—0 asm— o0

by (3.1), A, — 0, and E|X|" < co. Thus (2.3) holds, and conclusion (3.3) follows from
Proposition 2.1. g

Remark 3.2 See Chandra, Li, and Rosalsky [2] for examples
(i) showing that Theorem 3.1 can fail if the PNQD hypothesis is dispensed with,
(ii) showing that Z}]-Z‘l @n,jXyj — 0 almost surely does not necessarily hold under the
hypotheses of Theorem 3.1.

4 Conclusions
For an array of rowwise PNQD random variables {X,,;,1 <j < k,,n > 1}, conditions are
provided under which the following degenerate mean convergence law holds:

ky

Lr
E an,an,j e 0,
j=1

where 1 <r<2,EX,;=0,1<j<k, n>1,and {a,;,1 <j<k,n>1}is an array of con-
stants. This result is an improved version of Theorem 3.1 of Chandra, Li, and Rosalsky [2]
in that £, convergence is extended to £, convergence and the hypotheses are weakened.
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The result is obtained by applying a result of Sung [3] and an inequality of Adler, Rosalsky,
and Taylor [1].

Funding
The research of Deli Li was partially supported by a grant from the Natural Sciences and Engineering Research Council of
Canada (Grant #: RGPIN-2014-05428).

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
Both authors contributed equally and significantly in writing this article. Both authors read and approved the final
manuscript.

Author details
'Department of Mathematical Sciences, Lakehead University, Thunder Bay, Canada. ?Department of Statistics, University
of Florida, Gainesville, USA.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 1 October 2018 Accepted: 17 January 2019 Published online: 04 February 2019

References

1. Adler, A, Rosalsky, A, Taylor, R.L.: Strong laws of large numbers for weighted sums of random elements in normed
linear spaces. Int. J. Math. Math. Sci. 12, 507-529 (1989)

2. Chandra, TK, Li, D, Rosalsky, A: Some mean convergence theorems for arrays of rowwise pairwise negative quadrant
dependent random variables. J. Inequal. Appl. 2018, 221 (2018). https://doi.org/10.1186/513660-018-1811-y

3. Sung, S.H.: Convergence in r-mean of weighted sums of NQD random variables. Appl. Math. Lett. 26, 18-24 (2013)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com



https://doi.org/10.1186/s13660-018-1811-y

	An improved version of a result of Chandra, Li, and Rosalsky
	Abstract
	MSC
	Keywords

	Introduction
	Preliminaries
	Improved version of the Chandra, Li, and Rosalsky 2 result
	Conclusions
	Funding
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


