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1 Introduction and preliminaries
It is a natural trend in fixed point theory to refine a standard metric space structure with a
weaker one. One of the interesting extensions of the notion of a metric space is the concept

of a b-metric space which was introduced by Czerwik [8].

Definition 1.1 ([8]) Let X be a nonempty set and s > 1 a given real number. A mapping
d: X x X — [0,00) is said to be a b-metric if for all x, y,z € X the following conditions are
satisfied:

(bM;) d(x,y) =0ifand only if x = y;

(bMy) d(x,y) = d(y,x) (symmetry);

(bM3) d(x,z) <sl[d(x,y) + d(y,z)] (b-triangle inequality).
In this case, the pair (X, d) is called a b-metric space (with constant s).

Clearly, any metric space is a b-metric space (with constant s = 1).

Example1.2([10]) Let X = [0,1] andletd : X x X —> [0, 00) be defined by d(x, y) = (x—7y)%.
Then, clearly, (X,d) is a b-metric space with s = 2.

The following is another constructive example of b-metric.

Example 1.3 ([1]) Let X = {x;:1 <i <M} for some M € N and s> 2. Defined : X x X —

o0 as

0 ifi=j,
d(xi’xj) =4{s if (l)]) = (1’2) or (l»]) = (21 1);

1 otherwise.
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Consequently, we derive that
s
d(xi, x7) < ) [d(xi:xk) + d(xk:xj)]»

for all i,j,k € {1, M}. Thus, (X, d) forms a b-metric for s > 2 where the ordinary triangle
inequality does not hold.

For more examples for b-metric, we may refer, e.g., to [1-7, 9, 12] and the corresponding

references therein.

Example 1.4 (see, e.g., [6]) The space L”[0,1] (where 0 < p < 1) of all real functions x(¢),
t € [0,1] such that fol |x()? dt < 00, together with the functional

1 1/p
d(x,y) = (/ |x(t) —y(t)|p dt) , foreachx,y e [?[0,1],
0
is a b-metric space. Notice that s = 217,

2 Main result
We start this section by recalling an interesting inequality that was proposed by Dragomir
and Gosa in [11]. In what follows we investigate their inequality in the setting of a more

general structure, namely that of b-metric spaces.

Theorem 2.1 Let (X,d) be a b-metric space with constant s > 1, and x; € X, p; >0 (i €
{1,2,...,m)) with Y i, p; = . Then we have

pipjd(xi, x;) < inf pid(xi,x) |. 1)
xeX

1<i<j<n i=1

The inequality is sharp in the sense that the constant c = 1 in front of the infimum cannot

be replaced by a smaller constant.
Proof Using the b-triangle inequality, for any x € X, i,j € {1,2,..., n} we have
d(x;, %)) < s[d(x,',x) +d(x, xj)]. (2)

If we multiply (2) by p;, p; and sum over i and j from 1 to #, we get

Y pipd(x,x) <s [mej[d(xbx) +d(x, x,')]} :

ij=1 ij=1

Note that by symmetry we have

Zpipjd(xi,xj) =2 Z pipjd(xi,x/). (3)

ij=1 1<icj<n
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Now, using the condition Y -, p; = , we can easily deduce that

Zp,p, (%, )+dx,x, Zp, (25, %).

ij=1

So, from (3) we have

1 n
Z pipid(xi, %)) = 3 Zpip/d(xi,xj)

1<i<j<m ij=1
s n
=3 [Zpip;[d(xi,x) +d(x, x;)]]
ij=1
= Zpid(xi,x)~
i=1
Therefore,

Z pipjd(xi,x;) < Zpid(xi:x)

1<i<j<n i=1

for any x € X. Using the fact that the infimum is the greatest lower bound, we deduce (1).

Now, suppose that there exists ¢ > 0 such that

Y x“x,)<cmf[2pzd(x“x)}

1<i<j<n
and choose n =2, p; = p and p =1 — p where p € (0,1). Then,
(1= p)d(x1,%2) < c[pd(x1,%) + (1 - p)d(x,x))]. (4)

If we let x = x; in (4), we get

p(1—p)d(x1,%) < c(1 - p)d(x1,%2).

As d(x1,x) >0and 1 —p >0, so p < c for any p € (0, 1). Using the fact that the supremum
is the least upper bound, we deduce that ¢ > 1. 0

The following corollary is a generalization of Corollary 1 in [11] to the case of a b-metric

space.

Corollary 2.2 Let (X,d) be a b-metric space with constant s > 1, and x; € X, i €
{1,2,...,n}, then

Z d(x;, %)) < S 1nf|:Z d(xl,x):|

1<i<j<m
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The proof follows directly by taking p; = 1, i € {1,2,..., 1} in the previous theorem.

The above corollary can be interpreted geometrically as follows: The sum of all edges
and diagonals of a polygon with # vertices in a b-metric space is less than or equal to
“-times the sum of the distances from any arbitrary point in the space to its vertices.

The next corollary is a generalization of Corollary 2 in [11] in the framework of b-metric
spaces.

Corollary 2.3 Let (X, d) be a b-metric space with constant s and x; € X, i € {1,2,...,n}. If
there exist z € X and r > 0 such that the closed ball B(z,7) = {y € X : d(z,y) < r} contains all
the points x;, then for any p; > 0 with ., p; = % we have

r
Z pipid(xi, %)) < 5

1<i<j<nm

Proof Using (1) we have

n
Z pipid(xi,x;) < ig}f(|:ZPid(xi,x):|

1<i<j<n i=1
n
= E pid(x;,2)
i=1

=

. O

C

3 Applications
In this section we define a new notion of a b-normed space and study some of its proper-
ties.

Definition 3.1 Let X beavector space overafield K and lets > 1 be a constant. A function
II1l» : X —> [0, 00) is said to be a b-norm if the following conditions hold for every x, y € X,
cek:

(Nb1) |« > 0;

(Nb2) %]l =0 <= x=0;

(Nb3) lexllp = |c|€25* ||x]|, (b-homogeneity);

(Nb4) |2+ ylls <slllxlls + Ilylls] (b-norm triangle inequality).

In this case (X, || - ||p) is called a b-normed space with constant s.

Here we give an example of a b-normed space.

Example 3.2 Let X = R and define || - ||, : X —> [0,00) by |lx||, = |x|” where p € (1, 00),
then, using the relation (x + y)? < 2°71(x + y), we can easily deduce that (X, || - ||) is a b-
normed space with constant s = 2771,

Remark 3.3 Let (X, || - ||p) be a b-normed space with constant s > 1, x; € X, i € {1,...,n}.
Then it is easy to prove the following generalized b-triangle inequality:

n
2
i=1

n
<Y sl
i=1
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Remark 3.4 Any b-norm with s > 1 defines a b-metric as follows:

dx,y) = llx=ylp.

The question now is the following: Is any b-metric induced from a b-norm? The follow-

ing remark can answer this question.

Remark 3.5 Let X be a vector space over a field K. Any b-metric d : X x X — [0, 00)
with constant s > 1 induced from a b-norm must satisfy the following properties for each
x,y,z€X,cekK:

(i) d(x+zy+z)=d(x,y) (translation invariance);

(ii) d(cx,cy) = |c|°®25*1d(x,y) (b-homogeneity).

Proposition 3.6 A b-homogeneous translation invariant b-metric d : X x X — [0,00)

with constant s > 1 can define a b-norm || - ||, : X —> [0, 00) as follows:
llxllp = d(x,0) VxeX.

Proof Clearly, (Nb1) and (Nb2) are satisfied.
As d is homogeneous, ||cx|| = d(cx, 0) = |c|"°€25*1d(x, 0) = |c['°%251||x| .

As d is translation invariant,
%+ yllp = d(x +9,0) < s[d(x +y,%) + d(x,0)]
= s[d(y, 0) + d(x, 0)]

=s[llxlls + 171l5],
which prove (Nb3) and (Nb4), respectively. O

Now, we rewrite inequality (1) in the sense of b-normed spaces and obtain some corol-
laries.

If (X, || - |lp) is @ b-normed space with constant s > 1, x; € X, and p; > 0,i € {1,...,n} with
>, pi =1, then by (1) we have

n
> ppjlxi =l < inf [Zmnxi —x,||]. ()
1<i<j<m ¥ i=1

The following proposition is a generalization of Proposition 2 in [11] to the case of a

b-normed space.

Proposition 3.7 Let (X, | - ||5) be a b-normed space with constant s > 1,x; € X and p; > 0,
ief{l,...,n}with) ! pi= % Let x, =Y i, pix;, then

1 n n
5 2 pilxi=ml <s" D7 ppylwi -l <5" ) pillxi = ). (6)
i=1 1

1<i<j<n i=
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Proof As the infimum is a lower bound, the second part of inequality (6) is trivial. For the

first part, we use a generalized b-norm inequality as follows:

1< 1 -
2 Zpiﬂxt —%pll = B Zpi Xi = ZP/"C/
i-1 i-1 =1

i=1

= %Zlﬂi > (i - px)
j=1

IA

I—
5 2 b I = py|

ij=1

§" —

B ZPiP;‘Hxi — x|
ij=1

=s" Z pipjllxi —x;ll,

1<i<j<n

which completes the proof. d
We have the following corollary, which has a nice geometric interpretation.

Corollary 3.8 Let (X, || - ||») be a b-normed space with constant s > 1 and x; € X, i €

{1,...,m}. Ifx = =20 s the gravity center of the vectors {x1,...,%,}, then we have

n n 3 ., ., n B
32 =<8 3l <ns" )l =3
i=1 i=1

1<i<j<n i=

Geometrically, the last corollary means that the sum of the edges and diagonals of a
polygon with # vertices in a b-normed space is less than or equal to #n-times the sum of
the distances from the gravity center to its vertices and greater than or equal to 55 -times
this quantity.

4 Conclusion

Similarly, we can generalize more inequalities on metric and normed spaces.

Funding
We declare that funding is not applicable for our paper.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors contributed equally and significantly in writing this article. All authors read and approved the final manuscript.

Author details

'Department of Medical Research, China Medical University Hospital, China Medical University, Taichung, Taiwan.
2Nonlinear Analysis Research Group (NAAM), King Abdulaziz University, Jeddah, Saudi Arabia.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Received: 20 November 2018 Accepted: 17 January 2019 Published online: 31 January 2019



Karapinar and Noorwali Journal of Inequalities and Applications (2019) 2019:29 Page 7 of 7

References

1.

2.

11.
12.

Algahtani, B, Fulga, A, Karapinar, E,, Ozturk, A.: Fisher-type fixed point results in b-metric spaces. Mathematics 7(1),
102 (2019)

Aydi, H.,, Bankovic, R., Mitrovic, I, Nazam, M.: Nemytzki-Edelstein-Meir-Keeler type results in metric spaces. Discrete
Dyn. Nat. Soc. 2018, Article ID 4745764, 7 pages (2018). https://doi.org/10.1155/2018/4745764

. Aydi, H, Bota, M., Karapinar, E.,, Mitrovi¢, S.: A fixed point theorem for set-valued quasi-contractions in b-metric spaces.

Fixed Point Theory Appl. 2012, Article ID 88 (2012)

. Aydi, H,, Bota, M., Karapinar, E.,, Moradi, S.: A common fixed point for weak ¢-contractions in b-metric spaces. Fixed

Point Theory 13(2), 337-346 (2012)

. Bota, M, Chifu, C, Karapinar, E.: Fixed point theorems for generalized (v — v)-Ciric-type contractive multivalued

operators in b-metric spaces. J. Nonlinear Sci. Appl. 9(3), 1165-1177 (2016)

. Bota, M, Karapinar, E,, Mlesnite, O.: Ulam-Hyers stability for fixed point problems via o — ¢p-contractive mapping in

b-metric spaces. Abstr. Appl. Anal.,, 2013, Article ID 855293 (2013)

. Bota, MF, Karapinar, E.: A note on “Some results on multi-valued weakly Jungck mappings in b-metric space”. Cent.

Eur.J. Math. 11(9), 1711-1712 (2013)

. Czerwik, S.: Contraction mappings in b-metric spaces. Acta Math. Inform. Univ. Ostrav. 1, 5-11 (1993)
. Czerwik, S Nonlinear set-valued contraction mappings in b-metric spaces. Atti Semin. Mat. Fis. Univ. Modena 46,

263-276 (1998)

. Demmaa, M., Saadatib, R, Vetroa, P: Fixed point results on b-metric space via Picard sequences and b-simulation

functions. Iran. J. Math. Sci. Inform. 11(1), 123-136 (2016)

Dragomir, S.S., Gos, A.C.: An inequality in metric spaces (2004)

Kutbi, M.A,, Karapinar, E,, Ahmed, J,, Azam, A.: Some fixed point results for multi-valued mappings in b-metric spaces.
J.Inequal. Appl. 2014, 126 (2014)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com



https://doi.org/10.1155/2018/4745764

	Dragomir and Gosa type inequalities on b-metric spaces
	Abstract
	Keywords

	Introduction and preliminaries
	Main result
	Applications
	Conclusion
	Funding
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


