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Abstract

Let A, 4 be the weighted p-Laplacian defined on a smooth metric measure space.
We study the evolution and monotonicity formulas for the first eigenvalue,

A1 =AApg), of Apg under the Ricci-harmonic flow. We derive some monotonic
quantities involving the first eigenvalue, and as a consequence, this shows that A is
monotonically nondecreasing and almost everywhere differentiable along the flow
existence.
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1 Introduction

In this paper we study evolution, monotonicity, and differentiability of the first weighted
p-eigenvalue on an n-dimensional compact Riemannian manifold (M, g) equipped with
measure d, whose metric g = g(¢) evolves along the Ricci-harmonic flow (RHF)

B g(x,1) = —2Rc(x, 1) + 2aV(x,t) ® Vo (x,1),

) (1.1)
5¢(x, 1) = Agp(x, 8).

Here ¢(x,t) =: ¢ : M x [0,00) — R is a one-parameter family of smooth functions at least
C? in x and C! in ¢, ® is the tensor product, Rc is the Ricci curvature tensor of (M,g), V
is the gradient operator, « is a nonincreasing constant function of time bounded below
by «,, > 0 in time, and A is the Laplace—Beltrami operator on M. Sometimes, we shall
refer to (1.1) simply as RHF. System (1.1) was first studied by List [18] with motivation
coming from general relativity. It was generalized by Miiller [20] to the situation where
¢ :(M,g) — (N, h), (N, h) is a compact Riemannian manifold endowed with static metric
h) and ¢ satisfies Eells and Sampson’s heat flow [9] for harmonic map. Indeed, if ¢ is a
constant function, the flow degenerates to the well-known Hamilton’s Ricci flow [12].

In recent time, getting useful information about behaviors of eigenvalues of geometric
operators on evolving manifolds has gained more popularity among researchers. This in-
formation usually turns to powerful tools in the study of geometry and topology of the
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underlying manifolds. Perelman [21] recorded a great success by proving that the first
nonzero eigenvalue of —4A + R is nondecreasing along the Ricci flow via the monotonicity
formula for his energy functional F. Not quite long after Perelman’s paper [21], Cao [7]
extended Perelman’s result to the first eigenvalue of A + g on the condition that the curva-
ture operator is nonnegative. Later, Li [15] proved the same result without any curvature
assumption. The following papers [8, 16] are some results along this idea. Recently, the
first author studied the evolution and monotonicity of the first eigenvalue of p-Laplacian
and weighted Laplacian in [1] and [2], respectively. He found some monotonic quantities
under the respective flows. Azami [5] (see also [6]) extended these results to the setting
of Ricci—Bourguignon flow. In [11] and [10], the authors studied the evolution of the first
eigenvalue of Ay + § under the Yamabe flow and the Ricci flow, respectively, and they
also obtained some monotonic quantities under these flows. For similar results, see [3,
4,17, 25, 26] and the references therein. Motivated by the above works, in this paper we
extend the results in [1] and [2] to the first eigenvalue of weighted p-Laplacian under the
Ricci-harmonic flow.

The plan of the paper is as follows. In Sect. 2, we give background information in terms
of basic notation and relevant definitions. In Sect. 3 we discuss regularization procedure
for the nonlinear and degenerate operator and then present some evolution equations
that will be useful in the proofs of the main results. In the last section, we state and prove
the main results of the paper. Here, we discuss the time evolution and monotonicity of
A(Ap,) without differentiability assumption on its corresponding eigenfunction. In fact,
the differentiability of the eigenvalue is a consequence of the monotonicity formula de-
rived.

2 Notation and preliminaries

By standard notations in the theory of Ricci-harmonic flow, we denote a symmetric 2-

tensor by Sc:= Rc —aV¢ ® V¢, its components by S;; := R;; — a¢;¢;, and its trace by S :=

R—u|V¢|?, where R;; are the Ricci tensor’s components, R is the scalar curvature of (M, g),

and ¢; = Vi¢p = Lo
In most cases, our calculations will be performed in a local coordinate system {x‘}/,

where repeated indices are summed. The Riemannian metric g(x) at any point x € M is a

bilinear symmetric positive definite matrix written in local coordinates as
g(x) = gjdx'dx.
We denote the Laplace—Beltrami operator, p-Laplacian, weighted Laplacian, and weighted

p-Laplacian on (M,g) by A, A,, Ay, and A, 4, respectively. For instance, in a local coor-
dinate system

a2 3
A=gll —— —rk—
£ <3x‘ o axk>

with respect to the Christoffel symbols I';]k , where g/ = (g;)~" is the inverse matrix. We

denote dv as the Riemannian volume measure on (M, g) and du := e *® dv, the weighted
volume measure, where ¢ € C*°(M). Throughout, M will be assumed to be closed (com-
pact without boundary), except if otherwise stated.

Let f : M — R be a smooth function.
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1. For p € (1, +00), the p-Laplacian of f is defined as

Apf =div(|VfIP2Vf)
= |VFIP2Af + (p - 2)|Vf P * Hess f (Vf, Vf),
where div is the divergence operator, the adjoint of gradient for the L2-norm induced
by the metric on the space of differential forms. When p =2, A, is the usual

Laplace—Beltrami operator.
2. For the weighted volume measure dju = e™® dv, the weighted-Laplacian is defined by

Ayf =€ div(e?Vf) = Af — (V, Vf),

which is a symmetric diffusion operator on L*(M, g, d1) and self-adjoint with respect
to the measure in the sense of integration by parts formula

/Aq;uvdu:—/(Vu,Vv)du:/ ulgvdu
M M M

for any u,v € C*°(M) (M is closed). When ¢ is constant, the weighted Laplacian is
just the Laplace—Beltrami operator.

3. The weighted p-Laplacian generalizes the p-Laplacian and the weighted Laplacian. It
is defined by

Apg = e div(e?|VIIF2VS) = Apf — VP2V, V).
When p = 2, this is just the weighted Laplacian, and when ¢ is a constant, it is just the
p-Laplacian.

The mini-max principle also holds for the weighted p-Laplacian where its first nonzero
eigenvalue is characterized as follows:

J(e) = inf{ / VAP dp: / fIPdu =11 #0,f € Wl’P(M,g,dm} (21)
S UUm M

satisfying the constraints [, |[f|P~2f du = 0, where W'?(M,g,du) is the completion of
C*(M, g, d ) with respect to the norm

W lls = ( /M P+ /M IVfI"duf.

The infimum in (2.1) is achieved by f € W* satisfying the Euler-Lagrange

fM (VA2 V) dys 2 /M FP24F, 0 dia =0 (22)

for all ¥ € C§°(M) in the sense of distribution.

We need to compute evolution of A;(¢) but we know that it is nonlinear in general.
Even we do not know whether A (¢) or its corresponding eigenfunction is C!-differentiable
along Ricci-harmonic flow. It has been pointed out that differentiability for the case p =2
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under geometric flow is a consequence of eigenvalue perturbation theory, see for instance
[13]. To overcome this difficulty, we will use the approach of [7], see also Wu [25] and
Wu, Wang, and Zheng [24], as used under the Ricci flow. The details will be discussed in
Sect. 4.

3 Regularization procedure and basic lemma
Firstly, we introduce the linearized operator of the weighted p-Laplacian on function / €

C°(M) defined pointwise at the points Vi # 0 [23]

Ls(f) := e div(e VA2 G(VS))

= |VIP2Ayf + (p - 2)|VhP2 Hess f(VI, Vi) + (p — 2)Ap,¢h%
. . Vh|[Vh _.
2(p - 2)|VhP*H Vh,Vf - —(——,V
+ 2= DIV essf( w VS |Vh|<|Vh| f>)

for a smooth function f on M, where G can be viewed as a tensor defined as

Vh® Vh
=1 -2)—.
Gi=ld+ (-2 =5

Notice that Ly is positive definite for p > 1 and strictly elliptic in general at these points
(Vh #0), and that the sum of its second order part is

Lof := [VAP2Asf + (p—2)|VHP2 Hess f(Vh, V)
with

Lok = Apph.
When p # 2, the weighted p-Laplacian degenerates or is singular at points Vf = 0. In this
case e-regularization technique is usually applied by replacing the linearized operator with

its approximate operator, see [14, 22] for examples. For ¢ > 0, we define an approximate

operator Ly, 1= Ap g for asmooth function f; by
p2
2

P
Apgefe =€ div(e?A:7 VS,

with the following characterization:

p
xgzinf{/ AEdu:/ [ﬁ;|1’du=1,/ [,g|1’-2,gdﬂ=0},
S UWUm M M

where A, = |V£|? + 5.
It has been shown in [22] that the infimum above is achieved by a C* eigenfunction f;

satisfying

Ap,(i),sf? = _)"El_f:? |p72 e
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with A, = [}, A pT |Vf:|? du by using standard elliptic theory. Taking the limit as & \ 0, we
then obtain a continuous weak solution A; = lim\ o A, and f = lim\ o f;.

The following basic evolution formulas will be used in the proof of evolution of 1 (¢)
under the Ricci-harmonic flow.

Lemma 3.1 Suppose that (M,g(t), p(t),du), t € [0, T], T < oo solves RHF (1.1). Then, for
any f € C*(M), we have the following formulas:

(1) LIVfP = pIVIP2SIVS VS + @IV,

(2) ZIVFIP2 = (p - 2IVf STV VIS + &IV Vif),

(3) Z(Af) =28VUZV) + §IVIZVif) + §VIZVify) — 20 Z(AP)GTVipVif, and

(4)

9 ) ) )
o (Bnaf) = 28IVIZV ) + §VUZVf) + T VHZV )
— 20 Z(AP)GNVipVif — Zi(V b, Vf) = Z(N s, V),
— Z(V$,Vfy) = 28T ZV,pVif,

where Z := |Vf|P~2 and f, = L

Proof The proofs of formulas (1), (2), and (3) are contained in [1, Lemma 2.2]. For com-
pleteness, we sketch the proofs of (2) and (4) here.
Recall that dtg” =28Y (see [1]) and A, := |V |* + & = ¢V, Vif, + &. Thus

kS

p=2 -2 b
A2 =224,

2
)
2
=(p-2)A pT(S”VLﬁ?VIﬁ? S AAY(ANY

’E

l\]l

Ag

S

—4
T

‘m

*m

5
ot
(2

SINEVSe + 28"V Vi()e)

Sending ¢ \( 0, we arrive at formula (2). To prove formula (4), we write

J

Apgpefe = Dpefe —Ac® (VO, V).

Then

-2

a ad 9, 2
&(Ap,qb,sfé) = &(Ap,afs) - &( : UV ¢V1fs)

Note that 2 51 (Dpefe) = ( A,f) as e \( 0. This is formula (3). For the second term, we have

a , b2 ad
AT V) = 2 (V)
= (Z)(V$, Vo) + Ze(V 1, Vo) + Zo(V, V(o))

+287Z. Vs Vif,,

-2
where Z, = A, K . Combining the computations and letting ¢ \ 0, we arrive at the result.

Page 5of 16
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4 Evolution of A, and monotonic quantities

In this section, we derive an evolution formula for the first nonzero eigenvalue of A, 4 and
show that A; is monotone nondecreasing along the Ricci-harmonic flow as a corollary. We
also obtain some monotonic quantities involving A; which are also nondecreasing along
the flow. In order to do these, we need to compute time derivatives of A; and its corre-
sponding eigenfunction. Unfortunately, we do not know whether 1, or its corresponding
eigenfunction (p #2) is C! or not along the flow. As we remarked earlier, we adopt Cao’s
approach [8] (see also [25] and [24]) to assume that A1(f(£),£) = A1(¢) and that f(¢) and
A1(f(#),£) are smooth. Precisely, let (M, g(¢£), ¢(¢),du), t € [0, T] be a smooth compact so-
lution of (1.1). Define a general smooth function as follows:

M f O Dpaf (€)= f VO di, (1)

where f(¢) is a smooth function satisfying the normalization condition

/ f@) di=1 and / IF@F () dp =o. (4.2)
M M

By this, we claim that there exists a smooth function f(¢y) at time ¢ = £, € [0, T] satisfying
(4.1). To see this claim, we first assume that at ¢ = £y, f(£o) is the eigenfunction correspond-
ing to A1(ty) of A, 4, which implies

[Vl du=1 and [ | st du=o.
M M

Then we consider the following smooth function:

1
det(g(20)) \ 22
u(t 4.3
) f(0)<dt(g(t ) (4.3)
under the Ricci-harmonic flow g(£). We normalize this smooth function
u(t)
f@) = (4.4)

(o, 14(O)1P dpign)?

under the flow g(¢). By (4.4) we can easily check that f(¢) satisfies (4.2). Note that in general
A1(f, 1) is not equal to A1(£). But at time ¢ = ¢, if f(f) is the eigenfunction of the first

eigenvalue A;(£p), then we conclude that
M (f (o), o) = A (to)
and that
d
—)»1 (f (o), t0) = —)»1(1‘0)

at some time £ = £;.
We are now set to state the main results of this section.
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Theorem 4.1 Let (M, g(t), ¢(t),du), t € [0, T], T < 0o solve RHF (1.1) on a closed Rieman-
nian manifold M. Let A1 (t) be the first nonzero eigenvalue of the weighted p-Laplacian A, 4
and f(x, t) its corresponding eigenfunction. Then A, (t) evolves by

d
=1 /M (S + V1P diu — /M (S + gIVfIP dpe
+p / |VFIP2SIVEVif du (4.5)
M
foralltimet e [0,T], T < oco.

Corollary 4.2 Under the assumption of Theorem 4.1. Furthermore, if Sij > B(S + Ad)g;;,
B> }7 is a constant. Then

2

Jts) > halt) + / O/(g(0)f (1)) dt, (4.6)

3]

where
6 (g(0),f (6, )) = 2 (0) fM (S+ AP du + (Bp—1) /M (S + AP)VSIP du

forty <ty, t1,t,€[0,T], T < 00.

Note that (4.5) in the theorem above is a general formula to describe the evolution of
A1(£) under the Ricci-harmonic flow. Under some technical assumptions, we can obtain
some monotonicity quantities.

Set Siin(0) = min,cp; S(x,0), i.e., the minimum of S(x, £) with respect to g(¢) and f(«, £) at
t=0.

Theorem 4.3 Let (M, g(t),¢(¢),du), t € [0, T], T < 0o solve RHF (1.1) on a closed Rieman-
nian manifold M. Let A, (t) be the first nonzero eigenvalue of the weighted p-Laplacian A, 4
and f(x,t) its corresponding eigenfunction. Suppose
@) Sj= B[S+ Ad)gy, B> 1% is a constant;
(i) A¢p >0, ie., ¢ is subharmonic;
(iii) S > Smin(0) >0, then

M(t) = )»1(t1)exp<ﬂpf ’ Smin(t) dt) (4.7)

51

and L1 (t) is monotonically nondecreasing along RHF (1.1);
(iv) Ifinstead of (iii), S > Smin(0) # 0 (i.e., either Smin(0) > 0 or Smin(0) < 0), then
A (£)(Smin(0)! = %t)# is monotonically nondecreasing along RHF (1.1).
Furthermore, M (t) is differentiable almost everywhere along RHF (1.1).

Corollary 4.4 Let (M, g(t), p(t),du), t € [0, T], T < 0o solve RHF (1.1) on a compact Rie-
mannian surface (M?, go). Let 1(¢) be the first nonzero eigenvalue of A4 with f (x, t) being
its corresponding eigenfunction. Assume ¢ is subharmonic (i.e., A¢ > 0).

(A) Suppose Rc <eVp @ Vp, where € < 2"{(_12’;), B> %
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(i) If Smin(0) > 0, then A1 (t) is monotonically nondecreasing along RHF (1.1) for all
tel0,T], T < oo.

(ii) If Smin(0) # 0, then the quantity 1 (£)(Smin(0)™* — £)P? is monotonically
nondecreasing along RHF (1.1) for all t € [0, T], T < oo.

(B) Suppose that Vé @ Ve < 1|V|’g.

(i) If Smin(0) > 0, then A1 (t) is monotonically nondecreasing along RHF (1.1) for all
te[0,T], T < .

(ii) If Smin(0) # 0, then the quantity iy (£)(Smin(0)™! — £)P? is monotonically
nondecreasing along RHF (1.1) forall t € [0, T], T < oo.

Remark 4.5 Assuming the weight function ¢ = ¥ (x) is t-independent, i.e., du = e V@ gy,
then (4.5) of Theorem 4.1 becomes

d
L3t = () / SIFIP dps - f SIVfIPdp+p / IVFIP2Se(Vf, Vf) dp. (4.8)
dt M M M

Then, scaling ¢(x, £) by taking ¢ = \/g u(x,t), RHF (1.1) becomes

3
Z9==-2Rc+4Vu ® Vu,
€ (4.9)

9 .. _
atu—Au

studied by Li [17]. Thus, under these conditions our results in Theorem 4.1, Theorem 4.3,
and Corollary 4.4 reduce to Theorem 1.5, Theorem 1.6, and Corollary 1.7 of [17], respec-
tively.

4.1 Proof of Theorem 4.1

Proof The proof follows by direct computation using evolution formula (4) in Lemma 3.1.
Let f(to) and A(%y) = A(f(0), t) be an eigenpair. Then, for a smooth function f(t), we can set

M0 == [ 10840

Then

d
— At
1@

a

d
o - fM FOApf 0 d. (4.10)

t=ty

Using evolution formula (4) of Lemma 3.1, we obtain

a
5o | 8uaf du
0 ad
- [ St [ 850

=2 / SINAZVf d + / EVAZ N du+ / V2V du
M M M
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2 / Z(ADGV VT i~ / 2.V, Vf)f dyu f 2V, Vf)f du
M M M
. 0
- / Z(Ve, VI dp -2 / SIZVipVif + f Bpaf - (F ). @.11)
M M M

We now apply integration by parts formula on the first three terms on the right-hand side
of (4.11). For the first term

2 f SIN(ZVf)f dp = -2 / ZVifVi(Sife?) dv = -2 / ZSINfVif du
M M M
-2 f ZVSTVfFdu + 2 f ZSINfVof du. (4.12)
M M

The second term on the right-hand side of (4.12) can be written as (see the computation
in Lemma A.1 below):

—2/ ZV:SINF dp = f S(Apaf)f du + / S|IVFIP du
M M M
+2a f ZAG(Vp, Vf)dp. (4.13)
M
Substituting (4.13) into (4.12) we have
2 / SINJZVf)f dp = -2 / ZSINfVif dp + / S(Apef)f dp
M M M
+ f SIVFP du + 2a/ ZAG(V,Vf)du
M M
+2 / ZSINfVipf du. (4.14)
M
For the second term on the right-hand side of (4.11), integration by parts implies
/ EVAZNf dp =~ / ZVfV (fe?) dv
M M
-~ [ Zi5fPd+ [ 2097, V0 (4.15)
M

Similarly, the third term on the right-hand side of (4.11) implies

/ V@V dp = - / Z(Vf, Vf)du + f Z(\Nf, Vo)f dpu. (4.16)
M M

m

Putting (4.14), (4.15), and (4.16) into (4.11), we obtain
0 3
2 / FApaf dit =2 / ZSIVfVif dy + / SApuff dut
L Ju M M
o [ soppdu- [ zavsedu- [ 295,50 du
M M M

d
- [ Ztvonvpsdus [ Ay, (417)
M M

Page 9 of 16
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Using the evolution formula (2) of Lemma 3.1 into (4.17) yields

d .
&/Mpr,d,fdu:—p/MZS”VZijfdu+/MSAp,¢ﬂd,LL
o [ S du-0-1) [ 2055 f1du
M M
d
- [ zwouvpsdis [ auf g0 .
M M

A straightforward computation also yields

—p-1) / Z, V) du
M
=(p-1) / Vi(ZVife?)f. dv
M
—(p-1) / VAZYf)du—(p-1) / Z(f, Ve dp
M M
=(p- 1)/MApy¢ﬁﬁtd/‘
and
/ 2V Vf)f du = f VA2, dv
M M
= —f ¢’zAp,¢fdM—/ &I VfIP dp.
M M

Putting (4.19) and (4.20) into (4.18) yields

d
5o | Buaf du
=—p / ZSINfVif du + / SApaff di
M M
+/ S|Vf|pdu+(p—1)/ Ap,¢ﬁdu+/ G Dyl du
M M M
9
+/ ¢z|VfI"du+/ Apof 5, du)
M M t

=—p / ZSINfVif dp + / SApff i + / S|IVFIP du
M M M

a
+/M¢:Ap,¢ﬁdll«+/M¢t|Vf|pdﬂ+/MAp,¢f<(Iﬂ—1)ftd,u—a(fdl/«))

Using the facts that

’
t=tg

a0 0
3 /Mpr,¢fdM = —&)Ll(f(t),t)

Apof = =ha(t)[f17°f

(4.18)

(4.19)

(4.20)

Page 10 of 16
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and the normalization condition |, i fIP di =1, which implies

0=%(/MV|MM)=%([MWP-1NM)
- [ o- g e S|

we arrive at

d

Exl(f(t),t)

~atto) [ sifPan- [ svrran st [ airvdu
t=ty M M M
- f SIVfIP dp+p f VPSS Vif dp,
M M
which is what we wanted to prove. g

4.2 Proof of Corollary 4.2

Proof Using the condition S;; > B(S + A¢)g;; in (4.5) of Theorem 4.1, we have

d

)21 /M (S+ AP du + (Bp—1) /M (S + AP)IVFP dpa. (4.21)

Denote
6 (g(0),f (1)) = 1 0 /M (S+ AP du + (Bp—1) fM S+ AQVfPdu.  (422)

Integrating (4.21) from ¢ to ty, t1 < tp, where t1,t, € [0, T], T < oo yields

J(t2) = ha(t) = / " 0(g(0).f (1))

I3}

which is the desired result. O
4.3 Proof of Theorem 4.3

Proof For t; < ty, t1,t, € [0,T], T < 00, for all time ¢ € [0, T], T < oo, we use (4.22)

6 (g(),f(x, )
() / (S+ AP dyu + (Bp—1) / (S + AD)VSIP du
M M

—h(0) fM (S+ AP dyu + (Bp—1) /M (S + AQ) VP2V Vif dpu
() fM (S + AP dut — (B 1) fM (S + A®) div(e? [VfP2Vf)f dv
= M(t)/M(S + AQ)|fIPdu - (Bp-1) /M(S + AP)A,uf -fdp

=Mm()Bp /M(S +AP)|f P du.
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Using the conditions A¢ > 0, § > Syin(¢) and f wfIP di =1, we have

d
akl(t) > 11(8) BPSmin(t). (4.23)

Integrating between ¢; and &, 1, £, € [0, T], we have

2
InA1(62) = InAn(ty) + Bp / Smin(0)dt,

f

which yields (4.7).
Now, set Spin(0) = zg # 0. Recall that S satisfies an evolution equation [18, 20]

aS
Fri AS +2(Sy1* + 20| A
and inequality |S;|* > 152, Then solving
aS 2
— > AS+ —|Sij|2
ot n

by applying the maximum principle, where one can compare S with the solution of an
ODE 7 = %zz, 2(0) = 2o = Sin(0), we have

n
S(t) > z(¢) = , tel0,T], T
( )_Z( ) Z(_)l—%t [ ] < ZSmin(O) =
Applying (4.23), we obtain
d 1
—A(t) = Aq(2 . ,
GO MO
which implies
bdt
Ai(ta) > M(h)exp(ﬁp/ _172) (4.24)
n 2o _Zt

It is easy to check by elementary calculus that

[5) dt Z_l — Zt %
/ T3, - 1“( s 1) : (4.25)
1 %9 — Zt Zy — ;tg

Substituting (4.25) into (4.24), we obtain

At zgt = 2ty0\ 2P
m( 1(2)> zln( 0 1>
M(th) zy — b

for any time 1 < t,. By this we have

2 %ﬂp 2 %ﬁp
M(tz)(ZSl - Zt2> > M(h)(zal - ;ﬁ) ,
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which means that the quantity A, (£)(zy" - %t)%ﬂp is nondecreasing in the interval [£;, £;]
along the Ricci-harmonic flow. Notice that (z5' — %t) is decreasing in the interval ¢ < £,
t1,t; € [0, T). This means that A;(¢) is nondecreasing along the flow. This completes the
proofs of monotonicity.

For differentiability of A; (¢), it is easy to see that A1 (¢) is differentiable almost everywhere
by the classical Lebesgue’s theorem [19, Chap. 4] since X1 (¢) is nondecreasing on the time
interval [0, T). O

Remark 4.6 By the maximum principle, the assumption that ¢ is subharmonic implies that
the maximum of ¢ cannot be achieved in M since ¢ is not a constant function; however,

its minimum can be achieved in M.

Remark 4.7 Our proofs of evolution and monotonicity of the first eigenvalue of A, 4 do
not use any differentiability of the first eigenvalue or its corresponding eigenfunction un-
der the Ricci-harmonic flow. In fact, it is not known whether they are differentiable in
advance.

4.4 Proof of Corollary 4.4

Proof Note that on M? we have R;; = %Rgij. Then we compute
R 2
S — BSgij = 58~ aVipVip — B(R - a|VP|*)g;
1 2
=15- B |Rg; —aVipVp — Ba|VP|°g;.
For any nonzero vector X = (X?) and the condition R < eV V;¢, we have

(1
(Sij — BSgyX'X = (5 - /3>R|X|2 - a(Ve,X)? + Ba| Vo *|X|?

> [(% —ﬂ)e -(1 —ﬂ)a]|V¢|2|X|2.

From here one can conclude that [ % - B)e — (1 - B)a]|Vp|?> > 0 since € < 201‘(_12_5&, B> %,
which implies that the condition S; — 8Sg; > 0, 8 > % holds on M?. Then consequences
A(i) and A(ii) of the corollary follow from Theorem 4.3.

On the other hand, we can show that Vp @ V¢ < % V| g;; holds on the Riemann surface

M?. Note that

(S — BSgy)X'X =

| —
N R

—gi—aVipVip — B(R - 0!|V¢|2)gy]Xin

X2 - a(V$,X)? - B(R-a|Ve?) X

=

Nl NI

o
1XI* - §||V¢|2|X|2 - B(R-a|Ve[*)I X
meaning that

1
SX'X > 5 (R-a|Ve*) X%,
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which implies S;;— %Sgi,' > 0. Then consequences B(i) and B(ii) follow from Theorem 4.3. [

Appendix
In the following lemma we want to establish formula (4.13).

Lemma A.1 Let (M,g,du) be a closed Riemannian manifold on which RHF (1.1) holds.
Then

-2 f ZVSIVF dp = / S(Ap g )f dp
M M
+/ S|Vf|pd,u,+2ot/ ZAP(V,Vf)dpu. (A.1)
M M
Proof Notice that

VST = Vi(R' ~aV'¢V) = g"¢ (ViR ~ aVi(VipVig))

= "¢ (ViRi - aV,Vip Vi — a ViV, Vi9),
and by the contracted second Bianchi identity,
Z¥ViRy = %VIR.
We now compute using the last two expressions:
-2 /M ZV:SINIF dp = -2 /M Zg* ' Vif ViRyf du + 2a /M Zg* ' ViV o Vigf du
+2a /M Zg* ' Vi ViVigf du
= /M Zg'Vif VIR d + 2 /M ZAGF'VifVigf d
+ 20 /M Zg*d'"if Vi ViVigf du
= /M Rdiv(ZVffe™®) dv + 2a /M ZAP(Vp,Vf)du
+ 20 /M Zg* ' Vi ViVigf du
= / R(Apof )f dp + / RZ|Vf|*du + 2a/ ZAY(V$,Vf)du
M M M
+2a /M Zg* ' Vi ViVigf du
= /MR(AP,,,,f)fdu + /MR|Vf|” du +2a /MZA¢<V¢, Vf)du

+ 20 / Zg*d'Vif Vi ViVigf d,
M
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which implies

2 f ZNiSViff dp = / R(Apgff die +2a / ZA$(Vo, Vf) dp
M M M
+ / RIVfIPdu + 2« / Zg* "N Vi ViVigf dpu. (A2)
M M

Similarly, by direct computation the last term of the last equation implies

2u /M Zg* "N Vi ViVigf du
= 2« /M Vi(2VfVigef) dv
=2 /M ZVYVIpVViof du — 2 /M Vi(ZVVief)Vig du
=2 /M Vi(Z2VS)VieVief du — 20 /M ZVIYVVioVipf du
-2 /M ZVYVOVioVif du + 2a /M ZVVieVioViof du
:_2anApf|v¢>|2dM—2a/MZg"kgﬂV,-ka¢>Vin¢fdu
~2a [ ZIfPIVOP du2a [ 1VOP (Y0, hfdn,

which implies

20 / Zg* Vi Vi ViVigf du = —a / ApfIVOI*fdp —a / IVFIPIVo|*dp.
M M M
(A.3)

Combining (A.2) and (A.3) yields (A.1). a
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