Zhan and Li Journal of Inequalities and Applications (2019) 2019:3 ® Journal of Inequalities and Applications
https://doi.org/10.1186/513660-019-1956-3 a SpringerOpen Journal

RESEARCH Open Access

The entropy solution of a B

reaction—-diffusion equation on an
unbounded domain

Huashui Zhan'" and Yongping Li

"Correspondence:
huashuizhan@163.com Abstract

'School of Applied Mathematics, . . . . .
Xiamen University of Technology, The degenerate parabolic equations from the reaction-diffusion problems are

Xiamen, China considered on an unbounded domain £2 C RM. It is expected that only a partial
Full list of author information is boundary should be imposed the homogeneous boundary value, but how to give
available at the end of the article . . . . .

the analytic expression of this partial boundary seems very difficult. A new method,
which is called the general characteristic function method, is introduced in this paper.
By this new method, a reasonable analytic expression of the partial boundary value
condition is found. Moreover, the stability of the entropy solutions is established
based on this partial boundary value condition.

MSC: 35L65; 35K85; 35R35

Keywords: Reaction—diffusion problem; Unbounded domain; Partial boundary
value condition; The entropy solution

1 Introduction

In the theory of water infiltration through porous media, Darcy’s linear relation
V =-K(0)V,

satisfactorily describes the flow conduction provided that the velocities are small, where
V represents the seepage velocity of water, 6 is the volumetric moisture content, K(0) is
the hydraulic conductivity and ¢ is the total potential, which can be expressed as the sum

of a hydrostatic potential ¥/(9) and a gravitational potential z
¢=90)+z

But when the flow has large velocities, Darcy’s linear relation is invalid. In this case, in
order to obtain a more accurate description of the flow, several nonlinear versions have

been proposed. One of these versions is

V = —K(0)V¢.
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Moreover, if infiltration takes place in a horizontal column of the medium, then the con-
tinuity equation has the form

90 VvV
—+—=0
at  ox

Thus, one obtains
90 9
— = —(D(6)8,), 11
o ax( (6)6x) (L.1)

with D(8) = K(6)y’(0).

If one considers the convection process additionally, then Eq. (1.1) can be generalized
to the following equation:

z—btt = AA(u) + div(b(u,x, t)), (x, 1) e Qr =2 x (0,T), (1.2)

where 2 C RY is a smooth domain, b(s, %, t) = {b'(s,x,t)} is a C! function and

A(u) = /ua(s) ds, a(s)>0.
0

In fact, Eq. (1.2) comes from many reaction—diffusion problems and has been deeply in-
vestigated, one can refer to [1-3] and [4] for more details.

For the initial-boundary value problem of Eq. (1.2), since the equation has the parabolic—
hyperbolic mixed type, the initial value condition

u(x,0) = up(x), xe€$2, (1.3)

is usually needed. But how to give a suitable boundary value condition becomes an in-
teresting and challenging problem. To see that, let us consider the completely degenerate
case, A(u) = 0, since boundary layer may appear, the solutions may not assume the given

condition
ulx,t) =0, (x¢t)€d2x(0,7), (1.4)

at the boundary, otherwise the problem will be overdetermined. To solve the problem,
in [5], the authors first gave an interpretation of the boundary condition (1.4) as an “en-
tropy” inequality on 052, which is the so-called BLN condition. Later, in [6], the author
extended the result to the case L data. He proposed that the boundary condition should
be held in the integral form by introducing appropriate boundary entropy (i.e. entropy flux
pairs). After the work of [6], many efforts have been focused on the strongly degenerate
parabolic—hyperbolic equations

N

Z 9 <a‘7(u,x, t)?) + div(b(u, X, t)), (1.5)

— 0% X

814_
at

which includes Eq. (1.2) as the isotropic diffusion case. In particular, the homogeneous
boundary condition was considered in [7-9], and the nonhomogeneous boundary con-
dition was considered in [10—14]. In all this work, the boundary condition is not directly
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shown as (1.4) in sense of the trace, but it is elegantly implicitly contained in a family of
entropy inequalities (for example [10]), or is treated in a special weak sense such as [11].
Also, one can refer to [15, 16] for the latest progress in this direction.

If we still insist on the boundary value condition is imposed in the sense of the trace,

then only a partial boundary condition,
u(x, t) =0, (xr t) €3 X (0¢ T)’ (16)

is required generally, where X; C 952 is arelative open subset. This idea follows the theory
of the second order differential equations with nonnegative characteristic form [17]. By

this theory, if one wants to consider the boundary value problem of the equation

N+1 N+1

DA O £ b s =f), xe RN
Ix, 0, A= O, S ’

rs=1 r

one only needs to give partial boundary condition
ux)=0, xeX,C0s,

where
%=§p%}

Xy = {x €dQ :a*nng =0, (b, —a,’;)n, < 0},

X3 = {x €2 :a"nn, > 0},

and {n,} is the unit inner normal vector of 352. Following this idea, in [18], the authors
had given a suitable partial boundary value condition in the sense of the trace to Eq. (1.5),
provided that

SiNS, =0,
where

S1={(x,1) €982 x [0,T]:a%(0,x,t)nmn; = 0},

S ={(x,£) € 382 x [0, T1:a"(0,,t)n;n; > 0}.

In [19], the author had considered Eq. (1.2) in the half space of RN and shown that X, = #
in (1.6) when b(u,x,t) = b(u) and bN'(0) > 0. If the domain £2 is bounded, our previous
papers [20, 21] had shown that ¥; also can be an empty set in some cases. Recently, the
case that X1 C 942 is a subset has been studied in [22], where X; C 952 is represented by
the distance function d(x) = dist(x, 02).

In order to find a reasonable analytic expression X, we will summarize these results to
give a general method, which is called the general characteristic function method in this
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paper. We first give a basic conception. Let g(x) be a continuous nonnegative function on
RY, satisfying

.Q:{xeRN:g(x)>0}, 89:{xeRN:g(x):0},

and g(x) = 0, x € RN \ £2. Assume that there is a small enough A > 0, such that g(x) €
C%($2,) for any A < Ao, where

.ka{xe.(zzg(xk)»}.

If a function g(x) satisfies these requirements, we can call it as a general characteristic
function of §2. For example, £2 C RY is a bounded domain with an uniformly C? smooth
boundary, then the distance function d(x) is a general characteristic function of £2. Cer-
tainly, in this case, d*(x) is another general characteristic function of §2. In other words,
the general characteristic function of §2 is not unique.

By the general characteristic function method it means that the part of the boundary X
appearing in (1.6) can be expressed by the general characteristic function if one chooses a
suitable test function in the entropy solution inequality (see below, inequality (2.2)).

In addition, different from [10—14, 20, 21] and [15, 16], the domain £ C RY is an un-
bounded domain with an appropriately smooth boundary in this paper. The main innova-
tion is that, after imposing some restrictions on a(s) and &'(s, x, t), the part of the boundary
X, appearing in (1.6) can be expressed as

Xi1=X,={xec02:Ag+|Vgl >0} (1.7)

Moreover, depending on the partial boundary value condition (1.6), the stability of the
entropy solutions to Eq. (1.2) can be proved.

Naturally, since the general characteristic function g is not unique, if one chooses an-
other general characteristic function g1 (x), the partial boundary value X, may be different
from the first one X,. By this token, we can say the partial boundary value condition (1.6)
is the best if the partial boundary X in (1.6) satisfies

21 g Egr

for any general characteristic function g(x) and we may conjecture that X, can be ex-
pressed as

2 =%, (1.8)
g

If there is a function gj such that

T =21=()Ze (1.9)
4

then we can call gy the best general characteristic function. However, whether such a gy
exists or not is difficult to clarify.
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Moreover, the presented work is based on the Kruzkov doubling of variables trick to
study the stability of the solutions. Let us give a brief explanation. First, we assume that

x € [0,1] and consider the hyperbolic equation

du 0B(u)
at  ox

(1.10)

it is well known that even if #y(x) is smooth, the solution u(x, £) may not be continuous.
Let I, be the set of all jump points of u € BV(Qr), (1, ¥x) be the normal of I, at X = («, £),
u*(X), u~(X) be the approximate limits of u at X € I, with respect to (v,Y — X) >0 and

I»{+ll

(v, Y — X) <0, respectively, and u = be the symmetric mean value. Then u(x, £) not

only satisfies

//QT< uZ? _Bu Von )dxdt- (1.11)

for any ¢ € C3°(Qr), but it also satisfies the “entropy condition”
(@—k)y, < (Bw) - B(k)ysy V(x,0) €, keR, (1.12)

Kruzkov [23] noticed that one can combine (1.11) with (1.12) and obtain the following

inequality:
// sgn(u —k){(u — k)%—f ( (u) - B(k)) }dxdt >0, (1.13)
Qr

is true for all 0 < ¢ ee C°(Qr) and k € R. By this innovative discovery, the uniqueness of
the entropy solution to Eq. (1.10) was proved in [23] by a skillful method-which is called
the Kruzkov doubling of variables trick since then, and the corresponding weak solutions
are called the entropy solutions of Eq. (1.10).

Secondly, for the parabolic—hyperbolic mixed type equation

du  9%A(m) 9Bw)
oo _ n ,
ot 0x2 ox

(1.14)

if there exists an interior point in the set {s: a(s) = 0}, then the solution u(x, £) of Eq. (1.14)
also may be discontinuous and must have a similar “entropy condition”. A very tricky prob-
lem lies in that such a similar “entropy condition” cannot be depicted as in (1.12). Vol’pert

and Hudjaev [24] directly generalized (1.13) to the following inequality:

dp  AAW)
//Q ngn(u—k){(u—k)a—‘i— ax” — (B(u) - B(k)) x}dxdt>o, (1.15)

and called u(x,t) an entropy solution to Eq. (1.15) provided that u € BV(Qr) N L*(Q7),
‘W” € L2 (Qr) and satisfies (1.15). Based on this definition, by the fact

loc

Al(s)=als)=0, ifsel(u(0,2),u(0,2))
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it was shown that, if # and v are two entropy solutions of the initial-boundary value prob-
lem to Eq. (1.14),

// sgn(u — V){(u—v)z—f - ﬁ(u—v)i—w —(wy - wz)a—w}dxdt >0, (1.16)
or x ox

for any 0 < ¢ € C*®°(Qr), suppy C [0,1] x (0,T). Here, w; = BAZ)(J':”, wy = %, B =
fol B'(Auy + (1 — A)uy) di. By (1.16) and a very painstaking calculation and skillful work,
the uniqueness of the entropy solutions was proved by the Kruzkov doubling of variables
trick, one can refer to [24] or [1, pp. 299-324] for the details.

Naturally, one may easily generalize the inequality (1.15) to the case when the spatial

variable x € 2 C RN | i.e.

N

u b (u)
— =AA R 1.17
o; = M)+ Zl ™ (117)

define the corresponding entropy solution inequality

9 N N
//QT sgn(u—k)[(u—k)a—‘i_VA(M).w_Z(bl(u)—bl(k))a—Z dxdt>o, (118)

i=1

and prove its existence. However, how to use the Kruzkov doubling of variables trick to
prove the uniqueness of the entropy solution, if one still insists on using a similar technique
as that in [24] or [1, pp. 299-324], becomes much more difficult. One can refer for the
explanation to our previous work [25, Appendix 2] where we considered details.

For the Cauchy problem of Eq. (1.17) (or Eq. (1.2)), the essential improvements were
made in [26-31] etc. around 2000. By introducing various kinds of the entropy solutions,
in [26-31] etc., the authors had succeeded to prove the stability of the new kind of the en-
tropy solutions. For the initial-boundary value problem, the essential improvements were
made even later, one can refer to [10, 11] and [19] etc., this is due to the fact that, besides
the new definition of the entropy solution as that in the Cauchy problem, how to give a
suitable boundary value condition to ensure the well-posedness of Eq. (1.17) (or Eq. (1.2))
becomes a difficult problem; some details are given above in this paper. In this paper, we
will consider the initial-boundary value problem of Eq. (1.2) in an unbounded domain,
and we use some ideas of [31] and [19] to introduce a kind of the entropy solution of
Eq. (1.2). By the weak convergent theorem (Lemma 3.1) and using the gradient estimation
(Lemma 3.2), we can prove the existence of the entropy solution by the parabolical regu-
larization method. Moreover, we will give a suitable partial boundary value condition (1.6)
by the general characteristic function method, and we shall use the Kruzkov doubling of
variables trick to prove the stability of the entropy solutions.

This paper is arranged as follows. In the first section, we have given the introduction. In
the second section, we give the definition of the entropy solution and the main results. In
the third section, the existence of the entropy solution is proved. In the fourth section, the
stability of the entropy solutions is researched. In the fifth section, in order to show the
part of the boundary X, changing along with the choice of g, some examples are given, and
one can see that how to choose a suitable general characteristic function to pick out the
partial boundary value condition (1.5) is important. At last, an application of the partial
boundary value conditio is given, and some conclusions are summarized.
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2 The definition of the entropy solution inequality and the main results

It is well known that, since Eq. (1.2) is of hyperbolic—parabolic characteristic, only impos-
ing the entropy conditions, the weak solution can be unique. We use some ideas from our
previous work [19, 31] to define the entropy solutions in BV ,.(Qr).

For small 1 > 0, we set
s 2 |s]
S(s):/h(r)dr, h(s):—(l——).
" L n 7 n).
Then 4, (s) € C(R), and
’Sﬂ(s)’ <1 lim S, (s) = sgns, lim s/, (s) = 0. (2.1)
n—0 n—0

Definition 2.1 A function u is said to be the entropy solution of Eq. (1.2) with the initial
value (1.3) and the partial boundary value (1.6), if:

1. u satisfies
a u
wEBVIQ)NI¥Qn) oo / Ja(s)ds € I(Qp).
i JO

2. Forany ¢ € C3(Qr), ¢ > 0, for any k € R, for any small 5 > 0, u satisfies

// |:1,](u - k)p; — B;(u,x, L K)px, + Ap(u, k) Agp
Qr

u 2

—S;(u—k)‘v‘/o Va(s)ds w]dxdt

—// / b;i(s,x,t)S;(s—k)dswdxdt20. (2.2)
Qr Jk

3. For any positive constant R large enough,
lim/ |u(x, t) - uo(x)| dx =0, (2.3)
t—0 2r

where 2z = {x € 2 : |x| < R}.
4. The partial boundary value condition (1.6) is satisfied in the sense of trace.
Here, the inequality (2.2) is called the entropy solution inequality, BV oc(Q7) is the lo-
cally BV function space [1], b(u, x, t) = {b'(u,x,t)}, and

; “3bi(s,x, t
Bi](u,x,t,k):/ ﬂsn(s—k)ds,
k as

u u—-k
Ay (u, k) = /k a(s)S, (s — k) ds, I(u—-k) = /0 S, (s)ds.

Since the domain £2 is unbounded, we use some techniques, as we had used in consider-
ing the Cauchy problem [31], to prove the existence of the entropy solutions. Throughout
this paper, the initial value uo(x) € L*(£2) N L}(£2).
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Theorem 2.2 IfA(s) € CY(R), bi(s,x,t) € CH(R x 2 x [0, T), then the problem (1.2)—(1.3)—
(1.6) has an entropy solution.

The main aim of this paper is to study the stability of the entropy solutions.

Theorem 2.3 Suppose that A(s) is C*(R), bi(s,x,t) € CL(R x 2 x [0, T)), g(x) is a general
characteristic function of §2. Let u(x, t) and v(x, t) be solutions of Eq. (1.2) with different ini-
tial values uy(x) and vo(x), respectively, and with the same partial homogeneous boundary
value condition

Yulz, =yviz, =0, (2.4)

where g is a general characteristic function of 2, and X, has the form (1.7). If x is close to
082, Ag + |Vg| is bounded, and there is a constant § < 0 such that

’M‘ <(1-8)als), (2.5)
as
then
f |u(x, t) —v(x, t)’v(; (x)dx < / |u0(x) - vo(x)|v,; (%) dx. (2.6)
I?) 2
Here

v(;(x) _ e—S«/l+|x|2’

and § is a small positive constant.

The condition (2.5) seems not good enough. Since one always expects that convection
term is independent of a(s), Eq. (1.2) can be of the hyperbolic—parabolic mixed type. Fortu-
nately, we can find another condition to take the place of (2.5), and we obtain the following
theorem.

Theorem 2.4 Suppose that A(s) is C1(R), b'(s,x,t) € CL(R x 2 x [0, T1), g(x) is a general
characteristic function of 2. Let u(x,t) and v(x,t) be solutions of Eq. (1.2) with different
initial values uy(x) and vo(x), respectively, and with the same partial boundary value con-
dition (2.4). If x is close to 352, Ag + |Vg| is bounded, and

(-, 1)| < cg(), 2.7)
then the stability of the entropy solutions (2.6) is true.

Remark 2.5 If condition (2.5) or condition (2.7) is not true, whether the part of the bound-
ary X, appearing in (1.6) is true is unknown.

Remark 2.6 The general characteristic function method introduced above can be used to
any kinds of hyperbolic—parabolic mixed type equations to find a reasonable analytic ex-
pression of the partial boundary value condition (1.6), no matter the domain §2 is bounded
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or not. Certainly, for different domains, one should choose different general characteristic
functions.

If the domain §2 is bounded, and we choose g(x) = d(x), then Theorem 2.4 is just a ver-
sion of Theorem 1.4 in [22]. However, since the domain considered in this paper is un-
bounded, the test function ¢ appearing in the entropy inequality (2.2) cannot be chosen
as d(x) itself, in virtue of that d(x) is not integrable on £2 generally. Also, one can see that
the test function chosen in [22] cannot be used in the entropy inequality (2.2) when the
domain is unbounded.

3 Proof of Theorem 2.2
Lemma 3.1 ([32]) Assume that 2 C RN is an open set and let fi,f € L1($2), as k — oo,

fie — f weakly in L1(82),1 < q < 0co. Then

tim inf |Ificllfq(o) = If 1 o) (3.1)
k— o0

Consider the following parabolically regularized equation:

{;—IZ = AA(u) + %Au + div(b(u,x, t)), (x,t) € Qur = 2, x (0, T), (3.2)
with

ulx,t)=0, (xt)e€df2,x(0,T), (3.3)

u(x,0) = upn(x), x € 2y, (3.4)

where, for large enough n, 2, = {x € 2 : |x| < n}, and ug,(x) € C°(£2,) such that ug,(x)
locally uniformly converges to ug(x).

From [1, 33], we know there are classical solutions u,, € C*(Q,r) N C3(Q,r), and by the
maximum principle,

|tn| < llttonllzoe < lluto]|zoe- (3.5)

Moreover, similar to [19, 31], we can prove the following lemma, the details of the proof

are omitted here.

Lemma 3.2 Let u,(x,t) be the solution of the problem (3.2)—(3.3)—(3.4). Then
/ | grad u,|v, (x) dx < c, (3.6)
fo)
where | grad u|? = Zfil |g—3’:i |2+ I%—'f 2, ¢ is independent of n, and
v (%) = e VI,

o is a given positive constant.
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By (3.2) and (3.6), we have

T
/ / (a(u,,) + l) |Vu,|*dxdt <c. (3.7)
0o J, n

Now, let

Uy =

u,, ifxe$2,,
0, ifxeR\ R,

Then, by (3.6) and (3.7), we have

/ | grad i, |v, (x) dx dt < c, (3.8)
I?)

T
/ /<a(u‘n)+1>|Wn|2u0(x)dxdt5c. (3.9)
0o Je n

Thus there exists a subsequence {u,} of {u,} and a function u € BV ,.(Qr) N L*(Qr)
such that u,, — u a.e. on Q7.

Proof of Theorem 2.2 First of all, by (3.8), u € BV,.(Qr) and we can define the trace on
the boundary, the partial boundary value condition is understood in the sense of the trace.
Secondly, by (3.9)

%/unmdség/”mds weakly in L*(£2z x (0, T)), YR > 0, (3.10)

d

o ,/a(s )ds € L*(2z x (0,T)), VR>0,i=1,2,...,N, (3.11)
Xi

where 2z = {x € 2 : [x| <R}.

Moreover, let ¢ > 0, ¢ € C2(Qr), and multiply (3.2) by ¢S, (s, — k), and integrate over
Q7. Then we have

d
// &qu”(un—k)dxdt
or Ot

_ / /Q DAy~ K) dads

+ %‘// Au, @S, (u, — k) dxdt
+Z / / LACTL) ”x S, (i — k) dac dit. (3.12)

Integration by part yields

f/ 1,,(u,,—k)gotdxdt+/:/ An(un,k)A¢dxdt+f/ ny(un,x,t,k)gaxidxdt
Qur Qr Qr

1
——/f Vu, - VoS, (u, dxdt——f/ |Vu nle - k)pdxdt
nJJaor Qr

Page 10 of 23
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+ // / ' b;l,S,,(s —k)dsp dxdt — // a(un)|Vuy,|2S;7(u,, —k)pdxdt
Qr Jk Qr
=0

-0. (3.13)
Since
o1
lim — // Vu, - VoS,(u, — k)dxdt =0, (3.14)
n—o00 y11 Qr
1
-= /f Vitn|*S, (10 — K)g dxdt <0, (3.15)
nJJor
and by Lemma 3.1,
ou, du,
lim inf / / 8! (14 — K)at(tay) 2 "2 dlx it
n—00 Qr axi 39@
u 2
2// S;(u—k)‘V/ Va(s)ds| ¢dxdt, (3.16)
Qr 0

then letting # — oo in (3.13), we can obtain (2.2).
At last, the initial value is true in the sense of (2.3) as can be shown in a similar way to
that in [1, 31]. Then we have proved the existence of the entropy solution. d

4 Proof of Theorem 2.3 and Theorem 2.4
Proof of Theorem 2.3 Let u(x,t), v(x,t) be two entropy solutions of (1.2) with different
initial values

u(x, 0) = uo(x), v(x,0) = vo(x), (4.1)
and with the same partially boundary value condition

ux,t) =v(x, t) =0, (x,t)e X, x (0, 7). (4.2)

Here g is a general characteristic function of £2, X, has the form of (1.7).
Forany n >0, k,/ € R, for any 0 < ¢ € C2(Qr), by Definition 2.1

// {I,,(u - k)p — Bf7(u, %K)y, + Ay, k) Ag
Qr

u u 2
+/ bil_(s,x,t)S,,(s—k)dsqu—S;(u—k)‘V/ Val(s)ds go}dxdt
k 0

0, (4.3)

=
// {In(v - Do, - B;(v,y, 7,0, + A, (v, ) Agp
Qr

v v 2
+/1 blyi(s,y,r)S,,(s—l)dsgo—S;’(v—l)'V/o Va(s)ds go}dydr

> 0. (4.4)
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As usual, we let Y (x,£,7,7) = ¢(x, £)ju(x — y,t — 7). Here ¢(x,t) > 0, ¢p(x, 1) € C(Q7), wy,
is the mollifier and

N
ju =y, = 1) = oyt = 7) [ [onlxi — ). (4.5)

i=1

If we choose k = v(y,7), | = u(x,t), ¢ = ¥(x,t,5, 1) in (4.3) (4.4), then, by the Kruzkov
doubling of variables trick, we have

//QT //QTI”(M ~V)(Ye + o) dxdt dyde

_// f/ [B;(u,x, V)Y, +Bﬁ7(v,y,r,u)1ﬁyi]dxdtdydr
Qr JJQr

+//QT ‘/./QT[A,,(u,v)Axl// +A,,(V,u)Ayw]dxdtdydt

’ /for //QT Uvubi,.(s,x,t)sn(s_v)dsw

+ / bj,i(s,y, 7)Sy(s — u) d5¢i| dxdtdydr

u 2 v 2
—f/QT//QTS:)(u—V)(‘V/O Va(s)ds| + Vfo Val(s)ds )wdxdtdydr
> 0. (4.6)
Let n — 0, # — 0 in (4.6). Then we obtain
//Q [!u(x, t) — v(x, t)|¢t —sgn(u —v) (bi(u, x,t) — b'(v,x, )
+ |A(u) —A(V)|A¢] dxdt
b (u,x,8) — bl (v,x,1)] sgn(u — v)¢p dx dt
+/AT[lux (v, 1) ] sgn(u - v)p dx
>0. (4.7)

For 0 < 7 <s < T, we denote

s—t
ﬂ(t)=/ ac(0)do, €<min{r,T —s},

-t

where o, (t) is the kernel of mollifier with a.(¢) = 0 for t ¢ (—¢,€). Let us choose the test

function
¢ = n(2)é (x), (4.8)
in (4.7), in which & (x) € C5°(£2).

/|u(x,s)—v(x,s)|§(x)dx—/ ’u(x,r)—v(x,t)’é(x)dx
o) fo)

5/5 /Q[—sgn(u—v)(b (w,%,8) = b' (v, %, 1) )&,

Page 12 of 23
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+ (bfci(u,x, t)— bfci(v, X, t)) sgn(u — V)S(x)] dxdt
+ / / |A(u) —A(V)|A$ dxdt.
s 2
Let
Vg = 6-5«/1+|x|2,
as before. By the limit process, we can choose £ in (4.9) as

é(x: t) = a))\(x)vé;

4.9)

(4.10)

where w; (x) € CS(Q) is defined as follows: for any given small enough 0 < 4,0 <w; <1,

w|ye =0and
w(x) =1, ifglx)> 2,

when 0 < g(x) <A,

_w-»*

()N (g(x)) =1 2

Now,

Z(g(g_”gxi, ifg(x) <A,

wkxi -
0, if g(x) > A,

A(w(g())) = V(w3 (@) Vg)
= w}(9)|Vgl* + w}(g) Ag

~ _2IVg|2  2(glx) —A)A
T2 22

g, ifg(x) <A,

and when g(x) > &, A(w; (g(x))) = 0 clearly.

Since
Syt
Vsx; = =0V —F/——,
' V1+|x)?
N 2
i 142 1]
=5 _
VSx,-x,- - ‘)5 2 VS 3
1+ (1+ %22
we have

Ex, = Vo, (§()) + V50 (9)gs; (%)

= —5\)3 ﬁ + U,SC();\ (g)gxl (x)
%, (g(x)) y 2(g(x) - 1)
Vv 2

X, (g(x))
+ |x

= —5\),3

gx,' (x)) lfg(x) < )‘4

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)
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while
£, = —o0, B8 e > A
1+ |x/2
Then

A& = Avsw; (g(x)) + 205,00}, ()8, + Vs Aw;. (g())

RS o N+ (N - 1)|x|2}
= |: 515 |2 s 1+ |x|2)% wx(g(x))
+ 48V i (gt - A)gxi (%)

Vit A2

2(Vgl>  2(g(x) -
_Aver gw) -4)

g, ifg(x)<a,

A2 A2
and
AE:[SZW - sz+(N_1)3|x|2}wk(g(x)), if o) > 1.
L+ | (1+[x[?)2
Accordingly,

/Sr/;z’A(u)—A(V)Mgdxdt

T 2 2
:/ /[5%8 g, N+ (N =Dl ]wx(g(x))|A(u)—A(V)|dxdt
s 2

1+ |xf? (1+x2)?

i ; (x) = 2)
waf [ o2 EO e wiaw- a0 dvae

T 2 -
_/ / [vf'jf' +v32(g(;i)2 X)Ag:||A(u)—A(v)|dxdt.
s X1

At the same time,

/T / [— sgn(u — V)(bi(u,x, t) - bi(v,x, t))%'x,»] dxdt
s 2

=4 fsf /Q[sgn(u — (b (w,x,t) - b (v,x, t))]véwfﬁ(‘gm s

2(g(x) - 4)

+ /ST /QA [sgn(u —v) (6 (u, %, 8) — b'(v,x,)) [vs PR (x) dx dt.

Once more
/ / [bil_(u,x, t) - bfcl_(v, X, t)] sgn(u — v)&(x) dx dt
s 2

= fT / [bii (u,%,t) — bfcl,(v, X, t)] sgn(u — v)w; (x)vs dx dt.
s 2

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)
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By (4.9), (4.19)—(4.21), and using the assumption

IM‘ < (1-8)als),
0s

by the Cauchy mean value theorem, we have
/ |u(x,s) - v(x,s)|§-‘(x) dx — / |u(x, 7) — v(x, t)|§(x) dx
I?) 2
< /Z / [-sgn(u —v)(b'(u, %, t) - b (v, %, 1)) £y,
s 2
+ (bii(u,x, £ - bii(v, x,t)) sgn(u — V)& (x) | dx dt
A(u) —AW)|AE dxd
o[ [ 14w - aw)|ag avar

f ~2(g(x) - )
</ /g wlA) —aw| ==

2igy,  sgn(u—v)(b'(u,x,t) - b'(v,x,1))

N |A() - AW)|
+c/s /Qvg|u(x,t)—v(x,t)|dxdt

: 2(g(x) - 1)
5/5 /Q A - 40| ==

2|x;| Ibi/(c,x,t)|> ]
. ) x; dxd
[Ag+ < V1+x)? T |gx; ()| | dx dt

+c/ /v5|u(x,t)—v(x,t)|dxdt
s 2

' ~2(g(x) - 1)
S/S LA ”5|A(”)_A(V)|T[Ag+(5+1—5)|gxi(X)|]dxdt

. [Ag—S gxi(x)i| dxdt

T
+c/ /v5|u(x,t)—v(x,t)|dxdt
s 2

i —2(g(x) - &)
st /QA u,;|A(u)—A(v)|T[Ag+ |Vg|]dxdt

T
+c/ fv5|u(x,t)—v(x,t)|dxdt
s 2

i —2(g(x) — 1)
5/3 /9,\1 v5|A(u)—A(V)|T[Ag+ |Vg|]dxdt

+cf /v5|u(x,t)—v(x,t)|dxdt.
s 2

Here, we have denoted
2,1 ={xe2,:Ag+|Vgl >0}

and

Y bi(s,x,t)
b (¢, x,t) = “as
CR

(4.22)
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By the definition of the trace, we have

%i_r)%/gn vs| A () _A(V)|W[Ag+ Vgl] dx

=./>: vs[Ag+|Vg|]‘A(u)—A(V)|dE

=0.

Let . — 0 in (4.20). By (4.21), we have

/ |u(x, s) — v(x,s)|v,g (x) dx
2

T
§f|u(x,t)—v(x,r)|v3dx+c/ /v5|u—v|dxdt,
2 s 2

By the Gronwall inequality, we have the conclusion.

Page 16 of 23

(4.23)

(4.24)

O

Proof of Theorem 2.4 Similar to the proof of Theorem 2.3, the calculations (4.1)—(4.21)

are still true. In addition, by the assumption of (2.7), we have

/|u(x,s)—v(x,s)|§(x)dx—/ ’u(x,r)—v(x,t)’é(x)dx
o) 2

< /S /Q[— sgn(u —v)(b'(u, x,t) — b' (v, %, 1)) &,
+ (bfcl,(u,x, t) - bﬁci(v, x,t)) sgn(u — V)& (x) | dx dt

+/S fQ|A(u)—A(V)|A$dxdt

. 2@ =N 2mg, ]
5[ /Q vB|A(u) A(V)| 2 [Ag 8 PAFE dxdt

/ /Q A 20l )_ e =H) an(u - v)[b(u,x,t) — b'(v, %, 1) | gy, (x) dx dt
+c/ fv5|u(x,t)—v(x,t)|dxdt
/ /m vs|Au) A(v)| [Ag+8|Vg|]dxdt

+c/s /m v(gxg(x)IVgldxdt

+c/ /v§|u(x,t)—v(x,t)|dxdt.
s 2

Since x € £2;, g(x) < A,

1
lim /Q 5891Vl dx=0.

By (4.25) and (4.26), similar the proof of Theorem 2.3, we have the conclusion.

(4.25)

(4.26)
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From the proof of Theorem 2.3 and Theorem 2.4, we easily obtain the following theorem.

Theorem 4.1 Suppose that A(s) is a C* function, b'(s,x,t) is a C* function on R x 2 x
[0, T, g(x) is a general characteristic function of 2. Let u(x, t), v(x, t) be solutions of Eq. (1.2)
with different initial values uy(x), vo(x), respectively. If there is a general characteristic func-
tion of §2 such that

|bi(~,x, t)| <cg(x), (4.27)
Ag <0, x-Vg>0, (4.28)
then
/ |u(x, t) —v(x, t)|v5 (x)dx < / |u0(x) - vo(x)|v5 (x) dx. (4.29)
2 2

Proof First, we still have (4.1)—(4.18). Secondly, by (4.28),

ff / |A(u) - A(v)| A& dxdt

_ 2
/ / [52 _ gy W= Dl ]a)x(g(x))|A(u)—A(v)|dxdt

|"|2 (1+[x[?)2

' x o (glx)—2)
| [, o e e A - A e

2 p—
//m[ 2|vg| 2@(9;)2 )L)Ag:|’A(u)—A(V)|dxdt

<[ [ b g, MW ‘l)g'x'Z}wx(gm)yA(u)—A(v>ydxdt
s 2

1+ |x|2 1+ |x2)3

SC‘/S /Qvg|u(x,t)—v(x,t)|dxdt (4.30)

and by (4.27)

lim /T / [—sgn(u —v)(b'(u, x,1) - b' (v, %, 1)) &, | dxdt

A—0 Jg
xlwx(g(x))
Jv1+ |x|2

+ limf f sgn(u —V b’(u x,t) — b (v, x, ))] 82(g(x) A)gi(x)dxdt

r—0 )\2

50/ /v,;|u(x,t)—v(x,t)’dxdt
s 2

+ lim ' sgn(u — v) (b (u, %, t) — b (v, %, 1)) |vs ng.(x) dxdt
Q 1

=0 J, A2

=lim8/ / sgnu v b’ (21, %, t) — b6i(v, x, ))]

A—0

50/; /Qu(;|u(x,t)—v(x,t){dxdt. (4.31)
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Here, we have used the fact that

v . . 2 - A
lin})/ / [sgn(u—v)(b’(u,x, t) - b'(v,x, t))]va%gxi(x)dxdt
e s 2
T 2
§lim/ / g—(x)dxdt
=0 )5 Jo, A
=0.
Thirdly,

/T / [0, (, %, ) = b, (v, %, 1) ] sgn(u — v)& (x) dx dt‘
s 2

/T f [bii(u,x, t)— bii(v, X, t)] sgn(u — v)w, (x)vs dx dt‘
s 2
< c/s /9 Vs |u(x, t) —v(x, t)| dxdt. (4.32)

By (4.30)—(4.32), we have (4.24). Then we have the conclusion. a

Theorem 4.1 implies that, in some cases, one can obtain the stability (4.30) without the
boundary value condition. In other words, the conditions (4.27)—(4.28) can take the place
of the boundary value condition.

5 Examples of the partial boundary value
In this section, we will give some examples to show that the part of the boundary X, in
(1.7) changes along with the choice of the general characteristic function g.

(i) As we have said above, the general characteristic function method also can be used in
the case that domain 2 is bounded. Let us first give an example to show, for the bounded
domain, how the part of the boundary X, in (1.7) changes along with the choice of the
general characteristic function g. Let r > 0 be a given constant, and

2, = {x eR2: |x)? > rz}.
If we choose
Q) =[x -2,
then
Qi = 2%, i=1,2 Agy =4.
On 952, |x| = r, we have
Ag1 +|Vgi|=4+2r>0.
Then

X, =082. (5.1)
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If we choose

&) =In(1+ |x|* =),

then
296,‘ =19
P T 5 o 1=1,4,
& 1+ |x|2-7r2
C2(=|xP+1-7)
S Y )
Then on 052,,
Y, ={x€082,: Ag +|Vg|=2(1-2r"+r) >0} (5.2)
Thus, if r < 1, then
X, =9, (5.3)

which implies that there is no boundary value condition (1.5) required. In other words,
when r < 1, g, is the best characteristic function.
While r > 1
Ty =082, (5.4)
is the whole boundary and the boundary value condition (1.6) becomes the usual Dirichlet
boundary value condition.
(ii) Two examples of the unbounded 32 are given in what follows. The first one is
2, = {xeR2 1 Xo >x2}.
If we choose
gl(x) =Xy — x%,
then
Q1 = 2X1, S, = 1, Ag=2.
On 082y, x5 = x%, then
Ag1 +|Vgi| :4xf+ 1=4x%,+1>0.

Then

Xy =082, (5.5)
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If we choose gy (x) = e _ 1, then

0 0,
B i gy B
01 0%y

V| =2 /ax? + 1,

Agy = 27 (42— 1).
Thus on 025,
Ags + V| = €27 (4x% —1+/4a? + 1) = 27 (dory — 1 + /325 + 1),

which implies that
3
Egz ={x€082y:x < Z C 082,

If we choose g3(x) = In(1 + x; — x7), then

B —-2x1 B 1
g3x1_1+x2—x%’ g3x2_1+x2—x2’
and
1+ x5 —x2) + 242 1
Ag3:—2( 2 1)221— oIV
(1 + 0y —x7) (1 + % —x7)

2 +x7)+3 (5.6)
(L 4xy—a2) '

On 3$2,, x; = x7, then
Ags +|Vgs| =-2<0,
which means that there is not boundary value condition (1.6) required, g3 is the best gen-

eral characteristic function.

The second one is the half space £23 = {x € RN : xy > 0}. If one chooses
&%) = %%,
then
Agy+ Vgl >0
and

S = 0925,

Page 20 of 23
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If one chooses
1
&G=xn(1-Xy), ane|-1, )
and appropriately defined elsewhere, then
Ags + |Vg5| <0

and

which means that there is no boundary value condition (1.6) required. gs is the best general
characteristic function of £2;.

6 Conclusion

The partial homogeneous boundary value condition no doubt maintain the dominance
of this paper. It is a possible abstract application with no physical (trivial) interpretation
at this stage. This seems to be good math/science. However, if we regard Eq. (1.1) as a
nonlinear heat conduction equation, then the condition (1.6)

ulx,t) =0, (x,t) e X, x(0,7T),

implies that on this part we must control its heat conduction by technical means. No
boundary value being imposed on 952 \ X, implies that there is a thermal insulation on
082 \ X, the heat conduction cannot pass 952 \ X,.

For a parabolic—hyperbolic equation, how to impose a suitable partial boundary value
condition to ensure the well-posedness of the entropy solutions is a very interesting prob-
lem. This problem can be traced back to 1960s, which is called the theory of the second
order differential equations with nonnegative characteristic form. In brief, for a degenerate
elliptic (or parabolic) equation, the partial boundary on which the boundary value should
be imposed is determined by the diffusion coefficient a”®, the Fichera function b, — a;
and the inner normal vector # = {n,}. When the equation becomes nonlinear, for exam-
ple, in the equation considered in this paper, there is no diffusion coefficient, it is almost
impossible to find a function similar to the Fichera function to express the boundary value
condition. In this paper, a new method—the general characteristic function method—is
introduced. Instead of the Fichera function, the partial boundary on which the boundary
value should be imposed, can be expressed by the general characteristic function. One
can see that the partial boundary value condition (1.6) with the expression of X, (1.7)
changes along with the choice of the general characteristic function. The simplest one is
the distance function from the boundary d(x) = dist(x, 352), in this case, Vd = n is the inner
normal vector of §2. The novelty of this method lies in that there is not any requirement
of the regularity of the weak solutions on the boundary, and it can be generalized to the
other kinds of the degenerate parabolic equations. A fly in the ointment is that it is difficult
to find the best characteristic function gy to ensure the best partial boundary value con-
dition. By the way, the domain considered in this paper is unbounded, some innovative
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techniques are used and can be generalized to the other kinds of the degenerate parabolic

equations.
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