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1 Introduction

Contact problems appear in many applications in industry and engineering, such as the
contact between two elastic membranes [1-7]. This problem describes the equilibrium
position of two membranes under the action between them. The membranes cannot in-
terpenetrate and are fixed on the boundary. In this system, there are three unknowns: the
position of each membrane and the action of each membrane on the other one [2]. One
of the main challenges is the fact that the contact zone is not known in advance and has
to be identified. Although the main results on existence and uniqueness can be found in
the recent literature [1-4], little attention has been paid to methods for the numerical so-
lution. Therefore, the accurate and efficient numerical simulation of the contact problem
is necessary.

We note that different Newton methods have been successfully applied to constrained
problems such as complementary problems and variational inequalities in finite or infi-
nite dimensional space [8—17]. Motivated by theoretical and numerical results obtained
in recent years, we develop a coupling procedure with combination of semismooth New-
ton methods (SSNMs) and path-following methods (PFMs) in function space [10, 15, 18].
The essence of the procedure is to reduce the problem to a regularized problem which
can be solved by SSNM. The main advantage of SSNM is that the inequality constraints
are formulated as a nonlinear system which is equivalent to a sequence of linear systems.
However, the convergence speed of SSNM is sensitive to a parameter. To make SSNM
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more efficient, we propose a path-following strategy to update the parameter automati-
cally for numerical implementation.

The paper is organized as follows: In the next section, we start with the formulation
of the contact problem between two elastic membranes and recall some basic results.
In Sect. 3, we give a regularized problem and its convergence. The semismooth Newton
method is proposed in Sect. 4. A path-following method, based on the semismooth New-
ton method, is presented in Sect. 5. Finally, in Sect. 6 some numerical results are given to

show the performance of our method.

2 Problem setting and main results

We consider two elastic membranes in unilateral contact. Throughout the paper, let §2 be
the bounded and convex domain in R? with a Lipschitz boundary I'. For given functions
1, f» and nonnegative g, the problem is to determine the displacements u,, u; € H*(£2) =
{u € L*(2);0%u € L*(R2), || < 1}. The associated norm is || 10y = { ||8°‘u||%2(9)}1/2

Jer| <1

and the action A € L2(2) = H°(£2) (the norm is ||u|;2(g) = { [, [4(x)|* dx}'/?) such that

—mAu—A=fi ing2, (2.1)
—aAuy+A=f, in 2, (2.2)
Uy — Uy >0, A >0, (u1 —ux)h =0 in £2, (2.3)
uy=g onl, (2.4)
;=0 onl, (2.5)

where the tension coefficients p; > 0 and py > 0. The solution (i1, #;) of (2.1)—(2.5) may
be interpreted as a vertical displacement of two membranes stretched by different hori-
zontal heights and pressed together by vertical forces with two densities. In this system,
A represents the action of the second membrane on the first one and —A is the reaction.
The contact condition (2.3) describes the non-interpenetration of two membranes in 2,
and the first membrane can press the second one in the domain that is in contact, i.e.
U1 — uy = 0. If there is no contact, i.e. u; — uy > 0, then the action vanishes with A = 0. The
boundary conditions (2.4) and (2.5) mean that the first membrane is fixed on I" at the
height g which is a nonnegative function, and the second one is fixed at zero, respectively.
(More details are given in [2-4].)

To give the weak formulation of the problem (2.1)-(2.5), we introduce the following

space of functions:
Hgl(.Q) = {v e H'(2);v=gon F},
and the convex subsets

K, := {(Vl,VZ) € Hgl(.Q) X H(}(Q);vl —vp>0a.e. in .Q},

1
HX(I'):={ve H}(I');v>0ae.in T},

A:={vel’(Q);v>0ae. in 2}
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1
For given (f;,/5) in L*(£2) x L?(£2) and g in H 2 (3£2), we consider the following variational
problem: Find (i1, 43, ) in Hgl(.Q) X H(%(.Q) x A, such that

Zil Wi [ Vi - Vvidx — [ A(vi —vy) dx
=Y 0 [ofvidx, V(v1,vs) € HY(82) x HY(S2), (2.6)
Jo O =) @) (1 — uz)(x)dx >0, Vx € A,
or a variational inequality: Find (u1, u3) in K, such that
2 2
> i / Vi V(vi—u)dx >y / fivi—w)dx, V(vi,v,) € K. (2.7)
I?) /e

i=1

For the above problems, we summarize the main conclusions for the existence and

uniqueness as follows (see Proposition 1, Lemma 2 and Proposition 3 in [3]).
Proposition 2.1 Problem (2.6) is equivalent to problem (2.1)—(2.5), so that any triple
(uf, us, \%) in Hgl(.Q) x Hy(§2) x L*(£2) is a weak solution of (2.1)—(2.5) if and only if it
is a solution of (2.6).

Proposition 2.2 For any solution (u},u}, \*) € Hgl(.Q) x HY(2) x L*(£2) of problem (2.6),
the pair (u},u}) € H;(.Q) x H}($2) is a solution of (2.7).

1
Proposition 2.3 Let data (f,,f;) be in L*(2) x L*(2) and g be in H(3S2), then the prob-
lem (2.7) has a unique solution (u},u3) in K,.

In this paper, we consider the numerical method of the unilateral contact problem.

3 Equivalent reformulations
For any u,v € L*(£2), we define the inner product

(u,v) := / u(x)v(x) dx,
Q
and for any u,v € H'(£2) the symmetric bilinear form
a(u,v) = / Vu(x) - Vv(x) dx,
o)

it follows that the bilinear form a(-,-) on H'(£2) x H'(£2) satisfies coercivity and Lipschitz
continuity, i.e.

a(v,v) = OlIIVIIi,é, aw,2) < Blwll )zl (e, (3.1)

where o >0, 8 >0, v e H}(£2), w,z € H'(£2). We also require that the bilinear form a(-, )
satisfies the weak maximum principle, i.e. for all v € H} (£2),

a(v, V+) <0 implies v'=0, (3.2)

where v* = max(0, v). This property can easily be proved by using the bilinear form a(, -).
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We note that the condition (2.3) can be rewritten as
A =max(0,A — y(u1 — u2)),
for any y >0 [11, 15]. If we replace (3.3) by
A= max(O,)_» —y(uy - uz)),
where A € L?(£2) is given, then problem (2.1)—(2.5) can be expressed as

Mlﬂ(ulrv)_ (A;V> = <f1’V>7 VVEH(%(Q)x
MZa(MZy V) + <)") V) = (fZ: V)y Yve H(% (Q)’
A=max(0,A — y(u1 —uy)) a.e. in £2.

Consequently, the optimization problem for system (3.5) is

Find (u1,u5) € H (£2) x Hy(£2) such that
min/(y, u1,u2) = Y 5y (3 pialus, w;) — (f;, i)

+ 55 | max(0, 4 = y (w1 — u2)|1>.

(3.3)

(3.5)

(3.6)

It follows from the uniform convexity of J(y, -, -) that the system (3.5) admits a unique solu-

tion (1, 4y, Ay) for every y > 0 [11, 15]. To highlight the dependence on y, the solution

is denoted by (u1,, 43, ) and the corresponding multiplier by 1, . In the following theorem,

we can show that the problem (2.6) can be approximately formulated as the optimization

problem (3.6) with y — oo.

Theorem 3.1 For every A € L*(£2), the solutions (41, U2y, 1)) to problem (3.5) converge to

the solution (uj, s, A*) to problem (2.6) in the sense that (uy,,us,) — (3, us) strongly in

Hy(£2) x H}($2) and A, — \* weakly in H(2) as y — oo.

Proof From (3.5) we obtain, for any y >0,

I/Lla(ulyx Uy — uik) - ()W: Uy — MT) = (flruly - MT%

Maa(Uyy, Uz — u3) + Ay, Uz, — u5) = (fo, U2, — u3),
it follows that

tra(ury, ury = uy) + poa(uy, tzy — ;)

= (hyotry — 1y — (] = 13)) + (fi, 1y = 165) + (fo, iy — 053).

(3.7)

(3.8)

Page 4 of 13
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Note that A, > 0 from (3.4) and u] — u3 > 0 from (2.3), we have

A
()‘w”h/ — Uy — (Lf{ - uj)) = <)W, ; + ULy — Uy — (uT - u;) - ;>

x x
< ky,; + (u1y —uyy) — "

Lo - L, oy )
= - ) - yA—yY Uy — U .
y \ Y Y
Consequently,
* * 1 Y 1 2
(Ay> 11y —uzy — (uf —ub)) < ;p\y,m - 12y 1%, (3.9)

where (3.4) is used. Combining (3.8) and (3.9) we obtain

1
pauiy, uy) + Hoaluay,, tay) + ” A, 1%

1
< ,ula(uly,u’l‘) + Mza(uzy,ué) + (fl,uly - u*{) + (fz, Uy — ué) + ;(Ay,k),

from the coercivity (with positive constants a1, «2) and the Lipschitz continuity of a(, )
it follows that

2 , 1 2
0l1M1||M1y||Hg1 +0l2M2||M2y||HO1 + ;”)")/”Q

is uniformly bounded with respect to y > 1. Clearly u;,, u, are bounded in Hg1 and H&
respectively, and {1, },>1 is bounded in L*(£2) from (3.7) [11]. Then there exist (1,72, 1) €
Hg}(Q) x H}(£2) x L*($2) and a sequence {u1,,, 4ay,, Ay, } with limy, = co such that

hm (ulyyn szn,)\,yn) = (ﬁl,ﬁz,,)':); (310)

Yn—>00

here we drop subscript # with y,,.
On the other hand, from (3.4) we note that

2
(3.11)

—1 A, 113 J/H (0 — —(u1y — ))
A =y |lmax{ 0, U1, — Uy
N Q Y y Y

Using the above equality and lim,, _, o %Hky ||22(9 =0, we have lim, _, oo (1), — t3,) =71 —

)
Uy >0 a.e. on £2. Since (u},u3,1*) is the unique solution of the problem (2.6), from (3.7)

we also have

alur, —ut,ur, —uf) — (A, — A% u1, —uf) =0,
M1 1y 1 %1y 1 ( 14 ly 1) (3.12)
aa(ugy, — Uy, sy, —u3) + (A, — A5 Uy —u3) =0,

then

pra(uyy —u}, ury —uf) + poa(uay, — s, usy —uy) = (Ay =A%, 41, — 1z, — (uf —u3)). (3.13)

Page 50f 13
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Using (3.9) and Young’s inequality, we have
* * L - 2
(Ay 1y — iy — (u} —u3)) < 5||A||Q. (3.14)

Hence

0 <anpusury — 14} g + sz 165 )
< pan (uyy — uf, wry — u}) + poas (uay — ul, iz, — )
=(hy = A w1y — iy — (uf — )
= (Ao ttry =y = (5 = 113)) = (07, 1y — a2y — (8} — 3))
< %llxllé = (V% g — gy — (uf - u3)).
Note that A* > 0, 4; — 4, > 0 and u} — u} > 0, we thus have

0= ylifgo SuP(O‘IMI H“ly -y Hf{é(sz) t ool ””‘2)’ — U ”12-13(9))

< lim (% ||X||%Z + <k*,u}k - uﬁ) — (A*,uly - sz))

T y—>o0
=— lim (A", %) )

y—>00

<0.
This implies that
lim up, =u, im uy, = ul.
So we obtain from (3.10)
ﬁl = M)lk,ﬁz = M;

Taking the limit y — oo in

Mla(ulyrv) - ()&ny> = (fl,V), Vv e H;(Q):
MZa(MZy: V) + <}‘-y; V) = <f21 V): Vv e H(%(Q);

yields

Mlﬂ(uT,V) - (/)‘: V) = (fl!v)r Yve H;(Q)y

R (3.15)
paa(uy,v) + (M, v) = (f,v), VYveH}(£2).

Comparing (3.15) and (3.5) shows that A* and A satisfy the same equation. Consequently,

we have A* = % in H™1(£2). It follows from the uniqueness of the solution variables

(u3,u3, 1*) that the whole family {(u1,, #,, A, )} converges in the sense stated in the theo-

rem. O
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4 Semismooth Newton method

This section is devoted to the discussion of an iterative algorithm for solving (3.5). Note
that the direct application of a Newton algorithm is impeded by the fact that the max-
function is not differentiable. Alternatively we shall apply a semismooth Newton method
to the mapping F : L%(£2) — L2(£2) defined by

F(A) = A —max(0,A — y (u1(A) — u2(1))).

We now briefly recall those facts on semismooth Newton methods which are relevant for
the present context [11, 13, 15].

Definition 4.1 The mapping F: D C X — Z is called generalized-differentiable on the
open subset U C D if there exists a family of generalized derivatives G : U — L(X, Z) such
that

”h” | FGx+ ) - F(x) - Glx + bk = 0

for everyx € U.

Theorem 4.1 Suppose that x* € D is a solution to F(x) = 0 and that F is Newton-
differentiable in an open neighborhood U containing x* and that |G(x)™'||:x e U is
bounded. Then the Newton-iteration xi.1 = % — G(x) " F(xx) converges superlinearly to

x* provided that ||xo — x*|| is sufficiently small.

Let us consider Newton-differentiability of the max-operation. We introduce candidates

for the generalized derivatives of the form

1 yx)>0

Gu(y)(x) =
0 yx) <o,

where y € X.

Proposition 4.1 The mapping max(0,-) with 1 < p < g < oo is Newton-differentiable on
L1(82) and G, is a generalized derivative.

Now we can describe our semismooth Newton method for the problem (3.5) as follows.

Algorithm 1 (SSNM)
(1) Choose initial triple (", u(2 JA) € Hy(£2) x Hy(£2) x L*(£2) and big enough y >0,
set k =0.
2) Set Ay ={re 2: % -y @™ = 1) > 0}, Try1 = 2\ Asar.
(3) Determine (u; (k1) ,u(zk” e Hl(.Q) x H}(82) such that

pra D, v) — WD vy = (), Vve HAR),

paa(u™,v) + ( )L(k” V) = (fv), YveHHR2).

(4.1)
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(4) Set

0 on Ik+1’

501 _
A— y(u(lk“) - u(zk“)) on Ag,1.

(5) Stop or set k:=k + 1 and go to (2).

Following the analysis in [11, 15], we have the same results.
Proposition 4.2 If A1 = Ax (k > 1), then (u1 , uz , A8 s the solution to (4.1).
Proof Consider Ag,1 = Ay, from (4.1) we have

k- - k- k
p1a( D v) = =y @ W), ) = (i), Vv e HA(R),

" —
Mla(u(l),v)—(k—y(u( —uz)) xav) = (fi,v), VveH($2).
Subtracting the second equation from the first one we can get

it a( (k+ 1)_u(1k),V) —VM( (k+l) (2k+1)_(u(1k)_u(2 ) XA > (4.2)

Similarly, we also have

( (k+1) (k)
2

w1 phoal(u —ul ,v) Y ( (k+1) _ (2k+1) _ (”(1k) _ u(zk)), XAkV)- (4.3)

Subtracting (4.3) from (4.2), it follows that

Mlﬂzﬂ(u(ll(+1) _ u(2k+1) _ (Lt(k) _ ug()),v)

=y + )iy =Y = (1 = ), ) (4-4)

Setting v = u(1k+1) u(zk“) - (u(lk) - u(zk)) and using the coercivity of a(-, -), we then have

L1 o ”u (k+1) Z,t(2k+1) _ (u(lk) _ u(zk)) H <0,

which implies that #{"" — 5% = 4% _ 3,0 And we derive from (3.4) that A*+) = A®),

Using the ellipticity of bilinear form a(u,v) and Ag,; = Ax we see that (4.1) has unique

solution. It means that u; (1) _ u(lk), u(2k+1) (k) . From what has been discussed above, it
follows that (u1 , u(zk), A®) is the unique solutlon to (4.1). a

Proposition 4.3 For the sequence {(u(lk), u(zk))} generated by Algorithm 1 (SSNM), it follows

that u(k) (2]() < u(1k+1) - u<2k+l) (k>1)a.e. on 2.

B (k41 _ (kD) k)
Proof We denote §u = §uy —du;, where Suy = uy —ul , 80Uy = Uy for k > 1. From
(3.5) we have

Mlﬂ(8u178M+) - ()»kﬂ - )»k,éu*> =0,

,uza(é‘uz, 8u+) + (Ak+1 — Aes 8u+> =
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This yields
wrpaa (8, 8u*) = —(1uy + pa) (A1 — Ak, Su).
From Algorithm 1 we have

=0 for x € Ty,1 NIy,

Mt () — ) = y8u(x) forx € Agy1 N Ag,
k+1 — Ak _
=(=A+ y(u(lk) - u(zk)))(x) >0 forx ey N A,

> yu(x) for x € Agy1 NIy
It follows that (A1 — A, du*) > 0, we obtain
a(éu,éu*) =—(uy + ,U/2)<)\./<+1 - Ak,8u+) <0.
Consequently §u* = 0, and the result follows from (3.2). d

Proposition 4.4 For all T;(k > 1) generated by Algorithm 1 (SSNM), it follows that T C
Ik+1~

Proof Suppose that Zy,1 C 7, then there exists a non-empty set S C £2 and S = A1 NZk.
From x € 7 it follows that (A — y (u(lk_l) - u(2k_1>))(x) < 0and by Proposition 4.3 (A—y (u(lk) -
u(zk)))(x) < 0. On the other hand x € A, 1, and hence (A — y(u(lk) - u(zk)))(x) > 0. This gives
the desired contradiction. a

Proposition 4.5 For every k > 1 we have 0 < Alk+D) < H (&)
Proof From Proposition 4.3 we have
& K (kel) ”(2k+1)~

Uy —Uy =u

Moreover, A**1 in Algorithm 1 is defined by

)"(/Hl) _ 0 on Ik+1,
- y(u(lk”) - u(2k+1)) on Ag,1.
This means that the sequence {)\;} is monotonically decreasing and bounded. 0

Theorem 4.2 For every y >0 we have

. k k
lim (), u$, i) = (1, 112, 1)
k—o00

in H;(Q) x HY(2) x L*(£2).

Proof Let u® = u(zk) - u(lk), then it follows from Proposition 4.3 and Proposition 4.5 that
the sequences {u;}2; and {A(}72, are decreasing pointwise almost everywhere and are
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uniformly bounded in H'(£2) and L?(£2), respectively. Hence there exist % € H'(£2) and
re L2(£2) such that limy_, o 2% =7 a.e. and limg_, oo A% = 2 a.e. Note that 7y C Zy,; from
Proposition 4.4 and A*) = 0 on 7, we have 2 = 0 on Z = Uzo; Zk- In this case, we have
(A — y%)(x) < 0. On the other hand, A=h-— v on A = (2, Ar where such that ( —
yu®)(x) > 0 for all k and hence (A — y7)(x) > 0. Consequently, we have A = max(0, A — y7).
Using Lebesgue’s bounded convergence theorem, it follows that limy_, A% =% in L*(2).

Take the limit in the system

pa(,v) - 0.0,v) = (f,v),  Yve HX(S2),
/.Lz(l(u(zk),V) + (}"(k)rv) = (fZ’V); VYve H(%(Q))

we obtain
pali,v) - () = (,v),  ¥veHY(S2),
oa(iia, v) + On,v) = (fv), VYveHN$),
A= max(0, A — Y1),

where limy_, o u(lk) =1, limgs o0 u(2k) =U,. Considering that the solution of the system (3.5)
is unique, we have (1, uz,A) = (U1, U2y, Ly); that is hmk_wo(u1 ,u(zk AR = (try, Uay, Xy).

Then the result follows from the coercivity of a(-, -). O

5 Path-following method
As in Theorem 3.1, the solution converge only if y — oo. If the parameter y is too small,
the SSNM converges slowly. On the contrary, if the y is too big, it may result in a badly
conditioned problem. Therefore, the SSNM needs a continuous procedure with respect
to y. We mention that path-following schemes for problems posed in function space have
become popular in recent years. Such a procedure has already been applied to obstacles
and contact problems in linear elasticity [10, 15, 18].

In this section, we give a brief review of path-following method for treating semismooth
Newton methods, which can be applied to the unilateral contact problem between mem-
branes. We introduce the primal infeasibility measure pr, and the complementarity mea-

sure pc for the (k + 1)th iterate as follows:

plD ::/ (D _ D) g,
2

,og”l) ::/ (u(lk+1)_u(2k+1))—dx+/ (u(1k+1)_u(2k+1))+dx.
Tl Ak+1

Then we can update the parameter y by

k k ,01(;'1) 1
P&V ) (max (oY, py)a

where 7 > 1 and g > 1. So we obtain the following path-following method.
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Algorithm 2 (PFM)
(1) Choose (", uy’) € H}(£2) x H}(£2), % € L*(£2) and y© > 0, set k = 0.
(2) Set Agy1 ={xe2: - y(k)(u(lk) - u(zk)) >0}, Zyer = 2\ A1
(3) Determine (™", ul*V) € H(2) x H}(£2) such that
1 2 g 0

p1a( Y, v) = W& ) = (), Yve HY(R),
MZa(ugHI)’ V) + ()‘-(kJrl)) V) = (f2; V): VYve Hé(g)'

(4) Set

0 on Ik+11

x _ )/(k)(u(lk+l) _ u(2k+l))

s (k1) _
on Ag,1.

(5) Stop or update y® according to (5.1), set k := k + 1 and go to (2).
In our numerical test, we take T =2 and ¢ = 2 in (5.1).

6 Numerical results

To demonstrate the efficiency and accuracy of the proposed method, we present some
numerical results in this section. In this example, we consider the problem in the domain
2 =(-1,1) x (-1,1) with p; = u =1 and

-10n r<-,
fi(r,60) = s
—8h r > E,
—6h r<-,
IGIOES S s
+8g-18r* /2 1
—hfﬁ rz g

where 0 <6 <27, h=0.05and r = \/x2 + y% (x = rcos 6, y = rsinf). For this problem, the
exact solution in the domain §2 is given by

uq(r,0) = h(2r2 -1),

h(2r* -1 r<-t,
uz(V,9)= ( ) V2 _\{i
h(l—r)(2r2—1)ﬁ r= E,
2h r<-i,
A(r,60) = s
0 r> E

From the analytic solution, we can easily obtain the boundary condition on I" [4].

To simplify the numerical process, we use linear finite elements to discretize problem
(5.2) and solve the corresponding linear system in Matlab codes. We first apply our method
to this problem with the number of element N = 800 x 800 and p = 10,000. Figure 1 plots
the numerical and the exact results for the boundary of the contact zone u; = u,. It can be

seen that our results are in good agreement with the exact contact zone.

Page 11 0f 13
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Numerical result
Exact result
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Figure 1 The comparison between numerical result and exact result

—— N =200 x 200

10°° —H=— N =400 x 400
—4&— N =800 x 800

10‘7 1 1 1 1 1 1 1 1 1 J
0 20 40 60 80 100 120 140 160 180 200

k

Figure 2 Evolution of £ with respect to k for different N

Next, we investigate the convergence behavior of our method. In Fig. 2 we provide the

evolution of the relative error,

k k
leer = 3] 122, + 2 = 45 125

k= 2 2
”Ml "LZ(Q) + ”uZ"LZ(Q)



Zhang et al. Journal of Inequalities and Applications (2019) 2019:1 Page 13 0of 13

with respect to the iteration index k for N = 200 x 200, N = 400 x 400 and N = 800 x 800.
We note that our method converges for different mesh sizes. Although the number of
iterations increases for increasing number of elements, the finer grid yields the smaller

relative error.
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