Zada and Sarwar Journal of Inequalities and Applications (2019) 2019:11 ® Journal of Inequalities and Applications
https://doi.org/10.1186/513660-018-1952-z a SpringerOpen Journal

RESEARCH Open Access

CrossMark

Common fixed point theorems for rational
Fr-contractive pairs of mappings with
applications

Mian Bahadur Zada' and Muhammad Sarwar'”

“Correspondence:
sarwarswati@gmail.com Abstract

'Department of Mathematics, . . . . . .
University of Malakand, Chakdara In this paper, we study the existence of solution for the following non-linear matrix

Dir(L), Pakistan equations:

n n
X=0+ Z A*XA - Z B*XB;,
i=1 i=1
n
X=Q+Y AT(0A,
i=1

where Q is a Hermitian positive definite matrix, A, B; are arbitrary m x m matrices and
T :H(m) — P(m) is an order preserving continuous map such that 7°(0) = 0. To this

aim, we establish several common fixed point theorems for two mapping satisfying a
rational F-contractive condition, where R is a binary relation.
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1 Introduction
Non-linear matrix equations play an important role in several problems of engineering
and applied mathematics. Various matrix equations are encountered in stability analysis
[1], control theory [2, 3] and system theory [4—6]. To test the existence of solution to non-
linear matrix equations, we can have a number of advanced methods. One of these meth-
ods is to use the tools of fixed point theory. Using fixed point results, many researchers
checked the existence and uniqueness of solution of non-linear matrix equations [7-10].
An important result in fixed point theory, commonly known in the literature as the Ba-
nach principle, has been established by Banach [11]. This principle has been improved and
generalized by several researchers for different kinds of contractions in various spaces.
Wardowski [12] presented the concept of F-contraction and demonstrated fixed point
theorems for this new type of contractions. Several authors generalized Wardowski’s the-
orems by extending the concept of F-contraction. Recently, Sawangsup et al. [9] intro-
duced the concept of Fr-contraction and established fixed point results for such type of

contractions.
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Throughout this work we use the following notation:
M(m) = set of m x m complex matrices,
H(m) = set of m x m Hermitian matrices,
P(m) = set of m x m positive definite matrices,
H*(m) = set of m x m positive semi-definite matrices.
Here P(m) € H(m) C M(m), H'(m) C H(m), 21 > 0 and £2; > 0 means that 2, € P(m)
and £2; € H*(m), respectively; for £2; — £2, = 0 and §2; — £2; > 0 we will use £2; > £, and
§21 > §2,, respectively. Moreover, N ={1,2,3,...}, and Ny = N U {0}.
The main concern of this paper is to study the following non-linear matrix equations:

X=Q+) A;XA;-Y BiXB, (1.1)
i=1 i=1
X=Q+ ZA;*T(X)A,, (1.2)

i=1

where Q € P(m), A;, B; are arbitrary m x m matrices and 1" : H(m) — P(m) is a contin-
uous order preserving map such that 7°(0) = 0. The matrix equations (1.1) often occur in
dynamic programming [13, 14], control theory [15, 16], ladder networks [17, 18], etc.

Berzig [7] used coupled fixed point results to prove the existence of the unique positive
definite solutions of (1.1). Recently, Sawangsup et al. [9] established fixed point theorems
for Fr-contractions and proved the existence and uniqueness of a positive definite solu-
tion of the matrix equation (1.2).

The intention of this work is to introduce the concept of rational Fr-contractive pair
of mappings, under an arbitrary binary relation R and using this concept we prove fixed
point results. By means of these results, we prove in the last section existence results for
positive definite solutions of the two classes of non-linear matrix equations (1.1) and (1.2).

2 Preliminaries
In this section we recall some basic notions.

Definition 2.1 Let IF be the class of all functions f: [0, 0c0[ — R satisfying the following
properties:

(1) fis strictly increasing;

(2) for every sequence {s,},cn with s, > 0, we have

lims,=0 <<= limf(s,) = —-oc;

n— 00 n— 00

(3) thereisj€]0,1[ such that lilgsff(s) =0.

Definition 2.2 ([19]) Let X be a non-empty set and R be a binary relation on X. Then R
is transitive if (y5,¥1) € R and (y1, y3) € R implies that (y», y3) € R, for all y5,y1, 3 € X.

Definition 2.3 ([20, 21]) Let X be a non-empty setand @ : X — X. Then a binary relation
R on X is called @-closed (equivalently @ is R-non-decreasing) if for any y1, y» € X, we
have

by eR = (Py,Pm)eR.
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Definition 2.4 ([21]) Let y4,y, € X and R be a binary relation on a non-empty set X.
A path (of length n € N) in R from y; to y, is a sequence {Zy, t1,£,,...,t,} X such that
(i) fo=y1andt, = y»;
(ii) (¢,t.1) e Rforallje{0,1,2,...,n—1}.
Note that I'(y1, y», R) represents the class of all paths from y; to y, in R.

Notice that a path of length # involves 7 + 1 elements of X, although they are not nec-
essarily distinct.

Definition 2.5 ([22]) A metric space (M, d) equipped with a binary relation R is R-non-
decreasing-regular if for all sequences {«,} in M,

(knykn1) €R, VneN,
=  (kmk)€ER,VneN.
Ky, — kK €M,

Definition 2.6 ([9]) Let (M, d) be ametric space, R beabinaryrelation Mand ¥ : M — M
be a mapping. Let

W = {(/q,/cz) eER:dWK1,¥Ky) > 0}.
Then ¥ is said to be an F -contraction if there exist £ > 0 and F € F such that
E+ F(d(lI/Kl, lI/KQ)) < F(d(Kl,Kz)), for all (k1, k7)) € W. (2.1)

3 Main results
First we modify Definition 2.6 for two maps as follows.

Definition 3.1 Let @, ¥ be two self-mappings and R be a binary relation on a non-empty
set X. Then R is (@, ¥)-closed if for each a;,a, € X, we have

(a1,a2) e R = (Pa,Vay), Way,Pay) € R.

Definition 3.2 Let (M,d) be a metric space, @, ¥ be self-mappings of M and R be a

binary relation on M. Let
X = {(Kl,Kz) €ER:d(Pk1,¥kKy) > 0}.

We say that (@, ¥) is a rational Fr-contractive pair of mappings if there exist £ > 0 and
F € F such that

%' + F(d(@l(l, lpl{z))

d(ko, Pr1)d (K1, Wka)
1+d(k1,k3)

< F(d(/q,/(g) + ), for all (k1,k7) € X. (3.1)

Denote by M((®,¥);R) the set of all order pairs (x1,k2) € M x M such that
(@Kl,‘I/Kz) eR.
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Theorem 3.3 Let (M,d) be a complete metric space, R be a binary relation on M and
@, : M — M. Suppose that the following conditions hold:

(C1) M(@,¥);R) is non-empty;

(Cy) R is (®@,¥)-closed;

(C3) @ and ¥ are continuous;

(C4) the pair (P, V) is rational Fr-contractive.
Then there is a common fixed point of ® and V.

Proof Let (ko,x1) be any element of M((®,¥); R), then (P«o, ¥«1) € R. Define the se-
quence {k,} in M by
Kone1 = Pk,

Kont2 = lI/KZnJrlr

where n € Nj.

If kppx = Koy for some n* € Ny, then ky,+ is a common fixed point of @ and V. If
Kon 7 Kons1, for all m € No. Then d(@kay, Wkane1) > 0, for all n € Ny and using assumption
(C,), we obtain

(k1,K2) = (Pro, Wi1) € R,
(K2, k3) = (WK1, PKr) €R,
(K3r K4) = ((DKZI II/K?:) € R;

(K4r KS) = (lI/KSr ®K4) € R;

In general,
(K2ms K2n41) = (W1, Phay) €R.

Thus (2., k2441) € X, for all n € Ny. Now, taking in (3.1) k1 = k2, and k3 = k2,-1, we have

F(d(K2m Kon+l ) F(d Kon+1,K2n )
F(d @KQ,,,‘I/KQ,, 1))

d(kon—1, Pkon)d (K, WKzn—l)) ¢
1+ d(KZn, K2n—1)

< F(d(szKzn—l) +

dKn_’KVH- dl(n,/(n
F(d(KZmKZn 1)+ (2 1,72 1) (2 2)>_§_

1+ d(Kkons K2y-1)

F(d Kons Kon— 1)) S)

for all » € N. Similarly, setting k1 = k, and k3 = ka,41 in (3.1), we can write

F(d(K2n+1)K2n+2)) = F(d(®K2mlI/K2n+1))

d(K2n+1) quZn)d(KZn: l1/’(2n+1) iy
1+ d(KZn) K2n+1)

= F<d(K2n, K2n+1) +
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d n+1» n+ d 7 ”
= F(d(Kzn,K2n+1)+ (K211, K21) A2, K2 +2))—E

1+ d(K2m K2n+1)

= F(d(K2VII K2n+1))) -&.
In general,
F(d(Kn: Kn+1)) = F(d(Kn—l; Kn))) - g’ (33)

where n € N. Now, using inequality (3.3), we can write

F(d(kns kns1)) < Fdkn-1,64)) — €

< F(d(kn-2,kn-1)) — 2§
< F(d(kn-3,kn-2)) — 3§
< F(d(kn-g,kn3)) — 4&

F(d(ko, k1)) — HE,
that is,
F(d(icns k1)) <F(d(ko, k1)) — nE, (3.4)
where n € N. Thus nlin;oF(d(K”’K”*l)) = —00, by condition (2) of Definition 2.1, we get
lim d(k,, k1) =0 or lim d(k,,ku1) =0%. (3.5)
n—>00 n—>00

From condition (3) of Definition 2.1, we can find ¢ € ]0, 1[ such that

nlingo(d(Kann+l))8F(d(Kn» Kn+1)) =0. (3.6)
Using (3.4), we have
(d(Km Kn+1))8(F(d(Kn) Kn+1)) - F(d(KO’Kl))) <- (d(Knr Kn+1))sn$ < 0. (37)

Taking the limit # — oo in (3.7), and using (3.5) and (3.6), we get
lim 7(d(icy, 1)) = 0. (3.8)
n— 00

Hence there exists 1y € N such that, for all n > ny, n(d(k,, k441))° < 1. Consequently, we

have

d(Knr Kn+1) = Vn > no. (39)

N
o=
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Now, we show that {«,} is a Cauchy sequence. For this purpose, using (3.9) and the trian-

gular inequality, for all m > n > n;, we have

Ak Km) < AWKy kne1) + AKni1s Kna2) + AKni2s Kni3) + -+ + A(Kpo1, k)
1 1 1 1

=7+t Tt ot
ne (m+1)e (n+2)e (m-1)=
1

m—

2

i=n !

| —

o |

i=n

Since d(k,;, k) < Zm_l il < 00, the sequence {«,} is Cauchy in M. Due to completeness
i€
of M, one can find t € M such that x,, - t as n — o0.
Next, we show that @¢ = ¥t = ¢. Since @ and ¥ are continuous and «»,, k2,,_1 — £,

Kon+l = (DKzn — &t and Koy = 'J/Kzn_l — Ut

Due to the limit uniqueness, we obtain @¢ =t and ¥t = ¢, which implies that ¢t =Vt =t

and hence there is a common fixed point of @ and ¥. d
The next result ensures the uniqueness of the common fixed point in Theorem 3.3.

Theorem 3.4 Let R be a transitive relation and @, ¥ be the self-mappings on a complete
metric space M. Assume that the following conditions hold.:
(Co) forall (1,K2) € X, there exists F € F such that

(:cz,cb:q)d(m,k”'fz)), (3.10)

1 d
£ +F(d(Pk1,¥ky)) < F(Ed(Kl’KZ) * 2[1 + d(x1, k)]

where & > 0;
(C1) M(@,¥);R) and I (k1,k2, R) are non-empty;
(Cy) Ris (®,¥)-closed;
(C3) @ and ¥ are continuous.
Then there is a unique common fixed point of ® and V.

Proof Following the same steps as in the proof of Theorem 3.3, one can easily prove that
there is a common fixed point of @ and ¥. Thus we have to show that there is a unique
common fixed point of @ and ¥. For this purpose, assume that A and A* are two distinct
common fixed points of @ and ¥. Then since I"(A, A*,R) is the class of paths in R from
A to A*, there is a path of finite length /, i.e. there is a sequence {29, 21,23, ...,2;} in R from
A to A* with

Z0= A, z1 =A%, (zj,zi41) € R, foreveryj=0,1,2,...,(I-1).
But since R is transitive, we have

(hz) €ER,(z1,22) €R, ..., (71, M) R = (LA*) €R.
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Now, setting A = A and A* = A* in contraction condition (3.10), we have

£+F(d(Pr,wrY)) < F(%d(x,x*) , 407, 20)d(, m*)),

2[1 + d(x, A%)]

. 1 o A 0)d(h, 1)

£+F(d(r,2")) < F<§d(M )+ m)
1 N A

=F(d(r 1)),

which is a contradiction. Thus X = A* and hence A is the unique common fixed point of @
and ¥. d

Taking @ = ¥ in Theorems 3.3 and 3.4, we get the following corollaries.

Corollary 3.5 Let R be a binary relation and ¥ be the self-mappings on a complete metric
space M. Assume that the following conditions hold:
(Co) forall (k1,K2) € X, there exists F € F such that

(3.11)

£+ F(dWiy, Wiy)) < F(d(/q,lq) , dlea YrDdlia, WQ)),

1+d(kq,k2)

where € > 0;
(C1) M(W;R) is non-empty;
(Cy) R is ¥-closed,
(C3) W is continuous.
Then there is a fixed point of ¥.

Corollary 3.6 Let R be a transitive relation and ¥ be the self-mappings on a complete
metric space M. Assume that the following conditions hold.:
(Co) forall (k1,k2) € X, there exists F € F such that

(3.12)

£+ F(dWi, Vi) < F(%d(/ﬁﬂfz) , Qe Vi), “”KZ)),

2[1 + d(Kl,Kz)]

where & > 0;
(C1) M(W;R) and I (k1, k2, R) are non-empty;
(Cy) R is ¥-closed,
(C3) W is continuous.
Then there is a unique fixed point of V.

To avoid the continuity of @ and ¥ in Theorem 3.3, we present the following result.

Theorem 3.7 Theorem 3.3 remains true if instead of condition (Cs), we assume that (M, d)
is R-non-decreasing regular.

Proof Inthe proof of Theorem 3.3, we have seen that («,, k,,;1) € R and «,, —> y asn — o0,
Vn € N. Then since (M, d) is R-non-decreasing regular, so (k,,y) € R for every n € N.
Here we discuss two cases which dependson M = {n € N: @ky, = Wy and ¥ky,,1 = Py}.

Page 7 of 14
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Case (I): If M finite, there exist ny € N and @«k,, # ¥y and Wiy, # Py, for all
n > no. Now since ky, # vy and ky,,1 # y implies that d(ka,,y) > 0, d(k2n41,y) > 0 and
d(Dky,, ¥y) >0 and d(Wka,1, Py) >0, for all n > ng.

Now, setting k1 = y and k3 = k2,41 in the contractive condition (3.1), we have

A(K2n41, PY)A(y, ¥ Ko
§+F(d(¢’7/,‘1’/<2n+1))SF(d(%szl)‘F (s, Py)ly, ¥ ics 1))

1+ d()/, K2n+1)

d n+ y¢ d N 7+
= E+F(d(Py,Kkamn2)) SF(d(y,K2n+1)+ (kone1, Py)d(y s k2 2)>'

1+ d(% K2n+1)

But {k,} = {d(y, kons1) + W} is a sequence of positive terms with hm 0 Ky = 0,
so by condition (2) of Definition 2.1, F(«x,) — —oo implies that F(d(®y, K2n+2)) — —00,
again by condition (2) of Definition 2.1, d(®y, ka,42) — 0, that is, k2,2 — @y as n — oo.
Also k9,49 — Y as n — 00, so by the uniqueness of the limit

Dy =vy, (313)

and hence y is the fixed point of @.

Similarly, setting k1 = k3, and k; = ¥ in contractive condition (3.1), we can easily show
that F(d(«2,41, ¥y)) — —00. By condition (2) of Definition 2.1, d(k3,41, ¥y) — O, that s,
Kone1 — Wy as n — 00. Also ky,41 — ¥ as m — 00, so by the uniqueness of the limit

l,[/)/ =y, (314')

and hence y is the fixed point of ¥.
From Egs. (3.13) and (3.14), we get

Sy =Uy=y. (3.15)

Thus y is a common fixed point of @ and V.

Case (II): If M is infinite, there exists a subsequence {k,()} of {«,} with Ky,;.1 =
Dican(j) = Wy such that ky,().2 = Wkanyer = Py for all j € N. But k2u()+1, K2n(+2 —> ¥ 50
by the uniqueness of the limit @y = y and ¥y = y and hence y is a common fixed point
of ® and V.

In both cases, y is a common fixed point of @ and ¥. O

Theorem 3.8 Theorem 3.4 remains true if, instead of condition (Cs), we assume that (M, d)
is R-non-decreasing regular.

Taking @ = ¥ in Theorems 3.7 and 3.8, we get the following corollaries.

Corollary 3.9 Let R be a binary relation and ¥ be the self-mappings on a complete metric
space M. Assume that the following conditions hold:
(Co) forall (k1,K2) € X, there exists F € F such that

(3.16)

£+ F(dWiy, Wiy)) < F<d(/<1,/<2) , dea YrDdlic, WZ)),

1+d(kq,k2)

where & > 0;
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(C1) M(¥;R) is non-empty;

(Cy) R is ¥-closed,

(Cs3) M is R-non-decreasing regular.
Then there is a fixed point of V.

Corollary 3.10 Let R be a transitive relation and ¥ be the self-mappings on a complete
metric space M. Assume that the following conditions hold:
(Co) forall (k1,K2) € X, there exists F € F such that

(3.17)

£+ F(d(Wiy, Wio)) < F<%d(K1,K2) o Qe ien)dlir, ‘1’K2)>’

2[1 + d(k1,k2)]

where € > 0;
(C1) M(W;R) and I (k1, k2, R) are non-empty;
(Cy) R is W-closed,
(C3) M is R-non-decreasing-regular.
Then there is a unique fixed point of V.

4 Applications

In this section, by using the previous theorems, we obtain existence results for the solu-
tions of the matrix equations (1.1) and (1.2). We use the metric which is induced by the
norm [l = Y1, 6;(R), where 6;(R), i = 1,2,...,n, are the singular values of & € M(m).
The set H(m) equipped with the trace norm || - || is a complete metric space (see [7, 8,
23]) and partially ordered with partial ordering <, where 8; < R, <= 8, > R;. Also, for
every N1, N, € H(m) there is a glb and a lub (see [8]).

To establish the existence results we need the following lemmas.

Lemma 4.1 ([8]) IfN1,Ry > O are m x m matrices, then
0 < tr(R1Ry) < [Nl tr(Ry).
Lemma 4.2 ([24]) IfR € H(m) with R <1, then |R| < 1.
Define the operator ¥ : H(m) — H(m) by
W) = (1) + (X)),

where the operators ¥, ¥, : H(m) — H(m) are given by

U (X)=Q+2 ZA;*XAi

i=1

and

W(X)=Q-2) BiXB..

i=1

Page 9 of 14
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Note that the solutions of the matrix equation (1.1) are the fixed points of the operator
¥ and the fixed points of the operator ¥ are the common fixed points of operators ¥;
and ¥,.

Theorem 4.3 The class of non-linear matrix equations (1.1) has a solution under the fol-
lowing conditions:
1. there are two positive real numbers My and M, such that Zle AAT < M1, and
S BiB: < Myly;
2. forevery 81, Ry € H(m) such that (R1,R;) €=, we have

81l + 1182 er

< (81 =N flee (1 + 181 = Raler) + R = 1 (Ry) ||| ¥1 = @2 (R)] )

J@M(E I8 =Rl (1 + 180 = Nalle) + 82— @80 %1 - v ),

T+ 8 =Ry ),

where M = max{M, My} and & is positive real number.

Proof Since ¥; and ¥, are well defined and (¥;,R;) €< implies that (¥;(R;), ¥5(R,)),
(WL (R1), 1 (Ry)) €=, so that < on H(m) is (¥, ¥,)-closed.
We have to show that the operators ¥; and ¥, satisfy the rational type F<-contractive

conditions. For this purpose, let us consider

EACHE WZ(Nz)Htr tr(¥1(Ry) — ¥a(Ry))

n
2tr<Z(A?N1Ai +B;‘x23i))

i=1

n

=2 tr(AfNA; + BIR, B;)
n n
= 2( tl'(A,‘A?Rl) + ZU‘(B,‘BZ“QQ))
i=1
=2 (tr(ZAiA;?‘R1> + tr(Z B,B;‘xz))
i=1 i=1

n n
52( ZAiA:‘ ZB;‘B? ||N2||tr)
i1 i=1

< 2(MylIRy [l + M2 |IR: ]|

81 +

< 2M (IR llee + 1R2]ler).-

From conditions (1) and (2) of Theorem 4.3 it follows that

” P1(R1) — ¥ (Ry) ”tr

< (181 = Raflee + 181 = R[5, + [ Ro = w1 (R [, |1 - ¥ (R) | )

Page 10 of 14
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S (618 =Rl + 180 =R + [ - 1080 ] |31 - 208,
VTN Nl) )
e G e L S M YR AT

[ (181 = Nalli + I8 = a2+ 2 = w80 [ - w08, )
1
=<
N2 2
N e T
&+
V= Rallee + [1R1 = R l[Z + 182 = B OIIR1 — Po(R2)ler
1
<
\/||‘1’1(N1) =Wy (Ro) [ler
1
VIR = & (R)) [l
1

<
\/IINl—NzlltﬁHNl—Nz||t2r+HNz—‘l’l(Nl)lltrHNl—‘l’z(Nz)Htr
1+181 N2 [lr

3

1

- o1 (S D) e [N -9 ()
Ry — R [Ro—¥1
\/” 1= Mofle+ TN =Ra

Let F : [0,00) — R be the mapping defined by F(x) = —\/%. Then F € F and the above

inequality becomes

E " F(” lpl(Nl) _ IIIZ(NZ)”U) §F<||N1 _ RZ”tr " ”NZ - lpl(Nl)”tr”k‘{l - lp2(&2)||tr>‘

1+ (IR =Rl

Thus

d(Ry, Y1 (R1))d(R1, ¥1(R,))
£+ Fd(¥1(R1), ¥o(Ry)) < F(d(m,x» +—= 11+;(N1,;2) 22 )

That is, the pair (¥,¥;) is rational Fx-contractive. Thus from Theorem 3.3, there is a
common fixed point of ¥; and ¥, say R*, i.e., ¥7(R*) = ¥,(R*) = R*. Consequently, ¥ has

a fixed point and hence the class of non-linear matrix equation (1.1) has a solution. = O

The next existence result ensures the uniqueness of solution to the non-linear matrix

equation (1.1) and the proof is similar to the proof of Theorem 4.3, so we omit it.

Theorem 4.4 Under the condition (1) of Theorem 4.3, the class of non-linear matrix equa-
tions (1.1) has a unique solution if for every X1, 8, € H(m) such that (R1,R,) €x, we have

81 e + 1R2 ]l

< (181 = Rafle (1 + 181 = Raflee) + [ R = W1 ()| [ N1 - 2 (R) )

Page 11 of 14
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/(ZM(g\/”Nl =Rl (1 + (IR = Raler) + [|Ro = W1 (R) [, [R1 = W2 (R) |,

2
+ 21+ I8 = Role) ),
where M = max{Mi, M5} and & is positive real number.

Define the operator @ : H(m) — H(m) by

P(R)=Q+ ZA;*T(N)Ai.

i=1

Note that the solutions of the matrix equation (1.2) coincide with the fixed points of the
operator @ (R).

Theorem 4.5 The class of non-linear matrix equations (1.2) has a solution under the fol-
lowing conditions:
(1) there is a real positive real number M with Y | A;AF < MI,;
(2) forevery ¥1,8y € H(m) such that (R1,R8,) €< and
YLLATT(R)A; # YL ATT (Ry)A;, we have
[or(r (1) = T (Ry))

I

< (I1R1 = R flee (1 + 181 = Ralee) + [Ro = DR[| [ 81— D2(R) | ,)

J (181 = Ralee(1+ 181 = Rale) + [ %2 = 28D, [ 30 - 28,

FVT+ IR =Ry 0)%),

where & is positive real number.

Proof Since @ is well defined and (¥;,N;) €< implies that (@ (R;), ?(R,)) €<, < on H(m)
is @-closed.
We have to show that the operator @ (X;) satisfies the rational type F<-contraction (3.16).
Let R = {(R],R;) €x: T(R1) T (R)}. If R, Ry € R, then R, < Ry, But 7 is an order
preserving mapping, so that 7' (NXy) < 7 (X;). Therefore,

|@(R1) = P(R,)],, = tr(P(R1) = P(Ry))

- tr<ZA7(r(xl) - T(Nz))Al)

i=1

= Do tr(A7 (T (%) - T(%))4)
i=1

= Ztr(A,-A? (T(R1) = T(Ry)))

i=1

- tr((iAiA;k) (TR - T(M)))

i=1

Xn:AiAj‘
i=1

=

|7 (R1) = T(Ry)]

tr’
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using condition (2) of Theorem 4.3, we get

@) - ‘15(?‘<2)||tJr

(e
i=1

[ (E IR = Ralle (L 181 =R le) + 82— S| [ %0 - 2R,

T+ I8 =Ry [[)).

From condition (1) of Theorem 4.3 it follows that

)HNl = Ryl (1 + 1Ry = Raflee) + || R = @(RY)|,,[|R1 - <1§(N2)||tr>

|@(®1) - D(R)],,

< (IR =Rl + 81 = R |E + [|Ry = @R[ [R1 -2 (®)[|,,)

[ (&1 =Rl + 180 = + [ - 2680 41 - 2B,
2
PV IR =R ) )

1 1
£ - <- :
V2 R1) = 2 (Ro)|ler \/||x1 — Ryl + nRz—¢(§“)lir!§;ﬁf(xz>utr
Using F(k1) = —JLK_I € I, the above inequality becomes

£+ F(A(@(8), B (%) < F<d(N1,N2) ity ¢(Nl”d(&“m2”)

1+d(R1,R3)

That is, @ satisfies a rational type Fg -contraction (3.16). Thus from Corollary 3.9, there
is a fixed point of @, say R, i.e., @(R) = R. Consequently, the class of non-linear matrix
equations (1.2) has a solution. O

Theorem 4.6 Under the conditions (1) and (2) of Theorem 4.5, the class of non-linear ma-
trix equations (1.2) has a unique solution if R is transitive and H(m) is R-non-decreasing-
regular.

Proof Using Corollary 3.10 and proceeding by the same arguments of Theorem 4.3, one
can easily obtain a unique solution of the non-linear matrix equations (1.2). O

5 Conclusion

Non-linear matrix equations occur in several problems of engineering and applied math-
ematics. Some various matrix equations are faced in stability analysis, control theory and
system theory. In the current work we obtain a common fixed point theorem via ratio-
nal type Fr-contractive conditions with applications to the existence of solutions to non-

linear matrix equations.
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