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Abstract

Let B = {B"K(1), t > 0} be a d-dimensional bifractional Brownian motion with Hurst
parameters H € (0,1) and K € (0, 1]. Assuming d > 2, we prove that the renormalized
self-intersection local time

T t T t
/ / 8B (0) — B (s)) dsdt - E( / / 8(B"K (1) - B (5)) ds dr)
0 0 0 0

exists in L2 ifand only if HKd < 3/2, where § denotes the Dirac delta function. Our
work generalizes the result of the renormalized self-intersection local time for
fractional Brownian motion.
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1 Introduction
Fractional Brownian motion has received much attention in recent years due to its long-
range dependence, stationarity increments, and self-similarity. It has been widely applied
in turbulence, image processing, mathematics finance, and so on for small increments.
However, it is inadequate to large increments. So, it is very natural to explore the exten-
sion of fractional Brownian motion which keeps some properties of fractional Brownian
motion (gaussianity, stationarity of small increments, self-similarity), and then bifractional
Brownian motion as a generalization of fractional Brownian motion has been investigated
by many authors, see [5, 13, 15] and the references therein for more details.

Let us briefly recall some related definitions of bifractional Brownian motion as follows.
Set B{){ K= {B(]){ K(#), £ > 0} be a bifractional Brownian motion in R with Hurst parameters
H € (0,1) and K € (0,1], i.e., a centered, real-valued Gaussian process with zero mean and

covariance function given by

E[B{ (s)Bg (¢)] = %[(tw +sM 1=K, se>0. (1.1)

This process is HK -self similar and satisfies the following estimates:

- 2 —
2 K|t—S|2HK < E[(B{)‘[,K(t) _B{)‘I,K(s)) ] < 21 Klt—S|2HK (1'2)
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for each T > 0 and s, ¢ € [0, T']. Moreover, we can easily check that it is Holder continuous
of order § for any § < HK from the Kolmogorov criterium. In particular, if K = 1, Bg’l(t) is
a fractional Brownian motion with Hurst parameter H € (0, 1).

We associate with By" a Gaussian process B*X = {B"K(¢t),£ > 0} in R? by

BK(8) = (B (1),..., B @), (1.3)

K. BPK is called a d-dimensional bifrac-

where B{[ K., B{J K are independent copies of B
tional Brownian motion with Hurst parameters H € (0,1) and K € (0,1].

On the other hand, since the work of Varadhan [16], self-intersection local time, as an
important topic of probability theory, has been widely considered and studied in recent
years. Especially, when it comes to Brownian motion and fractional Brownian motion, it
has been extensively studied, see [1, 2, 4, 6, 10, 11, 17] and the references therein.

Recently, the self-intersection local time of bifractional Brownian motion has already
been researched by few scholars. Jiang and Wang [9] studied the existence and smooth-
ness of the self-intersection local time of bifractional Brownian motions. Chen et al. [3]
considered the existence and smoothness of self-intersection local times for a large class
of Gaussian random fields, including fractional Brownian motion, fractional Brownian
sheets, and bifractional Brownian motion. For more on the local time of bifractional Brow-
nian motion, we can see [14, 18] and so on.

We know that the non-renormalized self-intersection local time of fractional Brown-
ian motion exists in L? for Hd < 1 by the results of Jiang and Wang [9] and Chen et al.
[3]. But for the case of renormalization, Hu and Nualart [7] obtained that the renormal-
ized self-intersection local time of fractional Brownian motion exists in L? for Hd < 3/2.
Therefore, the existence is different between renormalization and non-renormalization
of self-intersection local time. In this paper, we consider the existence of renormalized
self-intersection local time for bifractional Brownian motion. Our conclusions generalize
the result of fractional Brownian motion in Hu and Nualart [7] to bifractional Brownian
motions.

In this paper, the following local times of bifractional Brownian motion will be involved,
including the local time EI;’K(x) and the self-intersection local time I(H, K, T) of bifrac-

tional Brownian motion BX(t). Formally, they are defined respectively as follows: for

T>0,
T
K (x) = f 8(BK(t) - x) dt (1.4)
0
and
T t
L(H,K,T) = / / 8(B™ () - B (s)) dsdt, (1.5)
0 0

where §(x) is the Dirac delta function for x € R?.

The Dirac delta function is formally

306) = limp ()= (2m) [ exlite 0}, (16)
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where

|%]2

pe(x) = (2e) ! exp{—g} - (27)¢ /1; ) exp{i<s,x> _ %sw}ds. 17)

By (1.6), we define the approximated self-intersection local time of bifractional Brown-

ian motion by

T pt
L.(H,K,T) = /0 /0 pe(B"X(t) - B (s)) ds dt. (1.8)

We will consider the following two questions:
(1) We consider the existence in L2 and a sharp upper bound of second moment of local
time ZI;’K(x) for bifractional Brownian motion. Although the existence of the local
time for anisotropic Gaussian random fields is obtained in Theorem 2.6 by Chen et
al. [3], which contains the result of bifractional Brownian motion, a sharp upper
bound of second moment of the local time for anisotropic Gaussian random fields is
not got. It is not enough to research the local time for Gaussian random fields. So, in
order to fill this vacancy for bifractional Brownian motion, we give the following

Theorem 1.1.

Theorem 1.1 Assume that HKd < 1. Then the local time E]}I‘K(x) of the d-dimension bifrac-
tional Brownian motion is square integrable, and for any x € R?, we have the sharp upper
bound

2I'*(1 — HKd) T2-2HKd

E[¢#¥@)]* < >
(2m)4ka I (3 — HKA)

where k is a constant depending on H and K.

(2) The latter problem is to generalize the result of Hu and Nualart [7] to bifractional
Brownian motion. That is, we will consider the existence of the renormalized
self-intersection local time of bifractional Brownian motion in L?. We get the
following Theorem 1.2.

Theorem 1.2 Let BX = {B#K(t),t > 0} be a d-dimensional bifractional Brownian motion
with Hurst parameters H € (0,1) and K € (0,1]. Then, for every T > 0, the renormalized
self-intersection local time L.(H,K, T) — E[L.(H,K, T)] of BX converges in L* as ¢ tends
to zero if and only if HKd < %

The paper is organized as follows. In Sect. 2, we study the square-integrable of the local
time of d-dimensional bifractional Brownian motion. We prove the existence of the self-
intersection local time of d-dimensional bifractional Brownian motion in Sect. 3.

For simplicity, we will use k to denote unspecified positive finite constants which may
be different in each appearance throughout this paper.

2 Square integrable of the local time

In this section, the local time of the d-dimension bifractional Brownian motion will be
discussed. We firstly give the following lemma which plays an important role in proving
the existence of the local time and Theorem 1.1.
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Lemma 2.1 ([15], Proposition 2.1) For all constants 0 < a < b, B (¢) is strongly locally
@-nondeterministic on I = [a,b] with o(r) = r*"K, That is, there exist positive constants k
and ry such that, for all t € I and all 0 < r < min{¢, ro},

Var(Bg[’K(t) | Bg[’K(s) csel,r<l|s—t| < ro) > ko(r). (2.1)

By (2.1), we have that: if 0 < t; <ty < --- < t, < T, then there is a constant k > 0 such that

n n
Var(z U (BY (t) — By ’K(tm_l))) >kl |t — ta [P (2.2)
m=2

m=2
foranyu, e R,m=2,...,n.

Now, we prove Theorem 1.1, which is an extension of Theorem 5.1 in [8] to bifractional

Brownian motion.
Proof of Theorem 1.1 From the expression of (Z?’K (%) and (1.6), we can get
2
B[ )

E |:/ 8 (BH’K(t) - x)8 (BH’K(S) - x) ds dt]
(0,772

1 T{(RHK () HE (o)
_(2ﬂ)2d/[o,T]ZAZdE[eXp{l[((B (8) = x), &) + (B (s) %), )] }] d& dn dsdt

_ ~ H K
" 2n)H /[o,T]z AZdE[expil;[(Bm () = %m)&m

+ (BE(8) = %) 0 H dg dn dsdt

= (2m) /0§s<t§T ,/de ,1,,_:[1 =P { 2 Var([(BZ’K(t)ém

+ B (s)nm]) } dé dndsdt, (2.3)

where we used the fact that E[¢¥X] = exp{—% Var(X)} for any Gaussian random variable X.

By the local nondeterminism (2.2) of bifractional Brownian motion and Var(BX () =

MK we have that, for 0 < s < t < T, there is a positive constant k > 0 such that

Var (BI ()& + Bly" (s)nm) = Var((BIX () — BIYX(s))&m) + Var (B () (Em + 1m))

> k[16m 1?1 = 5K + 16 + mu*s* .
Therefore, we get that the last integral of (2.3) is bounded by the following expression:

d

2 k

) / /Zd l_[ exp{—5[|§m|2|t—s|2HK + &, + nmIZSZHK]}dE dndtds. (2.4)
0<s<t<T JRR m=1
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By integrating with respect to & and 7, respectively, and changing the variable s = tu for
s, we obtain that expression (2.4) is equal to

: ./
@)k ¥ Jossarsr KAt — s|Hd

2 T t
= 7( v - / dtf sHKA (¢ _ 5)~HKd g
2m)%k2 Jo 0

T
_ 2 _ f ((1-2HKD) 1, / ! M—HKd(l _ M)—HKd du
(2m)4kz Jo 0

dsdt

2 T
- —~ _B(1 - HKd,1 - HKd) / 12K gy
(27‘[)‘”{7 0

2I"%(1 — HK
= 2( ) T?2HKd, (2.5)
(27)4kd I' (3 — HKA)

This completes the proof. O

Remark this proposition implies that the local time of bifractional Brownian motion exists
in L? if HKd < 1. This is consistent with Theorem 2.6 in [3] and Theorem 1 in [12].

3 The existence of the renormalized self-intersection local time

In this section, we will prove the existence of the renormalized self-intersection local time

of bifractional Brownian motion, which extends the result of Hu and Nualart [7] to bifrac-

tional Brownian motion. For more on the existence of the self-intersection local time of

bifractional Brownian motion, we can refer to Jiang and Wang [9] and Chen et al. [3].
According to the definition for the self-intersection local time of bifractional Brownian

motion and (1.7), we get

L.(H,K,T)
T pt
= /0 fo pe (B (£) - B (s)) dsdt
1 T pt 1
2y /0 /0 /R dexp{i@,BH'K(t)—BH’K(S))—EEISIZ}desdt. (3.1)

Then, by the independence of B{"", ..., B, we obtain the mean of the self-intersection
local time

E[L.(H,K, T)]
d
Z:(BZ'K(t) - BZ’K(s>)sm} exp{—%sw}ds dsdt

:@/OT/:/D‘WEexp{iMI

1 T ot d 1
) W/o /o AdﬂeXP{‘gVar((BZ’f<(t)

—BZ’K(S))E,,,)} exp{—%e|g|2} de dsdt
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1 T pt d 1
= (Zn)d/o /0 ‘/D;dHeXP{—il«me(Var(BZ’K(t)—BZ’K(S))+s)}d§dsdt

/ f (Var(BY" () - B (s)) + &)~ 2dsdt (3.2)

(271)2
and the second moment of the self-intersection local time
E[L}(H,K,T)]
T pt pT pt
:EU f f / pe (B (8) = B (9))pe (B (¢') - B"X(')) ds dt’ dsdt:|
o Jo Jo Jo
- | [ [ exolile 550 - B4 9) - Seler
(27T)2d T JR2d ’ 2

xexp{ i(n, B (¢') - B (s ))—%s|n|2}d§dndr:|
1 d
(27-[)201/ / {—58 (IE1° + InI?) }Eexp{ ; [(BLEX(2) = BE ())&

(B () B s >>nm]}dsdndr

1 1 d 1
" 2m) /T/RM exp{_ig(mz * |'7|2)} rln_[lexp{—i Var[ (Bl (¢) — Bt (s)) &m
+ (UK () - BIX (s ))nm]}dédndr,

where T = {(s,£,8,t) |0<s<t<T,0<s' <t <T}and 1t = (s,£,5,t).
Notice that

Var[ (B () = BIY(9)) 6+ (B (¢) = B ()]
= E[(B(0) = By ()& + (B (¢) = B (s)) ]’
=E[(B ()~ BX©) &+ (B (¢) - BN (5))
 26,m, (B ()~ BF ) (B (¢) - B ()]
= Eml* A + [1ul* 0 + 2Emnmit,
where B{"X(¢) denotes a one-dimensional bifractional Brownian motion with Hurst pa-
rameters H and K, A is the variance of BY"(£) — B (s), p is the variance of B (¢') —

Bf[ K(s), and p is the covariance of B{I’K (t) - Bf[ K(s) and 311-1,1( t) - B{I K.
Then the second moment of the random variable L.(H,K, T) is

E[L3(H,K, T)]

1 d 1
T 2n)™ L/RMVI’:[IGXP{_E[EMZ)‘* Inm|2,0+25mnmu]}
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XeXp{——e &> + In)? }dédndf

271)2d/ fRd Xp{——(él A+ nlPo+2(E,m)p )}

X exp{——s |’§|2 + |n| }d?;‘dndr

1

:(ZT)d/T[(Aﬂ?)(pﬂs) n*]" 7dt. (3.3)

Based on E[L.(H,K, T)] and E[L2(H, K, T)], it follows that

E(Le, (H,K, T) - E[Le, (H,K, T)]) (Le, (H, K, T) - E[Le, (H, K, T)))

=E(Le,(H,K, T)Le,(H,K, T)) — (E[Le, (H,K, T)|E[Le,(H, K, T)])

) ﬁ /T[[(A +e1)(p + &) — MZ]*

5 —()»+81)_%(,0 +82)_%]d1’. (3.4)

By equality (3.4), we have

lim E(le(H K,T)=E[Ls,(H,K, T)])(Le, (H,K, T) = E[Le, (H,K, T)])

1,62

=, lim @ /T[[(/\ +£1)(p + €2) —uz]_% — (o) F(p+ ) ]dr

1 _d d
= — Ap —p1?) 2 = (Ap)"2]dr.
gt | [0 =12)F ~Goy e
Therefore, the limit of

E(Le, (H,K, T) - E[Ls, (H,K, T)]) (Le, (H,K, T) - E[L,, (H,K, T)]), (3.5)

as €1, & tend to 0, exists if and only if fT[(kp - pﬂ)‘% - (Ap)‘%] dr.

By Loeve’s criterion of mean-square convergence, we know that a necessary and suffi-
cient condition for the convergence of L, (H, K, T) - E[L,(H, K, T)] in L? is the existence of
finite limit of (3.5) as &1, &; tend to 0. Consequently, a necessary and sufficient condition

for the convergence of L. (H,K, T) - E[L,(H,K, T)] in L? is that
d
Er ::/ [(rp—p?)"2 = (Ap)‘%] dt < +00. (3.6)
T

For notation and simplicity along the paper, we will denote § = Ap — 1% and © = 59 -
(Ap)‘% , then the last inequality is rewritten as

Er= [Ter < +00. (3.7)

For simplicity, we give some symbols. The region 7 = {(s,£,5,¢/) |0 <s<t<T,0<s <
t' < T} is decomposed as follows:

Tﬂ{s<s/}=7]U7§U7§,

Page 7 of 20
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where

71: {(s’t’S/’t/)|O§S<S/<t<t/§ T},

3
1]

{(s,t,s/,t/)|O§s<s/<t’<t§ T},

A
1]

{(s68,¢)10<s<t<s' <t <T}

Then, for (s,¢,5',t') € T, we can consider the following three cases:
(i) If(s,t,s',t') € Th,denotinga=s"—s,b=t—s',c=t' —t,and e = s, we have

A== @+ b, p=pi=(b+c)K,
1
W= = ﬁ[[(e+a+b)2H+(e+a+b+c)2H]K— [(e+a+b)2H+ (e+a)2H]K

[ +(e+a+b+ c)ZH]K +[e + (e + u)ZH]K]

1
ok

2HK _ _2HK

[szK— a™ +(a+b+c

c )ZHK].

(i) If(s,t,8,t') € T, denotinga=s—s,b=t'—s',c=t—t/,and e = s, we have
h=hy:=(a+b+c)K, p = py = bHK,

K[[(e+a+b+c)2H +(e+a+b)2H]K

- [(e ta+b+o) +(e+ a)zH]K

—[e¥ +(e+a+ b)ZH]K + [eZH +(e+ a)ZH]K]

1
+ ?[(b‘* C)ZHI( —C2HK —ﬂZHK + (61 + b)ZHK].

(ili) If (s,t,5,¢) € T3, denotinga=t—s,b=5s —t,c=t -5, and e = 5, we have

2HK 2HK
A=Azi=a”", p=p3:=c"",

W= 3= 2%[[(@+a)2]" + (e+zz+b+c)2H]K - [(e+a)2H + (e+a+b)2H]K

- [e2H +(e+a+b+ c)ZH]K + [€2H +(e+a+ b)ZH]K]

2HK 2HK _ |b + C|2HK + bZHK]‘

1
+2—K[|a+b+c| —la+b|

_d
Meanwhile, we set §; = A;p; — 17 and ©@; =8, 2 — (ki,o,»)‘% fori=1,2,3.

For u3, we can get the following upper bounded by the basic inequalities.
Lemma 3.1 For us defined in case (iii), there exists a constant k such that

w3 < kb 2g¢, (3.8)

Proof For the convenience of calculation, we set w3 := As; + Az, where

1
Ag; = ?U“ + b+ —a+ b — b+ o+ b
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and

%[[(e +a)l v (e+a+b+ c)2H] [(e v 1 (e+a+ b)zH]K

- [e2H +(e+a+b+ c)ZH]K + [62H +(e+a+ b)ZH]K].

A3,2 =

For the term A3, we easily get Az < kach*K2,

Now, we consider the term Az . Let f(¢) = [t2 + (e+a+ b+ c)* MK — [t* + (e + a + b)*]X.

Then we have

dj;(;) = 2HKEH[2H 4 (e+a+b+c)2H]K71 _ [t2H+(6+ﬂ+b)2H]K71},

So, by the mean theorem, there exist £ € (e,e+a) and n € (e+a + b,e+a + b + c) such that

K-1

Maa= g [ KA e as b P [P e as P

1 - —
2—K|2H1(a$2H H[e* +(e+a+b+ c)zH]K L [EH 4 (evan b)zH]K gl
1 2 2H-1 2H 1[g2H H K-2
=% |[4H*K(K - 1)|& B 1ac
= kacn®™ 2 < kac(e + a + b)*2
< kach*%2, 39)

where we used the fact that £27 4+ p2H > g2Hep2Hn o — 21;(1%1'12 ,B=1- 213 I%HZ Further,

2HK-2

_ _ K-2 _ _ K-2
%-ZH 1n2H 1[$2H+U2H] fng 1n2H 1[€2Han2Hr]] <7

Combining the upper bounds of Az; and Az, we get that us < kb* K 24¢. O

The following lemma provides some useful inequalities for the proof of Theorem 1.2.

Lemma 3.2 Following the decomposition of the region T, there exists a constant k such
that

(i)

81 > k[(a + )P HIK y (p 4 c)zHKazHK], (3.10)
(ii) fori=2,3,

8 > khip;. (3.11)

Proof For case (i), we denote a = Var(BII{’K (s") - B{{’K(s)), b= Var(Bll{’K (t) - B{{'K(S’)), C=
Var(Bll{'K(t/) - B{[’K (). On the one hand, by the local nondeterminism (2.2), we have, for
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all #z and v,

Var(u(B{ (£) - B (s)) + v(BF (¢) - B (5')))
= Var(u(B{" (') = B{"*(s)) + (u + v) (B (£) - B (5'))
+v(BP(¢) - B @)))

> k[au® + b(u +v)> + &v?). (3.12)
On the other hand, by using inequality (1.2), we get

Var(u(BY(0) - B (9)) + v(B (¢) - B (+))
= E[u(B (1) - B () + (B () - B ()]
= BB (0) - B (5))” + PE(BI (¢) - BIX ()’
+ 2uE[(BI" (1) - B (9) (B (¢) - B (+))]

=My + p1v2 + 2 uv. (3.13)
Thus, through combining (3.12) with (3.13), it is easy to get
Mu? + piv? + 2pquy > k[au® + b(u +v)* + @),
This implies that
(A1 —ka — kb)u* + 2(u1 — kb)uv + (p1 — kb — ke)v* > 0.

Therefore, (A — ki — kb)(py — kb — k&) — (1 — kb)* > 0.

By calculating, we have

81 = o1 — Ui
> k(b +¢) + kp1(a + b) — 2kurb — k*(ab + be + ac).

According to the inequality u? < A;py, it is easy to get u1 < J/A1p1 < %()»1 + p1). Fur-

thermore, we get that é; has the lower bound as follows:
81 > k(ri¢ + pra) — k*(ab + be + ac).

Meanwhile, based on C,-inequality and the denotes 4, b, ¢, we know that A <2a+ 1_9) =
2K 4 p2HKY o1 < 2(b + ¢) = 2(b*K + 2HK), then

M+ p1a < 2(a+b)e+2(b +¢)a < 4(ab + be + ac).

Furthermore, we can choose k € (0,4) satisfying inequality (2.2) such that the following



Chen et al. Journal of Inequalities and Applications (2018) 2018:326

inequality holds:

/2
81> (k - %)(ME + p1d)

(4-Rk

(Aic+ p1a)
k[(a + b)c + (b +0)a ]

k[( 2HK + szK)CZHK + (bZHK

+C

2HK)61

2HK ]

k[(ﬂ+b)2HK 2HK + (b+ )2HK 2HK]’

where we used the fact (a + b)*K < k(a®K + p>HK),

Next, we prove case (ii). For i = 2, denote @ = Var(B"* (s') — B (s)), b = Var(B"* (¢') -
B (s")), ¢ = Var(BIX (¢) - B¥(¢)). By (2.2), we get that Ay > k(a + b + ), py > kb, and for
all # and v, we have

V(B () - BI(9) + (BN (1) - B ()
- B{u(B410 - B 0) (B () - B @)
> k(bv* + (@ + b+ O)u?). (3.14)

On the other hand,

Var(u(B (0) - B () + v(BI () - B (5))
= [u(B 0 - BI) + v(BIN(0) - B
= (B (¢) - B (5))* + VE(B{ (¢') - B (5'))*
-2 BB 0 - B0) B () - B ()]

= kot + pav? + 2uouv. (3.15)
Then, we have the following inequality by combining (3.14) with (3.15):
Aot + 2pouv + pov* > k(BV? + (@ + b + O)u?).
Thus, it is easy to see
[2—k(@+b+0)](ps — kb) — 3 > 0.
Furthermore, according to the definition of §, we can get

82 = hap2 — 13
> kb +kpy(@a+b+8) -k @+b+2)b

> khapo.

Page 11 of 20
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For i = 3, denote & = Var(B"X(t) - B (s)), b = Var(B"* (s') - B (¢)), ¢ = Var(BY"* (¢') -
Bfl K(s). tis easy to get A3 = a and p3 = c. Meanwhile, by the local nondeterminism (2.2),
for all # and v,

Var(u(B{" () - B (s)) + v(BY"" (¢') - BI"(s'))) = k(au® + cv?) (3.16)
and

Var(u(B{”((t) - B{{’K(s)) + V(B{{'K (t’) - BII{’I< (s’))) = A3t + p3v? + 2uzuv. (3.17)
Then, it follows from combining (3.16) with (3.17) that

At + 2usuv + p3v® > k(Zm2 + Evz).
Thus,

(A3 — ka)(p3 — kc) — u3 > 0.
Therefore, we get

83 = A3p3 — /,L% > khsC + kpsa — k2ac > ks ps.
Thus, the proof of Lemma 3.2 is completed. d

By Lemma 3.2 and §;, ©;, i = 1,2, 3, defined above, we can get the following result.

Lemma 3.3 Fori=2,3, there exists a constant k such that

O < kp2(ip) ! (3.18)
and

O, < k(rip) "t (3.19)

The proof of this lemma can be found in Hu and Nualart [7].

For proving Theorem 1.2, we will make use of the following elementary lemma.
Lemma 3.4 Let E7 be defined by (3.7). Then Er < +00 if and only if HKd < %

Proof The proof will be done in two steps.
Step 1. We give the proof of the sufficient condition, that is, if HKd < %, we claim that

/ O®;dadbdc < +oo, i=1,2,3. (3.20)
(0,773

We split the proof into three cases for the value of i.



Chen et al. Journal of Inequalities and Applications (2018) 2018:326

For i =1, it is easy to get from (3.10)

81 > k[((l + b)ZHI(CZHK + (b + C)ZHKaZHK]
> k(a + b)™ (b + c)K g!K HK
> k(abc) 3" (3.21)
and
iy = k(a+ b2 (b + ¢)PK > (abe)3 K, (3.22)
Thus, the result ﬁolT]g ©1dadbdc < +oo can be obtained by combining the last two in-
equalities (3.21) and (3.22) for i = 1.
For i = 2, we decompose the region 7, as T = {b > nia} U {b > noc} U {b < ma,b < nyc}
for some fixed but arbitrary n; >0 and 7, > 0.
When b < nya and b < ny¢, following the definition of w,, we set
2= An1 + Agp,

where

1
Ay, = ﬁ[[(e+a +b+o) 4+ (e+a+b)2H]K— [e+a+b+c)* + (e+a)2H]K

[ +(e+a+ b)zH]K + [+ (e+ ﬂ)ZH]K]
and
1
Aoy = 2—K[(h + )P _ RHK _ q2H (g 4 p)2HK],
It is easy to get
1
Ayp = ﬁ[la + b2 1 qPHK 4 b 4 o HK — C2HK]
1 b
= §2HK/ (a + x) K1 4 (¢ 4 x)K1 gy
0
< k(a®HK-1 4 2HE-)p,

Next, we consider A, ;. We know that A, ; can be rewritten as follows:

Ao = %[(tw + t/ZH)K _ (tzH +S/2H)K _ (SZH + t/ZH)K + (SZH +S/2H)K].

Let f(t,x) = (27 + x")X, by differential we get

d _
d_ f(t, x) = 1<(t2H + sz)K 1 2 Hx2H-1 < Kx2HK=2H ,2H-1 _ g 2HK-1
X

Page 13 of 20
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By the mean theorem, there exists & € (s/,¢) such that

(tzH + t/ZH)K _ (tZH +S/21-1)1< 51((t2H +$2H)K—12H%.2H—1(t/ —s/)

<K (¢ - ¢). (3.23)

If2HK -1 <0,bya<e+a=5 <& <t =(e+a+b), thelastinequality of (3.23) is bounded
by

I((e+6l)2HK_lb EI(dZHK_lb SI((QZHK_I +C2HK_1)b.

Then there exists a constant k such that

_ %[(tw + t/ZH)K _ (tzH +S/2H)K _ (SZH + t/ZH)K

< k[(tZH + tIZH)K _ (tZH + S/ZH)K]

< k(aZHK—l + CZHK_I)Z’).

AZ,I ( 2H

+ (s +s/2H)K]

By combining A,; with Ay, we have 11, < k(a?K-1 4 2HK=1)p,
If 2HK — 1 > 0, we have

Agy = %[(tw + t/ZH)K _ (tZH +S/2H)K _ (SZH + t/ZH)K + (SZH +S/21—1)1<]

t/
< 2%2HK/ xZH_l[(tZH +x2H)K71 — (32H +x2H)K71] dx
S/
T
< %ZHI(/ sz’l[(tzH + xZH)IG1 - (s2H + sz)KJ] dx
0
<0. (3.24)

It follows that g < k(a®K-1 4 2HE-1yp,

Using (3.18) of Lemma 3.3, we have
ET = [ @2 dadbdc
b<nia,b<nyc

< / k12 (ap2)" 2 dadb de
b<nia,b<nyc

d
< f k(czZHK‘1 + c2HK’1)2b2 ((a +b+ c)ZHszHK)fr1 dadbdc
b<nra,b<nyc

<k (d4HK_2 + C4HK—2)

b<nia,b<nyc

d dHK d dHK
< k/ (d(Z—g)HKhT + C(Z—g)HKbT)(d +b+ C)—HKd—ZHKb—HKd dadbdec
b<nia,b<nyc

(61 +bh+ C)—H](d—ZHKbZ—HKd—ZHK dadbdc

d dHK
<k a® M5 (@ + b+ o) Y gg b de
(017

_2dHK | _2dHK _2dHK
§kf a 3 b3 ¢ 3 dadbdc<+o.
(0,713

Page 14 of 20
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For the case b > 1,4, using inequality (3.19) of Lemma 3.3, it is easy to get
ET = / @2 dadbdc
b=ma
< k/ (rap2)"? dadbdc
b>ma

d
k| [P"@+b+ 0™ ] dadbde

b>ma

1
=k dadbdc. 3.25
/bzm bHKd (g 4 b + )tk 2447 4¢ (3.25)

If HKd < 1, the last integral of (3.25) is finite.
If HK d > 1, the last integral of (3.25) is written by

T
Er<k (a+c)™ dadc / —db
(0,772
fk/ a‘LﬁH(“c_M# dadc < +00.
[0,7]?
For i = 3, we also decompose the integral region as T3 = [; + I + I3 + Iy, where I; = {a >
mb,c = mb}, I = {a < mb,c < nab}, Iy = {a > mb,c < nyb}, and I = {a < m b, c > nyb}, for

some fixed but arbitrary n; >0 and n, > 0.
Firstly, we consider in the region ;. By (3.19) of Lemma 3.3, it follows that

/ Osdadbdc < / k(uip))~% dadbde
I aznib,c=nyb

_d
= k/ (azHKCZHK) 2dadbdc
aznib,c=nb

T T T
=k f db / a ™t gq / c~H e
0 nb n2b

T db
<k | RG] < +00.
Secondly, in the region I,. By (3.8) and (3.18), we obtain that

d
O3 < kp3(rsps) 27!
< k(bZHK’zac)z (azHKCzHK)—%—l

< kb4H1(—4a2—2HK—dHKC2—2HK—dHI(

< ka~39HK ~3dHK -3 dHK
where we have used the inequality —%dHK <2-2HK - dHK. Therefore,

2 2 2
/ Osdadbdc < k/ a~ 39HK ;~5dHK = 3dHK g5 0b de < +00.
a<nib,c<nab

a<n1b,c<nab

Finally, we consider the case a > 135 and ¢ < 1 b, the region I, can be achieved similarly.

Page 15 of 20
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If HKd > 1, then 2HK — 1 > 0. On the one hand, by inequality (3.9), for n € (e+a + b,e +

a+ b+ c), we have

Az < kacnzHK 2 < kac(e + a + b)ZHK_2 < kaca®™®=? = kg*K-1¢,
On the other hand,
1
2HK 2HK
A3,1§2—K(|a+b+c| = la+b|*™)

1 4
= —2H1<f (a+b+x) "8 gy
0

T oK
<kela + b+ )1
< ka?MK-1¢,
so,
s < kaK-1¢,
it follows that

@3 < ka4HK—2c2—dHK—2HKa—dHK—2HI( — ka2H1<—dHI(—2C2—dHK—2HK'

Therefore, we get

/ @3 dadbdc < / aZHK—dHK—ZCZ—dHK—ZHK dedbda
aznibc<nyb

a>nb,e<nab

<k / 2HK-dHK=2p3-dHK-2HK g 4.
a>nib

< k d2HK—dHK—2ﬂ4—dHK—2HK da

e<na

T
= k/ a* MK gg < +oo0.
0

If HKd < 1, we get that 2HK — 1 < 0, then

_d
2 —-HK C—HI( .

O3 < k()»3p3)_% < k(aZHchK) <ka

Thus,

/ Osdadbdc <k a KK e dbda
a>nyb,c<nzb

a>nyb,c<nzb

<k / a K HK dedbda
[0,773

< +0Q.
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Step 2. We give the proof of the necessary condition. Assume that dHK = %, then we
claim that &7 = +00. It suffices to show that

/ 1200) 5V dsdrds' dt’ = +oo. (3.26)
-
In order to get this result, we just prove the result for i = 3. Because 3 = Az + Asp, then
/ M%()\.gpg)_%_l dsdtds dt’
-

:/ Aﬁ,l(kgpg)_%_ldsdtds'dt’+/ A%)z()ngpg)_%_ldetdS/dt,
T T

+2/ A3,1A3,2(K3,03)_L2i_1dsdtds/dt’
-

= A1 +A2 +A3,

(3.27)
where
A= /T A2 Oaps) ?Vdsdtds' dt, Ay = /T A2, (hsps) 2V dsdeds dt,
and
A =2 fT As1Asa(haps) 8L dsdtds dt'.
When 2HK — 1 > 0, for the term A;, by Lemma 11 of Hu [7], it is easy to get
Ay = +00. (3.28)

Now, we consider the term A,. Because 2HK — 1 > 0, we have 2H — 1 >0, d = 2, and
HK = 3.1t is easy to get from (3.9) that there exists a constant k > 0 such that

Asp > kEZH—IUZH—l[EZH " nzH]K—ZaC
> k§2H—1n2HI<—2H—1ﬂC

> ke N a+ b+ ¢+ ) K21 g, (3.29)

Then we have that, for a,b,c,e > 0,

Ay = / A2,(hsps) "2 dadbdecde
O<a+b+c+e<T

>k Ml ’Z(a +b+c+ e)Z(ZHK’zH ’1)(ac)2’HKd’2HK dadbdcde
[0,]*

> k/ e 2(ac)  dadbdcde
[0,6]%

= +0Q.

(3.30)
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Next, for the term A3, following the inequalities

1
As1= o [@+b+)" —(a+b)* K —(b+ ) + (b)*HK]

1 1 1
= 5% -2HK - (2HK - l)ac/ / (b +va + ua) 2 dudy
0o Jo

> k(a + b+ )24 (3.31)

and (3.29), we get

ZAS,IdAB,Z >kla+b+ C)ZHK—ZdZH—l(a +h+c+ e)ZHK—ZH—l(aC)Z—ZHK—HKd
(rp)2*
=k(a+b+ c)’%eZH’l(a +b+c+ e)%’ZH(ozc)’1 > ka tc e L,
So,

A

i / As1A35(303) 7 dadbdcde

2 O<a+b+cte<T

> / alc eV dadbdcde = +o00. (3.32)
[0.¢]

By combining inequalities (3.28), (3.30) with (3.32), we get that Z7 = +00.

When 2HK —1 <0, we have d > 3 and 2 - HKd — 2HK = % - % > —1. In order to check

(3.26), we use a similar way of the proof of Lemma 11 in Hu [7]. For convenience, we give
shortly the proof. Notice that

13 =(Asy + Asp)® > A3 > k(a+b+ o) a?c.
It follows that
/ 12(sps) 2V dsdt ds dt
-
d_
>k / (@ +b+ "™ *a>c ((ac)™™) 2 "dadbdc
T

>k f (a+ b+ )K" (qc)?~HKA-2HK g4 db dc
[0,

k
- [(ﬂ + C)4HK—3 _ (61 +c+ 8)4H1(—3](ac)2—HKd—2HK dadc
3 - 4'HK [0,8]2
and
/ (61 + C)4HI<—3(ac)2—HKd—2HK dadc > k/ ﬂZ—HKd—ZHKC2HK—HKd—1 da dc
O<a<c<e O<a<c<e

£
> k/ a> 2K gg — + oo,
0

where 2HK — HKd — 1 < —1. This completes the proof of this lemma. d
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Now, we give the proof of Theorem 1.2.

Proof of Theorem 1.2 By (3.4), we have

lim O]E(Lel (H,K,T)-E[Le,(H,K, T)])(Le,(H,K, T) - E[ L, (H,K, T)])

£1—>0,e90—

o

T- (3.33)

And it follows from Lemma 3.4 that

d 3
2 - ()\p)’%] dt <+oo ifand only if HKd < 7

£ = [ [0 - 1)

These imply that the renormalized self-intersection local time L. (H, K, T) - E[L.(H, K, T)]
of B"X converges in L? as ¢ tends to zero if and only if HKd < % This completes the proof
of Theorem 1.2. O

4

Conclusions

In this paper, we considered that the local time and the renormalized self-intersection

lo

cal time of d-dimensional bifractional Brownian motion with Hurst parameters H €

(0,1) and K € (0,1] exist in L? for d > 2. Our work generalizes the results of the local
time of fractional Brownian motion in Hu and @ksendal [8] and the renormalized self-

intersection local time of fractional Brownian motion in Hu and Nualart [7], respectively.
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