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1 Introduction

In this paper, we study a two-dimensional nonstandard renewal risk model with stochastic
returns, in which an insurer simultaneously operates two kinds of insurance businesses.
The claim sizes {(X, Y), (X}, Y7),i > 1} form a sequence of independent and identically dis-
tributed (i.i.d.) and nonnegative random vectors, whose marginal distribution functions
are denoted by F(x) and G(y) on [0, 00), respectively. Suppose that (X, Y) follows a bivariate
Sarmanov distribution of the following form:

P(X edu,Y edv) = (1 + Ggol(u)(pz(v))F(du)G(dv), u>0,v>0, (1.1)

where the kernels ¢; (&) and ¢,(v) are two functions and the parameter 6 is a real constant

satisfying
Ep(X) =Epy(Y) =0,
and

1+6¢(w)g,(v) >0, forallue Dyx,ve Dy,
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where Dy ={u>0:P(X € (u—68,u+38))>0foralld§ >0}and Dy ={vr>0:P(Y € (v-6,v+
8)) > 0 for all § > 0}. Clearly, if & = 0 or ¢;(u) =0, u € Dy, or ¢»(v) =0, v € Dy, then X and
Y are independent. So we say that a random vector (X, Y) follows a proper bivariate Sar-
manov distribution, if the parameter 6 # 0, and the kernels ¢; () and ¢,(v) are not identical
to 0 in Dy and Dy, respectively. For more details of multivariate Sarmanov distributions,
the read is referred to Lee [19] and Kotz et al. [18].

The Sarmanov family includes Falie—Gumbel-Morgenstern (FGM) distributions as spe-
cial cases. For the FGM family, Schucany et al. [26] showed that both of the ranges of cor-
relation coefficients and rank correlation coefficients are limited to (—1/3,1/3), and the
Kendall 7 coefficient equals 2/3 of the rank correlation coefficient. The correlation co-
efficients of the Sarmanov family can attain a much wider range than those of the FGM
family. Moreover, the range of correlation coefficients depends on marginal distributions.
For example, for uniform and normal marginals, Shubina and Lee [27] proved that the
ranges of correlation coefficients are [-3/4, 3/4] and [-2/m, 2/ ], respectively. Shubina and
Lee [27] and Huang and Lin [15] constructed some Sarmanov distributions, for which
the correlation coefficients approach 1. For the Sarmanov family, Shubina and Lee [27]
demonstrated that the range of rank correlation coefficients is (—3/4, 3/4), while the range
of Kendall 7 coefficients is (—1/2,1/2). For simplicity, we assume that lim,_, o ¢1 () = d;
and lim,_, o @1 (v) = ds.

Let c¢;(¢) represent the probability density function of premium income for the ith kind
of insurance business at time ¢. Suppose that there is a positive constant M such that 0 <
(t) <M, i=1,2.

In risk theory, some publications suppose that two kinds of businesses share a common
claim-number process or the two claim-number processes are mutually independent. It
should be noted that these assumptions are made mainly for mathematical tractability. In
reality, the claim-number processes of different insurance businesses are not always the
same but closely dependent. We refer the reader to Ambagaspitiya [1] for details. Hence,
establishing a bivariate risk model with a certain dependence structure between the two
claim-number processes become more and more imperative. In this paper, let {zy, k > 1}
and {ni, kK > 1} denote the arrival times of two kinds of successive claims, respectively.
Suppose 1y = 0 and 1y = 0. We assume that {(tx — t%_1, 7k — 7k-1), kK > 1} form another se-
quence of i.i.d. random vectors such that {(M(¢), N(£)), ¢ > 0} is a bivariate renewal process.
Denote

AMu,v) = iip(fi <u,m <),

i=1 j=1

Then A(u, v) is called a renewal function of the above bivariate renewal process.

In addition, when {(M(¢), N(¢)),¢ > 0} is a bivariate renewal process, it is easy to see
that both {M(¢), ¢ > 0} and {N(¢), ¢ > 0} are one-dimensional renewal processes, and their
renewal functions are denoted by 11 (£) and A,(¢), respectively.

Denote by A the set of all £ for which 0 < A(¢,£) < co. Let ¢ = inf{t : P(t; <t,m <t) >0}.
Then it is clear that

[t,oo] ifP(ri <t <t)>0,
(L,oo] ifP(ry <t,m <t)=0.
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For more details of a bivariate renewal process, we refer the reader to Hunter [16]. Let
Ar=AN0,T].

In addition, it is easy to get

oo

ri(t) = ZP(Q <t) and Ay(f)= Zp(ﬂj <t).
j=1

i=1

Suppose that the price processes of the investment portfolios for two kinds of insurance
businesses are modeled by two geometric Lévy processes {e*1®), ¢ > 0} and {e®2®), ¢ > 0},
where {R;(£),¢ > 0} and {R,(¢),t > 0} are two Lévy processes which starts from 0, have
independent and stationary increments, and are stochastically continuous. For any i = 1,2,
let {R;(¢),¢ > 0} be a real-valued Lévy process with Lévy triplet (r;, 0;, p;), where —oo < r; <
oo and o; > 0 are constants, and p; is a measure supported on (—o0, 00), satisfying p;(0) = 0
and f(_oo,oo)(yz A 1)pi(dy) < 0o. According to Proposition 3.14 of Cont and Tankov [5], if
f\y\zl ¥ pi(dy) < oo for z € (—00, 00), then the Laplace exponent for {R;(), ¢ > 0} is defined

as
@,(z) = log EeNY, 7z € (—00,00),
where
1 2,2 zy
Di(z) = —0/z" +riz + (67 -1 -zy111)(9)) pildy) < 0.
2 (~00,00)
Let

1
¢i(z) = Di(-z) = 5‘71'222 . f (e =1+ 2zyL1,1) () pildy) < co.
(~00,00)

Then, for all ¢ > 0 and z satisfying fl e? pi(dy) < 00, Ee®Ri = ¢!#i-2) < oo, Further, since

>1
¢:(0) = 0, by the two expressions abg\:e, we can prove that ¢;(z) is convex in z for which
¢;(z) is finite. Since ¢;(0) = 0, for some B* > 0, ¢;(8*) < 0 means that ¢;(z) <0 for all z €
(0, B*]. For the general theory of Lévy processes, we refer the reader to Cont and Tankov
[5] and Sato [25].

For two-dimensional risk models, some authors suppose that the insurance company
invests the surpluses of two kinds of insurance businesses in one portfolio; see Fu and Ng
[10], Li [20] and Guo et al. [14]. But such an assumption is restrictive in applications. In
fact, an insurer often invests the surpluses of different businesses into different portfolios
in order to avoid risks.

Throughout this paper, we suppose that {(X;, Y;),i > 1}, {(c1(£), c2()), £ = 0}, {R1(2), ¢ >
0}, {Rx(2), £ > 0} and {(M(t), N(t)), ¢t > 0} are mutually independent.

Denote the initial capital vector by (x,y). For any time ¢ > 0, the surplus process of the

insurer can be described as

Uy (2) ~ xeR1(0) foteRl(t)_Rl(s)Cl(S)dS Z?ﬁt))(iekl(t)flh(n) L
te)) ~ \yere |t erato-rao (9 a5 ) ~\ S0y oot ) (1-2)

j=
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Next we define two types of ruin times for the risk model (1.2) as follows:
Thnax = inf{z > 0: max{U;(¢), Ua(£)} < 0}
and
Tin = inf{t >0: min{Lll(t), Uz(t)} < O}.
Then the corresponding ruin probabilities of the risk model (1.2) are defined by
Ymax (%,938) = P(Tmax < t1(LL(0), Us(0)) = (x,9)), =0,
and
Yimin (%, Y5 £) = P(Tinin < £|(U1(0), Ua(0)) = (x,9)), ¢=0,

respectively. ¥max(x,y;£) denotes the probability that ruin occurs in both business lines
over the time (0, £], while ¥min (%, y; £) represents the probability that ruin occurs in at least
one business line over the time (0, £].

In the recent years, the one-dimensional renewal risk model with stochastic returns
has been widely investigated. We refer the reader to Kliippelberg and Kostadinova [17],
Tang et al. [29], Dong and Wang [6], Dong and Wang [7], Guo and Wang [12], Guo and
Wang [13], and Peng and Wang [24], among many others. So far few articles have been
involved in a bivariate risk model with stochastic returns. For example, Fu and Ng [10]
considered a two-dimensional renewal risk model with stochastic returns, in which the
claim sizes for the same kind of insurance business are pairwise quasi-independent but
the claim sizes of different kinds of insurance businesses are independent, and presented
a uniform asymptotic formula only for the discounted aggregate claims. Li [20] considered
a multi-dimensional renewal risk model, where there exists a certain dependence struc-
ture among claim sizes and their corresponding inter-arrival times. When the claim-size
vector has a multi-dimensional regular variation distribution, the authors gave a uniform
asymptotic formula for ruin probabilities over all the whole times. Guo et al. [14] studied
another two-dimensional risk model with stochastic investment returns, where two lines
of insurance businesses share a common claim-number process and their surpluses are in-
vested into the same kind of risky asset, and the claim sizes of two kinds of insurance busi-
nesses and their common inter-arrival times correspondingly follow a three-dimensional
Sarmanov distribution. When the marginal distributions of the claim-size vector belong
to the regular variation class, the above reference presented uniform asymptotic formulas
for the finite-time ruin probability. Fu and Ng [11] discussed a two-dimensional renewal
risk model, in which there is a FGM structure between the claim sizes from two different
lines of businesses, and showed uniform asymptotic formulas of the finite-time ruin prob-
ability, when the distributions of claim sizes belong to the intersection of the dominated
varying class and the class of long-tailed distributions.

In the present paper, we investigate a bivariate renewal risk model with stochastic re-
turns, where the claim sizes form a sequence of i.i.d. random vectors following a bivariate
Sarmanov distribution and the price processes of investment portfolios are modeled by
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two geometric Lévy processes. When the two marginal distributions of the claim-size vec-
tor belong to the intersection of the dominated-variation class and the class of long-tailed
distributions, we obtain uniform asymptotic formulas of the joint tail probability of the
discounted aggregate claims and ruin probabilities for the risk model (1.2).

The rest of this paper is organized as follows. In Sect. 2, we recall some important dis-
tribution classes and give main results of this paper. In Sect. 3, we prepare some necessary
lemmas. In Sect. 4, we prove the two theorems.

2 Preliminaries and main results

This paper is concerned with heavy-tailed distributions, so we first introduce some re-
lated subclasses of heavy-tailed distributions, which can be found in Embrechts et al. [8],
Bingham et al. [2], and Cline and Samorodnitsky [4]. Let H be a distribution and write
H(x) = 1 — H(x). We assume that H(x) > 0 holds for all x > 0. We say that a distribution H
on [0, 00) belongs to the class of long-tailed distributions, denoted by L, if for any u > 0,

H(x + u)
im ——— =1.

A distribution H on [0, 00) is said to belong to the dominated-varying-tailed class D, if

forallO<u<1,

. H(ux)
limsup —= <00
x—o0 H x)

We say that a distribution H on [0, c0) belongs to the regular variation class, if there is
some ¢, 0 < @ < 00, such that, for all u > 0,

. H(ux)
lim — =
x—o00 H ( x)

-

In this case, we denote H € R_, and use R to denote the union of all R_, over the range
0 < a < o0o. Itis well known that R C D N L and the inclusion is proper.
We introduce two indices of any distribution H. Denote

logH., logH"
Jo= - tim 920D q g i 2HO),
y—>00 ]ogy y—>00 logy

Following Tang and Tsitsiashvili [28], we call /;; and J;; the upper and lower Matuszewska
indices of H.

Hereafter, all limit relationships are for min(x, y) — oo unless stated otherwise. For two
positive functions a(x,y) and b(x,y), we write a(x,y) < b(x,y) if lim SUP pin(x,y)— 00 a(x,y)/
b(x,y) < 1,writea(x,y) 2 b(x,y) ifliminfa(x, y)/b(x,y) > 1, write a(x, y) ~ b(x, y) ifa(x,y) S
b(x,y) and a(x,y) 2 b(x,y), and write a(x,y) = 0(b(x,y)) if liMmin(x,y)— o0 (%, ¥)/b(x,y) = 0.
Furthermore, for two positive ternary functions a(-, -;t) and b(:, -; t), we say that the asymp-

totic relation a(x, y; t) ~ b(x,y; £) holds uniformly for ¢ in a nonempty set A if

alxyt) |
Mm%ﬂ_’_o

min(x,y)—00 e A
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Clearly, the asymptotic relation a(x, y; £) ~ b(x, y; t) holds uniformly for ¢ € A if and only if

a(x,y;t) -

, )5t L
limsup sup al5:0) <1 and liminf inf
min(x,y)— 00 tEA b(x7y7 t) min(x,y)—o0 teA b(x,y; t)

2 b(x,y;t) hold uniformly for

~

which means that both a(x,y;t) < b(x,y;t) and a(x, y;t)
teA.

Now we are in a position to state our main results. We first present a uniform asymptotic
formula of the joint tail probability of two discounted aggregate claims. Then we establish

uniform asymptotic formulas of ruin probabilities.

Theorem 2.1 Counsider the risk model (1.2). Let {(X,Y), X, Yi),k > 1} be i.i.d. random
vectors following a bivariate Sarmanov distribution of the form (1.1), where lim,_, o ¢;(x) =
d; for i = 1,2. Suppose that the distributions of X and Y satisfy FEDNLand GeDNL
with Jz >0 and Jg > 0. If p;(B;) < 0,i = 1,2, for some By > J§ and By > J¢, then uniformly for
allte A

M(t) N(t)
P(ZXie—Rl(fz‘) > x, Z Yje—Rz(n/) >y>
i=1 j=1
t t
~ / / P(X*e™®1 5 x)P(Y*e ™Y > y)A(du, dv)
+0d,d, Z/ f Xre R 5 x)P(Y*e’RZ(") > y)P(T,» € du,n; € dv), (2.1)

where X* and Y* are two independent nonnegative random variables with distributions F
and G, respectively.

Theorem 2.2 Under the conditions of Theorem 2.1,
Ymax (%, 95 £) / / X* R x)P(Y*e‘RQ(") >y)k(du, dav) + 0d.d,
X Z/ / e R 5 x)P(Y*e’RZ(") >y)P(ri edu,n;edv) (2.2)
holds uniformly for all t € A. In addition, for any T € A,
t t
Vinin (%, 3 £) ~ / P(Xe™™ W > x)1 () + / P(Ye ™Y > y) day(v) (2.3)
0 0
holds uniformly for all t € Ar. In particular,

wmax (x) Y, 00

/ / P(X*e R x)P(Y*e‘RZ(") > y)A(du, dv)

+0dd, Z/ / P(X*e‘Rl(”) > x)P(Y*e‘RZ(") > y)P(ti €du,n; € dv).
— Jo Jo
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By the definition of the regular variation class and Theorem 2.2, we easily obtain the
following corollary.

Corollary 2.1 Counsider the risk model (1.2). Suppose that the conditions of Theorem 2.1
are satisfied. Further, if the distributions of X and Y satisfy F € R_, and G € R_, with
0 <« <00, then

t t
Unsligit) ~ [ [ 002 a1, 0G0
0 Jo
S t t _ -
+0didy Y / f PRI (1, e dy,n; € dv)F(x)G(y)
i=1 0 0
holds uniformly for all t € A. In addition, forany T € A,

t t
a0~ [ i) + [ diatG0)
0 0
holds uniformly for all t € Ar.

3 Some lemmas

The first lemma is from Lemma 2.19 of Foss et al. [9].

Lemma 3.1 IfH € L, then there exists a slowly varying function h(x) satisfying 0 < h(x) —
00, h(x)/x — 0, such that

. H(x % h(x))
llm = 1.
X—00 H(x)

The lemma below is due to Proposition 1.1 of Yang and Wang [31].

Lemma 3.2 Suppose that (X,Y) follows a proper bivariate Sarmanov distribution of the
form (1.1). Then there exist two positive constants by and by such that |¢1(u)| < by for all
u € Dy and |@2(v)| < by for all v € Dy.

The following lemma is a combination of Proposition 2.2.1 of Bingham et al. [2] and
Lemma 3.5 of Tang and Tsitsiashvili [28].

Lemma 3.3 For a distribution H on [0, 00), the following assertions hold:
(1) ifH €D, then, for any a < J; and B > J};, there are positive numbers C; and
D;,i=1,2, such that

% ZCI(;)" forallx >y > D
and
H(y)

B
x
—— §C2(—> forall x >y > Dy;
H(x) y
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(2) ifH €D, then
x P = o(ﬁ(x)) forall B>J}.
The following lemma is a restatement of Lemma 4.1.2 of Wang and Tang [30].

Lemma 3.4 Let X and & be two independent random variables, where X is distributed by
F € DN L and & is nonnegative and non-degenerate at 0 satisfying EE? < oo for some p > J}.
Then the distribution of the product & X belongs to the class DN L and P(EX > x) < P(X > x).

Remark 1 Suppose that X and Y are two nonnegative random variables with distributions
FeDNLand GeDNL,and ¢;(B;) <0, i =1,2, for some By > ]} and B> > J. Then, by
Lemma 3.4, we can prove both Xe ™1 and Ye®2") belong to D N L for any s > 0 and w > 0.
Hence, by Lemma 3.1 above and Proposition 2.20(i) of Foss et al. [9], there exists a positive
function h(x) satisfying h(x) — oo, h(x)/x — 0, such that

P(Xe ™16 5 x — ji(x)) ~

xlirgo P(Xe*Rl(S) > x) =1 (3.1)
and
P(Ye W 5y _p
im 2> =h0) (3.2)

y—00 P(Ye*R2(W) > y)
The lemma below can be derived from Lemma 5 of Chen et al. [3].

Lemma 3.5 Let {X;,1 <i < n} be a sequence of independent random variables with com-
mon distribution F € D N L. Suppose that {§;,1 < i < n} is another sequence of nonneg-
ative and non-degenerate at O random variables satisfying EE' < oo for some p > Ji. If
{&,1 <i<mn}isindependent of {X;,1 <i < n}, then

. PEXi>x §X>y)
lim =

0
XAY—>00 P(gj)(l > y)

holds forall1 <i#j<n.

The following lemma gives an important property of bivariate Sarmanov distributions
and it is also interesting by itself.

Lemma 3.6 Suppose that (X,Y) follows a bivariate Sarmanov distribution (1.2) with
limy_, oo @;(x) = d; fori =1,2. Then

P(X >x,Y >y) ~ (1+60d,d,)F(x)G(y).

Proof By (1.1),

PX>xY>y) = / / (1 + 9(p1(u)¢2(v))F(du)G(dv) ~ (1 +6d,d,)F(x)G(y). 0
x Jy

By Lemmas 3.3(2), 3.5 and 3.6, the following lemma can be derived from Lemma 3(ii) of
Li [21].
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Lemma 3.7 Let (X,Y) follow a bivariate Sarmanov distribution of the form (1.1) with
limy_, o0 @i(x) = d; for i = 1,2. Suppose that ¢;(f;) < 0,i = 1,2, for some p1 > ]} and By > J§.
If the distributions of X and Y satisfy F € DN L and G € D N L, then, for any s >0 and
w>0,

P(Xe’Rl(s) > x — h(x), Ye R 5 o — h(y))

~(1+ 9d1d2)P(X*e_R1(5) > x)P(Y*e‘RZ(W) > y),
where h(x) is defined as in (3.1) and (3.2).
In view of Theorem 2.1 in Li [21] and Lemma 3.7, we arrive at the following lemma.

Lemma 3.8 Let {(X,Y),(X;,Y:),i > 1} be a sequence of i.i.d. nonnegative random vectors
following a bivariate Sarmanov distribution of the form (1.1). Suppose that ¢;(B;) < 0,i =
1,2, for some By > Ji and By > J. If the distributions of X and Y satisfy F € D N L and
G € DN L, then, for any fixed m > 1 and n > 1, uniformly for all0 <s; <t,0<t; <t and
te Ar,

m n
P(Z Xe R6d) 5 ) Z Yie Rl > y)
i1 j=1

m n
~ Z ZP(Xie‘Rl(Si) > x, Yie R0 5 y).

i=1 j=1

Following the proof of Theorem 1.1 in Liu and Zhang [22] with some modifications, we

can get the lemma below.

Lemma 3.9 Let {(X,Y),(X;,Y:),i > 1} be a sequence of i.i.d. nonnegative random vectors
following a bivariate Sarmanov distribution of the form (1.2). Suppose that the distributions
of X and Y satisfy FE DNLand Ge DNLwith0< Jp <Jf <ooand 0<J; <J < 00. As-
sume that {&;,i > 1} and {g;,j > 1} are another two sequences of nonnegative random vari-
ables, and that there exist p1, py and p satisfying 0 < p1 < Jz, 0 < py <Jg and p > max{J{, ]t}
such that

o0

2 (E

1

1
Pl (/F<l)+p UF>1)<OO, Efp Lypan* p Lyt=n) < 00,

[

)tp 1y
§ E{PZ (]G<1 (}G>1 < 00,
Jj=1

UG<1>*p UE=D ¢ 0.

|M8 HMg

Then

(Z;X>x,Z;,Y>y) ZZP(&X»x,c,Y,»y).

i=1 j=1
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Remark 2 For the geometric Lévy process {10 ¢ > 0}, when JE <1, there exists some By
satisfying p1 > Ji and ¢(B1) <0, such that, for any 0 < p1 < B,

Eet1¢1(1)

ZE PR (x) _Z/ s¢1(ﬂ1)p(7: <s)= 1_ E€T1¢1(p1)

When J > 1, we can choose some p satisfying p1 > p > Jf. Likewise,

oo 00 0
S (BRI 23 (Eenh @) P 2 3 (et )P o,
=1 i=1 i=1

Similar results hold for the geometric Lévy process {eX*®, t > 0}. Hence, by Lemma 3.9,

o0 o0
P(ZXie—Rl(Ti) > X, Z Yje—Rz(n/‘) >y>
i=1 j=1

oo o0
~ZZPXeR”‘ > x, Yie R >y).

i=1 j=1

For simplicity, for ¢ > 0, denote §21(£) = [0, ¢] X (£, 00), £22(£) = (¢,00) x [0,¢] and £25(¢) =
(¢,00) x (t,00). By a simply calculation, we can obtain the following lemma.

Lemma 3.10 Under the conditions of Theorem 2.1, for any k = 1,2,3, the following asser-
tions hold:

f fQ P(X*e R 5 x)P(Y*e R > y)A(du, dv)
lim limsup =0 (3.3)
£=00 min(x,y)— 00 fO fO P(X*e —Ri(u) > x)P(Y*e*RﬂV} > y)k(du, av)

and

- I f_Q X*e R 5 x)P(Y*e R > y)P(1; € du,n; € dv)
im limsup su
tﬂoomm(xy)epoo l>? f() fO P(X* ~Ri(u) > x)P(Y*e ~Rao(v) > _)/)P('C, e€du,n; € dv)

=0. (3.4)

Proof It suffices to prove the first expression for k = 1. By the proof of Lemma 4.3 in Tang et
al. [29], we know that E(e 7 Mo=u=t K1)y ¢ 60 holds for 0 < p < 81, and that P(e™"Posu=e R1() 5
€) >0 holds for 0 < € < 1. By Lemma 3.4,

lim i ffﬂl(t P(X*e ) 5 x)P(Y*eR2W) > y)(du, dv)
1m lmsu
t—>oomm(xy_>poo j‘o f PX* —Rq(u )P(Y*e—R2 >y))\.(dbt dV)

P(X* —info<y<¢ Ry (1) >x)
< lim
=00 P(X*€ > x)P(e~PosuztR1(0) 5 ¢)
f P(Y*e —Ry(v) > 9) dia(v)
x lim lim _
t—00 y—>00 f P Y*e —Ry (V. >_)/)d)»2( )

In the same way, for k = 1,2,3, (3.3) and (3.4) follow. O
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In order to prove Theorem 2.2, we define ruin times for the two kinds of insurance busi-
nesses. Denote

O =inf{t > 0: U;(t) <0}, i=1,2.
The following lemma plays an important role in proving Theorem 2.2.

Lemma 3.11 Under the conditions of Theorem 2.1, we have
t
PO <t)~ / P(X*e’Rl(”) > x) d (1) (3.5)
0
and
t
Py <t)~ / P(Y*e"RZ(V) >y) di,(v) (3.6)
0

hold uniformly for all t € A.

Proof In proving Theorem 1.2 of Fu and Ng [10], for F € D N L, applying Theorem 1.1 of
Liu and Zhang [22] instead of Theorem 2 of Yi et al. [32], we can arrive at

M(¢) t
P(ZXie_Rl(Ti) > x) ~ / P(X*e‘Rl(”) > x) dii(u) (3.7)
i=1 0

holds uniformly for all ¢ € A. Hence, it is clear that

M)

t
P <t) < P(ZX,-e‘Rl(”') > x> ~ / P(X*e™R1 5 x) diy () (3.8)
0

i=1

holds uniformly for all ¢ € A.

Next we turn to the proof of the asymptotic lower bound of (3.5). Since F € DN L,
according to Lemma 3.4, for any 0 < u < ¢, the distribution of X*e~®1® still belongs to
DN L.ByRemark 1, there exists some slowly varying function /(x) satisfying 0 < [(x) — o0,
I(x)/x — 0 such that, forany 0 <u <¢,

P(X*e R1lw) l
fim X > a1 l@) (3.9)
Xx—> 00 P(X*e—Rl(u) > x)

From Sect. 2.1 of Maulik and Zwart [23], we can see that fooo e R dy is light-tailed.
Hence, by (3.7), (3.9) and Fatou’s lemma, uniformly for all ¢ € A,

® .
P, <t)> P(ZXieRl(”) —M/ e R gy 5 x)
i=1 0

M(£)
pe P(ZXie_Rl(”’) >x+ l(x))

i=1

vV

/ P(X*e‘kl(”) > x) dri(u). (3.10)
0
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A combination of (3.8) and (3.10) yields (3.5) holds uniformly for all £ € A. In the same
way, we can prove that (3.6) also holds uniformly for all £ € A. O

4 Proofs of main results
4.1 Proof of Theorem 2.1
Choose some fixed positive integer M. Uniformly for all £ € Ar

M(t) N(#)
P(ZXieRl(Ti) > X, Z Yje*Rz(n/) >y>
-1 j=1
[e¢] o0 m n
= Z ZP(ZXieRl(”) > X, Z Yie ®2) >y, M(2) = m, N(t) = n)

i=1 j=1

m
X P(ZXieRl(fi) > X,
i=1

= Ki(x,9;8) + Ka(x, 95 £) + Ks(x, 95 £) + Ka(x, 35 £). (4.1)

Yje’RZ("/) >y,M(t)=m,N(t) = n)
j=1

We first consider Kj(x,y;t). For m > 1 and n > 1, write 2Um ={0<s;<---<s, <
LSm >thand 2P () ={0<t; < <t, <t tp >t} By Lemma 3.8, uniformly for all
te Ar

I<l (x) Y t )

M M m n

~ Z Z Z Z/ P(X*e’Rl(Si) > x, YeR) 5 »)
2W) (m)x 2 (n)

m=1 n=1 i=1 j=1

X P(Tl €815+ »Tmntl €ESms+1oM € L1505 Mns1 € tn+1)

= Z P(Xie’Rl(T") > X, Yje_RZ(”/) >y, M(t) =m,N(t) = n)

According to the above expression, uniformly for all £ € Ar,
Ki(x,y;t)

~ i i i iP(Xie—Rl(fi) > %, Yje_RZ(”f) >j/,M(t) = m,N(t) = n)

- Z Z Z P(Xie’Rl(”) > X, Yje_RZ("i) >y, M(t) =m,N(t) = n)

3
I
i
3
é
iy
A
7
L
-
L

[e'9) M m
- Z Z Z P(X,-e’Rl(”) > X, Yje’R2(”/) >y, M(t) =m,N(t) = n)

= Kii(, 95 t) — Kiax, 5 1) — Kz (%, 93 £).

Page 12 0f 18
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For Kj1(x, y;t), uniformly for all t € Ar,

Kyi(x,95t)
o0 o0

= Z ZP(Xie_Rl(”) >, Ve ®em) sy 5 <ty < t)

j=1 i=1

o0 o0
ZZPXeR”l > X, YeRZ"/ >, 'letﬂ1<t)
j=1 i=j+1

o]

+ Y P(Xe R s g, vie R sy 1 <t < )
i=1

oo o0
Z Z P(X;ie 1) 5 5, YVie ) 5 g, 1 < £,y < )

/ / X*e R 5 x)P(Y*e™2Y > y)a(du, dv)
t t
+0d.d, Z / / P(X*e 1 5 x)P(Y*e™W > y)P(z; € du,n; € dv), (4.2)
: 0

where at the last step we used Lemma 3.6. In the following, we prove that Ki,(x, y;£) is

asymptotically negligible compared with Ki;(x,y;t). For Ki2(x,y;t), by Lemma 3.2, uni-
formly forall t € A7,

Ki(x, 93 8)
< (1+101b1by) P(X*e MosusTRI) 5 x) p(y*eminfosv=T R2() s, 5

x EN ()M (t)1(n(ry>m)- (4.3)
By (4.3) and Lemma 3.4, for O <€ < 1,

Ku(x,y; t)
lim lim  sup
M-’OOHHH{MHOOzeAT fo fo P(X*e 1) 5 x, Y*e R ) > y)A(du, dv)

(1 +10]b1by) P(X* e MozusT K1) 5 3) p(Y*einlosv=T R20) 5 5)
minfxy}—>oo  P(X*e WPozusT RIW) 5 y)P(Y*e > y)P(e WPosv=T R20) 5 ¢)

) EN(OM(O)1vr)=m)
x lim sup
Mg)ootE/\T )\(t,t)

=

=0. (4.4)

As above, as M — oo and min{x, y} — 0o, we can prove Ki3(x,y;t) is also asymptotically
negligible in comparison with Kj;(x, ;). Hence, uniformly for all t € A7,

Ki(x,y;:t)

t t
~ / / P(X*e‘Rl(”) > x, Y Rt > y)Adu,dv) + Odydy

o0 t t
X Z/ / P(X*e‘Rl(”) > x, Yie R0 5 y)P(ti € du,n; € dv). (4.5)
i=1 V0 JO

Page 13 0f 18
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Next we switch to deal with Ky(x,y;t). Choose some p > max{/},J5}. According to
Lemma 3.2 and Lemma 3.3(1), uniformly for all t € A,

Ky(x,y;t)
M o0 m
=< Z Z Z P(Xie_i“f"f“STRl(“) > x/m, Yje_i"fOSVSTRZ(") > y/n)

x P(M(t) = m,N(t) = n)
< C(L+101b1by) P(X* e MozusT Ril) 5 ) p(y*e~imosv=r R20) 5, )

x E(MEN®) Loveryzm,

where C is a positive number. Following the proof of (4.4), we have

lim lim  sup —— =0. (4.6)
M=cominfxy)=>oorear [ [0 P(X* e Rt > x, Y*e~Ro0) > y)A(du, dv)
Similarly to above, we can prove that
Ks(x, y;t) + Kq(x, y; t
lim lim  sup 30038) + Ky, 931) (4.7)

=0.
M— 00 minfxy}—>00 te A fot fot P(X*e R > x, Y*e R U) > y) ) (du, dv)

Substituting (4.5), (4.6) and (4.7) into (4.1), we find that (2.1) holds uniformly forall t € A 7.

In what follows, we extend the uniformity of Eq. (2.1) to the whole interval A. By virtue
of Lemma 3.10, for any 0 < € < 1, there exists some constant Tj such that, forany k = 1,2, 3,
andi=1,2,..., the inequalities

/ / P(X*e‘Rl(”) >x, Yie W 5 y)k(du, av)
2i(To)
To To
< ef / P(X*e’Rl(“) >x, Ve W s y)k(du, dv) (4.8)
o Jo
and
/ / P(X*e‘Rl(”) > x, Ve R >y)P(r,' €du,n; € dv)
21(To)
To To
< 6/ / P(X*e‘R‘(”) >x, Yie oW 5 y)P(T,- €du,n; € dv) (4.9)
o Jo

hold for all sufficiently large x and y.
On the one hand, by Theorem 2.1, (4.8) and (4.9), for sufficiently large x and y, uniformly
for all ¢ € (T, o0,

M) N()
P(ZXie—Rl(ﬁ) > X, Z Yje—Rz(nj) >y>
i=1 j=1
M(To) N(To)
> P( D Xie ™ s x, Y Yie o) s y)

i=1 j=1



Dong and Wang Journal of Inequalities and Applications (2018) 2018:319

>(1- e)(/ /; >(/0 /TOO)P(X*e‘Rl(”) > x, Ve R >y)A(du,dv)
+(1—e)9d1dzz</0 /:)(/ /TO) 95, Yre R0 5 )

i=1

P(t; € du,n; € dv)

t t
>(1- 26)2/ / P(X*e_R‘(”) > x)P(Y*e’RZ(V) >y)k(du, dv) + (1 - 2¢)?
X Odydy Z/ / ) > x)P(Y*e‘RQ(") >y)P(ri edu,n; € dv). (4.10)

On the other hand, by Remark 2, (4.8) and (4.9), uniformly for all ¢ € (T}, oc],
(ZX@ R 5 g, ZYe Ra () >y>

<1+ e)(/ /T )(/ /T ) P(X*e R u >x)P(Y*e‘R2(") > y)A(du, dv)
+(1+¢€)0d,d, ;(/Ot + /T:O) (/Ot + /T:O)P(X*e‘Rl(”) >x)P(Y*e‘R2(") >y)

P(t; € du,n; € dv)

<(1+2e¢) / / Xre R x)P(Y*e‘RZ(") > y)k(du, dv) + (1 + 2¢)?
t t
x Odydy Z/ / P(X*e R s x)P(Y*e ™Y 5 y)P(r; e du,mi e dv).  (4.11)
i=1 V0 Y0

Combining (4.10) and (4.11) and taking account into the arbitrariness of €, we see that
Eq. (2.1) holds uniformly for all ¢ € (Ty, 00). Hence, we complete the proof of Theorem 2.1.

4.2 Proof of Theorem 2.2
For convenience, denote the right-hand side of (2.2) by ¢4 (x, y;£). We first deal with the
asymptotic upper bound of Yyax (%, ¥; £). On the one hand, by Theorem 2.1, it follows that

M(¢) N(t)
Vmax (%,732) < P<ZXieR1("’) >x, ) Ve ) y) ~ (%, 351) (4.12)
i=1 j=1

holds uniformly for all £ € A. Then we discuss the asymptotic lower bound of Ymax (¥, ¥; £).
For simplicity, write

o0
Zi= / e R gy, i=1,2.
0

Notice that Z; and Z, are light-tailed. We can choose some slowly varying function /(x)
satisfying 0 < [(x) — o0, {(x)/x — 0, such that, forall 0 < u,v <¢,

L P(XreRi) 5 x4 (k)
lim =1
x—>00 P(X*e —Ri(u >x)

Page 150f 18
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and

lim P(Y*e R 5 51 I(y)) )
y=oo  P(Y*e R > y)

According to the definition of Yyax (%, ¥; £), Theorem 2.1 and Fatou’s lemma, uniformly for
allt e A,

wmax(x’y; f)

M(t) N()
> P<ZX,-e’R1(”) >x+MZ, Z Yie R 5y 4 MZZ)
i-1 j=1

M(t) N(t)
R P(ZXieRl"” >x+1(x),y Ve 5yt 1@))

i=1 j=1

t t
~ / / P(X*e’Rl(”) >x+ l(x))P(Y*e‘RZ(") >y+ l(y)))»(du, dv) +0d.d,
0 Jo

o]

t t
X Z/ / P(X*e’Rl(”) >x+ l(x))P(Y*e‘RZ(") >y +1(y))P(t; € du,n; € dv)
o Jo
2 o (%, 9; ). (4.13)

A combination of (4.12) and (4.13) shows that (2.2) holds uniformly for all ¢ € A.

Now we begin to discuss the asymptotic behavior of Yy, (x, y; £). It is not hard to see that

\mein(x:yQ t)=P(01 <t) + Py <t) - Wmax(x!y; £). (4.14)

Since for any fixed T < oo, N(T') < 0o, there exists some b > 0 such that

> P(riedu, < T)=Y P(r; € du,N(T) > j) < bP(r; € du). (4.15)

j=1 J=1
According to (2.2) and (4.15), we have

. . Wmax(x’y; f)
_lim  limsup —; ;
min{ry}>oe tear [ P(X*e R > x)dry(u) + [j P(Y*eR0) > ) dhry(v)

> fot P(X*e R0 5 x)(Z;’f1 P(t; e du,n; < T))
< lim limsup p—
X004 pn Y Jo P(Xre i) > x)P(t; € du)

x (1+ 10| didy) lim P(Y*e ™osv=rR0) 5 ) = 0, (4.16)
y—00
In terms of (4.14), (3.5), (3.6) and (4.16), we find that (2.3) holds uniformly for all £ € Ar.
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