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1 Introduction
Consider the mean reflected stochastic differential equation (MR-SDE for short) described
by the following system:

X, =Xo+ [y b(X;.)ds + [y o(X,-)dBy + [ [, F(X,_,2)N(ds, dz) + K, W

Eh(X)] >0, [y E[h(X,)]dK,=0, t>0,
where E =R\ {0}, b, 0, and F are Lipschitz functions from R to R, % is bi-Lipschitz con-
tinuous, N isa compensated Poisson measure N(ds,dz) = N(ds,dz) — ¥ (dz) ds, and {B,} >0
is a standard Brownian motion independent of N. The integral of the function / with re-
spect to the law of the solution to the SDE is asked to be nonnegative. The solution to (1)
is the couple of continuous processes (X, K), where K is needed to ensure that the con-
straint is satisfied in a minimal way according to the last condition, namely the Skorokhod
condition.

MR-SDE is a very special type of reflected stochastic differentials equations (SDEs) in
which the constraint is not directly on the paths of the solution to the SDE as in the usual
case but on the law of the solution. This kind of processes has been introduced recently
by Briand, Elie, and Hu [4] in backward forms under the context of risk measures. Briand
et al. [3] studied the MR-SDE in forward forms, and they provided an approximation of
solution to the MR-SDE with the help of interacting particles systems.

Since the original work of Freidlin and Wentzell [11], the small noise large deviation
principles for stochastic (partial) differential equations have been extensively studied in
the literature. In this setting, one considers a small parameter multiplying the noise term
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and is interested in asymptotic probabilities of behavior as the parameter approaches zero.
Earlier works on this family of problems relied on approximations and exponential prob-
ability estimates, see [2, 9]. Later, Dupuis and Ellis [10] developed a weak convergence ap-
proach to the theory of large deviation. This approach is mainly based on some variational
representation formula about the Laplace transform of bounded continuous functionals.
The weak convergence approach has now been adopted for the study of large deviation
problems for stochastic partial differential equations, see [8, 13, 14, 16, 17], etc. It is also
used to study the moderate deviation problems for stochastic partial differential equations,
see [7, 12, 15].

We will use the weak convergence approach to study the large deviation principle for
MR-SDE. Here, a representation formula of K plays an important role to overcome the
difficulty coming from the fact that the reflection process K depends on the law of the
position.

The rest of this paper is organized as follows. In Sect. 2, we first give the definition of the
solution to Eq. (1), and then we state the main results of this paper. The weak convergence
criterion for the large deviation principle is recalled in Sect. 3. In Sect. 4, we shall prove

the main result.

2 Framework and main results

We consider the following conditions.
Condition 2.1

(i) Lipschitz assumption: For any p > 0, there exists a constant C, > 0 such that, for all
x,% € R, we have

|b(x) —b(x) " +|o(x) - o (x)[” +/|F(x,z) ~F(«,2)["0(dz) < Cplx— o[
E

(i) The random variable X is square integrable independent of B; and N;.

Condition 2.2

(i) The function h:R — R is an increasing function, and there exist 0 < m < M such that
mlx—y| < |h(x) —h(y){ <Mlx-y| forallx,yeR.
(i) The initial condition X, satisfies E[h(Xo)] > 0.
Definition 2.1 A couple of continuous processes (X, K) is said to be a flat determinis-
tic solution to Eq. (1) if (X, K) satisfies (1) with K being a nondecreasing deterministic

function such that K = 0.

Theorem 2.3 ([5, Theorem 1, Proposition 1]) Under Conditions 2.1 and 2.2, the mean
reflected SDE (1) has a unique deterministic flat solution (X, K), and

K; =sup inf{x > O,E[h(x + L[S)] > 0}, (2)

s<t
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where (U;)o<:<T is the process defined by

t t t
U, =x+ / b(X-)ds + / o (Xs-)dBg + / /F(XS—,Z)N(dS, dz). (3)
0 0 o JE
Moreover, for any p > 2, there exists a positive constant K,, dependingon T, b, 5, F, h, such
that
]E[sup |Xt|1’] < K,(1+E[1Xol]). @)

t<T

In this paper, we are concerned with the large deviation principle (LDP for short) for
MR-SDE:s of jump type on R:

Xg=Xo+ [y b(XE ) ds + /& [ o(XE)dBg + [ [.F(X:,2)N* (ds, dz) + K¢,

5
Eh(X)] >0,  [oE[h(X)]dK: =0, t>0. )

Condition 2.4 The function F satisfies the following:
(1) There exists a function Mp € L}(8) N L2($) such that, for any (x,z) € R x E,

|F(x,2))* < Mp(2)(1 + 1x%);
(2) There exists a function Ly € LY(%) N L2(¥) such that, for any (x;,z) e R x E, i=1,2,
|[Fx1,2) - Flap, 2)|” < L@ty — 22

For any § > 0, define a class of functions
H = {h:E —R: / exp(S}h(v)|2)z9(dv) <00,YI" € B(E) with 9(I") < oo}. (6)
r

Condition 2.5 The functions M and Lr are in the class H°® for some § > 0.

Remark 2.6 Condition 2.5 implies that, for all § € (0,00) and I" € B([0, T] x E) satisfying
?7(E) < 00,

/exp(5|Mp(v)|)z?(dv)ds<oo and /exp(8|Lp(v)|)1?(dv)ds<oo.
r r

The main result of this paper is the following theorem.

Theorem 2.7 Suppose that Conditions 2.1, 2.2, 2.4, and 2.5 hold. Then the family {X*}.-o
satisfies a large deviation principle on D([0, T];R) in the topology of uniform convergence
with the rate function I defined as in (11) with G° given by (22). More precisely, for any
Borel set I € D([0, T];R), we have

—inf I(y) < liminfslogIP’(Xg € F) lirnsupe;“log,IP’(X‘g € F) <-—inf I(y).
yel 0 e—0 yell
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3 Poisson random measure and the weak convergence criterion

3.1 Poisson random measure and Brownian motion

Let E be a locally compact Polish space. Denote by C([0, T, E) and D([0, T'], E) the spaces
of continuous functions and right continuous functions with left limits from [0, 7] into E,
respectively; C.(E) is the space of continuous functions with compact supports, Mgc(E)
is the space of all measures ¢ on (E, B(E)) such that ©(K) < co for every compact K in
E. Endow M p¢(E) with the weakest topology such that, for every f € C,.(E), the function
O — (f,0) = fEf(u) d®(u) is continuous. For any T € (0,00), let Er := [0, T] x E. For the
measure ¥ € Mpc(E), let 97 := Ar ® ¥, where A7 is the Lebesgue measure on [0, T].

Recall that a Poisson random measure n on Er with intensity measure 7 is an
Mpc(Er)-valued random variable such that, for each B € B(Er) with 97(B) < oo, n(B) is
Poisson distributed with mean 91 (B), and for disjoint By, ..., Bx € B(ET), n(B1),...,n(By)
are mutually independent random variables. Denote by [P the measure induced by n on
(Mpc(ET), BIMEc(ET))). Let M := Mpc(Er). Then PP is the unique probability measure
on (M, B(M)) under which the canonical map N : Ml — M, N (m) := m is a Poisson random
measure with intensity measure ¥7. For each 6 > 0, let Py be the probability measure on
(M, B(M)) under which N is a Poisson random measure with intensity 6.

SetY := Ex[0,00) and Y7 := [0, T] x Y. Similarly, let M := M (Y ) and P be the unique
probability measure on (M, B(M)) under which the canonical map N : M — M, N(m) := m
is a Poisson random measure with intensity measure Dri=Ar ® 0 @ Aoo, With Ao being
Lebesgue measure on [0,00). Let F; := o {N((0,s] x 0):0 <5 < ¢t,0 € B(Y)}, and denote
by F, the completion under P. Set P to be the predictable o -field on [0, T] x M with
the filtration {F,:0 < ¢ < T} on (M, B(M)). Let A be the class of all (P ® B(E))/B[0, 00)-
measurable maps ¢ : E x M — [0,00). For ¢ € A, define a counting process N¥ on Er
by

NY((0,£] x U) := / / Loy (NN(dsdxdr), te[0,T,UeBE).  (7)
0,]xU J(0,00)

N¥ is the controlled random measure with ¢ selecting the intensity for the points at loca-
tion x and time s.

Set W:= C([0, T],R), V:= W x M, and V := W x M. Define NV : V — M as NV (w, m) =
m for (w,m) € V, and BY by B8V(w,m) = w for (w,m) € V. The maps N :V— M and
BV = (BV are defined analogously. Define the o -filtration Qtv = o {NV((0,s] x 0),BY(s): 0 <
s<t, 0 € B(E)}. Forevery 6 >0, PE{ denotes the unique probability measure on (V, 5(V))
such that:

(1) BY is a standard Brownian motion,

(2) NV is a Poisson random measure with intensity measure #97 independent of BY.
Analogously, define (@Z/, Ef/) and denote lel by @V. Denote by {ffl} the ﬁv-completion of
{E?f} and by 5V the predictable o -field on [0, T] x V with the filtration {7}1} on (V, B(V)).
Let A be the class of all (5V ® B(E))/B[0, 00)-measurable maps ¢ : E7 x V — [0, 00). Define
1:[0,00) = [0, 00) by

I(r):=rlogr-r+1, rel0,00).
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For any ¢ € A, the quantity
Ly(p):= / l((p(t,x, a)))z?T(dtdx) (8)
Er

is well defined as a [0, oo]-valued random variable.
Let

— T _
L= {1// (s fv \ B(R) measurable and / |1//(S) |2 ds < 00, a.s.-@v}. 9)
0
SetU := L5 x A. Define

- 1 1T
L)= fo WO ds, Ve Ly,
and

Lr(u):=Lr(y) + Lr(p), Yu=(,p) el (10)

3.2 The weak convergence criterion
In this subsection, we recall a general criterion for a large deviation principle established
in [8]. Let {G®}»0 be a family of measurable maps from V to U, where V is introduced
in Sect. 3.1 and U is a Polish space. We present a sufficient condition of large deviation
principle for the family Z¢ := G°(\/¢B, stfl), ase — 0.

Define

ST :={g:Er — [0,00); Lr(g) < T’}
and
ST ={f:L*([0, TLR);Lr(f) < T}
A function g € ST can be identified with a measure ¥3. € M defined by

19%(0) :=/g(5,x)19T(dsdx), O € B(E7T).
o}

This identification induces a topology on ST under which S7 is a compact space, see the
Appendix of [6]. Throughout we use this topology on ST. We also use the weak topology
onS7.SetS =87 x ST, S:= UTEIET, and

ur = {u =(,p) el :u(w) € ET,@V—a.e. w}
The following condition is sufficient for establishing an LDP for a family {Z*},.0.

Condition 3.1 There exists a measurable map G° : V — U such that the following condi-
tions hold:
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(a) Forany T €N, let (f,,g4), (f,2) € S" be such that (f1-gn) = (f,g) as n — oo. Then

Q()(‘/O'f,,(s)ds, 19‘%”) — go(/;f(s)ds, 19‘%) inU.

(b) Forany T €N, let ¢, = (Yo, 9c), ¢ = (W, 0) €U be such that ¢, converges in
distribution to ¢ as ¢ — 0. Then

G* (\/53 + / Ve (s)ds, 8N81w5> N gO </ Y (s)ds, 19;6) in distribution.
0 0

For h € U, define Sy :={(f,g) €S:h = Qo(fo'f(s) ds,93)}. Let I : U — [0, 0] be defined
by

I(h) := B

f {L , hel, 11
q-(f,g)eSh{ (q)} € (11)

where L1 (q) is given by (10). By convention, I(k) = 0o if S, = .
Recall the following criterion from [8].

Theorem 3.2 ([8]) Suppose that Condition 3.1 holds. Then the family {G*(\/€B, eNe! Veso
satisfies a large deviation principle with the rate function I given by (11).

For applications, the following strengthened form of Theorem 3.2 is useful. Let {K,},>1

be an increasing sequence of compact sets in X such that | /-, K,, = E. For each n, let
Ay, = {(p eA:1/n<g(,x-)<nifxeK,;pl,x-)=1ifxe K;},
and let Ay := |2, Ay, UT =UT N{(Y,d): ¢ € Ay}

Theorem 3.3 ([8]) Suppose Condition 3.1 holds with UT replaced by UT . Then the con-

clusions of Theorem 3.2 also hold.

4 Proof of Theorem 2.7

Proof of Theorem 2.7 According to Theorem 3.3, we need to prove that Condition 3.1 is
fulfilled. The verification of Conditions (3.1.a) and (3.1.b) will be given by Proposition 4.4

and Proposition 4.8, respectively. g

To use the representation formula (2) of the process K, we recall a result from [3]. Define

the function
H:R x PR) > (x,v) —> H(x,v) = / h(x + z2)v(dz),
and

GO:P(R)Bvr—>inf{xZO:H(x,v)20}. (12)
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With these notations, denoting by (tt;):c[0,7] the family of marginal laws of (U;):e[0,1], We
have

K; = sup Go(us). (13)

s<t
For any two measures v and V', the Wasserstein-1 distance between v and v’ is defined

by

Wi (v,0') = X~1i)fllf~v’]E[|X - Y|].

Lemma 4.1 ([3, Theorem 2.5]) Under (A.2), for any v,v' € P(R),
!/ M /
’Go(v) - Go(v )’ < EWI(U,V )
From Remark 1 in [5], we have

K; - K = sup Go(X; + U, — Uy). (14)

S<r=<t

By the definition of Go(X;) = 0, if s < £, using Lemma 4.1, we have
|K; = K| = sup Go(X; + U, — Uy)
S<r<t

= sup |Go(X; + U, — Uy) — Go(Xy)|

S<r<t

M
=< — sup IE[|ur - US|] (15)

m s<r<t

The following lemma can be proved by using the argument in [6, Lemma 3.4], [7,
Lemma 4.3]. We omit its proof.

Lemma 4.2 Under Conditions 2.4 and 2.5, for the function G = Mg or Lr, we have
(i) Forevery YT €N,

Cf = sup ’G(V)| . |g(s, V) — llﬂ(dv) ds < 00 (16)
geST JET
and
C{ = sup / ’G(V)|2 . (g(s, V) + 1)19(dv) ds < 00. 17)
geST JET

(i) Forever n >0, there exists § > 0 such that, for any A C [0, T] satisfying Lp(A) <4,

sup /A/E|G(v)| . |g(s,v) - 1|0(dv)ds <n. (18)

geST

The following lemma is from [6, Lemma 3.11].

Page 7 of 15
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Lemma 4.3 Let k:[0,T] x E — R be a measurable function such that
f |k(s, v)|*9 (dv) ds < o0,
Er
and for all § € (0,00) and I" € B([0, T] x E) satisfying dr(I") < 0o,
/ exp(8 ’k(s, v)‘)z?(dv) ds < oo.
r

Forany Y €N, let g,,g € ST be such that g, — g as n — oo. Then

n—00

lim k(s,v)(gn(s,v) — 1) (dv) ds = / k(s,v)(g(s,v) — 1)9(dv) ds.
Er Er

Under Conditions (A.1) and (A.2), Eq. (5) has a unique strong solution X*. Therefore,
there exists a Borel-measurable function G¢ : V — D([0, T); R) such that, for any Poisson
random measure N° ' on [0, T] x E with intensity measure e 'A7 ® ¢, G*(\/€B, EN{]) is

the unique solution of Eq. (5).

Next we introduce the map G° which will be used to define the rate function and also

used for verification of Condition 3.1. Recall S defined in the last section. Under Condi-

tion 2.4, for every g = (f, g) € S, the deterministic integral equation

X! =Xo+ [y b(XD)ds + [, o (XD)f(s)ds
+ [y [ FXE ) (g(s,v) = )0 (d2) ds + K7,
Eh(X)] >0,  [sh(X)dKI=0, t>0,

has a unique continuous solution. Here

I(tq = supinf{x > O)h(x+ usq) z 0}’

s<t

where (U;)o<:<7 is the process defined by

t
0

L[f:Xo+/0tb(Xf)ds+/ U(qu)f(s)ds+/Ot/EF(Xf,V)(g(s,v)—l)ﬂ(dz)ds.

Define
go(/'f(s) ds, ﬂ§> X7 forq=(f,g)€S.
0

Let I: D([0, T];R) — [0, 00] be defined as in (11) with G° given by (22).
We first verify Condition (3.1.a).

(19)

(20)

(21)

(22)

Proposition 4.4 Let Y € N and let q, := (f,,8,), q := (f,g) € ST be such that q,, — q as

n— oo inSY. Then

g°</0ﬂ(s) ds, ﬁ§"> - gO(/o'f(s)ds, 05) in C(10, T);R).

Page 8 of 15
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Proof Recall that GO( [, f,(s) ds, 93") = X. For simplicity, we denote X" := X7, X := X1.
Since X € C([0, T];R), we know that M := sup,. (o 77 |X(£)| < +00. Notice that

X - X,

_ /0 [b(X7) - b(X)] ds + /0 [0 (XV(s) — o (XY (9)] s

+ / / [G(X,2)(gu(s,2) — 1) — G(X,,2)(g(s,2) — 1) |9 (dz) ds
o Jx

+ K" — K]
- /0 [b(X7) - b(X)] ds + /0 [0 (XVfils) = o (X)fo(s)] ds
+/ [U(Xs)f,,(s) —o(Xs)f(s)] ds
0
. / / [G(X",2) (g:(5.2) — 1) = G (X, 2)(g(s:1) — 1) ]9 (dv) ds
0 JE

+ / f[G(Xs,v) (gu(s,v) = 1) = G(X,,v)(g(s,v) — 1) |9 (dv) dis
o JE

+ K" - K]
= I(E) + I (8) + IS (¢) + I (e) + I2(2) + T2 (2).

Set k" (¢) := sup,cjo, | X" (u) — X(u)|. By the Lipschitz condition of b, we have

|If(t)| < /0t|b(Xf) —b(XS)|ds§ C/ k"(s)ds.

t
0

By the Lipschitz condition of o, we have

| <c /0 () - [£,(9)) ds.

By the linear growth of o, we know that

sup |a
te[0,T]

X)) < K(1+2M2).

Since f, — f weakly in L2([0, T];R), there exists a constant C(f) such that

T T
fm(s)fdsgqf) and /V(s)fdsgqf).
0 0

Thus, by the Cauchy-Schwarz inequality, we have

te[0,T]

T
sup [B2(@)| < | |oCO)(fuls) —f(5)) | ds
0

T % T %
s(/o |a(Xs)|2ds> </0 [fn(s)—f(s)|2ds>

NN TN RV VAL
< (T- sup ‘O’(Xt)| ) -(2/0 (Vn(s)| +V(5)| )d5>

te[0,T]

<[cT(1+ 2M2)C(f)]% <00.

(23)

(24)

(25)

(26)

Page 9 of 15
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Similarly, we have, forany 0 < ¢ <, < T,
) 1
I3 (t2) - I (11)| < [C(t2 — 11) (1 + 2M%) C(f) ]2,
which means that the sequence {1 : n > 1} is equicontinuous. By the Arzéla—Ascoli the-
orem, we know that {I} : n > 1} is relatively compact in C([0, T]; R?).

By using (26) and the fact that f;, — f weakly in L2([0, T];R), we obtain that, for any
tel0,T],

t
() = / (f,,(s) —f(s))o(Xs) ds — 0, asun— oo.
0
This, together with the relative compactness of {I} : n > 1} in C([0, T]; R), implies that

lim sup !Ig’(t)’ =0. (27)

n=>0 tel0,T]

By Lemma 4.2, we have

|L’f(t)| < 2[0 K"(S)|Lp(v)| . |g,,(s, V) — 1| ds. (28)

By Condition 2.4, Remark 2.6, and Lemma 4.3, we know that as n — oo,

IZ(t) = /0 t /E G(Xs,v)[gu(s,v) — g(s,v) ]9 (dv)ds — 0, Vee[0,T]. (29)

By Lemma 4.2, we know that the sequence {I : n > 1} is uniformly bounded and equicon-
tinuous, which implies that {I/ : n > 1} is relatively compact in C([0, T']; R¥) by the Arzéla—
Ascoli theorem. Consequently, by (29), we know

lim sup |IZ()| — O. (30)

=90 t¢[0,T)

Recalling the definition of K given by (21), we have

K" - K} = supinf{x > O,h(x + usq) z O}' ey

s<t

According to Lemma 4.1, we know that

M M :
K=K < o swp U —Uf| = = Ossglgtglff (5)- (32)

Putting (23), (24), (25), (28), (32) together, we have

k"(t) < C</o k"(s)ds +/O K" (s) - [f,,(s)| ds +/0 K" (s) - |Lc;(V)| . !gn(s,v) - 1|ds>

+2 sup |[I5()| +2 sup |IZ(2)).
te(0,T] te(0,T]

Page 10 of 15
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Then, by Lemma 4.2, (27), (30), and Gronwall’s lemma, we have

(1) =2( sup [+ sup [12(0)])
te(0,T] te(0,T]

T T
X exp{C(T)(/0 [fn(s)|ds+4/0 |LG(V)| . }gn(s,v) - 1|ds>}

<c(sup 5O+ sup [20)]) — 0.
te[0,T] te[0,T]

The proof is complete. O

We now verify the second part of Condition 3.1.

Let ¢, = (Y, ) € U7 and Ve = é. The following lemma follows from [8, Lemma 2.3].

Lemma 4.5 ([8, Lemma 2.3]) The processes

EF (D) = exp{/ log (9 (s, ))N(ds dx dr)
(0,]xEx[0,e= 1]

+ f (—z?s(s,x) + I)ET(dsdxdr)}
(0,t]><E><[O,s*1<p5]

and
&) =exp] = [ veane - = [ .04
¢ (Ve '_eXp{\/E/OWSS 8_28/0 Vels S}
are {]:'5/ }-martingales. Set

EF (e, 0) 1= EX () - EX (D).

Then

Q(G) = /G £y, 0)dBY, for G e B(T)

defines a probability measure on V.

Since (_\/EB + [o Wels)ds, eN*®"'#) under Q% has the same law as that of (,/¢B, eNs_l)

=V . . . .
under P, there exists a unique solution to the following controlled stochastic evolution

equation Xe:
dXt = b(X?) dt + eo (X) dB(t) + o (X¢) v (¢) dt
+ / F(X¢,2)(eN* % (dtdz) — 9(dz) dt) + K¢
E
= b(X!) dt + eo (X) dB(t) + o (XF) e () dt
+ f F()?f_,v) (@e(6,v) = 1)V (dv) dt
E

+e / F(Xe,v)(N*4 (dtdv) — £ 0, (8, )0 (dv) dt) + dK?. (33)
E
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Here IN(f is given by

K¢ = supinf{x > 0,E[A(x + U*)] = 0} (34)

s<t

with the process ({If)o<,<7 defined by
o t o t N t N
Uu: = Xo +/ b(X?)ds + ﬁ/ o (X?)dB(s) +/ o (X)) We(s)ds
0 0 0
t
+/ /F()?f_,z) (st_l%(dsdz) - 0(dz) ds). (35)
o JE
Then
G (ﬁB + / Ve (s) ds, eN“%) =X (36)
0

The following estimate can be proved in a similar way to (4), which is omitted here.

Lemma 4.6 There exists some constant &y > 0 such that

sup E[ sup |)’2§|2] < +00.

O<e<gg 0<t<T

Let {Y.}:c(0,1) be a sequence of random elements of D([0, T]; R), and {z,, 8, } be such that:

(a) For each g, 7, is a stopping time with respect to the natural o -field and takes only
finitely many values.

(b) The constant 8, € [0, T satisfies that 6, — 0 as ¢ — 0.

We introduce the following condition on {Y;}:

Condition (A) For each sequence {t.,3.} satisfying (a) and (b), Ye(te + 8;) — Ye(r.) > 0 in
probability, as ¢ — 0. Recall the following lemma from Aldous [1].

Lemma 4.7 ([1]) Suppose that {Y:}cc(0,1) satisfies Condition (A) and {Y.(t)}ce(0,1) is tight
on R foreach t € [0, T], then {Y,}ee(0,1) is tight in D([0, T]; R).

Proposition4.8 Fix Y € N,and let ¢, = (Ve, 0.), ¢ = (¥, ) € UT besuch that ¢, converges
in distribution to ¢ = (¥, ) as ¢ — 0. Then

Ge (ﬁB + / Y, (s) ds,aNE_lwg) = QO(/' w(s)ds,ﬂ"))
0 0

Proof First, we prove that X* = G*(,/2f8 + Jo We(s) ds, eN° %) is tight in D([0, T]; R). With
the help of Aldous’ criterion in Lemma 4.7, we only need to check that X satisfies the
condition of Lemma 4.7.

By Lemma 4.6,

sup P(|y(f| >L) <C/L2

O<e<eq
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Hence {)N(f} is tight on R for each ¢ € [0, T]. Thus it remains to prove that {)?f } satisfies
Condition (A). For any sequences {t, 8.} satisfying (a) and (b),

Te+0e Te+0g Te+0e -
Too-Fo= [ b®)dse e / o(@)dpo)+ [ a(@)uds

/TWSF/ ) (e (s,v) = 1) (dv) ds |

T +0¢
/ /EF NS ‘/’f(dsdv) — e (s, )0 (dv) ds)
+ (K 5 —KE)
=t IIE 4 1 + I1 + IT + OIS + T (37)

By the linear growth of 5 and o, we have

afjf) <= | )|

[

< 881(%]E[1 +2 sup !)N(ﬂz]
0<t<T

Nl

<8,K7 (1 + ZE[ sup |X¢| ]) (38)
0<t<T

Te+0g -
Bl < [ o (%e) o

Te+0¢ -
§8E|:/ K(1+2 sup ‘Xﬂ2>ds:|
Te 0<t<T

< 8851<<1 + ZE[ sup ’)N(f ’2]), (39)
0<t<T

and

rng(S‘8
B[] §IE/ ) - [es |ds]

Te+3g 1
]E[/ I(ZIE 1+2 sup |X€ 2]2 |1/f£(s)|dsi|

1 Te+de 2 Te+0e 5 %
<K: (E[/ (1+2 sup |X£ )ds]) <]E/ |1/fg(s)| ds)
Te 0<t<T A
51(%62% (E[1+2 sup |XS 7 <]E|:/ |1,D£(s | ds])
0<t<T

<2782 1(2(1+21E[ sup |X¢| ])% (40)

0<t<T

IA

For any n > 0, when §, < §, where § is the constant in Lemma 4.2(ii), we have, by Lemma 4.2,

’1] ’ < ]E[/ / 1 +2 sup |XED . ’Mp(v)’ . |(p£(s,v) - 1|19(dv)ds:|
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<E[1+2 sup !ifl]-[ / o [ |Mp(v)|-|¢5(s,v>—1|ﬂ(dv)ds}

0<t<T
e
< n]E[l +2 sup !Xt |] (41)
0<t<T
For the fifth term,
Te+0¢
|I]€ < 5E|:/ /|F X v - Qe s,v)z?(dv)ds]
8<1+2E[ sup |X‘g sup/ /|Mp s, V)0 (dv) ds. (42)
0<t<T geST

According to Lemma 4.1, we know that

K kf] = 2 sup BT T[] = sup ZE 126)] (43)

m o<s<t 0<s<t

By (37)-(43), Lemma 4.2, and Chebyshev’s inequality, we obtain Condition (A). Thus
we have proved that X = gg(fB+f0 Ye(s)ds,eNe™ “’S) is tight in D([0, T]; R).

Fmally, we prove that GO(f; ¥ (s)ds,9¢) is the unique limit of G*(/eB + [, ¥.(s)ds,
eNeT9e),

Recall (33). Denote

M (t):= \/—/ ?) dB(s)

and
//EF NS ‘”f(dsdv) & gog(s,v)ﬁ(dv)ds)

Similar to the proof of (39), we know that M = 0and M* = 0 as ¢ — 0.

Choose a subsequence along which (;(E,ti)g,ME,MS) converges to ()7,(1),0, 0) in distri-
bution. By the Skorokhod representation theorem, we may assume that (X?, e, M, M?)
converges to ()~(,¢, 0,0) almost surely.

Note that convergence in Skorokhod topology to a continuous limit is equivalent to the
uniform convergence, and C([0, T']; R) is a closed subset of D([0, T']; R). Hence

lim sup |MS| =0, P-as.
e—0 s€[0,T]

Since X* — M* € C([0,T];R) and X¢ — M* — X almost surely in D([0, T];R), we have
X e C([0, T];R), and

lim sup |X (s) y((s)| =0, P-as.
e—0 s€[0,T]
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Letting & — 0, along the lines of the proof of Proposition 4.4, we see that X must solve

X, = X, + fot b(X, ) ds + foto'()?s_)l/f ds
+ [y [ FGsov)(9(s,v) = )9 (dv) ds + K,, (44)
Eh(X)] >0,  [IE[X)]dK,=0, t>0.

By the uniqueness, this gives that X = G Jo W (s)ds, %).
The proof is complete. 0
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