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1 Introduction and preliminaries

Let w, £, £y, and c¢ be the sets of all sequences, bounded sequences, p-absolutely
summable sequences, and convergent sequences, respectively. The multiplier space of the
sequence spaces X and Y is defined by

MX,Y) = {z =(z,) € w:xz = (x2,) € Y,Vx = (x,) € X}, (1.1)
and the a-, 8-, and y -duals of the space X, which are denoted by X¢, X?, and X7, are

X = M(X, £,), XP:=M(X,cs), and X7 := M(X, bs).

>

Here

n

PBES

k=0

bs = {(xn) € w: [|x][ps = sup

n

and

cs = {(xn) Ew: <Zxk> ec}.
k=0 n

For an infinite matrix A, the domain of A in the space X, which is a sequence space, is
defined by

Xa={x€ew,Ax € X}.
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Recently in [9], the author defined and studied the domain of an arbitrary invertible
summability matrix E = (E, k), >0 in the space £, i.e., E, := (£,)g. One can easily show that
the sequence space E, is a normed space with ||x| g, := [ Ex||,,, and the inclusion E; C E,,
holds while 1 < g < p. Moreover, applying Holder’s inequality, we have

1/p
I#lls, < (50p | Ensleril,) - 11,
keN
which implies the inclusion £, C E, for 1 < p < co provided that
sup || {Eni) nen ”61 < 0.
keN

Eventually, one can easily check that if the map E : E, — £, is onto, then the space E, is
linearly isomorphic to £, and in such a case the columns of the matrix E~! form a Schauder
basis for E,, where 1 < p < oo.

It is known that, for the infinite summability matrix E, there may be left or right inverses,
or even if both exist, they may not be unique. In this paper we deal with the case in which
the left and right inverses are equal, and we denote it by E-L. Further, to give full knowl-
edge on the definitions and calculations with infinite matrices, we refer the readers to the
textbook [3].

In this paper, we are going to find out the «-, 8-, and y-duals of the space E, for p €
[1, 00]. We assume throughout that § is the collection of all finite subsets of N and i + 611 =1.

Further, we denote by (X : Y) the class of all infinite matrices which transform X into Y.

2 Main results

In this section, we assume that the transformation E : E, — ¢, is surjective and state the-
orems determining the -, 8-, and y-duals of E,, where p € [1, 00]. We consider only the
case 1 < p < oo in the proof of Theorems 2.1-2.3 below, because the cases p = 1 and p = 0o

can be proved similarly.

Theorem 2.1 Define the sets G, and G, as follows:

q
<OO}

> E, by

nek

Gy = {(bn)ea):supz

KeF P

and

> E by

nek

G = {(b,,)ew:supz

KeF k

< oo}.
Then (E1)* = G and (E,)* = G4, where 1 < p < oo.

Proof First, consider the following equations:

bnxn = ZE;;}(bnyk = (Ay)n (I’l S N)’ (21)
k=0
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in which the rows of the matrix A are the product of the rows of the matrix E~! with the
sequence b = (b,) and y is the E-transform of the sequence x. Therefore, we realize by
(2.1) that bx = (b,x,) € £, while x € E, if and only if Ay € £; whenever y € £,. That is,
b=(b,) € (E,)* ifand only if A € (¢, : £1). So, by 76 of [8], we obtain that

supZ ZEnkb < 00.
Ked 4 ek
This implies that (E,)* = G,,. O

Theorem 2.2 Define the sets Hy, Hy, H3, and D, by

Hi=10b,)ecw: ZE;}(bn exists for any k € N},

n=0
< OO}

Hy,={(b,) €ew: sup

ZE,éb

n,keN
Hy={(by)ew: lim Y " |Y Elb|=>"|> Elb }
n—00 o |0 pardl e
and
Dq={(bn)€CUISUPZ } (I1<g<o0).
neN k=0 | j=0

Then (E1)? = Hy N Ha, (Ex)? = Hy N Hs, and (E,)? = H; N Dy, where 1 < p < c0.

Proof Consider the equation
n n o0
> =3 | St o
k=0 k=0 L j=0

k=0

Z {Z b}yk = () (2.2)
in which y is the E-transform of x and S = (s,.x) is defined by
sk =Y _Eb; (2.3)
=0

for all n, k € N. Accordingly, we derive from (2.2) that bx = (b,x,) € cs whenever x = (x,) €
E, if and only if Sy € ¢ while y = (y,,) € £,. This implies that b = (b,) € (E,)” if and only if
S e (¢, : ¢). Hence, we deduce from 16 of [8] that

(o]
ZE;}(b,, exists forany ke N and

n=0
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n n q
supz ZE;,(lb/ < 00,
neN koo | j=0
which shows that (E,)? = H; N D,,. O

Theorem 2.3 Define the set D, by

n
Y Eiib

Jj=0

D; = {(b,,)ew:supz

neN k=0

< oo}.
Then (E1)” = Hy, (Ex)” = D1, and (E,)” = Dy, where 1 < p < o0.

Proof Using 1, 5, and 6 of [8], the proof can be easily adopted from one of Theorems 2.1
and 2.2 above, and so we omit the details. O

3 Special cases
In the following we present several special cases of Theorems 2.1-2.3. First, consider the
Fibonacci sequence spaces defined by

e ¢] n

)2
Fp:{(xn)ew:;fn};l-#l 2 kzxk <oo} (I1<p<oo)
and
1 n ) 2
Foo={(xn)€w:ig§ fnﬁl+1§fl(xk <oo},

which are the matrix domain of the Fibonacci matrix in £, [5], where the Fibonacci matrix
F = (Fyx)nk>0 is defined by

1
Fn k= Jafas1?
0, otherwise.

0<k<n,

Here {fi}32, is a sequence of Fibonacci numbers defined by f, = f,_1 + fy—» for all n > 1,
where f; = 0 and f; = 1. The inverse of the Fibonacci matrix, F! = (c,.x), is

(-1l < <k+ 1,
Cnk = Ji
0, otherwise.

Applying Theorems 2.1, 2.2, and 2.3, we have the following results.

Corollary 3.1 The a-, 8-, and y-duals of Fibonacci sequence spaces F, (1 < p < 00) are
as follows:

L (R = {(ba) € 02 5up, e 05 1(=1)" M1, | < 00},

2. (Ep)* ={(by) € w:supgcz D & |Znelm{k,k+1}(—1)n_kj%bn|q < 00},

3. (Fo)* = {(b) € @1 5UPe Do | pekrpikony (1)L by | < 00},
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4 (B = (R = {(ba) € 03 sup, e |30,55 (F1) M1 b, | < 00),

5. (B = (F) = {(by) € 0 :5up,ey Yho 1T (—1V*kﬁ<g%b,|q <00},

6. (Foo)f ={(by) €w:) | f;,} (—l)j_kfkj;%bﬂ converges uniformly in n},
7. (Foo) = {(bn) € 0 :SUP,cy Yo 110 (-1)/*”'%19,4 < oo},

Next consider the Euler sequence spaces of order 6, defined as

ef,:{(x,,)ea):z

n=0

3 (Z) (1-6)"*6"x,

k=0

»
<oo} (1<p<oo)

and

neN

3 (:) (1-6)" k0%

k=0

p
< oo} ,

which are the matrix domain of the Euler matrix in £, [1], where the Euler matrix E(f) =

(enk) is defined by

ego = i(xn) € w:sup

(Ha-e0y—*e%, 0<k=<n,

01 k>}’l.

Cnk =

Since the inverse of E(0) is E( % ), we observe that Theorems 4.4, 4.5, and 4.6 of [1] are all the
special cases of Theorems 2.1, 2.2, and 2.3, respectively, in which the matrix E is replaced
by E(6).

We refer the readers to [1, 2, 4, 6], and [7] for some results which are all the special cases
of Theorems 2.1, 2.2, and 2.3.

4 Conclusions
In this study, we obtain the «-, 8-, and y-duals of the domain of an arbitrary invertible
summability matrix E in £, and show that the recent works by Altay, Basar, and Mursaleen

are all the special cases of our results.
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