Qu and Yang Journal of Inequalities and Applications (2018) 2018:297 ® Journal of Inequalities and Applications
https://doi.org/10.1186/513660-018-1874-9 a SpringerOpen Journal

RESEARCH Open Access

CrossMark

Solutions to the nonlinear Schrodinger
systems involving the fractional Laplacian

Meng Qu''® and Liu Yang

"Correspondence:
qumeng@mail.ahnu.edu.cn Abstract
'School of Mathematics and

Statistics, Anhui Normal University, In this paper, we consider the following nonlinear Schrédinger system involving the

Wuhu, PR. China fractional Laplacian operator:
~“A)Su+au=Ffv
Aty N
(A)Zv+bv=g),

where a,b > 0. When 2 is the unit ball or R", we prove that the solutions (u, v) are
radially symmetric and decreasing. When €2 is the parabolic domain on R”, we prove
that the solutions (u,v) are increasing. Furthermore, if €2 is the R”, then we also derive
the nonexistence of positive solutions to the system on the half-space. We assume
that the nonlinear terms f, g and the solutions u, v satisfy some amenable conditions
in different cases.

MSC: Primary 35J45; secondary 35J60; 45G05

Keywords: Fractional Laplacian; Nonlinear Schrédinger system; Moving plane
method; Radial symmetry

1 Introduction
This paper is mainly devoted to investigating the properties of the solutions of the follow-

ing system involving the fractional Laplacian operators:

A)3 =f(v),
- );u +au=f0) for some a,b > 0, (1.1)
(-A)z

v+bv=gu),

with

(-A)3u(x) = C,W P.V. fR n ’TL") ylfg) d

and

vix) — v(y)

(—A)Tv(x) = CupP. V.

n |- yl’“'S
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where P. V. stands for the Cauchy principle value, C,4,C,p >0 and 0 < @, 8 < 2. To make

sense for the integrals, we require # € Cj;t N Ly, v € Clt N Ly, where

/ lu(x)] d
——ax <0
R~ 1+ |x|"+°‘

Ly = {u e L. (R")

and

Lg= {v e L (R")

/ [v(x)| d
————dx<oof.
re 1+ ||t

For more background on the fractional Laplacian operator (=A)?, we refer to [1-4]. We
mention that there are also several applications involving the fractional Laplacian in math-
ematical physics [5-8], finance [9], image processing [10], and so on.

Since the fractional Laplacian is nonlocal, that is, it does not act by pointwise differenti-
ation but as a global integral with respect to a singular kernel, this is the main difficulty in
studying problems involving it. To circumvent this difficulty, Caffarelli and Silvestre [11]
introduced the extension method (CS extension) to overcome the difficulty of nonlocality.
Their idea is to localize the fractional Laplacian by constructing a Dirichlet to Neumann
operator of a degenerate elliptic equation. We can also use the integral equation method,
the method of moving planes in integral forms, and regularity lifting to investigate equa-
tions involving the fractional Laplacian. Recently, Chen, Li, and Li [12] developed a new
method that can handle directly these nonlocal operators. They used this property to de-
velop some techniques needed in the direct method of moving planes in the whole space
R” and the upper half-space R, such as the narrow region principle and decay at infinity.
The direct method of moving planes is very useful, and a series of fruitful results have
been obtained. For more articles concerning the method of moving planes for nonlocal
equations and systems, mainly for integral equations, we refer to [13-21].

In this paper, following the ideas of [12], among others, we consider the properties of
the solutions to system (1.1) for different domains 2. More precisely, we get the following
four theorems. Firstly, we consider the case where € is the unit ball. For simplicity, we
denote B = B;(0). We have

Theorem 1.1 Let u € C(B) N C-X(B) and v e C(B) N CX(B) be positive solutions of the

loc loc
system

(—A)%u+au=f(v), x € B,
(_A)§v+ bv=g(u), x€B, forsomea,b>0. (1.2)
u=v=0, x¢B5,

with M > f'(-), g'(-) > 0, where M is a positive constant. Then u is radially symmetric and

decreasing about the origin.

Remark 1.1 Li [22] considered the similar problem with f(v) = v* and g(u) = #”. So Theo-

rem 1.1 can be regarded as an extension of the result in [22].
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We denote by

Q= {x = (x',x,,) eR" | x, > ‘x’ 2 = (xl,xz,...,x,,_l)}

the parabolic domain on R”.

Theorem 1.2 Let u € Lo,(R") N C2X(Q) and v € Lg(R") N CHH(Q) be positive solutions of

loc loc
the system

(—A)%u+au:f(v), x€Q,
B

“A)2v+bv=g(u), x€<,

(=4) &) for some a,b > 0, (1.3)

u=>0, v>0, x€Q,

u=v=0, x¢g,
with M > f'(-), g'(-) > 0, where M is a positive constant. Then u, v are increasing in x,,.

Now we consider the whole space case.

Theorem 1.3 Letu € L,(R") N CY (R"),v e Lg(R") N CLY(R") be positive solutions of the

loc loc

system

(A Su+au=f(v), xeR"
(—A)%v +bv=g(u), xeR", forsomea,b>0. (1.4)

u>0, v>0, xeR”

Suppose that, for y,v > 0,

1 1
u(x) = o(—) and v(x) = o(—) as x| — oo (1.5)
|| |x|”
and
0<f'(s)<s’ and 0<g'(s)<s?! withpy >aandqv > B. (1.6)

Then u(x) and v(x) are radially symmetric and decreasing about some point xq in R".
Now we consider the nonexistence of positive solutions to system (1.1) in the half-space.

Theorem 1.4 Letu € L,(R") OCM(RZ) andv e Lg(RY) ﬂCl’l(Rf) be nonnegative solutions

loc loc

of the system

(=A)3u +au =f(v), xeR}
(—A)§v+b1/=g(u), xeR?, forsomea,b>0. (1.7)
u=0, v=0, x¢R"

Page 3 of 16



Qu and Yang Journal of Inequalities and Applications (2018) 2018:297 Page 4 of 16

Suppose
li_m u(x) =0, th V(x) =0, (1'8)
|| —o00 |x|— 00

and M > f'(-), g'(-) > 0, where M is a positive constant with f(0) = 0, g(0) = 0. Then u(x) =0
and v(x) =0 in R”.

Remark 1.2 In Sect. 2, we introduce two maximum principles, namely, the narrow region
principle and decay at infinity. This two maximum principles play a key role in the proof
of Theorems 1.1-1.4. We give detailed proofs of our main theorems in Sect. 3.

2 Two maximum principles
Let T), be a hyperplane in R”. Without loss of generality, we assume that

T, = {x = (x,x) eR" [x1 =AM € R},
where x’ = (x,%3,...,%,). Let

&= QA — X1, %2, ..., %)
be the reflection of x about the plane T,. Set

Ti={xeR:xm <), I ={R"\ %},

w@) =ulx"), W =m@)-ux), Vi) =wmb)-uk), YreR"
For simplicity of notations, we denote U, (x) by U(x) and V; (x) by V(x).

Lemma 2.1 (Narrow region principle) Let Q2 be a bounded narrow region in X, that is

contained in
x| A=l<x; <A}

forsmall l. Let U,V € L,(R") N CYN(Q) and suppose that U, V are lower semicontinuous

loc

on Q. Assume that Cy(x) and Cy(x) are bounded from below in Q2, whereas Cy(x), C3(x) < 0
are bounded from below in Q. If U, V satisfy the system

(A TUE) + CLx)U(x) + C(x)V(x) >0, x€,

(—A)% Vix) + C3x)U(x) + Calx)V(x) >0, x€£,

U(x) >0, Vix)>0, xe€X,\Q, (2.1)
U =-Ux), xeX,

V") =-V(x), xe€Xy,

then, for sufficiently small I, we have

U(x) >0, Vix) >0, xeQ. (2.2)
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These conclusions hold for an unbounded domain Q2 if we further assume that

lim Ux)>0 and lim V(x)>0.

[#]—o00 |x]— 00

Furthermore, if there exists xo € Q2 such that

U(xo) =0 or V(xo) =0,

then

Ux)=V(x) =0, xeR"

(2.3)

Remark 2.1 After finish this paper, we have found that this lemma was given by Niu and

Wang [23]. For completeness, we give a full proof of the lemma with some changes.

Proof of Lemma 2.1 Suppose on the contrary, that (2.2) is false. Without loss of generality,

we assume that there exists a point such that U (x) < 0. Since U (x) is lower semicontinuous

on 2, there exists x, € 2, such that

U(xo) = inn U(x) <0.

Now let Xf = R"\ %;. Then by the definition of (=A)% we have

(—A)% U(xo)

u -Uu
:C,WP.V./ Ulxo) - UG)
R X0 =y

G, [ B0 [ U ll),
s, |x0_y|n+a 5 |x0_y|n+a

c
A

Ulxo)-U u u
= CpoP.V. (x0) ()’) dy + Cra / (x0) +k ()/)
o |x0 _y|n+oz N |x0 -y I}’I+Dt
1 1
=C,oP.V. f [ — - - m][U(xo) - U(y)|dy
=, L 1%o =yl oo — y*1

2U
[ 2,
z

) |x0 _yk|n+a

To estimate I;, we notice that

1 1
>
|x0_y|n+a |x0_y)\|n+a

forye ;.

Since U(y) > 0and y € Z; \ , by (2.4) we have

Uxg) - U(ly) <0 foryeX,.

(2.4)

(2.6)

Page 5of 16
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We can see that
[1 S 0)

which implies

dy

(=A)2U(xo) < I =2C,0Ule) | —————.
Y |x0_.y |

(2.7)

Choose x§ = (3] + (x0)1,%') in Xf, where x = ((x0)1,%'). It is easy to see that B;(x§) C Xf.

Moreover, there exists C > 0 such that

/E) 0 y /; 0 y
|x yk|n o c |x y|Vl o
Bl(xo) |x0 y|n *

> / b
- Bl(xs) 4n+aln+a

C

o

Combining the previous estimate with (2.7), we have

(-85 Ux) < ),

Combining (2.8) with (2.1), we have

CU (xo)

Wt Ci(x0)U(x0) + Ca(x0) V(%0) = 0,

which is equivalent to

uw[g e (xo)] > —Cylx0) V(o).

(2.8)

(2.9)

Since we can choose / small enough and C; is bounded from below, we have 1% +Ci(x0) > 0.

Since

Cy(xo)
U(xo) > —m V(xo),

by the condition Cy(x) < 0 and (2.4) we get that

V(xg) < 0.

(2.10)

On the other hand, V is lower semicontinuous on €2; hence there exists x, such that

V(xg) = msgn V(x) <0.

(2.11)

Page 6 of 16
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Similarly to (2.8), we derive that

CV (xo)

(-8 V) = =

. (2.12)
Combining (2.8) and (2.12) with (2.1), we have

0 < (~A)2 V(&) + C3(®0) U (o) + Ca(Fo) V (%o)

< C‘;f(f()) + C3(Xo) U (x0) + Ca(o) V (%o)
< |:l£ﬂ + C4(9_60):| V(xo) - Cs@o)%w’%)
< [l% + C4(9_€o)] V(%o) — Cs(ﬁ_co)%v(’_“’)

rc 3 _ Cy(xo)
_ V(xO)[l_ﬂ + Ca(xo) — C3(xo)m]'

We notice that C4(x) is bounded from below in © and C,(x), C3(x) < 0 are bounded from
below in Q. Choosing / small enough, we can derive that V(xo) > 0. This yields a contra-
diction with (2.11). So (2.2) holds.

Furthermore, if 2 is an unbounded domain, then by the decay condition of U, V it is
easy to see that the negative minimum of U, V' cannot be taken at infinity.

Now we prove (2.3). Without loss of generality, we assume that there exists x¢ € 2 such
that U(xp) = 0. Then, due to (2.2) and the fact that C,(xo)V (x9) < 0, combining (2.5) with
the first equation of (2.1), we have

0 < (=A)% U(xo) + Ca(xo) V(x0)

§Cn,aP.V.‘/ZA[ L _ ! ][—U(y)]dy.

|x0_y|n+a |x0_ykln+oz

If U(y) #£ 0, y € I;, then noticing that U(y) > 0, y € X;, we have

(—A)Z U(xo) + Ca) V(x0) < O.

This yields a contradiction. So

L[(y)EO, ye P

By (2.10) we immediately get V(x) = 0,x € X,. So since U and V are antisymmetric func-
tions, we have (2.3). O

Page 7 of 16
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Lemma 2.2 (Decay at infinity) Let Q2 be an unbounded domainin ;. Let U,V € L,(R")N

Cllo’i(Q) be lower semicontinuous on Q. Assume that

(=A)ITUK) + CLx)UE) + C(x) V(%) >0, x€,

(“A) T V() + UG + V) =0, xe,

U(x) >0, V) >0, x€%;,\%Q, (2.13)
U =-Ux), xeX,

Vi) =-V(x), xeX,,

where Cy(x), Cy(x) are nonnegative on 2, whereas Cy(x), Cs(x) < 0 on 2, and furthermore,

lim C()[x|“=0 and lim C3()lx|’ =0. (2.14)

|| —00 [x]— 00
Then there exists a constant Ry > 0 (depending on C;(x) but independent of U, V) such that
if

UE) =minU(x) <0 and V(x)=minV(x)<O0,
Q Q

then
X<Ry or X<R,

Remark 2.2 This lemma is quite the same as that of Niu and Wang [23] but with some
difference. In [23], C;, C, should satisfying

lim C,(®)|x|*=0 and lim Ca(x)|x|f =0. (2.15)

|x|— 00 |x|— 00

So we conclude that the condition of our lemma is different with [23], even they both have

the same result.

Proof of Lemma 2.2 Without loss of generality, we assume that there exist a point xy €
such that

Ui) = inn U(x) <0.

Then as in the proof as (2.7), we have

2U([X)

= 2.16
|x_y)\|n+a ( )

(-A):U®) <L = Cpy /

2)‘0

Choose a point in Xf : %* = (3|%| + x1,4’), where ¥ = (x1,4’). Then B (¥*) C £, and there
exists C > 0 such that

1 1 1 ()
/ ~ dy:/ ~7dy2/‘ ——dy> —. (2.17)
s, [B=yr e e [X -yl B G X —yI™ ||
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So combining (2.17) with (2.16), we have

CU(x)
[x|

(-A)2UR) < . (2.18)

By (2.13) we have that
(AU + CAUR) + C:EVE) = 0.

Combining this with (2.18), we get that

CUR) | UG = -CEVE.

[%|
Now by the conditions C; (%) > 0 and C,(¥) < 0 we easily calculate that

C(%)
C
[%]*+C1 (%)

Uui) > - V(). (2.19)

Noticing that U (%) < 0 and C,(¥) < 0, we get V(%) < 0. Then since V are lower semicon-
tinuous on 2. there exists xg such that

Vix) = n})in V(x) <O0. (2.20)
Similarly to (2.18), we derive that

aive =W,
e

(2.21)

Combining (2.19) and (2.21) with (2.13), we have

0<(-A)TVE) + GEUR) + CiE) V(&)

< S22+ COUR + GV

< [% ; q(x)] V@) - caa% V@
< [% ; q@] V@) - 63@)%2@ V@
= V(E)[% + Cy(x) — Cg(a_c)#%}

Choosing |¥|, [x| large enough, by (2.14) we can derive V(x) > 0. This yields a contradiction
with (2.20). So the lemma is proved. O

3 Proof of Theorems 1.1-1.4

Proof of Theorem 1.1 Let T, x;, u,, £, and U,, V; be defined as in the previous section.
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Step 1: We will show that for A > —1 and sufficiently close to —1, we have
U)\(x) >0, V,\(x) >0, xeX;,NBAB. (31)
By the first equation in system (1.2) and the mean value theorem it is easy to see that
(—A)% Uy (x) + all (%) - f' (£ @) Vi (®) = 0, (32)
where & (x) is between v(x) and v; (x). Similarly, we also have
B /
(=A)2 Vi (%) + bV (x) - g (n(x)) Ui (x) = 0,
where 7(x) is between u(x) and u; (x). Choosing C; = a, C; = —f'(§(x)), C3 = b, and C4 =
—g'(n(x)), by the narrow region principle (Lemma 2.1) we get (3.1).
Step 2: Define
Ao =sup{A<0|U,x) >0,V,(x) =0,¥x € X,,Vu <1}
Then we claim that
Ao = 0. (3.3)
Suppose the claim is not true. If 4y < 0, then we will show that the plane can be moved
to the right a little more so that inequality (3.1) will still valid. More precisely, there exists
small € > 0 such that, for all A € [Ag, A¢ + €), inequality (3.1) holds, which contradicts the
definition of Ag.
First, since U,, and V;, are not identically zero, from the proof of the narrow region
principle (Lemma 2.1) we have

u,, >0, Vie >0, Vxe X, NB.

Thus U, and V), can take the minimum values if x € X, ,_s N B. More precisely, for any
8>0,

Uy, >¢;>0, Vie=6¢ >0, VYxeX,,_sNB.
By the continuity of U, and V; with respect to A there exists € > 0 such that
u, >0, Vi>0, Vxe EAO—S NB,VYA € [)»0,)\,0+E).

We can see that (X, \ X;,_s) N B is a narrow region if € and § are small enough. Then by
the narrow region principle (Lemma 2.1) we have

u, >0, Vi>0, Vxei, ﬂB,V)\E[)»(),)\,0+E).
This contradicts the definition of 1. Therefore we prove the claim (3.3). It follows that

U()ZO, Von, eroﬁB,

Page 10 of 16
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or, more apparently,
u(—xl,x’) < u(xl,x/), v(—xl,x’) < v(xl,x'), O<x; <1.

Since the x; -direction can be chosen arbitrarily, it follows that u, v are radially symmetric
about the origin. The monotonicity is a consequence of the fact that

u, >0, V, >0, xe€%,
for all =1 < A < 0. This completes the proof of Theorem 1.1. O
Proof of Theorem 1.2 Let T, x;, u,, and U,, V; be defined as in the previous section. Let
¥ = {x = (x’,xn) | %, < k}.
Step 1: Similarly to (3.1), we can get that, for A > 0 sufficiently close to 0, we have
U, (x) >0, Vix) >0, x€X, NQ. (3.4)
Step 2: Define
Ao = sup{A >0|U,(x)>0,V,(x)>0,Vxe X,,Vu < A}.
Then we must have
Ao = +0Q.
Otherwise, suppose that 1 < +00, Then we claim that
U,,(x) =0, Vie®) =0, xeX; NQ. (3.5)
If (3.5) were not true, then by the narrow region principle (Lemma 2.1) we would have
Uy, (x) >0, Vie®) >0, xeX; NQ. (3.6)

We will show that the plane T, can be moved further to the right. More precisely, there
exists small € > 0 such that, for all A € [Ag, Ag + €),

U, (x) >0, Vilx) >0, xe X, NQ. (3.7)

This is a contraction with the definition of Ag.
If (3.6) holds, then for any é > 0,

UAO >c¢5>0, VAO >cs>0, Vxe EAO—SHSL
By the continuity of U, V; with respect to A there exists € > 0 such that

u, =0, Vi, >0, Ver,\O_,gﬂQ,V)\e [)\0,)\,0+6).



Qu and Yang Journal of Inequalities and Applications (2018) 2018:297 Page 12 of 16

We can see that X, \ X,,_s is a narrow region since € and § are small enough. Then by the

narrow region principle (Lemma 2.1) we have
u, >0, V>0, VaxeX; NQ,VAE[hyro+e).

This contradicts the definition of 9. Then the claim (3.5) holds, which implies
u(x’,2k0) = u(x’,O) =0, v(x’, 2k0) = v(x’,O) =0,

which contradicts the fact that #,v > 0 on . We have shown that Ay = co and U > 0,
V > 0. This shows that u(x) and v(x) are increasing in x,,, which completes the proof of
Theorem 1.2. O

Proof of Theorem 1.3 Start moving the plane T3 from —oo to that right along the x;-
direction.
Step 1: We will show that for A sufficiently negative,

U, (x) >0, Vi) >0, xe€X. (3.8)
By the first equation in system (1.4) and the mean value theorem it is easy to see that
(~8)3 U (x) + ally () ~f () Va@) =0, (3.9)
where & (x) is between v(x) and v; (x). Similarly, we also have
(—8)5 Vi) + bV; () — ¢ (n(9) Ui (@) =0,

where 7n(x) is between u(x) and u; (x). In fact, 0 < v; (x) < £(x) < v(x) and 0 < u; (x) < n(x) <
u(x).

At those points, for |x| sufficiently large, the decay assumptions (1.5) and (1.6) immedi-
ately yield

‘ 1‘1_m f(E@) 1l

< lim &”(x)[x[*
|x|—o00

< lim (x)lx*

|x|—o00

=0,
and going through a similar proof, we have

lim ¢'(n(x))lxl” = 0.

|%|— 00

Then by the decay at infinity (Lemma 2.2) there exists a constant Ry > 0 such that for
A < =Ry in Lemma 2.2, one of U, (x) and V; (x) must be positive in X;. Without loss of
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generality, we assume that
Vilx) >0, xeX,.

Now we can also prove U, (x) > 0, x € X,. If not, then by the decay condition of u(x) there

must exist a point xy € X, such that
UA(JCQ) = min UA(JC) <0. (310)
x€X;

From previous arguments (2.18) and (3.9) we have

CU,.(x0)
—_— +

— +all(x) - f'(£(x0)) Va(x0) = O,
|%o]

and then

C ,
(|x @ + ﬂ) U (x0) = (£ (x0)) Vi(wo) = 0,
0
since f'(:) > 0, Vi (x9) > 0. We can derive that U, (xo) > 0, which contradicts with (3.10).
So (3.8) holds.
Step 2: Keep moving the planes to the right to the limiting positive T}, as long as (3.8)
holds.
Let
Ao =sup{i | Uy,(x) >0,V,(x) > 0,Vx € 5,,Vu < i}.
We have that
)\,0 < Q.
Otherwise, if 1o = 0o, then the solution u(x) is increasing with respect to x;. This contra-
dicts condition (1.5), so that Aq < 0.
Then we claim that

U)Lo(x)EO, VAO(QC) =0, xe 2)»0' (311)

If (3.11) were not true, then by the proof of the narrow region principle (Lemma 2.1) we
would have

U, (x) >0, Vie®) >0, xeX,. (3.12)

We will show that the plane T, can be moved further to the right. More precisely, there
exists small € > 0 such that, for all A € [Ag, Ao + €),

U (x) >0, Vix) >0, xeX,. (3.13)

This is a contraction with the definition of Ag.

Page 13 0of 16
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If (3.12) is true, then let Ry be determined in the decay at infinity (Lemma 2.2). It follows
that, for any § > 0,

U)»o >Cy>0, VAO(x) >Cy>0, xe€ ZAO—S ﬂBRO(()).

Since we have the continuity of U, (x) and V; (x) with respect to X, there exists € > 0 such
that, for any A € [Ag, A + €),

UA (x) >0, VA (x) >0, xe Ekg—é mBR() (0)' (3'14')

Suppose (3.13) is not true. If xy and ¥, are the negative minima of U, (x) and V; (x) in X;,
then by decay at infinity (Lemma 2.2) and (3.14) we can get that they are all in the bounded
narrow region (X .c \ y,-s) N Bg,y(0) for § and € small enough, which contradicts the
narrow region principle (Lemma 2.1). So (3.13) has to be true, which is a contradiction
with the definition of Ag.

Now we have proved the claim (3.11). Since the x;-direction can be chosen arbitrarily,
we get that u(x) and v(x) are radially symmetric and decreasing about some point x,. This
completes the proof of Theorem 1.3. g

Proof of Theorem 1.4 First, we claim that
u(x) >0, v(x)>0, x€R? or u(x)=0, v(x) =0, xeRl. (3.15)

To prove (3.15), we assume that u(x) # 0. If there exists xy € R such that u(x,) = 0, then
we have that

(=A)Zu(xo) = Ca P. V. fR ”ﬁ:)")_—;r‘(y) d

=_cn,ap.v./ ),
R

n |x0 _y|n+oz

<0.

On the other hand, by the function (1.7) and the condition on f(x) and g(x) we have that
(=A)Zu =f(v) — mv > 0. This yields a contradiction, so we have that

either =0 or u>0 inR/.

If u =0 in R, by (1.7) we have f(v(x)) = mv in R”. Together with the condition f’(s) > m
and f(0) = 0, we can obtain that v = 0 in R”. Hence if #(x) attains 0 somewhere in R, then
u(x) = v(x) = 0. Similarly, we can also derive that if v(x) attains 0 somewhere in R, then

u(x) = v(x) = 0, so (3.15) holds. Now we assume that
u(x) >0, v(x)>0, xeR. (3.16)
Denote T ={x e R" | x, =2, A >0}, X, ={x e RT | 0 <x, < A}. Let X = (X1, X1, 2A —

x,,) be the reflection of x about the plane T;, and let U, (x) = u;(x) — u(x) and V;(x) =
v (x) — v(x).
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Step 1. For X > 0 sufficiently close to 0, set X = X; UR”, where R” = {x ¢ R” | x,, < 0}.
First, we know that U(x) = u, (x) — u(x) > —u(x) and V(x) = v, (x) — v(x) > —v(x), so by

condition (1.8) we have

lim U, (x) > lim —u(x)=0; lim Vi(x)> lim —v(x)=0.
|x|— 00 |x|— 00 |x|— 00 |x|— 00

Then by the narrow region principle (Lemma 2.1) it is easy to see that
U, (x) >0, Vix) >0, xex;, (3.17)
since X, is a narrow region.
Step 2. Next, we move the plane T} along the x,-axis to the right as long as (3.17) holds
and set
Ao =sup{i>0|U,(x)>0,V,(x) >0,Vx € T,V < A}.
We claim that

)»()=OO.

Otherwise, if 1o < 00, then by the proof of the narrow region principle (Lemma 2.1) we

have

u,, >0, Vie>0, x€X,, or U,=0, Vie=0, xeX;,. (3.18)
Then going through similar arguments as in (3.11), we can see that

u,, =0, Vie=0, x€X;,.

If we choose the point x = (x1,%y,...,%,_1,0) in the hyperplane {x, = 0}, then x* ¢ R”,

which implies

U(X1,%2, .05 %0_1,200) = U(x1,%2,...,%,-1,0) =0
and

V%1, %2, .. Xu_1,2A0) = (X1, %2, ..., %,_1,0) = 0.

This contradicts with (3.16).

Therefore we have proved the claim Xy = 0o, and consequently the solutions u(x)
and v(x) are increasing with respect to x,. We recall that condition (1.8) tells us that
lim, u(x) = 0 and lim,, v(x) = 0. So the claim (3.16) is not true, and thus u(x) =0
and v(x) =0, x € R”. O
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