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Abstract

The mixed continuous-discrete density model plays an important role in reliability,
finance, biostatistics, and economics. Using wavelets methods, Chesneau, Dewan,
and Doosti provide upper bounds of wavelet estimations on L risk for a
two-dimensional continuous-discrete density function over Besov spaces B; .. This
paper deals with [P (1 < p < o0) risk estimations over Besov space, which generalizes
Chesneau-Dewan-Doosti's theorems. In addition, we firstly provide a lower bound of
LP risk. It turns out that the linear wavelet estimator attains the optimal convergence
rate for r > p, and the nonlinear one offers optimal estimation up to a logarithmic
factor.
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1 Introduction

1.1 Introduction

The density estimation plays an important role in both statistics and econometrics. This
paper considers a two-dimensional density estimation model defined over mixed continu-
ous and discrete variables [2]. More precisely, let (X1, Y1), (X2, Y2), ..., (Xy, i) be indepen-
dent and identically distributed (i.i.d.) observations of a bivariate random variable (X, Y),
where X is a continuous random variable, and Y is a discrete one. The joint density func-
tion of (X, Y) is given by

flx,v) = iF(x, V)
0x

with F(x,v) = P(X < x,Y =v) being the distribution function of (X, Y). We are interested
in estimating f(x,v) from (X3, Y1), (X2, Y2), ..., (X, Yy). This continuous-discrete density
model also arises in survival analysis, economics, and social sciences. For example, con-
sider a series system with m components, which fails as soon as one of the components
fails. Let X be the failure time of the system, and let Y be the component whose failure
resulted in the failure of the system. Then (X, Y) is a bivariate continuous-discrete random
variable. For more examples, see [1] and [4].

The conventional kernel method gives a nice estimation for the continuous-discrete
density function [1, 10, 14]. However, it is hard to provide the optimal estimation for the
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densities in Besov spaces. In addition, the complexity of bandwidth selection increases the
difficulty of the kernel method.

Recently, wavelet methods have made the remarkable achievements in density estima-
tion (7, 8, 11, 12, 15] due to their time and frequency localization, multiscale decompo-
sition, and fast algorithm in numerical computations. In fact, wavelet estimation attains
optimality for densities in Besov spaces, which avoids the disadvantage of kernel methods.
Using the wavelet method, Chesneau et al. [2] constructed linear and nonlinear wavelet
estimators for a two-dimensional continuous-discrete density function and derived their
mean integrated squared errors performance over Besov balls.

This paper addresses L? (1 < p < 00) risk estimations on Besov balls by using wavelet
bases, which generalizes Chesneau—Dewan—Doosti’s theorems. It should be pointed out
that a lower bound for L? risk of all estimators is derived firstly. It turns out that the linear
wavelet estimator is optimal for » > p and the nonlinear one attains optimal estimation up

to a logarithmic factor.

1.2 Notations and definitions

In this paper, we use the tensor product method to construct an orthonormal wavelet basis
for L2(IR?), which will be used in later discussions. With a one-dimensional Daubechies
scaling function D,y and a wavelet function ¥ (¥x can be constituted from the scaling
function D,y), we construct two-dimensional tensor product wavelets ¢, ¥!, ¥2, and >
as follows:

9(x,9) := Don(®)Don (), ¥ (x,9) := Do (%) Yan (),
V)= van@D (), YR®) = Yan (@) Pan ().
Then ¢ and ¥’ (i = 1,2, 3) are compactly supported in time domain, because Daubechies’

wavelet Dyn and Yoy are [5, 8].
Denote

gk y) i=2o(Vx -k, Zy-ky), V) =29 (Zx -k, 2y - ky)
for k = (ki,ky) € Z? and i = 1,2, 3. Then for each f € L2(R?),
oo 3
f= Z Qo kPjok + Z Z Z Bix¥ix
keZ? j=jo i=1 kez?

holds in L? sense, where x := (f, @), B}y := (f, ¥};). As usual, let P; be the orthogonal
projection operator defined by

Pf =Y {f, 00

kez?

Details on wavelet basis can be found in [5, 8]. A scaling function ¢ is called m-regular
if € C"™(R?) and |D%p(x)| < C(1 + |%|?)”! for each [ € Z (Ja| = 0,1,...,m). By the defi-
nition of tensor product wavelets we find that the scaling function ¢ is m-regular, since
Daubechies’ function D,y is smooth enough for large N.
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One of advantages of wavelet bases is that they can characterize Besov spaces, which
contain Hélder spaces and L2-Sobolev spaces as particular examples. Throughout the pa-
per, we work within a Besov space on a compact subset of R2. The following lemma shows
equivalent definitions for those spaces, which are fundamental in our discussions.

Lemma 1.1 ([13]) Let ¢ be an m-regular orthonormal scaling function with the corre-
sponding wavelets Y’ (i =1,2,3). If f € L'(R?), ajx = (f, 9jx) Bjx = (f,¥j), and 1 <1, q <
00, 0 < s < m. Then following assertions are equivalent:

() f € B, (R

(i) {2°Pjs1f — Pif Il }j=0 € 1

j(s+1—2
(i) {2218, 11 Y0l < 00

The Besov norm of f can be defined by

s, o= Nl D+ {27218, )

jzjollq’

3 ,
where [l [I} = 3 eze logol™ and 1By, 117 == D201 3 kezn 1Bj4l”

Here and further, A < B means that A < CB for some constant C > 0 independent of A
and B, A 2 B means B < A, and A ~ B stands for both A <Band A 2 B.

Remark 1.1 By (i) and (ii) of Lemma 1.1 we observe that

o0 o0
<D NPaf =PI S Y 2P S2F

r I=j I=j

> (Praf - Pf)

I=j

1Pf = £l =

for f € Bj ,(R*). Hence
12f —fllr S27°. (1.1)
Remark 1.2 When r < p, Lemma 1.1(i) and (iii) imply that, for s’ — % =s- % >0,
2 / 2
B, (R) > B, (%),

where A < B stands for a Banach space A continuously embedded in another Banach
space B. More precisely, ||u|p < C|lu|la (u € A) for some constant C > 0.

Lemma 1.2 ([13]) Let ¢ € L*(R?) be a scaling function or a wavelet with sup;. 2 |¢(x—k)| <
00. Then, for A = {A} € P(Z?) and 1 < p < o0,

Z Ak

keZ?

~ 9/(1=2/p) ”)L”p
p

Here ||A |, is the /(Z*) norm of A € IP(Z?):

i i § ez I i p < 00,
p = .
SUPgez2 | Akl if g =oo.
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1.3 Main results

In this subsection, we state our main results and discuss relations to some other work. To
do that, we propose a new bivariate function f;(x,y), which is an improved one of that in
[2]. Define

m
filwy) = uly,v)P(Y = v)f (x]Y =)
v=1
with
ﬁ 1(1/—1,1/)()/) + %l(v,wl)@)» y 7/1/,
u()/, V) = Q 14677 AT 1+e)7V y-v-1
L, y=v,

where 1p is the indicator function of a set D.
The construction of f, follows the idea proposed by Chesneau [2] but is different from
[2]. The weight u(y,v) equals to characteristic function 1 in [2]. By a careful

-3 <y<v+3)
verification our weight u(y,v) is differentiable with respect to y for each v € {1,2,...,m}.
The modification of u(y, v) from the characteristic function to the smooth one makes f,

continuous in y. It is easy to see that, forany y=v e {1,2,...,m},

filx,y) = fx,v).

Hence, the problem is converted to construct an estimator of f,. As in [2], we assume that

J« belongs to the space B; (H, Q) or, equivalently, . belongs to the Besov ball
B} (H):={f.f € B} (R*) and |||l 55, < H}

and that the support of f;(x, ) is contained in [-Q, Q] for fixed v (Q>0,v=1,2,...,m).
To introduce the wavelet estimator, we need the wavelet coefficient estimators of o«
and ,3]‘ k:

. _1g¢ S ;
b= 2 [t Yodn =23 [winod. a2
=1 =1

Define Aj, := {k € Z?,suppf. N supp ¢, « # ¥}. When f; and ¢ have compact supports, the
cardinality of A; satisfies #A; < 2%. Then the linear wavelet estimator of f; is given as fol-

lows:

fiin(x»y) = Z &jo,k(pj(),k(x:y)) (1'3)

kEA]'O

. 1
where jj is chosen such that 20 ~ p2/+1, 5" := s — (% - 1%)+, and x, := max{x, 0}.

To obtain a nonlinear estimator, we take jo and j; such that 21 ~ = and 20 ~ n 2+ with

m > s. Define A; := {k € Z?,suppf, Nsupp ¥}, # ¥} and 4; := %2‘% Iz (T is the constant

n

Page 4 of 20
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described as Lemma 2.3). Then the nonlinear estimator is given by

j1 3
F @)= D2 dinkiok(69) + 350D B gy g Vin® ) (1.4)
kG/\jo j=jo =1 ken;

From the definition of fn“"“ we find that the nonlinear estimator has the advantage to be
adaptive, since it does not depend on the indices s, r, g and H in its construction.

The following theorem gives a lower bound estimation for L? risk.

Theorem 1.1 Letfr be an estimator of f, € B; ,(H) withs > % andr,q > 1. Then there exists
C > 0 such that, for 1 < p < oo,

2.2
-5+pp

A 5 Inn\ ™ 26-2)n
sup  Elf, —ﬂll{;zcmax{n‘zﬁl,(—) :
S+€BS 4 (H) n

The upper bounds of the linear and nonlinear wavelet estimators are provided by The-

orems 1.2 and 1.3, respectively.

Theorem 1.2 Letf}“ be the estimator of f, € B; ,(H, Q) defined by (1.3) with 1 <r,q < 00,
s> 0. If the density of X is bounded, then forr >p>1orr<p<ooands> %,

sup EHf,}i“ —f H;; hS noa
f*EBi,q(H:Q)
withs' =s— % - %)+ and x, = max(x, 0).
Remark 1.3 If r > 2, p=2and s >0, s’ = s, then Theorem 1.2 reduces to Theorem 4.1 in
[2]. In addition, Theorem 1.2 does not make any restriction on Q, and so the assumptions
are weaker than in [2]. Theorem 1.2 extends the corresponding theorem of [2] from p = 2
top € [1,00).

When r > p, s’ = s and the linear wavelet estimator J},{i“ attains optimality thanks to The-
orems 1.1 and 1.2. However, the linear estimator does not offer optimal estimation for
S/ S . .
577 < 2,7 in this case.
To give a suboptimal estimation for r < p, we need the nonlinear wavelet estimators

defined by (1.4).

r < p, because of s’ < s and

Theorem 1.3 Letfn“"“ be the estimator of f, € B; ,(H, Q) defined by (1.4) with 1 <r,q < 00,
s> 0. If the density of X is bounded, then forr >p>1orr<p<oocands> %,

~ 1 o
sup  E[ff" - £ ”i S (ln”l)p(¥)

feeB} 4 (HQ)

2.2
with a := min{=>~, — 52~
{23+1’ 2s-2)+1

+

1.
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Remark 1.4 Theorems 1.1 and 1.3 tell us that the nonlinear estimator is suboptimal up to

a logarithmic factor. Moreover, if p =2 and {r > 2,s >0} or {1 <r< 2,5 > %}, then o = 527,

and Theorem 1.3 is the same as Theorem 4.2 in [2] up to a logarithmic factor. Hence
Theorem 1.3 can be considered as an extension of Theorem 4.2 in [2] fromp=2top €

[1,00).

In particular, we can extend the theorems to the multidimensional case as in [3] by using
the technique developed by [9]. It is a challenging problem to study the estimation of a
multivariate continuous-discrete conditional density. We refer to [3] for further details.

2 Some lemmas
We shall show several lemmas in this section, which are needed for proofs of our main
theorems.

Lemma 2.1 Let &j; and fi be defined by (1.2). Then
E(@jx) =ik and E(B}’k) = ﬁ/?’k
forj>jo, k€Z? andi=1,2,3.

Proof Denote ¢;x(v) = [ ¢k, (0)u(y,v)dy. Then
D 1 ¢
G=~ Zl (X Yy, Y dy = — ;% (X)g(Y5).

Since (X1, Y1), (X2, Y2),..., (X, Y,) are independent and identically distributed, we have
E(G4) = E(¢j, (X1)cjx (Y1) = E(E(jse, (X1)cjic(Y1)1Y7))

= E(c;x(YD)E(¢jn, (X1)[Y1)) = E<C;,/<(Y1) / Gy ()f (%[ Y1) dx)

= DR =V)s0) [ Y =)

v=1

= / / (ZP(Y1 =V)u(y, v)f (x|Y:1 = v)) G, (%) Pk, ) dx dy
v=1

://ﬂ(xxy)%,k(x,y)dxdy:(x,»,k.

Similarly to the previous arguments, E(ﬁ/{ o= ]’ - The proof of Lemma 2.1 is done. [J
To show Lemma 2.2, we introduce Rosenthal’s inequality.

Rosenthal’s inequality ([8]) Let X3,X5,...,X, be independent random variables such
that EX; = 0 and E|X;|” <00 (I =1,2,...,n). Then, with C, > 0,

'3
Cp[ Xl EIXilP + L, EIXPYP), p=2,

Gy (XL EIXa*PP2, O<p<2.

E

n
>
=1
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Lemma 2.2 Let §;x and 3,-,;( be defined by (1.2). If the density of X is bounded, then there
exists a constant C > 0 such that

o -5i5 A _p; P
Elqj—oyil? <27Vn2  and E|Bjx - Bkl <2 Vn2
forl<p<ooand? <n.

Proof We only prove the first inequality, since the second one is similar. By the definition
of &j,k’

. 1« 1«
G =~ Zf 0k (X yu(y, Y dy = p Z¢>j,1q XDcjx, (Y),
=1 'R =1

where ¢, (V) := [ ¢jk, 0)u(y, Y1) dy, and ¢ is a one-dimensional Daubechies scaling func-
tion D,y . Since |u(y, v)| < 2, we obtain that

5001 = [ 10300 [0 Y0 dy < 211, 1)
R
and
. , P < o9-5ir4. P < g5 , » <9
E| @i X0, VD" S 27VE ¢y XD)|” S 277 | [, ()| () dxe S 2 (2.2)
R

due to the boundedness of fx. Define & := ¢; 1, (X;)cjx, (Y7) — jx. Then

EI&P = E|¢jx, XDy (YD) — 0| S E| iy (X cip (YD) + Elotjil?. (2.3)

It follows from Lemma 2.1 and Jensen’s inequality that

Eloil? = |E[djx, XDcjn, YD ]|” < E|pjn, Xicjn, YD) |-
Hence (2.3) reduces to

EIEl S E|¢ju X)en (V)| $27 (2.4)
thanks to (2.2). By the definition of &; and &, &jx — ajx = % Y L& where §1,&,...,&, are
independent because (X3, Y1), (X3, Y3),..., (X, Y,) also are. On the other hand, Lemma 2.1
implies E(§;) = 0. Then Rosenthal inequality leads to

p

_ I Bl + (L Elg)E) p=2,

E|6l;k — Ol',k|p :E
e w0 Elg?)5, 1<p=<2.

(2.5)

1 n
;;&

By (2.4) we know that

p
n 2
4 .
n? (ZE|§1|2> Sn?(m27)? < n 52
I=1
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for1 <p<2and

4
n n 2
n? [ZE@;W + (ZE|§1|2> } SnP(n27 +n22Y) Sy
=1 =1

for p > 2 thanks to the assumption Y <n. Combining these with (2.5), we receive the
desired conclusion

Eléjp —ajul? S279m 5.
This completes the proof. d
To prove Lemma 2.3, we need the well-known Bernstein inequality.

Bernstein’s inequality ([8]) Let X3, X5,...,X}, be ii.d. random variables with E(X;) = 0
and || X;||oo <M. Then, for each y >0,

’ =200~ 5z i)
TV =P TR + X ey /3]

The next lemma is an extension of Proposition 4.2 in [2].

1 n
PR

i=1

Lemma 2.3 Let 2 < T ,3]’,( (i=1,2,3) be defined in (1.2). If the density of X is bounded,
then for each & > 0, there exists T > 0 such that, for j > 0 and k € 72,

A ; T 1. /lnn e
P{’ﬂjyk_ﬁj,k’ >252 2’\/7} <27 (2.6)

Proof We only show (2.6) for i = 1. By the definition of 3]%,(, Aj}k = % Y e wj}k(Xz,y)u(y,
Y;) dy, and

n

A 1
Bix= Bk =~ > [ 8 X (YD) = By,

I=1
where dj, (Y7) := fR ik, W) uy, Y1) dy (¢, ¥ stand for the one-dimensional Daubechies

scaling function and wavelet function, respectively). Define 1; := ¢, (X))djx, (Y1) — /3}%,(.
Then By - Bl = XL m and E(my) = 0 because of 8, = E(B};) = Eldx, (X)djx, (Y)].

>

Using (2.1) with ¢ instead of ¢, we get |dj, (Y))| S 2-%. Note that |1, (XD)| ==
22 |p(2X; — ki)| < 27 ) lloo- Then |y (X))dji, (YD)] < 1 and B = [Eldya, ()i (YD1 <
1. Hence

il < | XD i, (YD) - Bly| S 1. (2.7)

By replacing cjx, and a;x with dj, and ,ijk, respectively, arguments similar to (2.1)—(2.4)
show that

ElmlPP <27, (2.8)
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Because 11,13, ...,n, are iid. and E(g;) =0 (I = 1,2,...,n), Bernstein’s inequality tells us

that
T 1. /lnn A2
>—27d [ — 1 < 2exp(— ]X, > (2.9)
2 n 2[Em?) + Llnlloo]

R 1 &
P[|13jl,k_ﬂjl,k| = ‘;Z’?l
-1

I

with A = £273/ /181 This with (2.7)-(2.8) implies

7’1)»,2 T?Inn T?Inn
>

>
P = j = C
2E®) + Flnll] — 8(Cy + 2127, [/lony — 8(CL+ 2T)
because 2%‘/ an < 1 by the assumption 2 < . Note that In#z > jIn2 due to n > 2Inn>
2. Hence

n)‘jz T%1n2
2y, Y z o>
2[EMm}) + Zlnlle] — 8(Cr+ ZT)

&f

by choosing T > 0 such that 8L'222T) > ¢. Then (2.9) reduces to

(C1+2
A T _1. /Inn .
1 1 -1 -
P{’ﬁ],k_ﬁ],k’>52 21 7}52 817

which concludes (2.6) with i = 1. Similarly, the conclusions with i = 2,3 hold. This com-

pletes the proof. d

At the end of this section, we introduce two classical lemmas, which are needed for the

proof of lower bound.

Lemma 2.4 (Varshamov-Gilbert lemma, [11]) Let © := {¢ = (¢1,83,...,&m),& € {0,1}}.
Then there exists a subset (°,€%,...,eT) of © with £° = (0,0,...,0) such that T > 25 and

m

Yls-eil=% ©=izj<D.

k=1

To state Fano’s lemma, we introduce a concept: When P is absolutely continuous with re-
spect to Q (denoted by P < Q), the Kullback divergence of P and Q between two measures
P and Q is defined by

K(P,Q) := / px) ln% dx,

where p(x) and q(x) are the density functions of P and Q, respectively.

Lemma 2.5 (Fano’s lemma, [6]) Let (2, F,Px) be a probability spaces, and let Ay € F,
k=0,1,...,m.IfAx NAp = for k # k', then with A€ standing for the complement of A and
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ICm = infOSkSm % Zk?’k’ I((Pk’Pk,)’

sup Pk(A,f) > min{ %, «/ﬁexp(_gefl -Km) },

0<k<m

where K(Py, Py) is the Kullback distance of Py and Py (k=0,1,...,m).

3 Proofs of lower bounds
We rewrite Theorem 1.1 as follows before giving its proof.

Theorem 3.1 Letﬁ, be an estimator of f, € B; (H) with s > % and 1 <r,q < oo. Then, for

1<p<oo,
(5—%+%)p
7 _sp (Innm\ 2-2)41
sup Em—ﬂn;zmax{n (_) ; }
S«€B; 4 (H) n

Proof Asin Sect. 1, we take the two-dimensional tensor product wavelet

Yl (x,9) := Don(x)Yan (),

where Doy /() and ¥on/(+) are the one-dimensional Daubechies scaling function and wavelet
function, respectively. Then ! is m-regular (m > s) for large N, and

supp ! € [0,2N — 1] x [-N + 1,N]
due to supp Doy € [0,2N — 1] and supp ¥on € [-N + 1, N]. Then there exists a compactly
supported density function gy such that f]RZ go(x)dx = 1, go(x)|[02n-1]x[-N+1,N] = Co, and
% € B; (H). Define A; := A} X A} with

A} :={0,2N,4N,...,2(Y -1)N},  A}:={0,4£2N,+4N,...,+2(2" - 1)N}.

Then tA; = 2(2 — 1) ~ 2% (#A; denotes the cardinality of A)). Denote a; := 2-**1/ and

A= {gg(x,y) =g(x,9) + a; Z skl/f;k(x,y),ek e {0, l}}.

/(EAI'

Obviously, the supports of ¥, and W/}k/ are disjoint for k # kK’ € Aj and supp ¥/, < supp go.
When (x,y) € [0,2N — 1] x [-N + 1,N],

gz o= aj[ V] oz o2 >0
for large j. On the other hand,
/ g(5,9) dx = / oy dx=1.
R2 R2

Hence g is a bivariate density function for & = (x)ke A
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Moreover, g. € B} ,(H). In fact, for & € {0,1}, Z,(GA]_ lex|” < 2% and

1
. 2 r
b (i) <1

kEAI'

By Lemma 1.1, ||a; ZkeA/ gk‘(//]%k”Bfgq < H. This with gy € Bi‘q(H) implies g, € Bj,q(H).
According to Lemma 2.4 (Varshamov—Gilbert theorem), for Q = {¢ = (8k)keA].,sk 1S
%
{0,1}}, there exists a subset {¢©,e®, ..., e} of Q such that M > 2%, ¢© = (0,0, ...,0),
and for m,n=0,1,...,M, m #n,

m n 22j
Z|81(( )—8](()|Z§. (3.1)

kEA]'
Denote A := {g.0),g.,...,Zwn}. Then A" C A, and for g.n), g, € N,

p

’

lg.om — ot ||§ = af Z |8,’(" - gl’(‘|pr%k ”i = 2—2(sp+1)1’”¢1 ”2 Z ‘8];:1 el

ken; keA;
since the supports of w]%k (k € A;) are mutually disjoint. This with (3.1) leads to
Igeom — gen I > C127%7 = 8.
Define
WORE {Ilﬂ =gl < %},

i=0,1,2,...,M. Then A,sm N A,w =9 for m # n. Denote by PJ’Z the probability measure
with the density f”(x,y) := [ ]\, f(x;,5:). By the construction of g,w, Py o < Py . Then it

follows from Lemma 2.5 (Fano’s lemma) that

u 5 |1 3
sup Pgs(i)<”ﬁ1_gs(i)”p =z 51) = sup Pg(,’) (Ag(i)) Zmln{i,\/Me ce KM}~

0<i<M O<i<M ¢

Furthermore,
E 7 NITES (Slp P 7 . - 8/ > 0 2pn (¢
WV =& llp = 5, P ) | e =8 llp = 5 ) = gs(i)( )
. 1
Taking 2 ~ n22s+1 , we obtain that

N . s 1
sup Ellf - gl =277 sup Py o (A%) = o min{ 3 x/Me‘ze"’CM} (3.2)
0<isM 0<i<M °¢
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with KCps = info<y<pr % >inK (P;,’F(i) ’ng(w ). By the definition of Kullback divergence,

1_[” lgg i (xlryz i|
K(P; . Py) = In —=>="——"— 0 Yi) Ax1 dyy dxy dys - - - dx, dy,
( &0’ ) v/]RZ”|:n Hz lg()(xnyl) l_[g(o (x y) YLEN G2 8Y2 n &y

) (%1, 1)
/gso(xhyl) gs—lyldldyl
Zolx1,91)

(xlryl)
/ &l (xhy)[m—l} dx; dy1, (3.3)

where we applied the inequality Inz < u — 1 for # > 0 in the last inequality. Note that

2.0 x1,91)
i , = _1ldx d
/Rzgg()(xl yl)[ 200n1) } X1 dy1

:/2[go(x1,y1)]71[ 8(0(961;3/1)—go(xlxyl)]zdxl dy,
R

and go(x1,y1) = ¢o for (x1,71) € [0,2N — 1] x [-N + 1, N]. Combining this with the Parseval
identity, we reduce (3.3) to

2 DIRNes

keA;

=nc, & | < ncy 1a222’ (3.4)
0 ] Z| k|
keA;

K(Pg ,+Py) <ncg'a

Hence
1 M
7 n -1__2q2j
Ky < — E K(ng(t)’Pgo) <¢ najZ .
M i=1
jln2
2% 102

. 1 2
On the other hand, 2 ~ n2@s+) implies mzj2 < C. Then it follows from M > 22T >e
that

2jIn2 _ —1r92j
VMeM > 27T 27 >

by choosing C > 0 such that C < 1n2C0 This with (3.2) leads to

1 s
sup E|[f,, Wl =n" 25T mln{ ~NMe ‘e ’CM} Zn‘ﬁ. (3.5)
0<i<M 2’

Now, it remains to show that

(-%+2)p

~ 1 2(s—2)+
sup E|[fn—f*||1’>C< n") Mot (3.6)

Sx EBi,q (H)

Similarly to the proof of (3.5), we construct the family of density functions {g;, k € A} as
follows:

G(%9) =@ y) + @y (xy), ke,
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where a; := 276+1-3)_ Obviously, Jr2 &, y) dxdy = [0 go(x,y) dxdy = 1, and

s
&% W) oan-11x-ns1a] = €0 = 277 |yt >0

for large j since s > 2. Then g is a bivariate density function for fixed k € A;. From the
proof of (3.5) we know that gy € B, (H). This with

~ @2 < 1

vl

implies gi € Bi,q(H) for k € A;.

To prove (3.6), we need to show that

2
(s— 7

~ Inn 2(5—%)+1
sup E|lf — gkll}, = C<7) . (3.7)

kEA}'

When k # k' € Ay, supp ¥}y N supp llr]%k, = and

lge —gelll =@ |k~ e | = 220202 [y | = 2. 276 F Ry,

Moreover,

1 Ci(s—242
”gk _gk’”p =2p ||w1 sz ji(s—% p) = 8/.
Define By := {||f, ~gkll, < 2}. Then By N By = @ (k # K'). According to Lemma 2.5 (Fano’s
lemma), we find that

. 8 1 -
sup 24, (1, gl = ) = minf 3, Voter s e, 8
kEAi 2 2

where M = gA; and Ky := infosy<pr 35 Y 4 K(Ph, Py) < 37 > 4o K(Py, Py). Similar to
(3.3)—(3.4), we conclude that

K(Pp,Py) < n/ (206 9)] ™ [2k(x9) — gox,9)]  dxdy < ¢5' Cina?.

R2

1
Hence Ky < ¢;' Cy mzf. By taking 2 ~ (£-) 26-7)*1 we obtain that In2 > C’Inz and e XM >

Inn
*051 Cyna? —c-1Clnn 2 . /
e J >e % , thanks to na; < CyInn (C = C;C,). Moreover, choosing C; and C

j
such that C’ > ¢;'C, we have

-1 j -1 ~1 -1
/Me3¢ e—ICM 2 eln2]e—36 e—ICM > eC’lnn—c0 Clnn-3e Z 1

due to M ~ 2%, This with (3.8) implies SUPea, ng(ﬂﬂ - glly > %’) > 1. Furthermore,
817

R - R S o
sup E _ P> LP — > )3 > 8p
k;lg "fn gk”p Y gk<||fn gk”p = 2)3 = 9;
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2,2
r

*») and the choice of

Then the desired conclusion (3.7) follows from §; := 2!_1’ |yt ||p27”(s

1

2~ (; n)“” )*1_ This completes the proof. 0

4 Proofs of upper bounds
In this section, we prove the upper bounds of wavelet estimators. The result of the linear
one is derived firstly. We restate and prove Theorem 1.2 as Theorem 4.1.

Theorem 4.1 Let f,ii“ be the linear estimator of f, € Bi,q(H ,Q) defined in (1.3) with 1 <
r,q < 00, s > 0. If the density of X is bounded, then for {r > p> 1} or {r<p<ocoands> %},

sup E|J -2 S
feeBS(H,Q) i

withs =s— (% - I%)+ and x, := max{x, 0}.

Proof Whenr <p,s :=s- (— - —)+ =s— = + 1—7 and B} (]Rz) < Bls;,q(]Rz) thanks to Re-
mark 1.2. Then

sup Ef;" L) S

S«€B4(H,Q) fueBS, (HQ

i =l

When r > p and f; has a compact support, then f,}i“ does due to ¢ having the same property.
By the Holder inequality,
I;

swp  E[f"-£pS  sw (EJRR £

S EBﬁ,q (H,Q) Jx EBf',q(H,Q)

Because s’ = s in that case, it is sufficient to prove that

sup  Efi"-£lh S e (4.1)
freBig(HQ)

for the conclusion of Theorem 4.1.
Recall that f, flin .= y° kenyy @y kPjo.k- Then by Lemma 2.1 we conclude that

< 2jo(p-2) Z ElGjox — ajoxl”

kenj,

Z (a]() k — %, k)goj() k

kenj,

E|f" - B, =

due to Lemma 1.2. It follows from Lemma 2.2 and £iA;, < 2%° that

r s
2

E|min _E(&in) ”2 < 21‘0(17*2)221'02*%0 ws < 270 n2 <p A (4.2)

. 1
thanks to the choice of 20 ~ n2s+1,
On the other hand, by Lemma 2.1, E (f lin) =3 e nip Yo kPjok = P;f.. Combining this with

f. € B} (R?) and Remark 1.1, we get that

|EG™) £l = 1P ~ fully S 2700
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Taking 20 ~ n27+1, it is easy to show

|EG™) - £ 2 s 2. (4.3)

Hence, by (4.2)-(4.3),

sup  Effi" £l < swp EJRR-E@MI+ sw [EGD)-AL
)

freBig(HQ) fr€Bl (H,Q) freBl, (H,Q
< n_ﬁ ,
which means that (4.1) holds. The proof is done. a

Next, we are in a position to prove the conclusion of the nonlinear one.

Theorem 4.2 Let fn"o“ be the nonlinear estimator of f, € Bﬁ,q(H, Q) defined in (1.4) with
1 <r,g<o0,s>0.Ifthe density of X is bounded, then for {r > p > 1} or {r < p < 00 and

s>%},

A 1 op
swp  Effp - < nnp (2

f EBi,q (H,Q)

2
=5+

with o = min{>~, — 52
{25+1’ 2(5—%)+1

1.

Proof We only need to prove the case r < p.In fact, whenr > p, fAnm’“ has a compact support

because of ¢, ¥, and f, have the same property. By the Holder inequality,

~ ~ p
sup  E[fy £, S sup (B[S =AD"
fe€B},(H,Q) fe€B3g(H,Q)

Using Theorem 4.2 for the case r = p, we find that supf*eBiq(H,Q)Ean“"" - AL S
(In n)’(I“T")“’, and therefore

ap
sup Eﬂf,,non ~f ”i < (In ”)‘n(m%) .

Sx€B4(H,Q)

It remains to estimate the case r < p. Recall that

j1 3
Fon=fo= (G = Puf) + @ik =f) + 3230 3 (B, oy~ B Vi

j=jo i=1 ken;
I Y Ny 3 Gi g . Vi
with A; = 7272, /=%, Denote fj, , := Z/=io Do ZkeAj(ﬁ;,kl{lﬂ;,kM/} - ﬁ;'k)lﬁjl,k. Then

Elfyon ~ £ SEW" = Pufell) + 1Ppafs fell) + Ellios I- (44)
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From the proof of Theorem 4.1 we obtain that

ap
Bl -l <2 < ()

and
- Inn\*
B £l Sz < (1) 5)

2

; 1 . . =242
due to 20 ~ p2it, V1 ~ - and @ = min{ 55, =52}
25+17 2(s—2)+1

BY fioj1 = / =jo Zz 1 ka, 1k (1B 1537} ﬂ;,k jl,k and Lemma 1.2,

Ellfiojn Il < Gr—jo + 1) IZZW DY EB i~ Bl

j=jo i=1 ken;

On the other hand, it is easy to see that

BiaL izt = Bial = 1B = Bl Qg oaiptronimy * Lat sty
1
+ |’3jvk|(1{‘ﬁ;,k‘<)\1 |ﬁlk|>2}hj} 1{|ﬁt/<|<)l1 ‘ﬂlk‘<2)\/})
and Lyai 1o 180 1) < Ligt, -t 1o,y Then

Elfiojilb STy + Ty + Ts + Ty (4.6)

with

j1 3
Tyi=(nnp™ ) 20D Y E[|B - Bl (1Bi=Bixl>2; )

j=jo i=1 ken;
j1 3 4 N
Ty:i=(nnp™ Y N 202N E[|B] - Bl Vgt 1227081 122, )
j=jo i=1 ken;
j1 3 4 )
Tyi=(nmp™ Y Y 2002 N " E[|Bly |p1{\3;'k\<x 1B k\<2A,}]
j=jo i=1 ke '
Ty:= (Inn)”~ ZZW DY E[ll, B 1<yt 2 )
j=jo i=1 ken;

When |/3j,k| < ;and |ﬂ;k| > 2M), |,3;;k - j{k| > |,81.‘;k| - |5,-i,k| > I,B;;kl/Z. Hence
i 1P Ai i Py
|:3;,k| 1{Iﬂ’ I<AplB; [ 1520) iﬁ/,k _ﬁ;,k| 1“3},/(* 8 >/2)
Then (4.6) reduces to

Ellfjo,j | |p ST+ T+ Ts (4.7)
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By (4.4)—(4.5) and (4.7) it is sufficient to show
(4.8)

Inn\%
Tgﬁ(lﬂﬂ)’”(—nn) L 0=1,23,
n

for the conclusion of Theorem 4.2.
To estimate 77, using the Holder inequality, we find that

NI»—A

j1 3

- . N o L

Ty S (nnp™t Y03 20 Y (E|B - Bl [EQ g, gt 121201
j=jo i=1 kG/\j

Note that E(1 1B Bl =32) )= P(|:3,k | 5’) < 279 due to Lemma 2.3. Taking ¢ such

that € > p, we Conclude that

j1 3
—£ . A
Ty < (nnp n 2 Y3257 < (Innptn 2290 < (nmy-tn 2
Jj=jo i=1

2% and the choice of jy. Hence (4.8) with £ = 1 holds since

thanks to Lemma 2.2, A; S
S

o= 50T
To estimate T and T3, define

1-2a 5
jt n s—F+
, Vi~ —
Inn

Wo ~ [ —
Inn
_2,2
ﬂ}.Then

X 1 X
Recall that 20 ~ p2m+1, Y1 ~ ]L and « := min{>>-,
nn 2s+1

1 o 1
1-20> > and > <1
2s+1 2m+1 s—F+3 2(s——) 1
Hence 20 < 20 and 21 < 2/1, Moreover, a simple computation shows that 1 — 2o < 7512 ,
rTp
which implies 20 < 271,
Now, we estimate T by dividing T into
Jo
—1 2) i |P
T, = (Inn) <Z Z) > 2 E[|Bj - Bl L8, 127180, 122
j=jo j 10+1 i=1 kEA}
=1t + by (49)
Since 151 -, 1B 1=002) = 1, by Lemma 2.2 we know that
? n\*
f < (Innp™! ZZz Ut < -80S nnp <—) (4.10)
J=jo i=1
thanks to #A; < 2% and the choice of j§. To estimate ¢, we observe that

18]
1 . oo <1 ik
UBl =0l Bl |=F) {1812 ’} Aj
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This with Lemma 2.2 leads to

j1 3 | i N\
£ < ()1 25-2,-% i 4.11
2 Snmp™ YN ey N . (4.11)

j=ig+1 i=1 ken;

Note that [|;.]I, < 27/6+1-3) because of f. € B; , and Lemma 1.1. Then (4.11) reduces to

1
tr S (nup 571y 2 " 2D (4.12)

j=ig+1

thanks to 2; = %2‘%,/1"7”. Denote @ :=sr+Z — 2. When 6 >0, r> -£- and

2 2 2s5+1
rq r-p *( r p) lnI’l op
try S(Inn)P 27 n2 2709272 < (Inn)’ | — (4.13)
n
due to the choice of jj. In (4.13), we use the fact & = 5°5 in the case r > ﬁ.
2,2

s—F+s
To show (4.13) for 6 < 0, define r; := (1 — 2a)p > 0. Then « = 2(57—%)111 <sgandr <

527 < (1 -2a)p = because 6 < 0. The same arguments as (4.11) show that

Jj1 3 o2 - |131lk| r
t < (Innyt 2(3-2) =3 —— .

j=/3+1 i=1 ken;

It follows from f; € B; , and Lemma 1.1 that

_i(s+1-2
181l < 1By, 1l; < 2764177

due to r < ry. Therefore, similarly to (4.12), we get that

J1
t S (nnp- 31" > ol ~(6-2-Fn]

jig+L
52,2
Note that % -2—(s— % + %)rl =0because of r; = (1 - 2a)p and @ = 2(57’%)‘21. Then
r - Inn\*
t < (nnp 3™ < (lnn)’”(—) , (4.14)
n

which implies that (4.13) holds for 6 < 0. The desired conclusion (4.8) with £ = 2 follows
from (4.9)—(4.10) and (4.13)—(4.14).
Finally, by splitting T5 into

/o 1 3
o= (Z 2 ) 2.2 ) Elle |p1{|f?},kl<kj,\ﬁ,{k\szxf}]

jsjo  j=ig+1/ =l ken;

=ep+e (4.15)
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we obtain that
o e Inn\*

< (Inny! ZIP)\P<1 2P1-§27<1 P — 4.16

(Inn) %; AP < (Inn) n N(nn)(ﬂ) (4.16)

/)P~ because of r < p. Similarly to

thanks to A; < 2% and the choice of A; and j.
B | <hjl By | <20} = (|,3l

To estimate e,, we use the fact 1 B
I

(4.11)—(4.13),
e, < (In n)P(h;n> v (4.17)

for 0 >0, where 8 :=sr + L — g. When 6 < 0, we rewrite e, as follows

)22,(,, DY E[|Bl B 1<hy gt <))
(4.18)

i=1 ken;

ZZ

ey = (lnn)p‘1<
/10+1 1}1+1

e ¥ >k
=e] +e.

Proceeding as in (4.11) and (4.12), we find that

gL i pr
2 r— 2
e){ < (ln }’Z)p_l<1n—n) E 2_j(‘gr+Tp) < (lnn)p (hl_}’l) 2 11(5”' 17)
~ n ~ ~ n
Jj=g+1

2 2
~7*p leads to

for 6 <0. Whenr <p,

5-242
dueto o = '2 £
2(s—%)+1

”/31, ”p =< ||ﬂ1, Il < <92 }(s+1—7)
thanks to f; € B} , and Lemma 1.1. Therefore

J1 3
(Inn)?! Z 22/(!"2) Z|5;{k|Pf<v(1nﬂ)p_1 Z oilsp-2+42).
i+

*
e S
j:j’l"+1 i=1 kE/\/'

o

Combining this with the choice of 21 ~ ()77 , we observe that

ap
<(1nn)p 211319— L) <(1 n)p(lnn> '
n

(4.19)
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This with (4.19) implies that (4.17) holds for 6 < 0. Hence

ap
T3 < (In n)p—l (hl_n)
n

follows from (4.15)—(4.17).
Therefore, the desired conclusion can be concluded by (4.4)—(4.8) with £ = 1,2, 3, which
completes the proof. d
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