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1 Introduction
Let D be the unit disc in the complex plane C, IT* = {z € C: Jz > 0} the upper half-plane
in C,and IT* = TI* U {oo}. Let Q2 be a domain in C. We denote by H(2) the space of all
analytic functions on Q and by S(2) the class of all analytic self-maps of €.

For 0 < p < oo, the Hardy space of IT*, denoted by H?(IT*), consists of all f € H(IT*) such
that

00
”f”i[p(rﬁ) = Sup/ [f(x + ly) |p dx < 0o.
y>0 J-o0

For 1 < p < 0o, HP(IT*) is a Banach space.
Let a > 0. The a-Bloch or Bloch-type space on I1*, denoted by B*(IT*), consists of all
f € H(IT*) such that

Il () = [f(@)] + sup (32)*|f'(2)] < oo. )

zell*

With the norm (1), the a-Bloch space is a Banach space. For Bloch-type spaces on various
domains and operators on them, see, for example, [1-13] and the references therein. For
a natural extension of Bloch-type spaces and for Zygmud-type spaces, see [14—16].

For ¢ € S(R2), the composition operator C, is the linear operator defined by

CoN@ = (fop)z) forfeH(Q). @)
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For ¢ € H(2), the multiplication operator M, is defined on H(2) by
Myf(2) =¥ (2)f (z) forf e H(Q). ®3)
The product of these two operators
W,y =M, oC, )

is the so-called weighted composition operator.
By D we denote the differentiation operator, that is,

Df =f, feH(Q). 5)

These concrete operators, along with some integral-type ones, are among those con-
siderably studied, during the last five decades, on spaces of analytic functions on various
domains in C or domains in the complex-vector space C”. Majority of the papers on the
operators are devoted to investigating them on spaces of analytic functions on D. Much
less papers consider the operators on spaces of analytic functions on other domains, in-
cluding the upper half-plane. Even for some popular operators, such as the composition
ones, up to the end of the previous century, there are no many papers on popular spaces
such as H?(IT*) (see, e.g., [17-20] and the references therein). Hence, any new result on
the spaces and operators on I1" is of some interest. Regarding some operators on the men-
tioned spaces, let us mention that some basic results on the boundedness of composition
operators from H?(IT*) to the classical Bloch space B(IT*) can be found in note [21]. For
related investigations of composition or weighted composition operators on some other
spaces, see [14, 15, 22—-25]. Let us mention that the behavior of composition operators on
spaces of analytic functions in IT* is considerably different from the behavior of composi-
tion operators on spaces of analytic functions in D. For example, every analytic self-map
of D induces a bounded composition operator on the corresponding Hardy space, which
is not always the case on the space H?(IT1*) [17, 18].

From 1968 to 2005, experts more or less studied theoretic properties of only opera-
tors (2)—(5) and integral-type ones on spaces of analytic functions in terms of their sym-
bols. The only product-type operator among (2)—(5) is the weighted composition operator.
Since 2005, some experts started studying some other product-type operators. The first
product-type operators different from weighted composition ones that attracted some at-
tention were the products of composition and differentiation operators (see, e.g., [7, 11, 13,
26-29] and the references therein). Some generalizations of the products of composition
and differentiation operators, containing iterated differentiation, have appeared soon af-
ter them (see [12, 30—33]). Around 2008, Li and Stevi¢ have initiated studying products of
integral and composition operators, including in some cases the differentiation operator,
on spaces of analytic functions on D (see, e.g., [34]), which have been considerably studied
recently (see, e.g., [3, 35—40]). For some other results and related product-type operators,
see, for example, [4—6, 35, 41-46].

To treat product-type operators consisting of exactly one composition, multiplication
and differentiation operator in a unified manner, we have recently introduced a generalized
operator and studied it on the weighted Bergman spaces (see [45] and [46]). See also papers
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[5, 42] on the operator on some other spaces of functions defined by

Ty1s0f (@) = 1 (2)f (9(2) + ¥2(2)f (¢(2)), feH(D), (6)

where Y, Y, € H(D) and ¢ € S(D).

It is clear that operator (6) includes the composition, multiplication, differentiation,
weighted composition, weighted differentiation composition, and many other concrete
operators, including those in [6, 41, 43], which are obtained by some concrete choices of
the symbols 1, 3, and ¢. This is one of the reasons why the operator is of some impor-
tance for investigation.

So far the operator has not been considered between spaces of analytic functions on the
upper half-plane. Here we start investigating the operator on such spaces by characteriz-
ing the boundedness and compactness of the operator between the Hardy and «-Bloch
spaces on the domain, that is, of Ty, y,, : H?(IT*) — B*(IT*). We provide a complete
characterization of the compactness. The paper can be regarded as a continuation of our
investigations in [14, 15, 22—25].

Throughout this paper, constants are denoted by C; they are positive and not necessarily
the same at each occurrence. The notation A < B means that B < A < B, where A < B
means that there is a positive constant C such that A < CB.

2 Auxiliary results
First, we quote a point evaluation lemma, which is a folklore result (see, e.g., [15,
Lemma 3]).

Lemma 1 Let p € (0,00) and n € Ny. Then

for some positive constant C = C(p, n) independent of f.
The following lemma can be found in [14, Lemma 2.1].

Lemma 2 Letp € [1,00), k € Ny, ¢ € I1*, and

SeYer
foxle) = S

(z-0)

Then

ST

sup |fz kllmem+) <
cellt

To deal with the compactness of the operator Ty, y,,, : HP(IT*) — B*(IT*), in the lemma
that follows, we give its characterization, which is typical for concrete operators between
spaces of analytic functions. The thesis of Schwartz [47] is one of the first sources that

presents such a characterization for the case of a concrete operator, more precisely, for a
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composition operator. It is interesting that the proof of our present lemma is more com-
plicated than those of the corresponding lemmas that we have had so for (for example, the
lemma in [24]). Hence we will present a detailed proof of the lemma.

We say that a sequence (f;) ,eny in HP(IT*) converges weakly to zero if it is norm bounded
in HP(IT*) and converges to zero on compacts of TT*.

Lemma 3 Let p > 1, o € (0,+00), V1,V € H(IT*), and ¢ € S(IT*). Then Ty, yp 0 :
HP(IT*) — B*(I1*) is compact if and only if for any sequence (f,))nen weakly convergent

to zero, we have

I [Ty g ofull 5y = 0. )

Proof Let the operator be compact. Suppose that (f,,),cn weakly converges to zero. Then
there are a subsequence (f;,, )xew and g € B*(IT*) such that

lim [Ty, ,y ofne — &llB2(r1) = 0. (8)
k—o00
Let K C IT* be compact. Then
dy := d(K, 81’1*) = inf |z—-x|>0.
zeK,xeR

From this and from (1) we have

| Ty oo D) = D] < N Ty, pm0fi — gl &)
and
’ 1
SUp| (Tyy 0 (2) — 8(2)) | < d—lle,wz,Jnk - gllBe (- (10)
zeK K

Let ACII* and A, = {z € [1* : d(z,K) < ¢}, where ¢ > 0. Note that if A is compact, then
for each ¢ < d;, the set A, is also a compact set as bounded and closed.
On the other hand, we have

F@) =f(0) + / £0)de (1)

for all f € H(IT*) and z € IT*.
Let A C TT* and

A() = {we M":3zeA,we [i,z]}.

Note that if A is compact, then A(i) is also compact.
Hence from (11) we easily get

If(2)| < |[f(9)| + diam(K (i) sup |f'(w)] (12)

wekK (i)

for each z € K.
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From (9), (10), and (12) it follows that

Su£| Ty, .0ty (2) —g(z)| = |(T‘/'l:‘/'2,<ﬂfnk (@) —g(i)|
ZE

+diam(K(8)) sup |(Ty,,ys.0f (2) —h(z))/|

zeK (i)
diam(K (7))
S (L Tt (13)
K (i)
From (8) and (13) it follows that
Ty po0fn (2) —8(2) 20, k— oo, (14)

on each compact K € IT".
Further, note that

IVIj = supwj(z)} <oo, j=1,2,
zeK
for each compact K. The compactness of the set ¢(K) also implies that

maxy/u (‘p(z))’fn,k ((ﬂ(Z))} =0, k— oo,

on each compact K € IT".
From this, since

’

| Tyrnafn (0(2)| < My sup [fo, )] + M5 sup |f; (w)
wep(K) wep(K)
it follows that

Ty yrefn(2) 20, k— oo, (15)

on each compact K € IT*.

From (14) and (15) we obtain g(z) = 0 for every z € I1*, since each z € IT" lies in a com-
pact subset of IT*.

Using the fact in (8), it follows that

11m || T‘/fl:lllewﬁ’lk ”B"‘(l’l*) =0. (16)
k— o0

Such a procedure can be applied to any subsequence of (f,),cn, from which it follows
that (7) holds.

Now assume that, for any sequence (f,),cn weakly convergent to zero, we have
limy—, o0 | Ty yy,0full B2ty = 0. Let (f;,),,eN be a sequence of functions such that M :=
SUP,.en ||};”1—1P(1'[+) < +00. By Lemma 1 the sequence is uniformly bounded on compacts
of IT*, and consequently normal. Hence there are a subsequence (ﬁ,k)keN andfe H(ITY)
such that

Fu@-f2) =0, k— oo, (17)
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on each compact K € IT*. The Fatou lemma along with (17) implies |[?|| e+ < M. Hence,

the sequence (7,,,( —f)keN weakly converges to zero, and consequently

ATy 0fu = TS 52y = 0,
from which the compactness of the operator Ty, y,, : H?(IT*) — B*(IT*) follows. O

3 Boundedness and compactness of Ty, 4, , : HP(IT*) - B*(IT*)
In this section, we characterize the boundedness and compactness of the operator
Ty a0 + HP(ITT) — B*(IT*). We also give upper and lower bounds for the norm of Ty, y, »

acting between these spaces.

Theorem 4 Let 1 < p <00, a >0, Y1,y € H(IT*) and ¢ € S(II*). Then Ty, y,
HP(I1%) — B*(IT") is bounded if and only if the following conditions are satisfied:

. (Jz)*

RO e B

(i) M, = Zsenp+ % |1ﬁ1(z)<p (z) + wz(z)| < 00;

i M (J2)*

(iii) 3= ZSEIT_R m |1/f2(Z)<P (Z)| < 0o0.
Moreover,

My + My + M3z S Ty ys,0 L () — B ()

[¥1(0)] [¥2(0)]

My + My + Ms. 18
S Qeanr T @@y M (18)

Proof First, suppose that conditions (i)—(iii) hold. Then by Lemma 1 we have

(32 [(Tyr /) D)
= (32° [ @f (¢(2) + (1129 @) + ¥3)f (¢(2) + 29 @f ' (¢(2)) |

(Jz)* (Sz)*

<C|[f||HP(H+<( i (V1) + W!wz)w(m%(zn

(J2)*

" Qe

[¥2(2)g’ Z)I)

< C(My + My + M3)||f || e ). (19)
We also have

|T1#1 voaf (0) | = |WI(l)f( ) + Y (i)f (§0(l))|

210] 2101 )

(Se(i)ir * (J(i))1+1p (20)

< CIIfIIHPm*)(
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Combining (19) and (20), we have

101 s 2101
S  (IJpi)+r

1Ty of By S ( + My + M+ Ms) Il 2 (i

from which it follows that

[y (D) s [y (D)
'~ Qo) T (Se) e

N Ty gm0 |2 (04— B (11 + My + My + Ms. (21)

Conversely, suppose that Ty, y,., : H?(IT*) — B*(IT*) is bounded. Consider the family

of functions

(SW)z_l/P ) (SW)S_I/p (Sw)4—l/p

TP (z —w)? N Tl (z —w)3 - Tlr(z —w)*’

fw(z) =

where w € IT*.
Since the functions f,, are linear combinations of the functions in Lemma 2 (for k =
2,3,4), from this by using the lemma it follows that

Ly := sup ||fwllmrm+) < oo. (22)

well*

We also have

—2(Sw 2-1/p S 3-1/p S 4-1/p
1) = ( )_ 12 ) 7 (Rw) v
nl/p(z _ W)3 nl/p(z _ W)4 nl/p(z _ W)S
f”(z) ) 6(SW)2_1/p ~ ) (gW)B—I/p ~ (Sw)zl—llp
Y wlr(z —w)* wlr(z —w)> ol (z —w)e’

from which with some simple calculation we obtain

1

fow)=0,  fi(w)=0 and f,(w)= S P ()i

(23)
Since Ty, .0 : HP(IT") — B*(I1*) is bounded, we have

1 Ty sy fwll Bty < 1Ty 0,0 o () By U | 1 ()
< Lill Ty .0 | (1) B (1%)

for every w e IT*.
Thus for each ¢ € IT*, we have

Lyl Tyl r ()= oy = (SO Ty efo0) (€]
(SO Y1 @ Vo) (0(0)) + (1 ()" () + Y30y (9(2))

+92(0)0" )y (9(0))]

GO )¢ ©)]
" B (3p(0)P
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Since ¢ € IT* is arbitrary, we have that

(38)* 1Y2(8)@'(2)]
M3 = sup ool e Bl < 87T1/pL1|| T‘/flﬁ//ZJﬂ ||HP(H*)~>B“(H*)- (24)

cene (Sp(g))>1p
Now, consider the family of functions

(S,W)Z—l/p ) (S.W)S—l/p (3.W)4—1/p
z) = — - — - —.
&l2) wlr(z —w)? wlr(z —w)3 wlr(z —w)t

Since the functions g, are also linear combinations of the functions in Lemma 2, we have

Ly :=sup,,cr+ gwllapm+) < 1.
We also have

, (SW)Z_I/p ) (SW)S_I/P (SW)AL—I/;J
g,(2) =-24 — + 96i — —,
TP (z —w)3 alp(z —w)* TP (z —w)®
~x)2-1/p ~xq1)3-1/p x)4-1/p
&) =72 T gy OWT e BT
wlp(z —w)t mlP(z — w)® wlp(z —w)e

from which it follows that

1

L) =0, gw =0, and g(w)=~5

Since Ty, .0 : HP(IT*) — B*(IT*) is bounded, for each ¢ € IT*, we have

Lol Tyy,yn 0l o) By = [ Tyy,9,080(0) 152 (1)
= () [Y1(0)geio) (9(0)) + (Y109 (©) + ¥5(0)) 2y (9(£))
+¥2(0)¢' (g (9(0))]
_ G0y @)l
2P (Ip(5))Mp

Since ¢ € IT* is arbitrary, we have that

()11 (2)] U
My = sup —————= <27 P Ly || Ty, yy,0 ll 2 (11+)— Be(114). (25)
cene (39 () oy =B

Now, consider the family of functions

xu)2-1/p x)3-1/p Xy \4-1/p
(Sw) . (Jw) (Sw)

hy(z) =8 — - — —.
@ wlr(z — w)? wlr(z —w)3 wlr(z —w)t

Once again proceeding as before, we can show that sup,,cp+ 1w |y S 1.

We have
xq)2-1/p ~xq)3-1/p o )4-1/p
) = 16— gy BWTT W >
wlP(z —w)3 TP (z —w)* wliP(z —w)?
w)2-1p w)3-1p Iw)d-1p
(@) = 48— 33 W) Rw)

nlp(z - w)* np(z—w)ps T plr(z—w)e
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Thus
i

hw(W) = 0; h;//(W) =0 and h;v(W) = W

Therefore by the boundedness of Ty, y, , : H?(IT*) — B*(IT*), for each ¢ € IT*, we have

L3 || Ty, g0l 1o (1) B (o) = (SO [ (D)) (9(2)) + (¥1(0)@' (€) + Y3 (0)) ) (0(0))
+92(0)e (Ol (9(0))|
_ RO 19 (6)¢'(€) + Y30

- ’

47 (Sp(E)) P

and consequently

QO ¥ () €) + w0
M, =
2= (Sp(0))1r

< AT Y L3 || Ty, oo | 1o (1) Bo (1) - (26)

Combining (24), (25), and (26), we have
My + My + M3 S Ty, oyl e () B (1),

finishing the proof of the theorem. O

Corollary5 Let1l <p<oo,a >0and ¢ € S(IT*). Then C, : HP(I1*) — B*(I1*) is bounded
if and only if

M, = sup

—_— ! Z)| < OQ.
e+ (W(@)“”ﬁw( )

Moreover,

1
Qe "

Corollary 6 Let 1 <p <oo,a >0,y € H(II*) and ¢ € S(IT*). Then M, C, : H?(IT*) —
B¥(I1*) is bounded if and only if

(z

My SN Cyllarmny—sem) S Ma. (27)

(i) Ms = sup Gl )1,p|1ﬁ(2)|<oo,
(ii) Mg = sup () | (2)¢' (2)] < o0.

zeni+ (Sg(2)+1P

Moreover,

[y (9)]
Ms + Mo S My Coll rnity— By S Gl

Corollary 7 Let 1 <p < oo, a >0, ¥ € H(IT*) and ¢ € S(IT*). Then C,M,, : H?(IT*) —
BY(I1*) is bounded if and only if

+M5 +M6. (28)

. (32)*

(i) M7:Zselfjp Gl )1/p|1/f(¢(2))<p (2)] < 00,

(i) Mg = su LW/( (2)¢'(2)| < o0
T Qe VY '
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Moreover,

< 1Y@l
M7 + Mg S N1CpMy | mp(misy—Bems) S 4 + M7 + M. (29)

Be@)»

Corollary 8 Let 1 < p < o0, a >0 and ¢ € S(IT*). Then C,D : HP(IT*) — B*(IT*) is
bounded if and only if

Sz)*
My = sup (32)

—_— /Z < OQ.
3 Sorr¢@)

Moreover,

My SN Cy Dl (rie)— B2 ( +Mo. (30)

S Sy "
Corollary 9 Let 1 < p <00, a >0 and ¢ € S(I1*). Then DC, : HP(IT*) — B*(IT*) is
bounded if and only if

(Iz2)~
)Mo= sup (= )i

(Jz)~
S oy

lo”(2)] < o0,

(i) My = p ! z)|2 < 00.

Moreover,

lo’ ()]

Mo+ Mn 5 ||DC¢||HP(H+)aBa(n+) f, W

+M10 +M11. (31)

Corollary 10 Let1 <p<oo,a >0,y € H(IT*) and ¢ € S(I1*). Then My, C,D : H?(IT*) —
B¥(I1*) is bounded if and only if

. (Jz)* ,
(i) M= ZSGLII_R Wilﬁ (Z)| < 00,
(32)°

(i) M= Zself_lp Whﬁ(@gp/@” < 00.

Moreover,

[v ()|

Mg + Myz S IMy CoDl () — Bo(+) S =y D)

M12 +M13. (32)

Corollary 11 Let1 <p<oo,a >0,y € H(IT*) and ¢ € S(IT*). Then C,MD : H?(TT*) —
B¥(I1*) is bounded if and only if

. (3z
0 o=

(J2)* ,
(i) Mis —ZSEIT_[P WW( 2))¢'(2)| < oc.

[V (¢(2))¢'(2)| < 00,
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Moreover,

[ (@)

My + M5 S |CoMy Dl () — By S Qo)1

+M14 +M15. (33)

Corollary 12 Let1 <p<oo,a >0,y € H(IT*) and ¢ € S(I1*). Then M,DC,, : H?(IT*) —
B*(I1*) is bounded if and only if

. (SZ)Q N/
(i) M= ZSEUHP W\(WP) (Z)\ <00,
(Jz)*

(i) M7= sup ¥(2)(¢'(2))*| < o0.

zen+ (3(2)*+17

Moreover,

< ¥ @)

M6 + M7 S ||M1//DC ||HP [1+)— BY(IT+) N W

M16 + M17. (34')

Corollary 13 Let1 <p<oo,a >0,y € H(IT*) and ¢ € S(I1*). Then DM, C,, : H?(TT*) —
B*(I1*) is bounded if and only if

(Iz)©

) Mg = sup = |V @ <0
(ii) Mo = sup %\ZW(ZW’(Z) + ¥ (2)¢"(2)| < o0,
(32)*

(iii) Mo = sup —————
2= T Qp@)ze

[V (2) (¢’ (Z)) | < c0.
Moreover,

Mg + Myg + My S | DMy Cy |l o (ri+)— e (11+)

oL v@e@l
T Re@)tr - Se@)trr

+ Mlg +M19 +M20.

Corollary 14 Let1 <p<oo,a >0,y € H(IT*) and ¢ € S(I1*). Then C,DM,, : H?(IT*) —
B*(I1*) is bounded if and only if

, (32) ”

(i) Mnxn = sup < ))Wlw (¢(2)¢'(2)] < 00,

(i) Mo = sup (S(:(\‘;)m/p\w (¢(2))¢'(2)] < o0,
((\‘

(iii) Moz = sup |V (¢(2)) ¢’ (2)] < o0.

e+ (Sg(2))> 1P
Moreover,

Mo + May + Moz S |Co DMy || o (ri+y— e (11+)

_ W) W)
+
~ G " R

+ M21 + M22 + M23.
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Corollary 15 Let1 <p<oo,a >0,y € H(IT*) and ¢ € S(IT*). Then DC,M,, : H?(IT*) —
B*(I1*) is bounded if and only if

(Iz)~

oy [V (@)@ + ¥ (@) (¢ ()| <

} (32
(i) Mys = ZSGLII_R W

(Jz)*
iii) Mog = sup ———
(i) Mas = sup o yoeie

(i) M= sup ————
zen+ (Sp(z

120 (0(2)) (¢'(2))* + ¥ (0(2))¢" (2)] < o0,
¥ (p@) (¢ @) < 0.
Moreover,

Moy + Mys + Mas S |DCy My || p(r1+)— B (+)

< W@ ¥ @@y’ @)
Re(@)'r Re(@)t+r

+ M24 + M25 + M26.

Recall that for a function f defined in IT*, lim,_, ;7% f(2) = 0 if and only if for every ¢ > 0,
there is a compact set K C IT* such that |f(z)| < ¢ for z € IT* \ K.

The following result characterizes the compactness of the operator Ty, y,,, : H?(I1") —

B*(IT*).

Theorem 16 Let 1 < p < o0, a > 0, Y1,y € H(ITY), and ¢ € S(IT*). Then Ty, y, 4 :
HP(IT*) — B*(IT*) is compact if and only if it is bounded and the following conditions
are satisfied:

(Sz)*

v <}Lan+W| V(2] =0,
(ii) lim Lhﬂl(z )¢ (2) + V) (z)|
o=t (Jp(z))+1p 4

(3z)*
i Ge@P P

[¥2(2)¢'(2)| =

Proof Assume that the operator is bounded and conditions (i)—(iii) hold. Then by Theo-
rem 4 the quantities M;, j = 1,3, are finite, whereas from conditions (i)—(iii) we have that,
for each ¢ > 0, there exists a compact set K in IT* such that

(~

Goy Vi@l <o -
% |1ﬁ1(z)<ﬂ (2) + WZ(Z)| <e, 56
(32)” [¥2(2)¢(2)| < &, -

( Y(/) Z))2+1/p

provided that ¢(z) € IT* \ K.
Let (f,)uen be a sequence in HP(IT*) weakly convergent to zero. Then, by inequalities
(35)—(37) and Lemma 1, for every z € IT* with ¢(z) € [T* \ K, we have
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(Jz2)* | (Tyyynafn) (2)]

(32)* Y1 @)fu( (Z))+(w1(2) (Z)+¢2(Z))f (0(2) + ¥2(2)¢' 2)f; (¢(2)) |

(Jz)*
5C(( So Vi@

' %hﬁz ( )|>Hfﬂ”HP(n+)

< Ces.

W [¥1(2)¢ (2) + ¥5(2)|

Since K is compact, ¢(K) is also compact. Hence

My7:= sup Jw € (0,00).
wep(z)

Choose ny € N such that

max|f;(2)| <

max [fu(2)] < 7M;ép ma 7M;ép+l ,

. (38)

maxV’/ z)| _—,
zeK M; M;;P* 2

and

max{ o

W} <e (39)

for all n > ny.
Then, by the preceding and (38), for every z € TT* such that ¢(z) € K, we have

R |¥1 @ (02) + (¥1(2)¢' @) + ¥32)f; (02) + ¥2(2)¢' @), (0(2)|
< 32|y (2] Ivtvlgglﬁq(W)l +(32)*|Y1(2)¢' (2) + ¥} ()| Ig;gglﬁ«’(w)l
+ (32" [¥2(2)¢/ (2) max| ' (w)|
<M (3¢() " max|f,(w)| + Ma(3¢(2)) 7 max|f )|
+ Ma(3¢(2)"" max|fy (w)
= Mg magelf 0] + MG gl )|
+ M3 (Jw)* P I;lg;(iW(W)l

< 3e. (40)

Further, using (39), we have

| Tys D] = W10 (0) + ¥y ()| < (v @) + [¥2(D)])e (41)

for n > ny.
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From (40) and (41) it follows that

I Ty pmefull By < (3 + Y1 ()] + [¥2(9)|)e

for n > ny.

Since ¢ > 0 is arbitrary, by Lemma 3 it follows that Ty, 4, , : H?(IT*) — B*(IT*) is com-
pact.

Conversely, suppose that Ty, y,, : H?(IT*) — B*(I1*) is compact. Then, clearly, it is
bounded. Let (z,),cn be a sequence in IT* such that ¢(z,) — dTI* as n — oo. If such a
sequence does not exist, then conditions (i)—(iii) vacuously hold.

Let w, = ¢(z,), n € N, and let the family of functions (f,),cn be defined by

Qw7 Qw) (Sw,)*17

TP (z—w,)2 aP(z—w,)3  mlr(z—w,)t

Ja(2) =

Then by using (22) and some simple estimates it is easy to see that (f,),cy weakly converges

to zero as n — oo (including the case when w, — 0o as n — 00). Hence
i 1Ty, y, ofull o) = 0- (42)
The boundedness of Ty, y,,, : HP(IT") — B¥(IT*), together with (23), implies

I Ty pofll B () = (320)* [W1 @l (9(20)) + (V1(2)@ (20) + V3 (2n) )y (9(20))
+ ¥2(20)@ (@n)f, (9 (zn))|

(3z,)” /
" 8 P(Sp(z,)) 2P [¥a(20)¢' (2. 43)

From (42) and (43) we obtain
) o 44
o ol V2 )] =0 »

from which it follows that condition (i) holds.

By considering families of functions

g P Q) Qe
Z) = — — — - —
& wlr(z — wy,)? TP (z —wy,)3 TP (z —wy,)*
and
By (2) = ("\N‘Wn)2 Up YY) (SWH)B_UP _ (SWH)4_1/p
nl/P(Z—W,,)Z JTI/P(Z—W,,)3 nl/p(z_wn)lL

and proceeding as before, we can similarly show that

: (3z,)
lim  —— |y (z,)¢ (2) + Vi(zn)| = O .
o(zn)—at+ (S (z,))1+1p |W1 ) + 5 )‘ (45)
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and

(3z,)"
lim —m— zZ,)| = 46
glzn)— ot (Sp(z,))1P ViG] =0 (46)

from which it follows that conditions (ii) and (iii) hold, respectively. O

Corollary 17 Let 1 <p < oo, a >0 and ¢ € S(IT*). Then C, : H?(IT*) — B*(IT*) is com-
pact if and only if it is bounded and

(32)" ,
lim  ———|¢'(2)| =0.
o)t (Jg(2)) 1P @)
Corollary 18 Let 1 <p <oo,a >0, ¥ € H(IT*) and ¢ € S(TT*). Then M, C, : H?(IT*) —
B¥(I1*) is compact if and only if it is bounded and

. (\SZ)
0 ol )Talm (Sp(2))Vr |v'(2)| =0
(3z)*

(i) lim —————
o@)—ati+ (Jp(2)) 1P

|V (2)¢'(2)| =

Corollary 19 Let 1 <p <oo,a >0, ¥ € H(IT*) and ¢ € S(IT*). Then C,M,, : H?(IT*) —
B*(I1*) is compact if and only if it is bounded and

(Sz2)*

0 o(2)— oI+ W“ﬁ ((p(Z))(p (Z)| =
.. . (\sz)a
W w—lu/pW( 2))¢'(2)] = 0.

Corollary 20 Let1 <p< oo, >0and ¢ € S(I*). Then C,D : HP(I1*) — B*(IT*) is com-
pact if and only if it is bounded and

lim i ’ ’ _
pa)—omi+ (Jg(2))2 1P
Corollary 21 Let1 <p< o0, >0and ¢ € S(IT*). Then DC,, : H?(I1*) — B*(I1*) is com-
pact if and only if it is bounded and

. . (gz)a , .
0 w(z)]gralﬁ W ’40 (Z)} =0,
(3z)*

ii lim ——
() p)—om (Jg(z))>+1p

lo'(2)|* =o.

Corollary 22 Letl <p<oo,a >0,y € H(I1") and ¢ € S(IT*). Then My, C,D : H?(IT*) —
B*(I1*) is compact if and only if it is bounded and

. (\st)a ) .
0 )ittt (Jg(2))1+ 1P |v'(2)| =0,

. . (\SZ)

& w(z)h—{%m (Sp(2))2+1p [¥(2)¢'(2)| =0.
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Corollary 23 Let1 <p<oo,a >0,y € H(IT*) and ¢ € S(TI1*). Then C,MyD : H?(IT*) —
B*(I1*) is compact if and only if it is bounded and

(Iz)%

0 w(z)lin;ﬁqu 2))¢'(2)| =
M) lim —0 (@)@ -

o(e)—omm (Jg(z))>+1p

Corollary 24 Let1 <p<oo,a >0,y € H(IT*) and ¢ € S(IT*). Then My,DC,, : H?(IT*) —
B¥(I1*) is compact if and only if it is bounded and

([Iz)”

0 w(@lil?ﬁ (Se@) P |(ve') ()] =
(11) lim L }w(z)((p/(z))2| _

o=t (Jp(z))2+1p

Corollary 25 Let1 <p<oo,a >0,y € H(IT*) and ¢ € S(TI1*). Then DM, C,, : H?(IT*) —
B*(I1*) is compact if and only if it is bounded and

i (Sz)"‘ " _

0 W(z)—>n‘;/l'[\+ W hh (Z)| =0,

.s . (\S‘Z)a )

(ii) W(Z}LIQH+W| V(@' (2) + ¥ (2" (2)] =0,
Gy tim O

p@—at (Sg(2)2 1P V(@) (¢ )| =0

Corollary 26 Let1 <p<oo,a >0,y € H(IT*) and ¢ € S(I1*). Then C,DM,, : H?(IT*) —
B*(I1*) is compact if and only if it is bounded and

(3z)*

D i WW (¢(2)¢'(2)| =
. . (\SZ) /

W w(z)h—>n;n+ (Sp(2)+lp [V (¢(2)¢'(2)| =
(iii) lim__ (Ni‘\ﬁ(w(z)) @) -

o(z )*>31'[+ (NQO(Z))2+1/P

Corollary 27 Letl <p<oo,a >0,y € H(IT*) and ¢ € S(IT*). Then DC,M,, : H?(IT*) —
BY(I1*) is compact if and only if it is bounded and

(S2)*

i 4 ” ” , 2
(1) vz )]L(jrﬁ W‘w (‘P(Z))‘P (Z) + W ((P(Z)) ((ﬂ (Z)) | _

ii : (Uz)a ’ ’ ”

@) Jim e Y 00) (@) + 0@ -
(32) o

(i) lim_ ey ¥ (@) (@) | =0
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