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1 Introduction

Several results on the error estimation of a function g in Lipschitz and Holder classes by
a trigonometric polynomial using different single and product means have been obtained
by the researchers like [1-11], and [12].

Our motivation for this work is to consider a more advanced class of functions that can
provide best approximation by a trigonometric polynomial of degree not more than r.
Therefore, in this work, we generalize the results of Kushwaha and Dhakal [3] and Dhakal
[1, 2]. In fact, we obtain the results on the error estimation for the function f € Héw) (z=1)
by T.C! method by F. S. Thus, the results of Kushwaha and Dhakal [3] and Dhakal [1, 2]
become the particulars cases of our Theorem 2.1.

We also obtain the results on the error estimation of the function g € Héw) (z>1) by
T.C! method of C.E. S.

Let “T = (ay,,,) be an infinite triangular matrix satisfying the conditions of regularity
[13],i.e.,

,
E a,m=1 asr— oo,

m=0

=0 form>r, (1)

B
E |@rm| <M, afinite constant.
m=0
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The sequence-to-sequence transformation

r r

T

tr = E Ar,mSm = E Arr—mSr—m (2)
m=0 m=0

defines the sequence ¢! of triangular matrix means of the sequence {s,} generated by the
sequence of coefficients (a,,,).

If t¥ — sasr— oo, then the infinite series > >0 h, or the sequence {s,} is summable to
s by a triangular matrix (7-method) [14]”

“Let
So+S1+---+5S
SR
r+1
1 r
= — Sy —> S asr— o0. 3
r+12_(:)m ®)

If C! — s as r — 00, then the infinite series ) .- 4, is summable to s by C' means [14]”
The TC! means (T-means of C! means) is given by

,

T.Cct 1

t, ::E armC,,
m=0

r 1 m
Sy e ®

m=0
Iftr €' 5 5as r— oo, then the series Y 220 hy or the sequence {s,} is summable to s by

T.C! means.
The regularity of T and C! methods implies the regularity of T.C! method.

Remark 1 (Example) Consider an infinite series
1+ (-1)".2n. (5)

The nth partial sum of (5) is given by

n+1, mniseven,

Sy =
0, n is odd
and so
1 1, nmiseven,
C,=

0, nisodd.

Therefore, series (5) is not summable by (C, 1) means.

1

If we take a,x = -5,

then series (5) is also not summable by T means. But series (5) is
summable by T.C! means. So, the product means is more powerful than the individual

means.
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Remark 2 TC! means reduces to
(i) (H,5)C" or H.C' means if ay,, = m;
(i) (N,p,)C" or N,C" means if a,,, = p;;r”’ ,where P, =Y _ P #0;
(iii)y (N,p,)(C,1) or Np,C" means if a,,, = 52, where R, = ) Pndr-m;
(iv) (N,p,)(C,1) or N,C* means ifa,m = 1},—“:.
Let L*[0,27] = {g: [0,27] - R: f x)|? dx < 00,z > 1} be the space of functions (27 -

periodic and integrable). We define the norm || - ||y by

1 2 . %
{E/ |g(x)| dx} , z>1.
0

As defined in “[14], w: [0,27] — R is an arbitrary function with w(/) >0 for 0 </ < 2x
and lim;_, o+ w(I) = w(0) = 07 Now we define

S+l —g(-
Héw)z{geLZ[O,2n]:supw<oo,zz 1}
0 w(l)
and
y y lg(- +1) - ()l
-1 = gl%) = gl + sup 2o T2~ &z, 1.
w(l)

Note 1 w(J) and V(l) denote “Zygmund moduli of continuity [14]”
If we con31der ) as positive and non-decreasing,

el <max( H)n 18

Remark 3
(i) Ifw(l) = 1% in H™, H™ implies H, class.
(i) Ifw(l) =1 in H”, H® implies H,,, class.
(iii) Ifz — oo in H, H™ implies H™ class and H,, class implies H,, class.

Remark 4 We are not representing here the F. S. and C. E. S. as these trigonometric series
are well known and the detailed work on these series can be found in [14].
We denote the rth partial sum of the F. S. as

g : 1
5.(@%) - gle) = — /0 o2l

P
2 sin 5

The rth partial sum of C. E. S. is defined as

” 1
i [ 00

2 sm(%)
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where

. 1 (7 l
g=-5- /0 V() cot<§> dl.

“The error estimation of function g is given by

Er(g) = min ”g - tr”z»

where ¢, is a trigonometric polynomial of degree r [14]”
We write

O =p(x, D) =glx + 1) + glx - [) — 2g(x),
V) = (x, D) = glx + 1) — g(x = 1),

Apm =Pm—Pm+1, M= 0,

r

1 1 L sin(v+ L)
Hrl =35 Ar,m 2
O o 21 2t

r

. 1 1 Hcos(v+ )
H,(l)= — Arm 27
O 5 2t &t

2 Main theorems
Theorem 2.1 Ifg H" class; z > 1 and % are positive and non-decreasing, then the

error estimation of g by TC' means of E. S. is

T.cl _ | _ 1 ™ w(l) >
||tr g”z _O(r+1/1 lzv(l) dl),

r+1

where T = (ay,,) is an infinite triangular matrix satisfying (1) and w, v are defined as in
Note 1 provided

r-1

1
|Ady | = O(—) and (r+1a,, =0(1). (6)
- r+1

Theorem 2.2 If g € H" class; z > 1 and % are positive and non-decreasing, then the

error estimation of g by TC' means of C. E. S. is

~TCl ) (log(r+1)+1) ™ w(l)
£, - = dl),
“ g”z O( r+l i 2y(l)

where T = (a,,,) is an infinite triangular matrix satisfying (1), (6) and w, v are defined as
in Note 1.

3 Lemmas
Lemma 3.1 Under condition (1), H.(I) = O(r + 1) for 0 <l < r%
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Proof For0<[< 1, sm(é) > %, sin(rl) <rl.

sin(v + )l
H.(]) = Zarm il Z ’

sm(z)
J 1
|H, ()] < = 50 X —‘Za,m ) ;Sln(‘/+ E)l‘
1 r m
= Z Zsin(2v+ 1)—‘
1 v=0
1|« -
< — Zarm Z(2v+1)—‘
21 — m+1 =
1 r m
=1 Za,m—l Z(2v+1)
m=0 v=0
1 r
=- Z“”W’ x (m +1)*
4 m=0
1 r
=1 D arm(m+1)
m=0

1 r
= ZL(WI +1) Z |y, m]
m=0

=0(r+1). O

Lemma 3.2 Under conditions (1) and (6), H,(l) = O( ) 12)f r—<l<m.

r+1

Proof For —= 7 < I<m, sin(é) > %, sin?rl <1 and using Abel’s lemma, we have

+1

1 « 1 sin(v+3)]
Hr(l)zgzar,mr_l_lz Y ’
m=0

pry sm(E)

- 1 < 1

App——— sin| v+ = )!
>t S sin(v+ )
m=0 v=0

1 b4
|Hr(l)| = by X T

1 1 i 1 —eltme1)!
=— arm—— Imje? ———
ZImZ "+ 1 T el }

1 r 1 ei(m+1)l -1
= — a Im
21 mX: Mo+ 1 2isin(é) }

1 7|¢ 1 l
< =X —= Zﬂy‘mm Sinz(m+ 1)5’
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r
T 1
= 28|
r—1 r
27;2 Z(ﬂrm “rmﬂ)z—'*ﬂrrzmi_l
m=0 m=0
1
401
- 212 |:Z|Aﬂrm|+a”i| Isnwaéd Zm+l
m=0
_O 1
e+ ) =

Lemma 3.3 Under condition (1), H,(l) = O( ) for0<l< r+1

Proof For0<[ < ﬁ, using sin(%) > % and |cosrl| <1, we obtain

~ 1 1 ~cos(v+3)l
Hr(l)zgzar,mm_'_lz Y )
m=0 V:

sm(i)

- 1 7 1 < 1
|H,(l) 55 X 7§armm+1Zcos(v+ E)l'
1 ¢ 1 &
<= r,m 1
_21261’ m+lZ
m=0 v=0
1 r
Sﬂzﬂnm:
m=0
~ 1

Lemma 3.4 Under conditions (1) and (6), H,(l) = O(m)for % <l<m.

Proof For -7 < <m,using sm( )= = L Abel’slemma,and | Y7 _, Sntmebl) < 4 +7% Vrand

m+1
[15],weget
1,0
1 7w 1 « 1
<— X — Ay ——— cos|v+—|I
<er:a 1 {2sin(%)cos +2s1n(%)cos33l+ +2sin(é)cos( 2”’*”)}
— 2l — "1 2sin(%)
I”Xr: (il + sin2l = sinl + sin3] - sin 2/
— X = ayyy——1sinl +sin2/ —sin/ +sin3/ —sin2/ + - - -
T N b "+ 1

+sin (m + 1) - sinml}
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r .
b4 sin(m + 1)/
< — E a _
- M m+1

m=0

T sin(v + 1)/ sin(m + 1)/
< — Z(arm ﬂrm+l)z ( ) ﬂrrZ ( )
m=0

m+1

Zr: sin(m + 1)/

rr
m+1

sin(v + 1)/
Z +a
v+l

/g
= @ ZlAﬂrm|

m=0

Lemma 3.5 “([16], p. 93)” Let g € H,™), then for 0 <1< m:
@) oG Dllz = Ow(D));
(i) (- + 3D - $C, DIl = { L0
(iii) If w(l) and v(l) are defined as in Note 1, then ||¢(- + y,0) — ¢(-, D)l = O(v(|y|)(%)).

Lemma 3.6 Let§ e H,", then for 0<l<m:
@) ¥ 6Dz = Ow(D));
(@) ¢ +30-vEDN:= { W
(iti) Ifw(l) and v(l) are defined as in Note 1, then | (- +y,0) = ¥ (-, )|, = O(v(|y|)(%)).

Proof This lemma can be proved along the same lines as the proof of Lemma 3.5(iii). [

4 Proof of the main theorems
4.1 Proof of Theorem 2.1

Proof Following Titchmarsh [17], s,(g;x) of E. S. is given by

5@ %) - gln) = — fo T gty

2 sm( )

Now, denoting T.C" transform of s,(g;x) by £, <,

67 @) = @) = 3 apn(CL ) - g(x)

m=0

r 1 m
- %g,’m(m VX:O:SV(g;x) —g(x)>
N l sin(v + 1 2 Jl
—/(; éx(1) Zﬂrm el Xzz Sll’l(z) ’

m=0

67 () - g) = /0 ox(DH, (1) dl. 7)
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Let

R0 =67 )~ = [ o0 ) ®)
Then

R )~ R0 - "6+ 9,0 - $o D) H (D .

“Using generalized Minkowski’s inequality Chui [18],” we get

|Rmﬁw—RNwZ§A|WC+%D—M»MU£mdt

- (/1 */1 )H¢(' +y,0) - (D) H (D) dl
0 r+1

211 +12. (9)

Using Lemmas 3.1 and 3.5(iii), we have

h= [ 50 - 0t D] H D

AT w(l
=0(r+ 1)(V(|y|)/0 % dl)

1
-ofst22).

V(m)

Also, using Lemmas 3.2 and 3.5(iii), we get

b= [ [#¢+nD-90.D] H D

1 [ w(l)
= o(m /L v(lyl) o(l) dl). (11)

r+1

By (9), (10), and (11), we have

p ||Rr("+y)_Rr(')||z _ O<W(,.+L1
y#0 V(|J’|)

1 [ w)
)+o(”1/1 - dl). (12)

r+1

Again applying Minkowski’s inequality, Lemma 3.1, Lemma 3.2, and [|¢(-,])||; = O(w(])),
we obtain

|20l = 157" =],

= (/o_ +f1 )”fﬁ(vl) |.H 0l
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P 1 (" wl)
1 1 ™ w(l)
ofo(21)) ol [ M),

Now, we have

”Rr(" +y) - Rr(') ”z
v(Iy1)

[RO; = RO, + sup
740

Using (12) and (13), we get

v ” (1)
||R,(~)Hz=o( (r+1>) ( llw—dz)
r+1 ” w(l)
( e ) (r+1 a1 Py( dl)'

By the monotonicity of v(I), w(l) = v(l) < V(JT) 1) for 0 <! <m, we get

v_ w ril) 1 " W(l)
Jeolz=0( 5 ) O(r+ 1, "”)'

Page 9 of 15

(13)

(14)

(15)

(16)

Since w and v are moduli of continuity such that 7= ) s positive and non-decreasing, there-

fore

w 1 T 1
! / wil) dlzw(ql)( 1 )/ L (”1).
r+1 /.1 2v(]) v(—7) \r+1 L2 T (L

r+1

Then

w(ﬁ ~ 1 ™ w(l)
es _O<r+1/ri 1%(1)‘”)‘

r+l 1

From (16) and (17), we get

W L (" w(l)

[0l —O<m /L Pv(l) dl)’
Tc1 T

7 ~gl” (r 1 / 20 ””)'

4.2 Proof of Theorem 2.2

Proof The integral representation of s,(g; x) is given by

” 1
sG) 809 = 5 fo A L)

sm(%)

(17)

(18)
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Rt
Now, denoting T.C" transform of s,(g;x) by t,T‘C , we get

£7C 3(x) = Z i (Cp (%) — §(x))
m=0

r 1 m ) )
= Zﬂr,m (m ;Sv(g;x) _g(x))

m=0

[T 1 - 1 cos(v+i)
- /o wx(l)(Zn ;dhmm +1 VZO: sin(é) )dl’
57 () - ) = fo DA dl.
Let
Ryx) = 17 () - () = / " )i, dl.
0
Then

R +9)=R0) = [ Y30~ ol D EL 0l
0
Using “generalized Minkowski’s inequality Chui [18], we get

[R,(+9) - R ()], < fo [t 42D Al

) (/1 +/1 )”W‘ 9,0 -y ()| R (D dl
0 1

r+1

= 11 + [2. (19)
Using Lemmas 3.3 and 3.6(iii), we have
%
h= [ e D= vt A a
0
w(-L) [r11
=O[ v(|ly) =22 - dl)
< Clrany S
w(-5)
= O<v(|y|)v—illog(r+ 1)). (20)
r+1

Again using Lemmas 3.4 and 3.6(iii), we have

1

1 (7 w(l)
=o<r+—1 /1 v(|y|)lzv(l) dl). (21)

r+1

L= f |w(+9.0 -] H D dl
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Using (19), (20), and (21), we have

IR +9) ROl _ (W1, 1™ w()
Y ST ‘O( WLy (””>+O<m/% 12v(l)””>‘ 22

Again applying Minkowski’s inequality, Lemma 3.3, Lemma 3.4, and ||y (-, ])||; = O(w(])),

we have

RO, =57 -2 (m n) 0| A dl

0= 15" ~al.= ([ 7+ [, )venlio
T w(l) 1 w(l)

([P a) ol ], 7 )

1 1 w(l)
= O(w(m> log(r + 1)) + O(m /ﬁ 7 dl) (23)

Now, we have

I
o

”ier( + )’) - I_er()”z
v(|yl)

|RO)Y = | R, + sup
y#0

Using (22) and (23), we get

||1€r(~)H:’) _ O<(10g(r+ 1))W(r+%)> + O(ri : /L #dl)
W) 17wl
+O<V(%) log(r + 1)) (H 1 /L] 20 dl).

By the monotonicity of v({), we have w(/) = %V(l) < ()l V(l) ,0<l<m,weget

N w(-) 1 /” w(l)
R.(- = 1 1 o\ — dl). 24
%) () wr+0)+0( 5 [, gy e
Using the fact that 2 v(l) is positive and non-decreasing, we have
1 T l 1 ™1
/ YO W) / = dl
r+1 )1 Pv(l) (M)r+1 Ll
> W(r+1
= 1
2V(m)
Then

w(ig) 1" w)
W) O<r+ 1 /_ v ””)' (25)



Nigam and Hadish Journal of Inequalities and Applications (2018) 2018:276 Page 12 of 15

From (24) and (25), we get

- W _ log(r+1) ™ w(l) 1 T ow(l)
IRO); _o< 1 ) P dl)+o<m /% () dl),

1 1)+1 ) (26)
~T.Cl y T
- “tyT‘C _g||i) _ O( og(r+1) + / ;V(l) dl)
r+1 L v(l) 0
5 Corollary
Corollary 5.1 Let0 < f<a <landg e Hy),;z> 1. Then
”fT-Cl 2l - O[(log(r + e)(r + 1)/%] if0<B<a<],
(B)z O[(log(r+1)i)£llog(r+l)7r)] UC,B — 0,0l -1
Proof Putting w(l) = 1%, v(l) =1#,0 < B <a < 1in (26)
~T.cl . _ [log(r+1)e (™ w—p2
|&" -2l 4. = O[? LA
i e | O [ Pl ifo<p<acl,
— = r+
e | ot it tay ifp=o0,a=1,
. HfT.Cl | - O[(log(r + De)(r+1)f]  if0<B<a<l,
' Wz | of%eebd s jog(r+ 1)7] if B =0,a=1. 0

Corollary 5.2 Let0 < B <a <1, a,b € R and suppose w(l) = (10%)‘1’ w(l) = (loéLl)b’ 0<Il<
7 7

7,8 € H™, 2> 1. Then

{log(r+1)}b‘“

O[M] ife=Banda-b=-

log(r+1)

||t~T.C1 ~”(V)_ o[—&rle 1 ity =Banda-b> -1,
e -

Proof We have

~T.C! log(r+1)e 7 A
I A1 o R [T
7 1(log 7)* x log

v

1 De [~ 1\
=0 7og(r+ )ef [2=h-2 log - dl
r+1 L )

1

log(r+1)e . _
gre _g) = | losrpal Ho=panda=bz 1.
O[(lﬁ)gg((rr:ll))e)] ife=panda—-b=-1. 0

then T. C1 means reduces to (H, 2-)(C, 1) means and

1
Corollary 5.3 Ifa,,, = W ey

error estimation of a function g € H" by (H, 5 1(C,1) means of E.S. is

cl v _ L " W(l)
”t‘fl _gHz _O(r+1/% le(l)dl)
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Corollary 5.4 Ifa,,, =2 7 then T.C* means reduces to N,.C* and the error estimation

of g€ H" by N,.C* means of E. S. is

N,.Cl w 1 T ow(l)
[&" -l -O<mL zzv(z)dl>‘

r+1

Corollary 5.5 Ifa,, = %, then T.C' means reduces to N,,,.C" and the error estima-
tion of g € H\" by N,,,.C* means of E. S. is

Npg ' 1) _ L/" w(l) )
|29 ¢ -0 15 [ )

r+1

Corollary 5.6 Ifa,,, = %, then T.CY means reduces to (H, 2= )(C, 1) means and

(r-m+1)log(r+1 r+1

the error estimation of a function g € H by (H, -=)(C, 1) means of C. E. S. is

?r+l

~nct ) o f(ogr+1)+1) (™ w(l)
& -2l ‘O( rel /‘L Pu(l) dl)‘

r+1

Corollary 5.7 Ifa,, = p;;'”, then T.C' means reduces to Np.C1 and the error estimation

of g € H" by N,.C" means of C. E.S. is

||£,N”'CI _j;”iw _ O<(10g(r +1)+1) 7 w(l) dl),

r+1 . Pv(l)

Corollary 5.8 Ifa,, = %, then T.C' means reduces to N, ,.C' and the error estima-
tion of f € HY") by N, ,.C* means of C. E. S. is

Ny Cl i) (log(r+1)+1) ™ w(l)
LT~ =0 dl
” gHz ( r+1 % 121/(1)

Remark 5
(i) If z— ooin Héw) class, then Héw) class reduces to H® class. Also putting w(l) = [*
and v(!) = I# in our Theorem 2.1, H™ class reduces to H,, class; then, by putting
B =0in H, class, H, class reduces to Lip« class.
(i) In our Theorem 2.1, by putting w(l) = %, v(I) = I in H" class, H" class reduces to
H,,; then, by putting 8 = 0 in H,, class, H,, class reduces to Lip(«, z) class.

6 Particular cases

6.1. Using Remark 4(i), our Theorem 2.1 becomes a particular case of Dhakal [1].

6.2. Using Remark 4(ii) and putting 4., = ’%, where R, =" o pugy—m in our of
Theorem 2.1, our result of Theorem 2.1 becomes a particular case of the main
theorem of Kushwaha and Dhakal [3].

6.3. Using Remark 4(i) and putting a,,, = p";;rq’” ,where R, =Y _ Pyu@r—m in our
Theorem 2.1, our Theorem 2.1 becomes a particular case of the main theorem of
Dhakal [2].
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7 Conclusion
Approximation by trigonometric polynomials is at the heart of approximation theory.
Much of the advances in the theory of trigonometric approximation are due to the period-
icity of the functions. The study of error approximation of periodic functions in Lipschitz
and Holder classes has been of great interest among the researchers [1-11], and [12] in re-
cent past. The trigonometric Fourier approximation (TFA) is of great importance due to its
wide applications in different branches of engineering such as electronics and communi-
cation engineering, electrical and electronics engineering, computer science engineering,
etc. Several elegant results on TFA can be found in a monograph [14].

In this paper, we, for the first time, obtain the best approximation of the functions g and
g in a generalized Hélder class HY (r>1) using Matrix-C? (T.C') method of E. S. and
C. E S. respectively. Since, in view of Remark 2, the product summability means H .Cl,
N,C', N,,C*, and N, C" are the particular cases of Matrix-C! method, so our results also
hold for these methods, which are represented in a form of corollaries. In view of Remark 1,
it has been shown that (TC') method is more powerful than the individual 7 method and
C! method. Moreover, in view of Remark 5, some previous results (see Sect. 6) become the
particular cases of our Theorem 2.1. We also deduce a corollary for the H, , class (r > 1).

Some other studies regarding the modulus of continuity (smoothness) of functions using
more generalized functional spaces may be addressed as a future work.
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